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ON THE TENSOR PRODUCTS OF JW-ALGEBRAS

FATMAH B. JAMJOOM

ABSTRACT. In this article we introduce and develop a theory of tensor products of
JW-algebras. Since JW-algebras are so close to W*-algebras, one can expect that the
W*-algebra tensor product theory will be actively involved. It is shown that if M and N
are JW-algebras with centres Z; and Z, respectively, then Z; ®Z, is not the centre of the
JW-tensor product JW(M®N) (see below for notation) of M and N, in general. Also, the
type decomposition of JW(M®N) has been determined in terms of the type decompo-
sition of the JW-algebras M and N which, essentially, rely on the relationship between
the types of the JW-algebra and the types of its universal enveloping Von Neumann
algebra.

1. Introduction. Throughout this paper we rely on the theory of tensor products
of Von Neumann algebras. Our standard references will be [11, 13, 14, 15, 20]. If 4
and B are C*-algebras, then the minimal C*-tensor product of 4 and B is denoted by
A ®min B. Given Von Neumann algebras M and A acting on Hilbert spaces H and K,
respectively, the Von Neumann tensor product of M and A\ is the Von Neumann algebra
generated by the algebraic tensor product M ® A of M and N in B(H ® K). It is
known that if M and A/ are W*-algebras, then there is a unique central projection Z
in (M Quin N)** such that M Qpin N is identified with a weak-* dense C*-subalgebra
of (M ®min N)**Z. The W*-algebra (M Qumin N)**Z is called the W*-tensor product of
M and N, and is denoted by M QN [15, p. 66], [20, p. 221]. If m: M — B(H) and
72: N, — B(K) are faithful representations of W*-algebras, then the W*-tensor product
of M and A is isomorphic to the Von Neumann tensor product of 7 (M) and m(N).
Based on this fact, the Von Neumann tensor product of two Von Neumann algebras M
and A\ will be, also, denoted by M QA without specifying the Hilbert spaces on which
M and A act.

If M is a JW-algebra, let W*(M) be the universal enveloping Von Neumann algebra
of M, and let ¢ be the canonical involutary *-antiautomorphism of #W*(M). Usually we
will regard M to be a generating Jordan subalgebra of W*(M) so that ¢, fixes each point
of M. The real Von Neumann algebra RW*(M) = {x € W*(M) : ¢p(x) = x*} satisfies
RW*(M)NiRW* (M) = 0, W*(M) = RW*(M)®i RW*(M). If M is a JC-algebra, let C*(M)
be the universal enveloping C*-algebra of M. It is known that C*(M)** ~ W*(M**). The
reader is referred to [9, Chapter 7] for the properties of C*(M) and W*(M).

Let M be a JW-algebra. M is said to be finite if every family of orthogonal equivalent
projections is finite. A projection e in M is said to be finite if eMe is a finite JW-algebra
and to be abelian if eMe is abelian. Further, M is said to be of
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(@) Dypelifcpy(e) = 1 for some abelian projection e of M, where cy(e) is the central
support of e in M.

(b) Dype Is, if M is of Type I and finite.

(c) Dype Iy if M is of Type I with no non-zero central finite projections,

(d) Dype I, if M is finite without non-zero abelian projections,

(e) Dype I, if cy(e) = 1 for some finite projection e of M, and M has no Type / or
1I; summand,
(f) Dype Il if M has no non-zero finite projections.

Every JW-algebra decomposes into a direct sum of some or all of the five types (b)—(f)
[21, Theorem 13].

Given n < oo and orthogonal equivalent abelian projections ey, . .., e, in M such that
Yr e = 1,Missaid to be of Type I,; and M is of Type Is, if and only if M = Z;"e oMy,
where S C N (possibly infinite) and each M, is a Type I, JW-algebra.

In addition, the Type 1, JW-algebras (n < 0o) decompose into distinct types. In order
to describe these we will say that:

(i) M is of Type I,¢, where n < 0o and F = R, C or H if M ~ C(X, M,(F)s.a), for
some compact hyperstonean space X.

(it) M is of Type I, if every factor representation of M is onto the spin factor V. If
k < o0, this means that M = C(X, V) for some compact hyperstonean space X;
and when £ is an infinite cardinal, it is equivalent to the existence of a weak-x
dense JC-subalgebra in M of the form C(X, V), for some compact Hausdorff
space X (Stacey [17]).

