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Existence and Multiplicity of Positive
Solutions for Singular Semipositone
p-Laplacian Equations

Ravi P. Agarwal, Daomin Cao, Haishen Lii, and Donal O’Regan

Abstract. Positive solutions are obtained for the boundary value problem

—(lu'|P72u") = Af(t,u), t € (0,1),p > 1
u(0) = u(1) = 0.

Here f(t,u) > —M, (M is a positive constant) for (t, u) € [0, 1] X (0, 00). We will show the existence
of two positive solutions by using degree theory together with the upper-lower solution method.

1 Introduction

In this paper, we establish the existence of positive solutions for the p-Laplacian equa-
tion

(LD) —(ppu)" = X f(t,u) fort e (0,1)

' 1(0) = u(1) = 0.
Here @, (s) = [s|P~%s, p > 1, f: [0,1] x (0,00) — R is continuous and satisfies the
following conditions.

(H1) There exists M > 0 such that

(1.2) ft,y) > —M for(t,y) € [0,1] x (0, 00).
(H2)
. )
. 1 =
(1.3) 1}1,15£p o) o0

where )?(y) = inf{f(#,s) : (¢,5) € [0,1] X [y,00)} for y > 0.
(H3) da € (0, 00) such that

(1.4) flt,y) > f(t,a) >0 fort € [0,1], y € (0,4a].
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(H4) (i) |f(t )| < g(y) + h(y) on [0,1] x (0,00) with g > 0 continuous and
nonincreasing on (0,00) , h > 0 continuous on [0, o) and h/g nonde-

creasing on (0, 00);
(ii) forany R > 0,1/g is differentiable on (0, R] with ¢’ < 0 a.e. on (0,R],

lg’|"/? 1 oo [g'(1)]"?
o €L [0,R], and [, NG

and for any D > 0, there exists a sequence of numbers {M,,} s.t. lim,_,oo M,, =
oo and

. 1 My d —1_r
(1.5) lim AT / 2 P 277,
) ) Jo

— >
n=00 oyt (14 MisD wpl@y) ~ P

dt = oo

Remark 1.1 It s easy to see that if

(1.6) lirrol f(t, y) = +oo uniformly on [0, 1],
y—0*

then (H3) holds
Remark 1.2 Let b = minejo1) f(t,a)/2 (here ais as in (1.4)). Then
(1.7) f(t,y) > bfor(t,y) € [0,1] x [0, 4a].

Remark 1.3 From (1.3) and the definition of limit supremum, there exists a se-
quence {y,} with0 < y, < y,41 forn € N, lim,_,, ¥, = co and

)

lim =0
n—00 ©p(¥n)

Now f(yn) = inf{f(t,s) : (t,s) € [0,1] X [yn, 0)}, so we have

(1.8) Fo) < fo) << fw) < fun) < - -
and
(1.9) lim_ f(y,) = co.

Now, since f(¢, y,) > f(yn) fort € [0,1] and n € N, we have

(1.10) lim f(¢, y,) = oo uniformly on [0, 1].

n—oo

Equations of the form (1.1) occur in the study of the p-Laplace equation, non-
Newtonian fluid theory, and the turbulent flow of a gas in a porous medium [9].
Existence of positive solutions for problem (1.1) has been studied by many authors,
usually under the condition

f(t,y) > 0 for (£,7) € [0,1] x [0, 50).
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Recently, Anuradha et al. [3] studied the existence of positive solutions for second
order boundary value problems with p = 2, if conditions (H1) and (H2) hold with
f:10,1] x [0,00) — R continuous and A > 0 small enough. Motivated by their
work, we consider the p-Laplacian equation (1.1). We use degree theory to establish
the existence of positive solutions, and we also discuss multiplicity.
For p = 2, problem (1.1) (with f: [0, 1] x [0, 00) — R continuous) has a positive

solution u if and only if u + v := % is a solution of

—u'" =X g(t,u—v), te€(0,1)

u(0) = u(1) =0,

where v is a solution of the problem —u’/ = 1, u(0) = u(1) = 0,and g: [0,1] xR —
R is defined by

fle,y)+M (x,y) €[0,1] x [0,00)
glx,y) =
fx,00+M (x,y) € [0,1] x (—o0,0).

One can use a cone expansion/compression type theorem to establish an existence
result when p = 2. However, no Green’s function is available for general p. As a
result, the method in [3] does not suit the p-Laplacian when p # 2.

Several results on the existence of positive solutions for the one dimensional
p-Laplacian boundary value problems have been established in the literature (see
[6,7,9,10]. The key condition used is that the nonlinearity is nonnegative so the
solution u is concave down; if the nonlinearity f is negative somewhere, then the
solution # need no longer be concave down.

The main results of this paper are the following.

Theorem 1.4  Assume (H1), (H2), (H3), and (H4) hold. Then the problem (1.1) has
at least two positive solutions u; € C[0,1] N C'(0,1) with ,(u!) € C'(0,1),i = 1,2
for X > 0 small enough.

Theorem 1.5 Assume (H1), (H2), (H4), and (1.6) hold. Then the problem (1.1) has
at least two positive solution u; € C [0,1]NC* (0, 1) with ¢, (u]) € C* (0,1),i = 1,2
for X > 0 small enough.

Next we state three results from the literature [1, 2, 4] which we will use in Sec-
tion 3. Consider the singular boundary value problem

(1.11) {—(%(”’))’ = q(t)f(t,u) fort € (0,1)

u(0) = u(1) =0.

The singularity may occur at u = 0, t = 0, and ¢t = 1, and the function f is allowed
to change sign.

