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DUAL SPACE DERIVATIONS AND H\U F) OF 
MODULAR LIE ALGEBRAS 

ROLF FARNSTEINER 

0. Introduction. It is well-known that the classical vanishing results of 
the cohomology theory of Lie algebras depend on the characteristic of the 
underlying base field. The theorems of Cartan and Zassenhaus, for 
instance, entail that non-modular simple Lie algebras do not admit 
non-trivial central extensions. In contrast, early results by Block [3] prove 
that this conclusion loses its validity if the underlying base field has 
positive characteristic. 

Central extensions of a given Lie algebra L, or equivalently its second 
cohomology group H (L, F), can be conveniently described by means of 
derivations cjp:L —» L*. If 

L = é Lt 
i=—r 

is Z-graded, then the L-module DerF(L, L*) of dual space derivations 
inherits the gradation from L. The derivations of degree / ^ — s — 1, 
which are not effected by elements of L*, were described in [6] by means 
of P-associative forms. The present paper is concerned with the case in 
which / ^ —s. 

According to general cohomology theory, every derivation y.L —> L* is 
a restriction of a module homomorphism \p: U(L)^ —> L*. We employ this 
connection in Section 2 in order to find several conditions for a given 
derivation q>:L —•» L* to be inner on a subalgebra K c L. Theorem 2.1 may 
be used to study central extensions of simple Lie algebras with 
nondegenerate trace form by investigating the action of Casimir elements. 
In Sections 3 and 4 Theorem 2.3 is applied in order to determine 
the second cohomology groups of the graded Cartan type Lie algebras 
W(n\ m) and K(n\ m). 

1. Subsidiary results. Throughout this section 

L = ê A 
i= —r 

is assumed to be a finite dimensional graded Lie algebra over an 
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algebraically closed field F. We shall be collecting basic facts pertaining to 
derivations <p:L —> V, where 

v= é v. 

is a finite dimensional graded L-module. 
Let Ha L0 be a nilpotent subalgebra with weight space decomposi

tions 

L = © L(a) and V = © VŒY 

respectively. As H is contained in L0, we can find subsets A, c A, A c A 
such that 

1 « E A , ' <")' •/ fieAj V (P) 

Hence L obtains the structure of a Z X Map(//, L)-graded Lie algebra 
while V becomes a Z X Map(i/, L)-graded L-module, where Map(//, L) 
denotes the group of mappings from H into F. 

Let Der^L, K) denote the space of derivations from L into V and let 
InnF(L, V) be the subspace of inner derivations, i.e., derivations of the 
form <p(x) = x - v for some v a V. It is well-known that DerF(L, V) 
inherits the Z X Map(//, L)-gradation from L and V. The homogeneous 
derivations of degree (z0, a0) are given by the property 

THEOREM 1.1. L^/ L, / / a«J F Z>£ as above and suppose that <p:L —» F w a 
derivation ofdegree j . Then there exists a homogeneous derivation r\ of degree 
j from L into V satisfying rj(H) a V^ and v e V such that 

w(x) = 7)(x) + x • v \/x a L. 

Observe that the derivation -q has the property 

v(L(a)) c V(a) Va e A. 

We shall refer to this fact by saying that TJ respects the root space 
decomposition. 

For every L-module V we put 

VL : = {v G F; L • v = 0}. 

Let £/(L) denote the universal enveloping algebra of L and con
sider £/(L) + , the two-sided ideal generated by L. It is a result 
of general cohomology theory that for every derivation q>:L —» K 
there exists a homomorphism \p\U(L)^ —» F of £/(L)-modules such that 
iK*) = <PO) V I G L (cf. [4] p. 282, [8] ). 
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LEMMA 1.2. Assume that char(F) = p > 0. Let y.L —» V be a deriva
tion and suppose that e e L such that (ad e)p = 0, ep • V = 0. Then 

epr'x • <p(e) e F L . 

Proof. Let ^ be as indicated above. Then we obtain 

^ r _ 1 • <p(e) = ep~X • xP(e) = ^ O -

Let z be an element of L. As ep lies in the center C(U(L) + ) of U(L)+ we 
have 

z • ̂ ( ^ r ) - # ^ ' ) = ^{eprz) = ep • iKz) = 0. 

Consequently, ^ ~1 • <p(e) e F L . 
r 

In the special situation where V = L* the condition (ad e)p = 0 implies 
< / • L* = 0. In addition, 

(L*)L = { / e L * ; / ( [ L , L ] ) = 0}. 

The L-module L* inherits the Z X Map(7/, F)-gradation from L by 
virtue of 

(*-*)(/,«) = {/ e ^*; M n L(fi)) = 0 for (7, j8) * - ( i , a) } 

Thus we have 

(^*)(,,«) = (L*), n (L*)(a) 

as well as 

L* = 0 (L*),, 
/ '= —s 

PROPOSITION 1.3. Let 

/?£ the weight space decomposition relative to H. Then the following 
statements hold: 

(1) A = - A and(L*)(li) = (L(_/8>)* V£ e A 
(2) A, = - A _ „ - s l i ^ r. 