If M is of Type I,, 3 < n < 0o, then M is a direct sum of the three types described in
(i). If M is of Type I, then there exists a subset S C N and a set S, of infinite cardinals
such that

M=y M 3 M,
kes k€S
where each M; is of Type ;. We will call Z,i"esw M, the Type L, part of M (see the
proof of Theorem 2.7 of [4], references [9, 16, 17, 21]).

Let A and B be JC-algebras. We may suppose that 4 and B are canonically embed-
ded in their respective universal enveloping C*-algebras C*(4), C*(B). The completion
JC(A ®min B) of the real Jordan algebra J(4 ® B) generated by A ® B in C*(4) ®uin C*(B)
is called the JC-tensor product of A and B with respect to the minimal C*-norm on
C*(4) ® C*(B). For a detailed account of the theory of tensor products of JC-algebras,
the reader is referred to [5].

2. Tensor products of JW-algebras. Each JW-algebra sits inside a Von Neumann
algebra so it is natural to seek means of exploiting the theory of tensor products of
Von Neumann algebras in order to produce a theory of tensor products of JW-algebras. In
this section, we introduce the definition of the tensor product of two JW-algebras. Theo-
rem 2.9 is the main result of this section, and it provides a useful tool in the succeeding
sections.
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DEFINITION 2.1. Let M C B(H);, and N C B(K);, be JW-algebras, where H
and K are complex Hilbert spaces. We denote by Jy k(M ® N) the Jordan subalgebra of
‘B(H® K); , generated by the (real) algebraic tensor product M ® N of M and N. The cor-
responding weak-operator closure will be denoted by JWy x(M®@N). Then JIWy x(MQN)
is a JW-algebra, and is called the JWy g-tensor product of M and N. If [M]~, [N]~ de-
note the Von Neumann subalgebras of B(H), B(K) generated by M, N respectively, then
by definition, the Von Neumann algebra [JWy x(M®N)]~ generated by Wy x(M®N) in
B(H® K) is [M]"Q[N]".

DEFINITION 2.2.  Given JW-algebras M and N, regarded as canonically embedded in
W*(M) and W*(N), respectively, we define the JW-tensor product of M and N to be the
JW-algebra generated by M @ N in W*(M)QW*(N). We denote it by JW(MQN).

Let M and N be JW-algebras. By [4, Theorem 2.7] we can realize C*(M) as the C*-
algebra of W*(M) generated by M. Consequently we have the natural inclusions

JM®N) C C(M) ® C*(N) C W*(M) ® W*(N).

Thus, it is clear that JW(M®N) is the weak-x closure of J(M ® N) in W*(M)QW*(N).
Using [20, 4.4.22] we have further inclusions

JMRN) C IC(M@ninN) C C*(M)®min C*(N) C W (M) @min W*(N) C W MSW*(N)

where W*(M) @umin W*(V) is of course weak-x dense in W*(M)QW*(N). Thus we also
deduce that JC(M ® i, N) is weak-* dense in JW(M®N).

LEMMA 23. Let M C B(H);, and N C B(K);., be IW-algebras. Then there is a
normal Jordan homomorphism of IW(M®N) onto Wy x(M®N).

PROOF. Let tp: M — [M]~, and ty: N — [N]~ be the inclusion maps. Then con-
sider the surjective normal *-homomorphisms iy: W*(M) — [M]~, ix: W*(N) — [N].
This gives rise to the surjective normal *-homomorphism iyQ®:iy of W*(M)® W*(N) onto
[M]~®[N] ™. Let 7 be the restriction of iy®iy to IW(MSRN). Thus W(JW (M®N)) is a
JW-subalgebra of ([M]~®[N] )s.a, by [9, 4.5.5 and 4.5.11]. Since M and N generate
JW(M®N) and Wy x(H ® N)r is surjective, proving the lemma.

The next result is apparent from Lemma 2.3 and [20, 4.5.2].

LEMMA 2.4. Let M and N be JW-algebras. If m1: M — B(H)s.q, and mp: N — B(K)s.4
are faithful normal representations of M and N which extend to faithful normal repre-
sentations 7t\: W*(M) — B(H), #t2: W*(N) — B(K), then

TW(MBN) ~ IWy x(MEN).

REMARK 2.5. Let M C B(H),,, be a universally reversible JW-algebra with no non-
zero weakly-closed Jordan ideal isomorphic to the self-adjoint part of a Von Neumann
algebra, then [M]~ ~ W*(M). Indeed, if R(M) N iR(M) = 0, then the conclusion follows
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by Lemma 2.3. If R(M)NIR(M) # 0,thenJ = R(M)"NiR(M)~ # 0,by [19,Lemma 2.3],
and is a non-zero weakly-closed two sided ideal of [M]~ (see [18, Remark 2.2]). In ad-
dition,

Jsa = (R(M)” NiRM)™) . C RM),, = M,

by [2, p. 279]. Hence, J;, is a non-zero weakly-closed Jordan ideal of M. This contra-
diction proves the assertion.