Lemma 1.6 ([2]) Letng € {3,4, ...} be fixed and suppose the following conditions
are satisfied:
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(i)  f:[0,1] x (0,00) — R is continuous.

(ii) Letn € {ng,no + 1,...} and associated with each n we have a constant p, such
that {p,} is a nonincreasing sequence with lim,_,o p, = 0 and such that for
0 <t < 1wehaveq(t)f(t,p,) >0

(iii) g € C(0,1)NLY0,1) withq > 00n (0, 1) and

/0§ cppl(/séq(r)dr) ds+/;gopl</;q(r)dr) ds < co.

(iv) There exists a function o € C[0,1] N C(0,1), p,(a’) € CH(0, 1), with a(0) =
a(l) = 0, aft) > 0 on (0,1) such that q(t) f(t,a(t)) + (¢p(a’(t))) > 0 for
t €(0,1).

v) |f(t )] < g(y) + h(y) on [0,1] x (0,00) with g > 0 continuous and non-
increasing on (0,00), h > 0 continuous on [0, 00), and h/g nondecreasing on

(0, c0).
(vi) ForanyR > 0, 1/g is differentiable on (0, R] with ¢’ < 0 a.e. on (0, R],
"\1/p 0 o/ (£)|1/P
17 e o.R) and / WP 4 o
g o (g(®)¥r

(vil) In addition assume there exists M > sup, o 1) a(t) with

! /M by
— _ 0-
ep (1+558) Jo wp' (8(9)

holding. Here

by —max{/o; @Pl(/si q(r)dr> ds, ﬁl @;1</:q(r)dr) ds}.

Then (1.11) has at least one solution u € C[0,1] N C(0,1) with ¢,(u') €
C1(0,1) with u(t) > a(t) fort € [0,1].

Lemma 1.7 ( [4]) Let C be a bounded closed set in a Banach space X and K : [«, 3] X
C — C, a < B, a compact mapping. Then the set

Sas = {(5,%) € [a, B] x C | K(s,x) = x}
of “fixed points” of K contains a component C,, g which connects {a} x C to {8} x C.
Remark 1.8 LetS_; = S, 3N({a}xC)and Si; = S, sN({B} xC). Suppose the set
Sa, contains a component C, g which connects {a} xC to {f} xCand ®: S, 3 — R

is a continuous map with ®(S_;) < 0 and ®(S;;) > 0. Then ®(s,x) = 0 has at least
one solution in S, g.

Lemma 1.9 ([1]) u € {y € C[0,1] : y(t) > 0 fort € [0,1] and y is concave on
[0,1]}. Then u(t) > t(1 — £)||u| o-

In Section 2, we give some preliminary lemmas. In Section 3, we will prove The-
orem 1.4 and Theorem 1.5. Recall C[0,1] = C([0, 1], (—o0, 00)), with the norm

[ull oo = sup, (o [u(®)]-
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2 Preliminary Lemmas

Lemma 2.1 Thereexist0 < o < 1and 8 > 1 such that o, ' (x — y) > aep, ' (x) —
6@51()1) forx > 0andy > 0, where w;l(s) = |s|177il sign(s) is an inverse of ©,,.

Proof Letx>0,y>0.Ify < %,then

o, (x—y) >p,! ( g)

= (3) 7'

Ify > g, then

pp = y) > =0, (N + e, (x) — ¢, (2y)

=0, () = 1+ 9, 2N, (),

since cp;l is odd and increasing. Therefore go;l(x —y) > agogl(x) — 54,0;1()/) for

x,y > 0, where o := 90;1(%),5:1+3051(2). [ |

Lemma 2.2 Let A > 0 be fixed and let u be a solution of

(2.1) {—(wp(u’))’ = Mp(t),

u(0) = u(1) =0,

here p(t) is a continuous function with p(t) > —M fort € [0,1] (and M > O isa
constant). If |ul| oo > 2, (AM), then

u(t) > (aflulls — ,Bcp;I()\M)) min{t,1 —t} fort € [0,1];
here v and (3 are as in Lemma 2.1.

Proof Let u be the solution of (2.1). Then

t 1
u(t) :/ <p;1<A+)\/ p(T)dT) ds
0 s
1 1
/ w;l(A+)\/ p(T)dT) ds = 0.
0 s

We know A exists and is unique, see [9].
Let || 4|0 = |u(to)| for some ty € (0, 1). Then (note u’(ty) = 0)

where

u(t) = / w;l ()\/0 p(T)dT — AM(ty — s)) ds fort € (0,1t]
0 s
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where p(7) = p(7) + M > 0. By Lemma 2.1, we get

u(t) za/ g;;l(x/oﬁde) ds—ﬂ/ 0, (A\M(tg — ) ds, 1 € (0,1o].
0 s 0

Now .
[ e OB — 90 ds < OB, 1€ 0,1
0
SO
22) u(t) > o) — By | (M)

> By (AM)r

—Bp, (AM)

v

fort € (0,t]; here u(t) = fot gogl()\f;(’ﬁ(T)dT)ds. If [|ul|oo > ggogl()\ﬁ) >
ﬂgp;l(/\M), then ||u]|oo = u(ty) > 0. Note % satisfies

—(pp(@"))" = Ap(t), t € (0,1]
u(0) = 0,u(ty) > [Jul|ec = ulto).