Definition. The gradation C^O-rSiSs is s a id to be standard if 

L,_, = [ L _ „ L , . ] , - r = § i ^ - 1 . 

LEMMA 1.4. Suppose that L = U(L~) • Ls, where 

L~ :_ -2 Lr 
i= —r 

If L has a standard gradation then L is generated by L_] © Ls. 
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Proof. Let G denote the subalgebra of L which is generated by L_ x © Ls. 
Since the gradation of L is standard L~ is contained in G. Hence G is an 
£/(L~)-submodule of L containing Ls. Consequently, 

L = U(L~) • Ls c U(L~) • G c G. 

Definition. A derivation <p\L —> L* is said to be skew if 

<p(x)(y) = -<p(y)(x) Vx>y e L-

We consider the subalgebra 

L+:= S i , 

as well as 

M:= M(L) : = [L+ , L + ] . 

Note that M is a graded subalgebra of L on which H operates. Hence for 
k ^ 1 there is <j>k c A^ such that 

Lk = Mk + ©^ L(a) n L*. 

LEMMA 1.5. Suppose that 

(a) L = I/(L") • Ls 

(b) L5 /'s an irreducible L0-module. 
Let q>:L ^> L* be a homogeneous skew derivation of degree I where 

— 2s^l^ —s— 1. If — As is not contained in <J>_(5+/) then <p = 0. 

Proof. As <p annihilates L0 it is homogeneous of degree (/, 0) as well as a 
homomorphism of L0-modules. Since <P(L~) = 0 it suffices by virtue of (a) 
to show that <p vanishes on Ls. The assumptions concerning <p entail that <p 
annihilates M_ ( 5 + / ) . Since 

and L5 is an irreducible L0-module we either have 

The former alternative yields — A5 c <J>_(5+/), a contradiction. Hence the 
latter case applies. As <p is skew, we obtain <P(LS) = 0, as desired. 

Remark. Let deg:L —» L denote the degree derivation of L, i.e., 

deg(x) = ix \/x e L,. 

If deg = ad h for some element h of //, then — A5 is not contained in 
<f>-(5+/) for / ^ 0 mod(/?). 

We finally give two results which will enable us to construct certain 
outer derivations. 
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LEMMA 1.6. Suppose that L = U(L~) • Ls and let q>\L —> L* be a 
homogeneous linear map of degree I > 2r — 5. Assume furthermore that L 
is generated by some subset A. If 

*p( IX y ] ) = •* ' <p( J7 ) ~ y ' «K* ) ^ x ^ A V j G L 

//*£;? <p zs a derivation. 

Proof. It is well-known that 

N := {x Œ L; <p([xyy]) = x- <p(y) - y • <p(x) \/y e L } 

is a subalgebra of L. Since A is by assumption contained in TV, we see that 
L~ c N. Thus N is a £/(L~)-submodule of L. As L = U(L~) • Lv we shall 
conclude the proof by verifying the inclusion Ls c Af. 

Let x be an element of Ls. Then 

i=s — r 

for every element y of L. Since / > 2r — 5, cp annihilates [x,_y]. By the same 
token we have <p(x) = 0. Let y e L , then 

x • cp(>0 e {L*)S+J+, 

Since 5 + 7 + / > r we obtain x • w(y) = 0. Consequently, x lies in TV, as 
desired. 

LEMMA 1.7. Suppose that L = U(L~) • Lv a/id /e/ <p'.L -+ L* be a skew 
homomorphism of L -modules of degree —s. If 

<p([x,y]) = x - <p(y) - y • v(*) v * e L, Yy G Lo^ 
//ze/î <p w a derivation. 

Proof Let Af be defined as in the proof of the preceding lemma. Since 
L c ker cp and <p is L_-linear, L is contained in A/". As in (1.6) it will 
therefore be sufficient to show that Ls c N. 

Let x ^ Ls. U y ^ L~ then 

<K [*, y] ) = -y ' <P(X) = x • <p(y) - y • <p(x). 

Suppose that y e L, for /' > 0. Then 

[x, y] = 0 and x • <p(y) - y • <p(x) e (L*),, 

For z e L_,we obtain observing that z <^ L~: 

(x - <p(y) )(z) ~ ( j • <p(x) )(z) = -<p(j)( [x, z] ) + cp(x)( [ >>, z] ) 

= <P([x,z])(y) + <P(x)([y,z]) 

= - ( z - q ) ( x ) ) ( ^ ) + c p ( x ) ( [ ^ z ] ) 

= cp(x)([z,^]) + cp(x)([^,z]) = 0. 
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By virtue of our assumption concerning <p, we obtain the desired 
inclusion. 

2. The canonical map &Y:H\L, L*) -> HX(K, L*). Throughout this 
section K is assumed to be a subalgebra of the finite dimensional Lie 
algebra L. Let S: U(L) —» U(L) denote the antipode map of U(L), i.e., the 
antihomomorphism of U(L) satisfying 

S(x) = — x Vx G L. 