COROLLARY 2.6. Let M C B(H)sq, and N C B(K);s, be universally reversible JW-
algebras such that M and N contain no non-zero weakly-closed Jordan ideals isomorphic
to the self-adjoint part of a Von Neumann algebra. Then

It is easy to see that if M is a JW-algebra, then M is reversible in W*(M) if and only if
M is universally reversible. Thus, given a JC-algebra A4, the separate weak *-continuity
of multiplication together with the fact that C*(4)** = W*(4**) [9, 7.1.11] imply that 4
is universally reversible if and only if A** is universally reversible.

PROPOSITION 2.7.  Let M and N be YW-algebras. Then IW(M®N) is universally re-
versible unless one of M, N has a non-zero abelian part and the other a non-zero Type
L i part, for some cardinal number (possibly infinite) > 4.

PROOF.  Suppose that the condition on M and N fails to occur. Then JC(M @iy N) is
universally reversible, by [5, Corollary 1.5]. Hence JW(M®AN) is universally reversible
because it is the weak-closure of JC(M ®yin N) in W*(M)Q W*(N).

On the other hand, suppose that M has a non-zero abelian part M, ~ Cg(X), say, where
X is acompact hyperstonean space and N has a non-zero Type I, . part M, for some cardi-
nal number k£ > 4. Then using Stacey’s result [ 17], and Grothendieck’s result [20] we see
that, since M,®M,;, has a weakly dense subalgebra isomorphic to Cg(X) ® (C(Y) R0 Vk)
= Cr(X x Y)®\ Vi, where Cg(Y) ~ Z(M;) and \ = least cross norm. JW(M®N) has a
non-zero Type I, part. Hence JW(M®N) is not universally reversible.

REMARK. Corollary 2.6 cannot be improved, and as examples of failure:
(a) Let M = N = V5(~ My(H),4). By [3, p. 385]

4
JW(MEN) ~ P Mi6(R)s.0.
1

However there is a natural embedding 7: Vs — B(H), where H = C*, in which case,
R(m(Vs)) ~ My(H) and we see that

JWH.H(M®N) ~ Ml6(R)s.a,

and hence, IW(MQN) % JWy y(M®N).
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(b) Put M = N = M,(C);,. We note that M,(C);, ® M,(C);a = M,2(C);,. So from
the natural identification M,(C) = B(H), where H = C" we have

IWh H(M®RN) = M,2(C)s.4-

On the other hand, we have

TW(M&N) = (RW* (M) @ RW* (N))

s.a

= (MO @M.(©)
R
= (M2(C)s.0 ® M,2(C))
That is JW(M@N) ’# JWH,H(M®N).

LEMMA 28. Let M C ‘B(H)s, be a universally reversible Y\W-algebra. Then
RW*(M) = R(M)~. Further, if R(IM) N iR(M) = 0, then W*(M) = [M]".

PROOF. The natural inclusion M — ‘B(H);, , gives rise to the real weak x-continuous
surjection m: RW*(M) — R(M)~, where m o {s(x) = x, for all x € M, by the universal
property. But note, x € Kern implies that x*x € RW*(M),, = ¥u(M), so that with
Yu(@) = x*x we have y = m o Yy(y) = m(x*x) = 0. Hence x = 0, proving the first
statement. The second statement is now immediate from the fact that R(M)™ NiR(M)™ =
0[19, Lemma 2.3].

s.a

sa’

NOTATION. Let R and S be real subspaces of Von Neumann algebras M and A(,
respectively. We denote by R ®.S the real Von Neumann subalgebra of M QA generated
by theset {S7_, ; ®s;,7, € R, 5, € S,j=1,...,n}.

THEOREM 2.9. Let M and N be JW-algebras, and ¢p, dn be the canonical x-anti-

automorphisms of W*(M), W*(N), respectively. If IW(M®N) is universally reversible,
then

() W*(IWMEN)) = W*MSW*(N).
(i) pu®ay is the canonical x-antiautomorphism of W* (JW (M®N)), in which case,
JW(M®N) is exactly the self-adjoint fixed points of pyQdy.

