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1. Let {a,} be a sequence of non-negative real numbers. Suppose that

0 if r<0 and somea;,=0.

Then M, , is the arithmetic mean, M, , the geometric mean, and M, , the generalized mean of
order r, of a,,a,,...,a,. By a result of Everitt [1] and McLaughlin and Metcalf [5],
{n(M, ,— M, )}, where r 2 1 2 s, is a monotonic increasing sequence. It follows that this
sequence tends to a finite or an infinite limit as » —» co. Everitt [2, 3] found a necessary and
sufficient condition for the finiteness of this limit in the cases r, s=1,0and r21>s>0.
His results are included in the following theorem.

THEOREM 1. Let {a,} be a sequence of non-negative real numbers, and either r> 12 s
orr21>s. Then n(M,,—M,,) tends to a finite or an infinite limit as n — co. This limit is

o0
finite if and only if (i) every a, =0, or (i) r = 1 and a, +a, + ... is finite, or (iii) Y. (a,—a)* is
n=1
finite for some finite positive o, and either s £ 0 and every a, > 0, or s > 0.

The proof, which we omit, is a straightforward modification of the proofs of the cases
r,s=1,0and r = 1> s> 0 (see [2, 3]).

Let now the a, be all positive. Then, by a result of McLaughlin and Metcalf [5], the
sequence {(M, /M, )"}, where r =02 s, is monotonic increasing. It follows that this
sequence tends to a finite or an infinite limit as n — 0. The question naturally arises as to
what are the conditions under which this limit is finite. It is our main purpose in this paper
to answer this question. Qur answer is contained in

THEOREM 2. Let {a,} be a sequence of positive numbers, and either r > 02 sorr 20> s.
Then (M, ,|M, )" tends to a finite or an infinite limit as n — co. This limit is finite if and only
-

if Y. (a,—0)? is finite for some finite positive .

n=1
We prove this result in §4. We discuss some results allied to those stated above in
§§ 2 and 3. These allied results are used in our proof in § 4. We state another result in § 5.
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2. Let the a, be non-negative and suppose that r > s> 1 or 1 > r > 5. Then the sequence
{n(M, ,— M, ,)} need not be monotonic increasing. This can be seen as follows.

First,let r>s>1,0<d<l,a,=a,=...=a,_,=1,a,_, =1+, a,=(1=6)""
and a,,, = 1. Then

(n+ 1)(Mr,n+1 _Ms,n+1) = n(Mr,n—Ms,n) (l)
is equivalent to nM, ,+1 = (n+ )M, ,,,. This is equivalent to M, ,,, = M, .., where now
a,=a,=...=a,=M and a,,,; =1, with M =n""{n—2+(1+8)" +(1-8)}'/s. The
last inequality is false since M < 1 and s > 1 [4, p. 26]. Thus (1) is false.

Next,let I >r>s5,0<d<l,a,=a,=...=a,_,=1,a,_; =(1+8)', a,=(1-8)"/*

and a,,, = 1. Then we can see, as in the last paragraph, that (1) is false.

Thus the sequence {n(M, ,— M, )} is not necessarily monotonic increasing if r > s> 1
or 1 > r>s. The question still arises as to whether Theorem 1 can be proved with “ r > s”
in place of “either r>1= s or r=1>s". I have not been able to settle this question.

However, we can prove

THEOREM 3. Let {a,} be a sequence of non-negative real numbers, a, — o as n— oo, o be
finite and positive, and r > 5. Then n(M, ,— M, ) tends to a finite or an infinite limit as n — co.

This limit is finite if and only if (i) r < 0 and some a, =0, or (ii) Y, (a,—®)? is finite, and either

n=1
5§ £ 0 and every a,> 0, or s> 0.
The proof, which we omit, is a straightforward modification of the proof of the corre-

sponding part of Theorem 1.

3. Let the a, be positive and suppose that r > s> 0 or 0> r>s. Then the sequence
{(M, /M, )} need not be monotonic increasing. This can be seen as follows.

First,let r>s5s>0,0<é<l,a,=a,=...=a,_,=1,a,_, =(1+0)"", a,=(1-6)""
and a,,, = 1. Then

(Mr,n+ 1/"‘4s,n+l)n+l é (Mr,n/Ms,n)n (2)
is equivalent to M2, = MUK, or to (1—¢/n)" 2 (1—¢/(n+1))"*"!, where
e =2—(148) —(1=8)"".

The last inequality is false [4, p. 37] since 0 < ¢ < 1. Thus (2) is false.

Next, let 0>r>50<d<l,a,=ay=...=a,_,=1,a,_, =(1+8)'* a,=(1-6)!"*
and a,,, = 1. Then we can see, as in the last paragraph, that (2) is false.

Thus the sequence {(M, /M, )"} is not necessarily monotonic increasing if r > s > 0 or
0 > r>s. Despite this we can prove the following analogue of Theorem 3.