In fact, u(t) > u(t) fort € (0, ty].
We next prove that 7(t) > v(t) fort € [0, fo] where v satisfies

—(,(v")) =0, t€(0,t]
v(0) =0, v(ty) = ||| 0o-

Suppose it is not true. Then 7 — v has a negative absolute minimum at 7 € (0, t,).
Now since %(0) — v(0) = 0 and u(tg) — v(tp) > 0, there exists 79, 7, € [0, fo] with
T € (19, 71) and u(7o) —v(79) = u(m)—v(m) = 0and u(t) —v(t) < Ofort € (19, 7).
Then

(p@")) = (p(v")) = =Ap(t) <0 fort € (7, 71).

Let w = %u(t) — v(t) < 0 fort € (79, 71). Then
/ ((ep@(0) = (pp v (1)) wit) dt > 0,

On the other hand, using the inequality (¢, (b) — ¢,(a))(b —a) > O0fora,b € Rand
the fact that there exists 7* € (7g, 71) with @' (7*) # v/(7*) we have

/ (@ O)) (v (1)) wit) de

= —/ I(SDp(ﬁ,(t)) — (V)@ —v')dt

<0,
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a contradiction. Consequently, z(t) > v(¢t) for ¢ € [0, ,].
Fort € (0, ty), notice

Jilse,

v(t) = o

Sinceu > vfort € (0,t] and o > 0, we have from (2.2) that

allufloo

u() > ( .

- ﬁw;l(AM)) t> r e (07 t()]u

Similarly,
oluflo

u() = (5=

By OFD) (1 =1), ¢ € o, ).
If |lulloo > 2, '(AM), then
u(t) > (allufloe — B, '(AM)) min{r,1 —t}, ¢ € [0,1].
This completes the proof of Lemma 2.2. ]
By condition (H3) we have

(2.3) f(t,u) > f(t,a) for (t,u) € [0,1] x (0,a].

Let us consider the problem

(2.4) {—(@p(”'))’ = \f*(t,u), t€(0,1),

u(0) = u(1) =0,

where

. | ft,y) iftel0,1],y > a,
f(t’y)_{f(t,a) ift € [0,1],y < a.

By (2.3), we have

(2.5) f(t,y) > f*(t,y) for (¢,y) € [0,1] x (0, 00).

Let

(2.6) F5(t,y) = f*(t,y) + M > 0 for V(t,y) € [0,1] x (—00,0)
and

2.7) ) = sup{F(t,%): 0 <t < 1,x < y} fory > 0.
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Remark 2.3 From (1.10) and

F ) = sup{f*(1,x) : 0 < t < 1,x < y,}

> F(t, ¥n)(— 00 asn — oo, uniformly on [0, 1])
(here {y,}(n € N) is as in Remark 1.3), we have
(2.8) lim ]/‘;(yn) = o0.

Also, for all n large enough, we obtain

P o Tty o fr(tym)
Pplyn) = plyn) T wp(yn)

_ Sy o f(a)
©p(yn) — ©p(yn)

(— coasn — 00).

Thus, we have

(2.9) liiigp J:((y)’)) = 0

For u € C[0, 1], define

Tu(t) = /t (p;l(A+ /1 Af* (7, u(T))dT) ds
0 s

where

1 1
/ @;1(A+/ /\f*(T,u(T))dT) ds = 0.
0 s

We know A exists and is unique for every u € C[0, 1], and u = Tu is a solution of

—(ppu)) = Xf*(t,u), te€(0,1)
u(0) = u(l) = 0.

We know [9] that T: C[0, 1] — C[0, 1] is continuous and completely continuous.

Lemma 2.4 Let A > 0 be fixed but sufficiently small. Then there exists C\ > a such
that for any 0 < 6 < 1 the problem

(2.10) u=0Tu

has no solution satisfying ||u||coc = Ca.
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Proof Let u be a solution of (2.10). Then

u(t) = 0/ @;1(/0 )\(F(T,u(T)) — M)dT) ds,
0

N

here f*(t, u) isasin (2.6), Misasin (1.2) and to € (0, 1) is such that ||u| o = |u(fo)|.
Therefore,

o = [ ([ ATl ar) s
0 s
S/O sa;l(/o AP () dr ) ds

<0 ey (F(lulloo)) 8

<07 Wy (Fllull)) (because 0 < to < 1);
here F(u) isas in (2.7). Thus

1 FUlul)

(2.11) EAAN | 20y
A SDP(H“”oo)
From (2.8), there exists ky > max{ggo;l(M), a} with F(ko) > 0 (here a is as in
(1.4)). Let
k
(2.12) 0<A < min{ 1, 2ol 0)}
f*(ko)

be fixed. Suppose 0 < A < A;. Then

1 f(k

1 Pl

AT pplko)
By (2.9), there exists y* > ko such that WE;:; > i On the other hand, % is

continuous on [ko, y*]. Thus, there exists C € (kg, y*) such that

1 (G
(2.13) — = .

A ‘Pp(CA)
Hence by (2.11), ||#||cc # Cai. Thus for any 0 < 6 < 1 we have that u # 0Tu for u
with [|u]| o = C). [ |

Remark 2.5 In the proof of Lemma 2.4 it is enough to take ky > 0, and

0<A < rko)

A

However in Lemma 2.8 we will need kg, and A1, chosen as in the proof of Lemma 2.4.
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Lemma 2.6  Assume A € (0, A1) be fixed. Consider the problem

(2.14) {—(%(u/))’ = A(f*(t,u) +h),

u(0) = u(1) =0,

where h > 2M (here M is as in (1.2)) is a constant. Then there exists hy > 2M such
that the problem (2.14) (with h replaced by hy) has no solution.