PROOF. Consider the *-antiautomorphism
du@pN: W (M)SW*(N) — W (MSW*(N),
and note that if x € W*(M), y € W*(N), then
(EMBEN)'(x B Y) = $ix) ® $y) = x ® .

Thus (¢ ®ey)? is the identity map on W*(M)QW*(N) since it is normal. Now, consider
the real *-subalgebras, RW*(M) = {x € W*(M) ; ¢u(x) = x*}, RW*(N) = {x €
W*(N) ; ¢n(x) = x*} and R = {x € W*MSW*(N) ; (¢u®¢n)(x) = x*}. Note that
R NIR = 0, so that W*(M)SW*(N) = R ® iR, by [9,7.3.2].
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Clearly, RW*(M)® RW*(N) is the real Von Neumann subalgebra of W*(M)QW*(N),
generated by M ® N, and therefore by JW(M®N). Since JW(M®N) is universally re-
versible, we have

RW* (JW(M&N)) = RW*(M)® RW*(N),

by Lemma 2.8. If x € RW*(M), and y € RW*(N), then
(PuDPN)(x ® y) = du(x) ® Pn () = X" ®y* = xR y)".

Thus, RW*(M) ® RW*(N) C R, and so, RW*(M)Q RW*(N) C R, since R is weak-x
closed, by [9, 7.3.2]. Then from the above and Lemma 2.8 it follows that

RW*(IW(M®N)) = RW*(M)RRW*(N) = R,,

and that
W* (IW(MRN)) = W*(M)QSW*(N).

Part (ii) is now immediate from (i), and the universal reversibility of JW(MQN).
Note that if M and N are JW-algebras with no Type L, part, then JW(M®N) is univer-
sally reversible and W* (JW(M®N)) = W*(M)QW*(N).

PROPOSITION 2.10. Let M be a universally reversible JW-algebra with no abelian
part. Then the following are equivalent:
(i) M contains a weakly-closed Jordan ideal isomorphic to the self-adjoint part of a
Von Neumann algebra.
(ii) There is a non-zero projection e in Z(W* (M)) such that ¢p(e) # e.

(iii) Z(M) # Z(W*M)), .

PROOF. (i) = (ii). Suppose that M contains a weakly-closed Jordan ideal J isomor-
phic to the self-adjoint part of a Von Neumann algebra. By [9, 4.3.6], there exists a central
projection e in M such that J = eM. Then W*(eM) = eW*(M) is a weakly-closed ideal
of W*(M), and the restriction of ¢, to W*(eM) is the canonical *-antiautomorphism of
W*(eM). Since M has no abelian part, neither does eM. Therefore, there is, by [9, 7.4.7],
a projection f of Z(W*(eM)) and hence, of Z(W*(M)), such that o () = e — f # f.

(ii) = (iii). Suppose that there is a projection e in Z(W*(M)) such that ¢y(e) # e.
Since M is universally reversible, it consists of all self-adjoint elements of RW* (M), by
[9, 7.3.3]. It follows that e ¢ M, and hence Z(M) # Z(W*(M))M.

(iii) = (ii) = (i). Suppose that (iii) holds. Then @y (x) # x, for some x = x* ¢ Z(M).
Hence there must be a projection z in Z (W*(M)) such that ¢p(z) # z, proving (ii). By
[9, 7.3.5], there are projections e € Z(M), f € Z(W*(M)) such thate+f+ ¢y (f) = 1 and
(1 — e)M ~ fW*(M); ,. The condition (i) is immediate if e # 1. If e = 1, then ¢y leaves
Z(W*(M)) pointwise invariant by [9, 4.2.15], a contradiction.

LEMMA 2.11. Let M be a JW-algebra. If there exists a weakly closed ideal J of
W*(M) such that W*(M) = J & ¢p(J), then J; 4 ~ RW*(M)s0 = M via x — x @ dp(x).

PROOF. The proof is exactly the same as in Lemma 1.1. (i) = (i) of [6].
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THEOREM 2.12. Let M be a Von Neumann algebra with no abelian part, and let N
be any YW-algebra. Then

IW(M.a@N) =~ (MW (V)

sa’

PROOF. Put M = M,,, then W*(M) = M & M°, where the inclusion map of M
into W*(M) is given by a — a @ a®, and the canonical x-antiautomorphism ¢, of W*(M)
is defined by ¢u(a ® b°) = b @ a°, by [9, 7.4.7]. Since M is a universally reversible
JW-algebra, by [9, 7.4.6], which has no one-dimensional representations, JW(M®N) is
universally reversible, by Proposition 2.7, and so

w* (JW(MRN)) = W*(M)SW*(N),

= (M & MOSW(N),

= (MW ™)) & (MW (V).
Since ¢u(M) = M°, we have (pu@w)(M ® W*(N)) = M° @ W*(N). But py@¢y
is normal on W*(M)QW*(N). Hence, it is normal on MW*(N), and so
(Eu@n)( MSW*(N)) = M°@W"(N). That is

W (IWMEN)) = (MW (N)) ® (du@dn)( MSW* ().