Observe that the £/(L)-module structure of L* induced by the representa
tion L —> gl(L*) is given by 

(w • / ) (* ) = / ( S O ) • x) V w e t/(L) VJC G L. 

In the sequel we shall study the canonical map 

<f>x:H
l(L, L*) -*H\K, L*) 

which is induced by the restriction map 

DerF(L, L*) -» DerF(X, L*). 

THEOREM 2.1. Le/ F c L be a subspace such that L = U(K)+ • K W 
assume that there is an element 

c0
 e CU(L)+(U(K)+), 

the centralizer of U(K) in U(L) , which acts on V as the identity via the 
adjoint representation. Then 

<bx:H\L, L*) -> Hl(K, L*) 

is trivial. 

Proof. Let <p:L —> L* be a derivation and let 

^ : t / ( L ) + ^ L * 

be the homomorphism of £/(L)-modules which extends qp. We first prove: 
If 

m 

(*) 2 K/V,. - 0, I/,. G *7( iO\ Vf- G F 

then 

m 

Since c0 commutes with every element of U(L)+ we obtain 
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2 iKSty) )(VZ) = 2 ^ K ) )(C0V,) 
/ = 1 i=\ 

= 2 (^(co)-^^.)))^.) 
1 = 1 

= 2 ^(co)5( M | . ) )(vz) 
1 = 1 

= 2 («(^-^(co) ) )^ . ) 
z = l 

Now we define / G L* by means of 

(
m \ m 

2 «,- • vf- : = 2 ^ ( K , - ) )(vz) M|- e tf(tf)H 

7 = 1 / 1 = 1 

v e F m ̂  1. 

The assumptions of the theorem ensure in conjunction with (*) that / i s a 
well-defined linear mapping. Let a be an element of K. Then 

(
m \ m m 

2 », • v,. = 2 >KS(M,»(v,) = 2 <KS(S(aH))(v,) 
; = 1 / 1=1 1=1 

= / ( . 2 S(a)M,-v,) = ( « • / ) ( 2 ",-v,). 

Hence <p(a) = # • / a n d Oj = 0. 

COROLLARY 2.2. L ^ L be simple and suppose that F is algebrai
cally closed. If the center C(U(L) ) operates non-trivially on L, then 

H\U L*) = o. 

Proof. By virtue of Schur's Lemma there exists a homomorphism 

\:C(U(L) + ) -> F 

such that 

c • x = X(c)x Vx e L Vc G C(£/(L) + ). 

As L is simple, we find an element v such that 
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L = U(Ly ' Fv. 

By assumption there is c0 G C(U(L)+) such that X(c0) = 1. Hence (2.1) 
applies and we obtain the asserted result. 

THEOREM 2.3. Let Va L be a subspace such that 

L = U(K)+ • VQV. 

Suppose there is a basis {ex, . . . , en} of K and a subset J c NQ such that 

(a) annU(K)+(L) = ( {eb-, b « 7} >, 

where 

eb
 : = ^ • e$ . . . <#• 6 = (bl9 . . . , * „ ) aw/ 

a n n w + ( I ) : = {w G £/(iO + ; w • L = 0}. 

(b) There is a basis [v]9 . . . ,vm] of V such that 

{ea • vy9 a G / 1 ^ y ^ m} 

w a basis of L over F. 
Then the following statements hold: 
(1) Every derivation <p:L —> L* satisfying 

ker(ad ^ ) c ker <p(et) 1 = / = « 

defines an element of ker 4>j. 
(2) Suppose there is [x G TVQ such that 

/ = {ft G 7V£; ft ^ M } . 

77ie« 

ker(ad <?,) c <p(ez) if and only if ef' • <?(<?,) = 0. 

(3) / /char(F) = ^ > 0, ^ = / ' - 1 1 ^ / ^ w and L = [L, L] then 
the canonical mapping 

<&X.H\L, L*) -> H\K, L*) 

is trivial. 

Proof (1) In analogy with the proof of (2.1) we consider for a given 
derivation <p:L —» L* a module homomorphism y^\U{L)+ —» L* such that 
^|L = <p. Assume that 

ker(ad <?•) c ker <p(̂ ) 1 ^ i ^ n. 

We shall first prove that 

^ ( a n n ^ + C L ) ) ) = 0. 

https://doi.org/10.4153/CJM-1987-055-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1987-055-0


1086 ROLF FARNSTEINER 

To that end let b not be contained in / . Since e G U(K)+ then there 
exists j G: {1, . . . , n } such that 

where 

Let -x be an element of L. Then 

y : = e^-^' • x e ker(ad e ) 

and we obtain 

^ ( ^ ) ) ( x ) = -^Sie^e^x) = -(S(eh-^'Hej))(x) 

= -iKe,-)(>0 = -cp(ey)(j) = 0. 