Proof Leth > 2M (here M is as in (1.2)). Then

. . h h
f (t,y)+h—f(t,y)+5+5

h
>f*(t,y)+M+E

> g >0 (see (2.6)),

forall (¢, y) € [0,1] x (0, 00). Suppose (2.14) has a solution u;, (associated to h) for
all h > 2M. First, we prove that

(2.15) lim ||up|eo = 0.
h— o0

Fix h > 2M and let ||uy||oo = un(ty) > 0 for some ty € (0,1). Assume that o > %
Then

ltn|loo = un(to)

[ e ([ o v ar) as
/Oea (A /(f (r, (7)) + ) dr ) ds
/Oea (A /(f (r, () + W) dr ) ds
[ /_@d

S Ny (/8).

Y

v

Y

> 1,
4
Thus (2.15) holds. On the other hand, let

28 4 «@
B= "0 (A M), 6= —;
a@p(l ), 8
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here a, (3 are as in Lemma 2.1 and A; is as in (2.12). By (2.15), there exist H > 0
such that for all # > H we have

[]l o0 > B.

Then

Y

2
Juiloe > 2y M)

I \%

Es@pl(/\ M)

B _

Thus, by Lemma 2.2, uy,(¢) > 0 for t € (0, 1). Also since af|up||oo > Zﬂwgl(AlM),
we have 5
a . @
oo — Do Arm) > e
Then forallt € [1, 1], we have
up(t) > (allun)|oo — ﬂgpljl()\M))min{t, 1—t}
« 8 _
2 Z”“h“oo — 2% (AM)
« 8 _
2> ZHuhHoo — % (A1M)
@
> — =20 oo
> gl [[an |
Now for all i > max{2M, H} we have

ltnlloo = un(to)

/O go;l( /(f (r, up(7)) + h) dr) ds

z/ ©; 1( /(f (r, uh(T))+h)dT> ds

0

z/ o 1( /(f (r, uh(T))+h)d7') ds
0

>

/app /f(TuhT))+h)dT)dS
0

07 Ny (F (0| unll0)),

m~
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where F(y) = inf{ f*(¢,x) : (t,x) € [0,1] X [y,00)} for y > 0. This yields

f* 4
(2.16) f*(6][unll o) < ©p( ).
©p(Blunllsc) — App(0)

We now prove that there exist h; > max{2M, H} with

Sop(4)
Pp(8][1n,[|0)

)‘@p((s).

If this is true, we are finished. Let h, > max{2M, H,2} be fixed. By (1.3) and the
definition of f*, we have

lim sup ) =00
y—oo Pp(¥)
o with

Then there exists C,. > d||up,

(2.18) fH(C) _ pp(4)

‘Pp(c*) )\(/71,(5)'

On the other hand, by (2.15), there exists h* > h,. such that ¢ ||uy ||oc > C.

We next prove that there exists h; € (h., h*) so that the solution uy,, of problem
(2.14) (with h replaced by h,) satisfies

C* = 6””}11”00
By (1.5), there exist M* > max{||uy,

o0os ||th+ ]| 0oy a} (here a is as in (1.4)) such that

M* _
(2.19) L — / 71dy s Pl
pp (14 100) oo oy &) p
here
~ >
hw) = h(u) u>a,
h(a) u<a.
Let the function f** be defined by
fE,M*)+r(M*—y) fory>M*"and0 <t <1,
>t y) =1 ft,y) fora<y<M*and0 <t <1,
f(t,a)

fory <aand0 <t <1,
where r: R — [—1, 1] is the radial retraction defined by

x  for|x| <1,
r(x) =

— for|x| > 1.
||
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Foru € C[0,1] and h € [h,, h*], define

4 1
B Kb = / or'(4 +/ AP (7, u(r)) + W dr ) ds
0 N
where
1 1
/ 90;1(A+/ )\(f**(7'7u(7'))+h) dT) dSZO
0 S

We know A exists and is unique for every u € C[0, 1], and notice u = K(u, h) is a
solution of

(2.21) {_(‘PP(“'))' = M(f**(t,u) +h), t€(0,1)

u(0) = u(1) =0.
We know [9] that K: C[0,1] x [h., h*] — C[0,1] is continuous and completely
continuous.

Next we show any solution u, of the equation

u=K(u,h), helh,,h']andu € C[0,1]
satisfies
(2.22) llul|oe < M™.
Suppose it is false. Now since u(0) = u(1) = 0, there exist either (i): t;,#, € (0,1)
with 0 < u(t) < M* fort € [0,ty), u(t) = M* and u(¢t) > M™* on (t,,t;) with
u'(t;) = 0or (ii): 3,4 € (0,1), t, < t3 with 0 < u(t) < M* fort € (t3,1],
u(t;) = M* and u(t) > M on (t4, t3) with u’(t,) = 0.

We can assume without loss of generality that either #; < 1/2 or #; > 1/2. Sup-
pose f; < 1/2. Notice for ¢ € (t,, 1) that we have

(2.23) —(pp(u")) = X[ f**(t,u)+h] < g(M*)+h(M*)+h* = g(M*)+ﬁ(M*)+h*.
Integrate (2.23) from #, to #; to obtain

ep(u'(12)) < [g(M") + h(M") + h*](ty — 1),
and this together with the fact that u(t,) = M* yields

pp(u'(t2)) <+ h(M™) +h*](t1 ).