The described conclusion now follows from Lemma 2.11 because ¢p®¢y is the canon-
ical *-antiautomorphism of #*(JW(M&N)).

REMARK 2.13. Let M}, M,, N be JW-algebras. Then
JW((M; ® My)@N) = IW(M @N) & IW(RMQN).
This follows easily from the definitions because
WMy & Mo)RW'(N) = (W' (My) & W (M) SW" (N),
= (W M)W (N)) & (W*(M)SW*(N)).
THEOREM 2.14. Let M C B(H);, and N C B(K);, be universally reversible JTW-
algebras with no abelian part. Then the following are equivalent:
(i) TW(MQ®N) contains no non-zero weakly-closed Jordan ideal isomorphic to the
self-adjoint part of a Von Neumann algebra.
(ii) Neither M nor N contains a non-zero weakly-closed Jordan ideal isomorphic to
the self-adjoint part of a Von Neumann algebra.
(iii) JWy x(MQN) contains no non-zero weakly-closed Jordan ideal isomorphic to

the self-adjoint part of a Von Neumann algebra.
If one (and hence all) of these conditions is satisfied, then

TW(MRN) ~ TWy x(M&N).
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PROOF. (i) = (ii). Suppose that (i) holds, and assume that M contains a non-zero
weakly-closed Jordan ideal isomorphic to the self-adjoint part ofa Von Neumann algebra.
Then by Remark 2.13 and Theorem 2.12 we see that JW(MQ®N) contains a weakly-closed
Jordan ideal isomorphic to the self-adjoint part of a Von Neumann algebra. Hence (ii)
follows by contradiction.

(ii) = (i). If (ii) holds, then ¢, and @y fix the centres of W*(M) and W*(N), respec-
tively, by Proposition 2.10. Since M and N are universally reversible, #* (JW (M®N)) =
W*(M)YQW*(N), and so

Z(W (IWMEN)) ) = Z(W* M)S W (V)
= Z(W* (M) RZ(W*(N)),

by [20, 4.5.11]. Since ¢,®¢y is the canonical *-antiautomorphism of W*(M)QW*(N)
and, by the above, fixes the centre of W*(M)® W*(N), the conclusion follows from Propo-
sition 2.10. '

(i) = (iii). By Lemma 2.3, JWy x(M®N) is isomorphic to a weakly-closed Jordan
ideal of TW(M®N).

(iii) = (ii). Let I be a weakly-closed Jordan ideal of M such that / is isomorphic to the
self-adjoint part of a Von Neumann algebra. Then JWy (IQN) is a weakly-closed Jordan
ideal of Wy x(M®N), and is isomorphic to an ideal of JW(/QN), by Lemma 2.3. But the
latter is isomorphic the self-adjoint part of a Von Neumann algebra, by Theorem 2.12.

The final statement follows from Corollary 2.6.

3. On the centre of the tensor product of JW-algebras. It is well-known (see 20,
[4.5.11]) that if M) and M, are Von Neumann algebras with centres Z; and Z,, respec-
tively, then the centre of the tensor product M, @M, is Z;®Z,. It is natural to ask whether
a similar result holds in the context of JW-algebras, and the JW-tensor product.

It transpires that the answer is “no” in general, but that the situation is manageable if
we confine ourselves to universally reversible JW-algebras.

The following examples give some idea of the difficulties.

EXAMPLE 3.1. LetM = N = B(H);,, where H is a complex Hilbert space. Then

TW(MEN) ~ (BUNSBH)), , ® (BHSBH)), , ~ BH @ H)a ® BH S H)s

so that
Z(TW(M®N)) = R® R # R = Z(M)SZ(N).