THEOREM 4. Let {a,} be a sequence of positive numbers, a, — « as n — «, « be finite and
positive, and r > s. Then (M, ,[M, )" tends to a finite or an infinite limit as n — co. This limit
w

is finite if and only if Y. (a,—a)? is finite.
1
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Proof. We note that, since r > s, M, ,— M, , 2 0. Since the 4,>0 and g,->a>0 as
n— oo, it follows that M, , —a« > 0 as n — co.

Suppose that Y’ (a,—a)? is finite. Then, by Theorem 3, n(M, ,— M, ,) tends to a finite
n=1

limit L, say, as n— co. Thus

M, \" M, —M_\" L "
) = (14— =(1+—(1+0(1)]) »el’* <0  as n— oo0. €))
M,, M, on

o
Suppose that ) (a,—a)? is infinite. Then, since no a, = 0, by Theorem 3, n(M, ,— M, ,)
n=1
— 00 as n > oo. From this and (3),

M.\ >n Min=Min © as 0
— - ) n— o0.
M:,n Ms,n

This completes the proof of Theorem 4.

4. In the proof of Theorem 2 we consider the following four cases, which exhaust all
possibilities :

Case 1. liminfa, = 0.

n=* oo

Case 2. limsupa, = 0.
n—aw

Case3. 0 < A=liminfa, < A =limsupa, < o0.

n—ow n—+w

Case4. 0 <a=lim a, < .
n—c0

letr>0=sorr=0>s and
T(al! 02, AR an) = (Mr,n/Ms,n)"' (4)
Then, by a result of McLaughlin and Metcalf [5],

way, azy ..., 8) Z1ay, Ay, ooy )Gt 15 Qs as -5 Ap)

%T(anaz,-n,am)%l, (5)

if 1 Sm<n. Also,1(a,, a,, ..., a,) necessarily tends to a finite or an infinite limit as n — co.

Case 1. In this case, there is an increasing sequence of integers {i(n)} such that a;,, -0
as n— oo. Consequently, from (5),

wa, ay, ..., ai(n)) = 1(ay, ai(n))' ' (6)
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Now M, , is an increasing function of r for fixed a,, a,, ..., a,. Hence, by (4) and (6), we
have (i) if r > 0 = s, then

ai+aim\'" 1/2
(ay, as, ..., ai(n)) 2 (T (alai(n)) !

>27"(a,/ay,y)'* >0  as n- o,
and (ii) if r 2 0 > s, then, in a similar way,
way, ay, ..., Qi) > 2'1%ayjaymy) P > 0 as n— co.
Hence, by (4) and (5), it follows that
(M, /M) — o0 as n— . ™

Case 2. 1In this case, there is an increasing sequence of integers {i(n)} such that @;,, — o
as n— oo. Consequently, by a modification of the argument used in Case 1, we have (7).

Case 3. In this case, there are increasing sequences of integers {i(n)} and {j(n)}, with
i(n) < j(n) < i(n+1) for each n, such that a;.,, = A and a;,) = A as n - 00, where 0 <A< A< c0.
Consequently, by (5),

n

Way, gy ooy Qi) 2 [] t@iy aj) > 0 as n— o0,

=1

since (@), @j,y) = (4, A) > 1 as n— co. Thus we have (7).

Case 4. In this case, by Theorem 4, we have that (i) (7) holds if ) (a,—«)? is infinite,

n=1

and (i) (M, /M, )" tends to a finite limit as n — o0 if Y, (a,—a)? is finite.
n=1

It can now be seen that Theorem 2 follows from Cases 1 to 4.

5. We omit the proof of the following result, which we can deduce directly from Theorem 1,
by modifying the arguments used in the proof of Theorem 4 (see § 3).

THEOREM 5. Let {a,} be a bounded sequence of non-negative real numbers, not all zero,
and eitherr >12s5s>00rrz1>s5>0. Then the conclusions of Theorem 2 are valid.
1 am grateful to the referee for his helpful comments.

REFERENCES

1. W. N. Everitt, On an inequality for the generalized arithmetic and geometric means, Amer.
Math. Monthly 70 (1963), 251-255.

2. W. N. Everitt, On a limit problem associated with the arithmetic-geometric mean inequality,
J. London Math. Soc. 42 (1967), 712-718.

https://doi.org/10.1017/50017089500001865 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500001865

ON LIMIT PROBLEMS WITH INEQUALITIES 127

3. W. N. Everitt, Corrigendum to [2], J. London Math. Soc. (2) 1 (1969), 428-430.
4. G. H. Hardy, J. E. Littlewood and G. Pdlya, Inequalities (Cambridge, 1934).

5. H. W. McLaughlin and F. T. Metcalf, An inequality for generalized means, Pacific J. Math. 22
(1967), 303-311.

UNIVERSITY OF SINGAPORE

https://doi.org/10.1017/50017089500001865 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500001865