(2:24) (V") YD)

Also for t € (0, t,) we have

—(pp (' (1)) = ALF™(t, u()) + h] < g(u(t)) + h(u(t)) + h*.
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and so . R
_ / / £ * *
(pp’®))" _ - h(u(t)) +h <14 h(M*) + h
g(u(r)) g(u(t)) g(M*)
fort € (0,t,). Integrate from ¢ € (0, t,) to ¢, to obtain

h(M*) + h*
g(M*)

—p(u' (1)) . p(u' (1)) N & [ —g'(u(x))

iy vyt gy el dxs 14

} (1),

and this together with (2.24) yields

2O [ OO (ot e 1.

g(u(t)) g(M*)
Thus
u'(t) . WM+ kN,
m < ¢ (1 + W) ®, (t; —t) fort € (¢t,1;).

Integrate from 0 to f, to obtain

M du B MM+ [0
— <o Y1+ —L / (1N a
/o oy (g ~ 7" ( YD) ) o (2 f) !

p—1_ 1(lJrﬁ(M*)nLh*)

<

This contradicts (2.19), so (2.22) holds (a similar argument yields a contradiction if
ty > %). On the other hand, we can easily see that f**(t,u) + h > 0,for0 <t <1
and u € R, since

he h.
f*tu)+h> (¢t u) + S5 + 5
> min f(t )—1+M+E (since by > 2M)
> 01;1;11 LY 5 since h,,
a<y<M~
h, :
> 7—1 (since f(t,u) + M > 0)
>0 (since h, > 2)

Thus (¢, (u’))" < 0fort € (0,1),s0 ¢,(u’) is decreasing. Asaresult 1’ is decreasing,
so u is concave on [0, 1]. Combining #(0) = 0, (1) = 0 and Lemma 1.9, we see that
u(t) > 0fort € (0,1). Thus we have

O0<ult)<M'+1=M"™fort e (0,1).
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Let C = {x € C[0,1] | [|x]|occ <M**}. By Lemma 1.7, the set
Sho e = {(s,x) € [hi,h"] x C | K(s,x) = x}
contains a component Cy, ~ which connects {h.} x C to {h*} x C and (h,, up,) €
Sy s (B up=) € Spy e
Define ®: S, y~ — Rby
D(u) = ||u||oc — C*/;
here C* is asin (2.18). Then & is a continuous map with ®(S_;) < 0and ®(S;;) > 0
(see Remark 1.8 for definitions of S_; and S;). By Remark 1.8, there exist h; €
(h., h*) such that (2.21) (with h replaced by h;) has a solution uj, satisfying
0 < up,(t) < M™ fort € (0,1) and ||up,||c = C*/4.
Thus, up, is a solution of problem (2.14) (with & replaced by h;) such that
Cs = 6|lup, || -

As aresult (2.17) is true. Thus there exists by > 2M such that the problem (2.14)
has no solution. ]

Consider the boundary value problem

(2.25)

—(pp(u”)) = ALf*(t,u) + Thel, £ € (0,1)
u(0) = u(1) = 0;

here hy is as in Lemma 2.6. For V7 € [0, 1], define S, : C[0, 1] — C[0, 1] by

‘ 1
G0 G = / o' (A / [ + 7ho) dr) ds
0 S
where
1 1
/ 99;1(A+)\/ [f*(r,u(r))+7h0]dr) ds = 0.
0 S

We know A exists and is unique for every u € C[0, 1], and u = S;u is a solution of

—(pp(u)) = X f*(t,u(t)) + Thy] t€(0,1)
u(0) = u(1) = 0.

Also it is known [9] that S;: C[0, 1] — C[0, 1] is continuous and completely contin-
uous.

Lemma 2.7 Let0 < A < Ay (here Ay is asin (2.12)) be fixed, 0 < 7 < 1 and h be
as in Lemma 2.6. Then the solutions of (2.25) are a priori bounded.
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Proof Suppose the result of the lemma is false. Let

2 «
B=2Coam, 5=
o 8

here o, 3 are as in Lemma 2.1, A; is as in (2.12) and M is as in (1.2). Suppose u is a
solution of (2.25) for some 7. Now either ||t || > Bor ||u||s < B. Suppose

[ullcc > B.

Then
28 _
o P
.
a p

> Do,
«Q

lulloo > "(AM)

> Y(AM)

By Lemma 2.2 (see the proof of Lemma 2.6) we have

11
u(t) >0fort € (0,1) and wu(t) > 6||ul|e fort € [Z’ ﬂ .

Suppose ||u]|oo = u(ty) for some ty € (0,1) and #5 >
the proof of Lemma 2.2) we get

1. Using Lemma 2.1 (see

[l oo = u(to)

v

a/oto %I(A/Sto ¢, u(t))dt) ds — B, ' (AM)

Y

a/o‘l' wpl(A/stOF(t, u(t))dt) ds — By (AM)

Y]

a/; w;l(A/i FE(t,u(e)) de) ds = B, (M)
0 !

« = - B
= (m%l(f*(éllul\w)) —5<pp‘(M)) 0, ()
and so
a e (FOllule)  Beytay .
227 B N
27 (4¢;‘<4> ol ] )er' ) < L ifu]

here%(y) = inf{ f*(t,x) : (t,x) € [0,1] x [y, 00)} for y > 0.
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By (2.6) we have -
f*o) = f*() + M.
From (1.3) and the definition of f*, we have

lim sup

y—0o0

0 (FO) o qup L0 M
y

y—0o0

= lim sup —f )
y—oo Y

= Q.

Thus

1 :*(5
d limsupw — 00

where § > 0 is defined above. Let 7y € [0, 1]. If (2.25) has a solution u,,,, then
(2.27) holds if we assume ||#xr, ||co > B. The equality above implies that there exists
¢ > max{B, ||trr || } With

(o sopl(%(sco)_mop‘w))
1

(2.28) 40,'(4) a

@, (A > 1.