EXAMPLE 3.2. LetM = N = V4,41, for some n < 0o. Then using [6, Theorem 8]
we have i
Z(IWMEN)) = Z(IC(Vans1 ® Vans1))

—RORGROR#R
= Z(M)QZN).
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EXAMPLE 3.3. Let M = N = V be an infinite dimensional spin factor. Then

JW(M&N) = (RW* ()& RW*(¥))

s.a’

by Theorem 2.9, and Proposition 2.7. In this case, again Z(M)Q®Z(N) = R. But
Z(JW(M®N)) is infinite dimensional. This is because Z(RW*( V)) is infinite dimen-
sional. Indeed, W*(V) = W*(**) = C*(V)* by [9, 6.1.7(iv) and 7.1.11] and C*(V)
has an uncountable family of inequivalent irreducible representations [13, Section 6].
So, C*(V)** certainly has an infinite orthogonal family of minimal central projections,
and, since for any projection e € C*(V)** we have e + ¢p(e) € RW*(V), it follows that
RW*(¥) must have an infinite dimensional centre.

In view of the intractability, in this context, of the Type I, JW-algebras (described
above) we will concentrate on the cases where both M and N are universally reversible.
Even though it is not always (even then) the case that Z (J W(M®N)) = Z(M)QZ(N), we
can, nevertheless, describe Z(JW(M®N)) in terms of Z(M)®Z(N) (Theorem 3.10).

PROPOSITION 3.4.  Let M and N be universally reversible IW-algebras such that each
of the centres of W*(M) and W*(N) are pointwise fixed by their respective canonical x-
antiautomorphism. Then

Z(IW(M&N)) = Z(M)RZ(N).

PROOF. By [9, 7.3.3] Z(W*(M)),, = Z(M), and Z(W*(N)), = Z(N). Now the

fact that W*(JW(M®N)) = W*M)SW*(N), and Z(W* (M) W*S(;V)) = Z(W*(M))®
Z (W*(N)) together with Lemma 2 of [14] implies that

z(W*(JW(M®N))) — Z(MSZ(N).

s.a

But since Z ( W*(M)), Z ( W*(N)) are pointwise invariant under ¢y, ¢n respectively, and
du®¢y is normal on W*(M)SW*(N), it follows that Z(W*(M)) OZ(W*(N)) is pointwise
dmRPy-invariant, from which it follows that

Z(IWMEN)) = 2(W* (IWMEN)))
proving the proposition.

COROLLARY 3.5. Let M and N be universally reversible IW-algebras such that nei-

ther contains a non-zero Jordan ideal isomorphic to the self-adjoint part of a Von Neu-
mann algebra. Then Z(TW(M®N)) = Z(M)SZ(N).

PROOF. This is immediate from Proposition 3.4, and Proposition 2.10.

https://doi.org/10.4153/CJM-1995-040-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-040-1

TENSOR PRODUCTS OF JW-ALGEBRAS 795

LEMMA 3.6. Let M be a Von Neumann algebra without abelian part, and N a JW-
algebra. Then

Z(IW(M.a8N)) ~ Z(M)5.OZ(W*(N))

sa’

PROOF. Note first that for any Von Neumann algebra W, Z(W,,) = Z(W)s,. By
Theorem 2.12, IW(M; ,®N) =~ (MSW*(N)), .. So by [20, 4.5.11] and [14, Lemma 2]
we have _ -

Z(IW(M.&N)) ~ Z(MSW*(N)), ,
- (Z(M)®Z(W*(N)))s.a,
= Z(M)s aQZ(W*(N))

and the proof is complete.
LEMMA 3.7. Let M and N be Von Neumann algebras without abelian part. Then
Z(IW(M;a®No)) ~ (ZM)5aBZMNsa) ® (ZM)saBZ N s )-

PROOF. This is immediate since
IW(M; . @N;a) ~ (MRN )50 ® (MO°RN°)s.0.

COROLLARY 3.8. Let M be an abelian JW-algebra and N any universally reversible
JW-algebra. Then

Z(IW(M®N)) = MRZ(N).

PROOF. Observe that IW(M®QN) = M®N, and that M = M, , for some abelian
Von Neumann algebra M. By Lemma [9, 7.3.5] we can write N = A @& W; ,, where the
centre of W*(A4) is pointwise fixed by ¢n and, /¥ is a Von Neumann algebra. Then

Z(IWMR4)) = MRZ(A),
by Proposition 3.4. Also, using [20, 4.5.11],

Z(IWMRW, ) = Z( M, oQZ(W)s.a) = MRZ(W, ).
Hence,
Z(IW(M&N)) = MRZ(N).

REMARK. According to Proposition 2.10, a given universally reversible JW-algebra

M has a decomposition
M=M &M &M,

where M, is the abelian part of M, the centre of W*(M, @ M) is pointwise fixed by
its canonical *-antiautomorphism and, M3 is isomorphic to the self-adjoint part of a

Von Neumann algebra.
Retaining this notation, we prove:
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THEOREM 3.10. Let M and N be universally reversible JW-algebras. Then
Z(IWMEN)) ~ (Z(MSZ(N)) & (Z(M3)DZ(N3)).