The assertion now follows from condition (a). 
We proceed by verifying the validity of (*) of the proof of (2.1). 

According to the PBW-Theorem every element u of U(K) may be 
expressed in the form 

u = 2a a(a)ea. 

Put 

û := ZJ a(a)ea 

as well as 

u := 2J oc(a)ea. 

Then 

u — û H- u and u e a n n ^ ^ + ( L ) . 

Suppose that 

m 

Then 

o = 2 ",- • vf. 

and condition (b) shows that w- = 0 Vz. Consequently, 
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2 1KS("/))(V,-) = 2 ^SG^XV,-) = 0 

on account of the first part of the proof. 
We define f e L* by means of 

/ (v ) = 0 V V G K , 

2 «,- • vy = 2 ^(^OXv,.) a,- e ! / ( * )+ . 

The above deliberations then warrant that / i s well-defined. Let Û be an 
element of U(K)~*~. Then we obtain 

(a ' /)(v,-) = / ( S ( a ) • v,.) = # 0 ) 0 0 

as well as 

(
m \ I m \ m 

2 ut • vf- = / 2 S(a)ut • v\ = 2 iKS(S(aK.))(v,) 
m w 

= 2 USiuJaXvi) = 2 ^ ) ( " , ' v,.) 
i = \ i=\ 

Hence 

a • / = ^(fl) = v(a) Va e # . 

(2) We shall show that 

ker(ad et) = ef" L 1 ^ / ^ n. 

By assumption, ef' • L is contained in the kernel of ad et. In order to prove 
the converse inclusion, we give L the structure of a filtered £/(AT)-module. 
Recall that 

n 

U(K\k):= ({eh;\b\ ^ k) ) \b\ : = 2 6,. 
/ ' = 1 

defines the canonical filtration on U(K). We put 

Then 

L = U L//.X a n d 
A^0 ( A ) 
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L(k) = < { ^ - v ; ; \b\^k b^fi l^j^m}). 

We shall prove by induction on k that 

ker(ad et) n L{k) c ef' • L. 

If x G ker(ad et) n L(0), then 

m m 

x = 2 aft and 0 = 2 ajei • v. 
7 = 1 7 = 1 

If ft = 0 then ef' • L = L and there is nothing to be shown. Otherwise (b) 
implies that a• = 0 \ = j = m, and x = 0. 

Now suppose that A: = 1. We recall that 

Let 

^ = ea+V> mod U(K)(lal^]y 

m 

x = 2 2 «(«, j)ea • v 
7 = 1 O ^ ^ ^ j u 

be an element of ker(ad et) n L(A). Then 

m 

0 == el • x = 2 2 a(a,j)efia • v 

w 

= 2 2 a(ajy+€i • v mod L{ky 
7 = 1 0 = a^jti,M=A: 

It follows from condition (b) that a(a,j) = 0 for |<z| = k 0 ^ a ^ ^i — er 

As a result (**) implies that 

m 

X = 2 2 aiajW-Vj 
7 = 1 O ^ a ^ / x ^ ^ ^ k l ^ A 

- 2 2 a ( a , 7 ) ^ - ^ • vj mod L ^ . , , . 
7 = 1 0^a^n,ai = ni,\a\=k 

Hence there is an element y such that 

x - ep -y G ^(A._i)-

Since 

ad *?,.(* - ef'' •>>) = 0 

the induction hypothesis applies and we see that 
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x - ef' • y <E ef< • L. 

The statement just proved readily implies that 

ker(ad et) c ker q)(et) if and only if ef' • cp(^) = 0. 

(3) By virtue of (1) and (2) it suffices to show that 

ef'~~l • <p(ei) = 0 1 ^ i ^ n 

for every derivation <p. As 

(ad etY
kXL) = 0 and ef • L* = 0, 

(1.2) entails that 

ef~' -,(*,) G (L*)L 

Since L = [L, L] it follows that (L*)L = 0 and we obtain the desired 
result. 

We conclude this section by considering the situation in which 

L = ê i, 
i= —r 

is graded and K = L~. Note that if L = U(L~) • Ls then 

L = U(L~)+ • Ls ® Ls, 

i.e., the general assumption of (2.3) holds. 

PROPOSITION 2.4. Suppose that L = U(L~) • Ls and let <p:L —> L* be a 
homogeneous derivation of degree I Then: 

(1) If I > r — s ««J <p defines an element of ker 01? j/z£« <p w z>z«er. 
(2) If I = r — s, <p is skew and defines an element of ker $ j , f/zew <p is 

inner. 

Proof By assumption there is / e (L*)7 such that 

<p(.x) = x • f \fx e L . 

We consider the derivation <p] : = <p — ad / a n d observe that <pj is skew 
whenever <p is skew. We also note that 

<P\(L~) = 0, deg <pj = /. 