Now since we assume the result of the lemma is false, there exists 7 € [0, 1] so that
the solution u,,, (associated to A, 71) of (2.25) satisfies

uan loo > €1 > [Jtiar, [l oo

A similar argument as in Lemma 2.6 implies that there exist 7, € (79, 71) (if 71 > 79)
orm, € (1, 7) (if 11 < 7p) so that the solution u,,, satisfies

[uar,[loo = €1

From (2.28) we have

(2.29)

(o or (F6lnnlle)  Bey' )

—1
— v, (A)>1.
4p, '(4) [[t1rr, |l oo |7, [l oo ) P

Now (2.27) and (2.29) yield a contradiction. Hence the assertion of Lemma 2.7 fol-
lows. [ |

Lemma 2.8 Let0 < \ < A; (here Ay is as in (2.12)) be fixed. Then problem (2.4)

has at least one solution u, € C[0,1], and ||uy||cc > Cy > a (here C) is as in Lemma
2.4) with u,(t) > 0 fort € (0, 1).
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Proof Let0 < A < A be fixed,and 0 < 0 < 1. No solution of (I — 0T)u = 0 lies
on the boundary of B(0, C)), by Lemma 2.4. Therefore

deg(I — 0T, Bc,,0) = constant.
This gives

deg(I — T, Bc,,0) = deg(I — 0T, B¢, ,0)
= deg(I, B¢, ,0)
=1.

From Lemma 2.7, we can choose
(2.30) R > C,
such that no solution of S, (1) = u, 7 € [0, 1] lies on the boundary of Bz. Then

deg(I — S;, Br,0) = constant.

Thus by Lemma 2.6
deg(I — T, Bg, 0) = deg(I — Sy, Bg, 0)
= deg(I - SI7BR7 0)
=0.
Therefore

deg(I — T, BR\BCA,O) = —1.

As a result there exist u,, € Br\Bc, such that
Tu, = u,.

That is,

(2.31) {—(sﬁp(ui))’ = Af*(t,u,), t € (0,1)

Clearly ||#4]|co > Cy. From (2.12), we know that ky > ggoljl(M) > ggoljl(AlM).
Thus for all A € (0,A,), we have [[i.]|o > Cy > 2y ' (AiM) > L0 (AM). Also

by Lemma (2.2), for all A € (0, A;) we have
(1) > ()| the|| 0o — 6(,0;1()\M)) min{#,1 —t} fort € [0, 1];

here v and (3 are as in Lemma 2.1. In particular u,(t) > 0 for ¢ € (0, 1). [ |
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3 Proof of Theorem 1.4
Let A € (0, A) be fixed; here A; is as in (2.12). From (2.5) and (2.31) we have

0= (¢p())) + A" (t,us) < (@p(ul)) + Af(t,u,) fort € (0,1);

here u, is as in Lemma 2.8. Thus u, is a lower solution of problem (1.1).
On the other hand, from (1.5), there exists M > SUP,¢[0.1] u, (t) with

P

21-»

1 /M dy _p-l
o (1+58) Jo @)~ P

Let p, = 501, (n € N). From (1.4), we have {p, } is a nonincreasing sequence with
f(t,pn) > f(t,a) > 0, fort € [0,1] (here ais asin (1.4)). Thus Lemma 1.6(ii) is
true. Now Lemma 1.6 guarantees that (1.1) has a solution u; € C[0,1] N C'(0,1)
with ¢, (u]) € C'(0,1) and u;(r) > u,(¢) fort € [0,1]. Also (from Lemma 2.8)
[le41]|co = ||tixlloo = Cx > a (here ais as in (1.4)). Next we prove problem (1.1) has
another solution u, such that 0 < ||u2]|ec < a. We consider the auxiliary equation

5.1) {—(sapw))’ = Xglt,u), 1 €(0,1)

u(0) = u(1) =0,
where

_ ) flt,y) for(t,y) €[0,1] x (0,4]
2 sit) = {f(t,a) for (1, ) € [0,1] x [a, o).

Then g(t, y) > bfor (¢, y) € [0,1] x (0, 00), where b is given in (1.7).
Letey = ¢, e, = [2%1, 1— Zn—lﬂ], n > 1. Also we let

1 . 1
W,mm{t,l—znﬂ}}, 0<t<1

0,(t) = max{

and
fa(t, y) = max{g(6,(t), y),g(t, )},

Then f,: [0, 1] x (0,00) — (0, +00) is continuous.
Define

gl(tay) = fl(tay)
gn+1(t7 }’) - min{gn(tv }’), fn+1(ta )/)}

Then g,: [0, 1] x (0,00) — (0, 00) is continuous and

g(ta)/) S Sgn+1(t,)/) Sgn(t,y) S Sgl(t;y)
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for (¢, y) € [0, 1] x (0, 0).
Lete; = 9,and g, | 0. Note that

(3.3) g(t,y) > b, (t,y) €e, x(0,&,].

Consider the problem

(3.4), {’— (pp(u")) = Agult,u), t€(0,1)

u(0) = u(l) = ¢,.

Claim 3.1 Letc, € (0,e,] with a,(t) = ¢,,0 < t < 1. Then «, is a lower solution
of problem (3.4),

Proof of Claim 3.1 We must show
(3.5) gu(t,c,) > O0forallc, € (0,e,].