PROOF. By Remark 2.13, we have
TWMEN) = IW((M: ® Ma)S(: © N2)) @ IW((M; ® Mo)SN3 )
B IW(M3®(N)  N2)) & IW(M3@N;).
Now,
Z(IW((My ® M)BN, © V) ) = Z(M) © Mo)BZ(N:  No),
by Proposition 3.4. By Lemma 3.6, we get

Z(IW(My ® M)BN) ) = Z(W (My © M) SZ(Ny),
= Z(M; ® My)RZ(N;).
Similarly,
Z(JW(M3®(N1 ® Nz))> ~ ZAM)SZ(N, @ No).
By Corollary 3.7, we get
Z(TW(M3®N3)) ~ (Z(M3)QZ(N3)) & (ZM3)SZ(N3)).

Collecting terms, we have

Z(IW(MBN)) ~ (Z(MSQZ(N)) @ (Z(M3)DZ(N3)),

as required.

4. The type of the tensor products of JW-algebras. In this section we investi-
gate the type of JW(M®N), where M and N are JW-algebras. We first study the type of
JW(M®N) when M and N are of Type I. Then we complete the discussion of tensoring
different types of JW-algebras. In one sense, the work can be considered as an applica-
tion of Theorem 2.9, Theorem 8 of [1] and Table 11.1 of [11]. However, our main object
is to establish the “multiplication table” (Theorem 4.9) which describes completely the
type of the tensor product JW(M&N).

LEMMA 4.1. Let M be a JW-algebra, and let N be a Type I, IW-factor, n < 0o, and
X any compact Hausdor{f space. Suppose that M contains a weak-* dense JC-subalgebra
of the form C(X, N). Then M is the same type as N.

PROOF. If N is an infinite dimensional spin factor, then this follows from the re-
sult of Stacey [17]. So we may suppose that N is any finite dimensional factor. By {7,
Corollary 5.1] for example, the fact that N is finite dimensional implies that C(X, N)** ~
CX)™ @ N ~ C(Y) ® N, for some compact hyperstonean space Y. But by hypothesis,
there is a surjective normal homomorphism C(X, N)** — M and the described conclusion
follows immediately from this.
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LEMMA 4.2. Let A, B be non-abelian finite dimensional YW-factors, and let X, Y be
compact Hausdorff spaces. Then

1C(CX, 4) Bmin C(Y, B)) = CX x 1) (R'(4) @x R'(B))

s.a

PROOF. JC(C(X,A) ®min C(Y, B)) is universally reversible, by [4, Corollary 1.5].
Thus we see that, using [4, Theorem 2.2]

CalX) D Ca(1) @r (R'A) B R'(B)) = (Cul) R R'(4) @r Ca(Y) 01 R'(B))

= (c(x, R*(4)) ®r C(Y,R*(B)))

s.a

s.a

is norm dense in JC(C(X,A) ®min C(Y, B)), and so,

JC(C(X,A) Bmin C(Y, B)) — XX 1 ® (R*(A) Or R*(B)) :

s.a

as required.

4.3. From [12, Lemma 3.1.7] we have the following real algebra identifications:
CRRC=CPHC, CRrH=M(C), HRgH=M®R),

and consequently the following tensor product table for M,(F) ® M,,(F")

Mn(R) Mn(C) M (H)
MyR) | Mwm(R) Mum(C) Mym(H)
My(C) | Mwm(C) | Mum(C) ® Mpn(C) | Moum(C)
M,H) | Mum(H) Moum(C) Mynm(R)

Recall that the Type I, factors, n < 0o, are M, (F); ., where F = R, C or H and the spin
factors [9, 5.3.8]. Also, recall that R* (M,,(IF))M = M,(F), whenevern > 3 andF =R, C
or H[10, Corollary 1, p. 143]. Thus, using 4.1—4.3 together with the fact that JC(MQin N)
is weak x-dense in the JW-tensor product JW(M®N) we obtain the following, which is
a complete description of JW(M®N), where M and N are JW-algebras of Type I, with

no Type L, part.

THEOREM 4.4. We have the following tensor product table for TW(M®N)
() Lip®yp 3 <n m < oo, F,F =R,C,H).