Hence ker <pl is a £/(L~)-submodule of L. If (1) applies then q>] annihilates 
Ls. Otherwise q>\(Ls) c (L*)r and we obtain <p(Ls) = 0 from the skew-
ness of <pj in combination with q>l(L_r) = 0. In either case we see that 
Ls c ker <pl5 thus <pj = 0. 

LEMMA 2.5. Suppose that H c L0 z's « nilpotent subalgebra and assume 
that L = U(L~) - L. Let ^ be a skew derivation of degree (/, 0) which 
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defines an element of ker $ j . Then the following statements hold: 
(1) If —s < / = r — s — 1, //z£ft CJP zs //7n^r. 
(2) If I = —s and Av n A() = 0, r7ze« <p w z>wer. 

Proof Since <p defines an element of the kernel of Oj there is / e 
(L*)(()) n (L*)7 such that <pj : = <p — ad / is a homogeneous skew 
derivation of degree (/, 0) which annihilates L~. Consequently, ker <p, is a 
c/(L~)-submodule of L. We note that 

V l (L ¥ ) c (L*)v + / 

where 0 ^ s + / ^ r - 1. If .s + / > 0, then 

«Pi (*)(.>>) = - < * O ) 0 ) = 0 Vx G Ls Vy G L _ ( y + / ) 

i.e., <p,(Lv) = 0. If 5 + / = 0 then 

V l (L , ) c (L*)0 . 

Since Av Pi —A0 = 0 we obtain <PI(XS) = 0. In either case we conclude 
that 

L = U(L) • Ls c ker <p,. 

Hence <p is an inner derivation. 

3. The cohomology groups H~(W(n; m), F). Let « = 1 be an integer and 
consider m : = (wi,, . . . , ra,?) G N". We put 

T : = ( / / » ' - 1 , . . . , / " " - 1) 

where p > 2 denotes the characteristic of the underlying base field F. For 
/7-tuples a, b ^ NQ we write 

a + Z> : = (a,. + è , - ) , ^ , , 

and a ^ b ii at ^ bl 1 ^ / ë H. Let ^4(«) denote the algebra of divided 
powers over F. For a e A^ we define 

It is known that 

A(n\ m) : = ( {x{a); 0 g a ^ r } > 

is a subalgebra of -4 (ft) of dimension np*m. Let 

3-:y4(«; m) —> ^(f t ; m) 

denote the derivation of ^ ( « ; m) which is defined by 

dj(x{a)) : = Jt ( f l-£A 

Then 
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n 

W{n\ m) : = Z* A{n\ m)9-
y = 1 

is a graded Lie algebra (cf. [9] for details). We put 

hj : = x^dj 

and observe that H : = ({/*,-; 1 = 7 = n} ) is a Cartan subalgebra of 
W(n\ m)0. Let 

^(w; m) - © HK(«; mï 
«eA 

denote the corresponding root space decomposition. Since 

[h„ x^dj] = (a, - 8^% 

every element a gives rise to a root by means of 

a(h;) = at 1 S z S «:A = {a - €/, 0 ^ a ^ r ) . 

Note that 

jt(a)3 ; e JF(/i; m) a_ c . 

LEMMA 3.1. Let <p:W(n; m) —» W(n\ m)* /3e a derivation. Then there 
exists f e W(«; m)* swc/z //z^/ 

<p(x) = x • f Vx e W(w; m)_, . 

Proof. We put L : = W(«; m) as well as K : = W(w; m ) ^ . Then 
{3], . . . , 9W} is a basis of the subalgebra K. Consider V := W(w, m)v 

with basis {X (T )8,, . . . , x^3 / 7}. The simplicity of L entails 

L = U(K)+ • V@V. 

For a e TVQ we put 

3 " : = 3 ? » . . . . 3J>. 

Since 

3" • jc(T)3y. = x{T~a)^j 

we see that 

{3" •x (T)3 ;; A G / 1 ^ j ^ n), 

where J : = {a; 0 ^ a ^ T}, is a basis for L over F. Clearly, 

da G annf/(A-)+(L) fora £ J. 

Suppose that 

0<a 
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Then we obtain 

0 = w x{T)d] = 2 a(a)x{T~à\. 

Thus a(a) = 0 for a ^ r and u G ( {da; a £ J} ) . Consequently, (2.3) 
applies and we obtain the asserted result. 

THEOREM 3.2. The following statements hold: 
(1) Ifp > 3, then the second cohomology group H (W(n; m), F) is trivial 

for n > 1 and one dimensional for n = 1. 
(2) If p = 3, then the second cohomology group H (W(n\ m), F) is 

trivial for n > 2, /wo dimensional for n = 2, ^rad raj — 1 dimensional for 
n = 1. 

Proof Let Z2(L, F) denote the space of 2-cocycles of L. It was shown 
in [6] that the mapping which associates with / e Z (L, F) the 
skew derivation x —» / ( x , ) induces an isomorphism between H (L, F) 
and the vector space of skew outer derivations from L into L*. We put 
L : = W(n\ m) and note that 

U(LT) Ls = L. 