We prove the validity of the above inequality for each n > 1, by induction. Let
c1 € (0,&1]. Then (3.3) implies

gi(t,c1) = filt,c1)
- max{g(gl (t)v Cl)vg(t, Cl)}
> g(0:(t),c1)

> mi
> I?é‘e?g(t’ a)
>b>0.

Suppose that (3.5) holds for a given index n > 1. Let us check its validity for n + 1. If
cn1 € (0,€411] C (0,€,], then

Gne1(t, Curr) = min{g, (£, cus1), fur1(t, cur1)}
> min{0, max{g(On+1(t), cus1), g(t, cus1) }}
> min{0, b}

=0. ]
Claim3.2 Ifz, € C'[0,1], p,(z,) € C'(0,1) is a solution for problem (3.4),, then

(p(z) + Agus1(t,24(1)) < 0for0 <t <1

(i.e., z, is an upper solution of (3.4),).
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Proof of Claim 3.2

(0p(E) + Agua1 (£, 24(1)) < (pp(20))" + Agau(t, 24(1))
=0for0<t<1. m

Claim 3.3 Foralln > 1, (3.4), has at least one solution u, € C'[0,1], wp(uy) €
CH0,1), with ey < yue1 (1) < yu(t) forall0 <t < 1.

Proof of Claim 3.3 Consider the problem

(3.6) {—(%(“'))’ = M\(t), t€(0,1)
u(o) = Ll(l) =£1.

where

q(t) =4q(6,()) +4(t) and 7(t) = uIerFﬂDt(z] f(t,y) fort € [0,1].

It is easy to check that (3.6) has a solution

® e+ fot @El(fsA Aq(r) dr) ds 0
Z =
0 et [l ([ingtdr) ds A<t<1,

where A satisfies

/OA%I(/S"qmdr) ds:/Al%l(/Asq(r)dr) ds.

Let

where a is as in (1.4) and

C= max{/o% w;l(/f ) dr) ds,[ so;‘([qmdr) as}.

Let
(3.7) A = min{A, Ay},
where A; is as in (2.12). Then for

(3.8) A€ (0,A]
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we have

A A
(9) oo =21+, [ ([ atryar) as
0 s

1 s
=g +ap;1()\)/A w;l(/A q(r)dr) ds

a _
E + Q,QP I(A)C

a Cla
<zrer(e(5))e

<a.

IA

Moreover, zy € C'[0, 1] with ,(zj) € C'(0,1), and z(t) > &1 = § for0 <t < 1.
On the other hand,
(p(29)) + Ag1(t,20) = —Aq(t) + Agi (¢, z)
= —Aq(t) + Amin{ f(0:(¢), z0), f(t,2) }
<0.
Thus, zj is an upper solution for problem (3.4);.
By Claim 3.1, a,(#) = ¢, € (0,6,], 0 < t < 1, is a lower solution of problem

(3.4), and
g1 < zy(t) forall 0 <t < 1.

From [11, Lemma 4], we deduce that (3.4), has at least one solution z, € C'[0,1],
such that ¢, (z{) € C'(0, 1) and

g1 < z1(t) < zy(t) forall0 <t < 1.
Suppose now that (3.4),, has a solution z, € C'[0, 1] such that ¢,(z,) € C'(0,1) and
ep < z,(t) forall0 <t < 1.
By Claim 3.2, z,,(¢) is an upper solution for problem (3.4),. Observe also that
et <& < zy(t) forall0 <t <1,

so [11, Lemma 4] guarantees that (3.4), has at least one solution z,.; € C'[0, 1],
such that p,(z;,,) € CY(0,1)and €41 < 241 (1) < 2,(t) forall0 < ¢ < 1. [ |

Claim 3.4  Suppose there exist v* € C'[0,1], v*(0) = v*(1) = 0, v*(t) > 0,
0 < t < 1 such that for all h: (0,1) x (0,00) — (0,00) andzZ € C'[0, 1], z(¢t) > 0,
0 <t <1,2(0) >0, z(1) > 0 the following conditions are satisfied:

(D) h(t,y) =g, »), (t,y) € (0,1) x (0,00);
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(i) (pZ'()) + Ah(t,z(1)) =0,0 <t < 1.
Thenz(t) > v*(t),0<tr<1.

Proof of Claim 3.4 Using [11, Lemma 2], we know there exists a function v €
C'[0,1], such that p,(v’) € C'(0,1) M = maxo<i<1 |(¢,(¥"))'] > 0, and 0 <
v(t) < e, forallt € e,\e,—1,n > 1.

Let m = min{1, (b/M)"/*=D} We prove
(3.10) Z(t) —mv(t) > 0forall0 <t < 1.

Suppose that there exists t, € (0, 1) with

(3.11) min {Z(t) — mv (1)} = z(ty) — mv(f) < 0.
0<r<1

Note z'(ty) — mv’(ty) = 0. Also there exists an € > 0, with z'(¢.) — mv’'(¢.) > 0 for
t. € (to,to + €). Since ¢, is an increasing function, we get

_ , T @p(zl(ts)) - Sﬁp(z/(to))
(0p(Z () =ty = lim PR—

/ _ ’
> lim op(mr'(t.)) — pp(mr' (1))
e—0* t- —to

= (@p(mv' (1))’ |i=4,-

Suppose ty € e,\e,—1- Then 0 < v(ty) < &,. By (3.11) we obtain 0 < z(ty) <
mv(ty) < €,. Thus (3.3) with the above yields
b < g(to,z(to)) < h(to,z(to))
= _(@p(zl(t)))/‘t:to < —(gop(ml//(t)))l|,:tn
<mP (@, W' (1) |1=s |
<mP~'M
S ba
a contradiction.
Let v*(t) = mu(t).