Im,R Im,C Im,H
[n,R Inm,R Inm,C Inm,H
In,C ]nm,C Inm,C Ian,C
In,H Inm,H Ian,C 14nm,R
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(ii) Ly®hs (3<n<oo,F=RCH k=2,...,9)

bp L3 by bLs Lg b Ly Ly
L Dng Dnc Dnp Dnp lanp Ignc Ligng Ligng
Inc Dbng bng Iinc Iing Ignc Ignc Linc Lenc
L Ly Ling Ignr Ign g LienRr Liene Lenu Li6nn

(iii) Ly®bLy (kK =2,...,9)

Ly L3 oy L bLg Ly Ly Ly
Ly | Ing | Inc | Ing Iy g Ipw | Degc Ly g Ly r
L3 In ¢ Ly L ¢ Iy ¢ L g Lag Dy ¢ Dy ¢
ha | Ipy | Ing | Iyg | Iyp | Dbsg | Dsg Lsn | DLy

12’5 I2Z,H 123’0 124,R 124,R 125,R 125,C IZS,H 125,“

X Ipn Dug Dy g Iy g L g Ly ¢ Dy y Ly

12’7 124’0 [24,0 125,C 125)0 126,0 [26’0 127’(; 127,0
12‘8 125 R 125’(: 125 H 125 H 126,“ 127 C 128,R sz,R
12,9 IZS,R 125,0 IZS,H 125’“ 126,H 127’0 128,R [zsyR

COROLLARY 4.5. If M and N are IW-algebras of Type It without Type I o, part
then IW(MQ®N) is of the same type (without Type b o, part).

In order to complete the description of JW(M®N) for the remaining types of M and
N we will need results which relate the type of M to that of W*(M).

LEMMA4.6. Let V be an infinite dimensional spin factor. Then W*(V) has no Type I
part.

PROOF. On the contrary, suppose that W*(V) does have (non-zero) Type /s, part.
Then there is a central projection e of W*(V) such that eW*(V) ~ C (X, M,,(C)) for some
n < oo and some compact hyperstonean space X (see [9, 7.4.5]). Then 0 # eV C
C (X, M,,(C)). Also V' ~ eV because V is simple. Therefore, the postliminal C*-algebra
C (X, M,,(C)) contains a copy of the antiliminal Clifford C*-algebra C*(V). This is im-
possible, by [13, Proposition 6.2.9].

THEOREM 4.7. Let M be a JW-algebra. Then
(a) M is of Type Is, without Type I o, part if and only if W*(M) is of Type Ign.
(b) if M is universally reversible then M is of Type I, (resp. I, 1, I1I) if and only
if W*(M) is of Type I, (vesp. 111, 1, I1I).
(We note that M is universally reversible if it is of Type I, 11, Il or III).

PROOF. (b) This is due to Ajupov [1, Theorem 8] and Stermer [19, Corollary 6.5].
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(a) Suppose that W*(M) is of Type Is,. Then M is certainly finite because any family of
orthogonal equivalent projections of M are orthogonal and unitarily equivalent in W*(M)
and so must be finite. Now (b) implies that M must be of Type Ig,. If M has a (non-zero)
Type I then it must contain a copy of an infinite dimensional spin factor V. But then
[V]~, the W*-algebra generated in W*(M) by V is not of Type Is,, by Lemma 4.6, because
it is a quotient of W*(V). Since every W*-subalgebra of a Type I, W*-algebra is also of
Type Isn, this is a contradiction.

By (b), and in view of [4, Lemma 2.6], in order to prove the converse it is enough
to suppose that M = C(X, V), where k < oo and X is compact hyperstonean. But then
(see Lemma 2.5 of [4], W*(M) = C(X, W*(Vk)) which is of Type 5y, and the proof is
complete.

THEOREM 4.9. The type of IW(M®N) for JW-algebras M and N is given in the
following table

Licoo Im>3 In I b/ Jiif
ba<oo | see Theorema.4 | 1o | m | mo | mr
] n>3

I I I o | I, | 1
11, 11, o | 1, | I, | I
7™ i o | I | I | 1
)77t 1l | 1 | 1

PROOF. Let M and N be any JW-algebra of any of the types occuring in the table.
By Theorem 4.7 M and W*(M) (respectively, N and W*(N)) are of the same type. In
addition JW(MQ®N) and W*(M)QW*(N) are of the same type. This is because, by Propo-
sition 2.7 and Theorem 2.9, JW(M®N) is universally reversible with > (JW (M®N)) =
W*(M)QW*(N), and so the claim follows from Theorem 4.7. The above table is now an
immediate consequence of [15, Theorem 2.6.6], [20, Theorem 5.2.30].
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