Let <p:L —» F* be a homogeneous skew derivation of degree /. 
(a) / = r — s = 1 — s. We apply (3.1) and (2.4) consecutively in order 

to see that <p is inner. 
(b) / = - s. Note that 

A0 = { € . - « , ; 1 g i j i n } = - A 0 

as well as 

A, = {T - tk; 1 =S * ^ «} . 

Suppose that A0 n A5 ^ 0. Then there are i9j9 k such that cy — c- = T — €A. 
If /c £ {*,./}, then —2 = 0 mod(/?), a contradiction. If fc = y, then c7- = T, 
which is also impossible. The case A: = i readily yields n = 2 and 
p = 3. Hence if /? ^ 2 or p ¥= 3 then <p is inner by virtue of (1.1) 
and (2.5). 

In order to treat the case n = 2, p = 3 we introduce the linear 
mapping 

aT:A(n; m) -> A(n; m) aT( 2 i8(û)x(fl)) : = JB(T). 
W T / 

It is easily seen that in our particular situation 

X(x{a% x(6)3y) : = (i + i ) a T ( / ) / ) ) 

defines a nondegenerate L~-associative form on L. The linear mappings 

Dt:L -> L A-(*(fl)9#) = 0" + y V ^ 3 ^ i = i: = 2 

https://doi.org/10.4153/CJM-1987-055-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1987-055-0


MODULAR LIE ALGEBRAS 1093 

are skew homomorphisms of L -modules of degree — 1. Consequently, 

%'L -» L* Vi(xXy) : = MDi(x)9 y) X ^ i ^ l 

is a skew homomorphism of L~-modules of degree — s. A case by case 
analysis shows that the condition of (1.7) is satisfied. Hence the <pz are 
skew derivations. Suppose that <p respects the root space decomposition. 
Then 

<Kx(T)87)(jc(e'\) = 0 

unless k = j , I = 3 — j . Since 

<P, (X ( T ) 9 7 ) (* ( £ ' \ ) = - i S j M o - / ) . 

we obtain for 

that €p — rxq>x — r2<p2 annihilates Ls. Hence 

<p = r\<P\ + r2<p2-

Note that <px, <p2 define linearly independent elements of Hl(L, L*). 
(c) — 2s ^ / ^ — s — 1. We consider the following identities: 

(1) [x((^+,)c>)3 /, J C ^ - ^ B , . ] = -x{a)dj O^aj^ Tj 

(2) [x^% jt'-Vdj] = Lj(aj - 3)jta)dj 

(3) [xï'+Vdj, jp-'^j] = ^ - l)x<fl)3,. k * j . 

We shall employ the above equations in order to show that 

M{L)q = Lq for q iï 3 q # - 1 mod(/?) 

L, = M(L)q + 2 2 F^fy ^ 3 , ^ - 1 mod(/>). 
7 = 1 />,=0mod(/?)Vz 

Let x^^8- be an element of L . Then q = \a\ — I and formula (1) entails 
that x{a)dj e M ^ unless aj = 0 or a, è M - 1 or a} = pmJ - 1. 
The first alternative implies in conjunction with the assumption q ^ 3 
that « ^ 2. Then we apply (3) in order to obtain the desired result. 
If a: i= y — 1 then a = c, + a,*, k ¥= j or a = a*,. In the former case 

J (ni J 'J 

we see by virtue of (3) that * 3, ^ M(L) unless a- = 1 mod(/?). As 
3 ^ q = aj equation (2) implies that JC^8- e M(L)q. \î a = a-€j, then, by 
(2), we may assume that a- = 0, 3 mod(/?). Only the case in which a = 3 
mod(p) p ¥= 3 needs to be considered. Since q ^ 3 the identity 

yields the desired result. The remaining case a = pmj — 1 can be treated 
by applying (2). 
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Let n ^ 2. If / ^ —s — 3 then — (s 4- /) ^ 3 and the above shows that 
in (1.5) 4>-(s+i) m a y ^ e chosen as follows: 

(a) <t>-(s+i) = * (s + /) =£ 1 mod(/?) 

(b) * - ( j + , ) = {-€y; l ^ i « } (J + /) = 1 mod(p). 

Hence — Â  is not contained in <J>_^+/) and <p vanishes by virtue of (1.5). 
Next we assume that / e { — s — 2, — s — 1}. We may choose 

*2 = {3£/t - £,.; 1 § 7 ^ g „ } . 

Since n ^ 2 we have — A5 c <J>2 as well as — A5 c Aj. Hence (1.5) applies 
and <p = 0. 

Now suppose that n = 1. It was shown in [6] that the bilinear form 

X:W(\; m) X W(\\ m) -> F \(x(a)d, x(b)d) = aT(x{a)x(h)) 

is nondegenerate and L~-associative. By virtue of (3.3) and (3.7) of [6] we 
see that the skew derivations of degree 1 ^ — ^ — 1 are in one to one 
correspondence with those L~-module homomorphisms D:L —» L of 
degree k\ — (s + \) ^ k ta — 2 satisfying the following properties: 

(a) D(LS) ± M ( L ) _ ( i + / ) 

(b) D is skew with respect to X 
(c) k = - 3 mod(p\ k = I + s ~ 1. 