By Claim 3.3, problem (3.4),, has at least one solution u, € C![0, 1], such that
©p(u)) € C1(0, 1), with

(3.12) 0<éenm Sty Sy <--- <y, 0<t<1
and
(313) 1, (0) = u,(1) = g,.
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By Claim 3.4, there exists v* € C![0,1], v*(0) = v*(1) = 0, and v*(t) > 0 for
0 <t < 1suchthatu,(t) > v*(),0<t<1,n>1.Let

u(t) = lim u,(t), 0<t<l.
Now u(t) > v*(t) fort € (0,1). Also u(0) = u(1) and u(t) > 0 fort € (0, 1).
Now let [¢,d] C (0,1) be a compact interval. There is an index n* such that
[c,d] C e, forall n > n* and therefore, for these n > n*,

(3.14) (@p(uy (1)) + Ag(t, un(t)) =0, ¢ <t <d.

On the other hand, v* € C'[0,1] and v*(t) > Oforall 0 < t < 1. Letr =
min.<,;<4 v*(t) > 0. Moreover, by (3.2) there exist g, € C[0, 1] such that

8(t,y) < q,(t), (t,y) €[0,1] X [r, +00).
It is easy to see that there exists a continuous function g: [0, 1] X R — R such that
gt ) < q:(t), (t,y) €(0,1) xR,

and
gt,y) =g(t,y), (t,y)€(0,1) x [r,+00).

It is clear that u,(t) > r,c <t < dforall n > 1. Moreover,
(3.15) (p(up () + Ng(t, uy(t)) =0, c<t<d.
Now define N;: C![c,d] — C'[c,d] by

t d
N (u(t)) :u(c)+/ 4,0;1(Au+/ Ag(T,u(T))dT) ds,

where A, is such that

d d
/ @51(Au+ / AG(r, u(T))dT) ds = u(d) — u(c).

By (3.15), we have Ny (u,(t)) = u,(t), c <t < dforn > n*.
Next, we notice for n > n* that

max |u,(t)] < max |u;(¢)] < +oo.
c<r<d c<r<d

It is easy to see that there exists a subsequence S of {n, + 1,1, +2,... } with

max |u,(t) — u(t)] — 0, and max |u,(t) —u'(t)] — 0asn — co.
c<t<d c<t<d
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Consequently, p,(u") € C'(c,d), and
(pp(' (1)) + Ag(t,u(r)) =0, c<t<d
Since [c,d] C (0, 1) is arbitrary, we find that
ueC'(0,1) and (p,(u' (1)) + Ag(t,u(t)) =0 forall0 <t < 1.
It remains to show the continuity of u(¢) att = 0 and ¢t = 1. This follows immediately
from the fact that u,(¢) | u(t) and 4,(0) = u,(1) = ¢, | 0. Thusu € C[0, 1].
On the other hand, (3.12) and (3.9) yield

0 < u(t) <u(t) <z(t) <lzllo < aforre(0,1).

Then
(p(u' () + Mf(t,u(t)) =0 forall0 < £ < 1,
u(0) = u(1) = 0.

As a result u( - ) is another solution of problem (1.1) with 0 < u(¢) < aon [0, 1].
The proof of Theorem 1.4 is complete. ]

Proof of Theorem 1.5 By (1.6) there exist a € (0, co) such that
f(t,y) > f(t,a) for (t,y) € [0,1] x [y, 00).

Then the conditions of Theorem 1.4 are satisfied.

Example 1 Consider the problem

—ut =21 _ 2
(3.16) { u” = A1 +q(u) — p?) forallo <t <1

where po > 1.
Define {x,}52, as x; = 2, X3, = X3,_1> Xaut1 = X2, + 1, and

y? ify € [0,2],
X2, if y € [x2—1, %201,

q(y): 2;1 Yy [X2n—1, X21]
Xon+1 — VXon

()’ — Xou) + \VX2n lfy € [x2n5x2n+l]~

Xon+1 — X2n

Then, (3.16) has two solutions u; € C[0,1] N C'(0, 1) with ¢,(u/) € C'(0,1) if
A > 01is small enough.
To see this, we will apply Theorem 1.5 with

1
M= ,uz,g(y) = ; and h(y) =q(y) +u2.
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Notice ]
flt,y) = ; +q(y) — u? > —M for (t,y) € [0,1] x (0, 00).

Clearly (1.2) is satisfied. Now

fa(eane1) = inf{ f(2,5) : (£,5) € [0, 1] X [x2041,00)}

=X, — pforne {2,3,...}

and ~
lim frt(x2n+l) —
=00 Xon+1
Then ~
lim sup wic) =00
yHOO
On the other hand,

ling f(t,y) = oo uniformly on [0, 1].
y—0*

Clearly (1.4), (H4)(i) and (ii) are satisfied. Let D > 0 be fixed. Let M,, = x,, for
ne€{2,3,...}. Thenlim, o, M, = oo and

Mﬂ M"
lim %/ Ay = lim ! / ydy
n—oo 1 4 g(—I\n/I:) o &) n—oo 1+ M,(h(M,) + D) J,

2

= lim Xan !
- 2

n— o0 Xont1 — VX2

- 2 1+ x2n( i;il_x“n (x2n - x2n) + VX2n + D)

2
. X

= lim 2n

o0 (1 + x%z + Dxy,,)

=0

> forne {2,3,...}.

@ | —

The condition (1.5) is satisfied.
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