Note that D is uniquely determined by its action on Ls. Suppose that 
/ ^ — s — 3. If s + l =É 1 mod(/?), then we obtain 

M(L)-is+i) = L-(s+n and 

D{LS) c L 2 s + / _ 1 n L± ( J + 1 ) = {0}. 

Hence Z) = 0. If s + / = 1 mod(/?), then k' = 0 mod(/?) and (c) entails 
that Z) = 0 unless;? = 3. Suppose this to be the case. Then 

D(x{T)d) 

= ax(T+k)d k = 0 mod(p) 1 - pm] ë A: ^ - 4 a G F. 

= ( 
equation 
Hence D = a(ad 3) . Let q = — 1 mod(/?). It can be easily seen from the 

[x ( f l )3, x(/>)8] = 
û + 6 - l \ _ / a + ô - l 

Û j I « ~ 1 
^a + A-Da 

that M(L) = L unless q = 3r — 1. We now conclude from (a) that 
Z> = 0 unless there is r e {2, . . . , w, — 1} such that /c = — 3r. One 
therefore obtains m] — 2 linearly independent elements of H (L, L*) 
for m j ^ 2. 

We finally assume that / <= {— s — 2, — s — 1}. If / = —s — 1 then 
k = —2 mod(/?) and (c) forces D to vanish. In the remaining 
case k = — 3 which implies Z) = a(ad 3)3, a e F. 
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4. The cohomology groups H (K(2r + 1 ; m), F). Throughout this 
section we shall assume that/? > 3. We put n : = 2r + 1 and consider the 
algebra A(n\ m) with Lie product 

(a + b — £„ 
b 

» v(*>) (I) <JC<*\ x^]) = {x(a), x(t))) + \\b\\ 

a + b — e, >+>>-<,,) 

where 

IMI := \a\ + an - 2, {x(fl), x(h)} := 2 a O ' ) ^ " ^ ^ " ^ 
7 = 1 

a(7) = 1 j ^ r a(j) = - 1 7 ^ r + 1 

f = j + r j ^ r f = j - r 7 = r + 1. 

Since 

( x H x(/?)) = ||6||JC(^, 

we see that H : = FJCC"' is an abelian subalgebra of A (n\ m) which operates 
on A (n\ m) by semisimple endomorphisms. The algebra A(n\ m) is graded 
by means of 

A(n\ m), = 2 Fx(a) A(n\ m) = © A(n\ m), s = ||T||. 
\\a\\=i l=~2 

We recall the definition of the contact algebra: 

K(n\ m) = 
A(n; m) w + 3 g= 0 mod(/?) 

2 Fjc(fl) « + 3 = 0 mod(p). 

Hence H is an abelian subalgebra of K(n; m)0 and 

(II) A,- n Ay• ¥> 0 if and only if / = 7 mod(/?). 

For / <= {1, . . . , « } we consider the linear mappings 

a-: 

A(n\ m) —» F 

2 jB(a)x(fl) -> A T - r,c,) 

where «' : = H. It is known that 

y4(«; m) = U(A(n\ m)~) • A(n\ m)s. 

Formula (I) readily entails the validity of 

(III) (X{€J\ x(a)) = a(7)x(fl"c/) 4- (tfy + l)x(fl" 

(IV) <l,jc(fl)> = 2x{a-*»\ 

€ / - € „ ) 1 ^ 7 = 2r. 
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L E M M A 4.1. Suppose that ^ + 3 = 0 mod(/?). 

(1) Vi\A(n\ m) -> A{n\ m)* V|-(x
(fl))(jc(A)) = a /(x(fl"c ')JC(/ ,)) 

/5 tf SÀ:£W derivation of degree 1 = /?w'" — s \ = i = 2r 

(2) Le/ deg denote the degree derivation of A(n\ m). Then 

<P„:A(n; m) -+A(n\ m)* <p„(/)(g) = a „ ( d e g ( / ) g ) 

z's a s/cew derivation of degree I = 2/?m" — 5. 

Proof. (1) The linear map <pz- is clearly skew and of the indicated degree. 
Since A(n\ m)~ is generated by 

2r 

A(n; m)_, = 2 Fx{€j) 

and pm'1' > 4 it suffices by virtue of (1.6) to verify for 1 ^ j ^ 2r the 
equation 

(*) Vi( (x^\ *«"> )(/h)) = (*«;> • V/(x<fl)) X ^ ' " ) 

- (x<"> • ,,.(*";>) )(x{h)). 

Formula (III) implies that the left hand side equals 

o(j)a,(x(a~('~(f)x{h)) + (aj +\)al(x
{a~l-+lr^)x(h)) 

while the right hand side coincides with 

-aU)ai(x
la~l')xih-tf)) - (bj + l)ai(x

(',-t')x{h+tJ-l")) 

+ S,ya,( <x ( a \ x(h)) ) . 

The proof can now be completed by considering the following cases: 
I . / *j. 
1.1. a + b — e- — €i = T — T,-e,-. 

1-2. a + 6 + £,• - £,- - «„ = T - i-*,-
1.3. Neither 1.1 nor 1.2 hold. 
2. / = j . 
2A. a + b — tj — er = r — rrer. 
2.2. a 4- b — en = T — T ^ . 

2.3. Neither 2.1 nor 2.2 hold. 
For the sake of brevity, we shall only dwell on the most intricate case 

2.2. Then 

<P,( < x H *«"> )(*<">) = (a, + 1)(T " ^ £ ' ' ) = ( - 1 ) ' % , + 1), 

while the right hand side of (*) equals 
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- M{" + "a-'•)). 
By virtue of our present assumptions we also have 

1 EE ||T - T ,€ , | | EE \\a + b ~ c j | EE | M | + ||6|| m o d ( p ) 

at -^ bj = — 1 mod(/?) 

(-l)k<l = -(-1)1^1. 

Hence the last expression coincides with 

-(*,. + i x - i ) | o M +(-i) | A |( 11*11 + IWI) 

= (-\f\-bi - 1 + 1) = (a, + I X - i f 
as desired. 

(2). The mapping <pn is obviously skew and of degree 2pm" — s. It is 
therefore sufficient to check (*) for <pn. Let 

B : = {*<«> G ^ ( » ; m); an = 0). 

Then B is a subalgebra of A (n ; m) and 

X(x(a\ x{b)) = a„(jt(a)jc(ft)) 

defines an associative form on 5. Consequently, (*) holds whenever 
an = bn = 0. In accordance with (III) only the case in which 

a + 6 + £,. - cw = T - v „ 

needs to be investigated. Note that 

(a) a- + bj = —2 mod(p) 

(b) |M| 4- \\b\\ = 1 mod(/>) 

(c) an = 1, 6W - 0 or aw = 0, 6W = 1. 

If the latter alternative of (c) applies then the left hand side of (*) is 
readily seen to vanish. For the right hand side we obtain 

-if,j + i ) I W I ( T -;**) - [\\b\\[a + \-£») 

- i i f l»( f l + t ~ € " ) ) 
= -(bj + l) IW|(-i)w + I W K - i ) 1 " 1 - ^ ^ 2 ) . 

Since 

('"-;-').^ofrH*> 
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the last expression coincides with 

(aj + l) iwi(-i)1"1 - IMI(-i)|u|_û;(-i)û>(a; + l) = o. 

The other alternative can be treated similarly. 
If n + 3 = 0 mod(/?) then 

(A(n; my)Ain'm) = FaT. 

It therefore follows from (1.2) and the proof of the ensuing result that 
there exist rt e F such that 

(x{e'Y • Vl(x
(e']) = rtaT 1 ^ i ^ 2r and 1T» • %1(\) = rnaT. 

By applying JC(T) to the above equations we see that 

f/ = 1 1 = / = 2r and rn = — 2. 

LEMMA 4.2. Let q>:A(n; m) —* A(n\ m)* be a derivation. Then the 
following statements hold'. 

(X) If n + 3 E£ 0 mod(/?) then there exists f Œ A(n; m)* such that 

<p(x) = x • f Vx e A(n\ m)~. 

(2) //*« + 3 = 0 mod(/?) then there are r{9 . . . , rn e F, / e ^(ft; m)* 

<p(x) = 2 tyP;(*) + x • f Vx ^ A(n; m)~. 
i = \ 

Proof. We put L : = A(n\ m), Â  : = L~. The general assumption of 
(2.3) is valid for V : = FX ( T ) . Let et : = x(e'} 1 ^ / ^ 2r en : = 1 as well 
a s r ' : = (TK, . . . , rn,). We shall show that J := {b; b ^ T'} satisfies the 
requirements of (2.3). 

(a) annU{K)+(L) = ( {eh; b £J}). 

Suppose that b £ J. Then there is z e {1, . . . , n} such that b{ ^ pm''. If 
/ = n then 

eh • x(a) = 0 V0 ^ a ^ T 

as (ad 1)^ = 0 (cf. (IV)). Suppose that / ^ 2r. It will suffice to show 
that 

ef; • x(a) = 0 0 ^ a ^ r. 

To that end we introduce the mapping 

DK:A(n; m) -> W(«; m) 

which is defined by means of 
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2r 

DK(f)= 2 oU)dj(f)df +fd„ 
7 = 1 

where 

dj = 3y + aO><c/>3w X^j^lr dn = 23„. 

It is known that Z)^ is a homomorphism of Lie algebras. The following 
equalities hold within the restricted algebra DerF(A(n; m) ) of derivations 
of the associative algebra A(n\ m). Observe that 

DK(e,) = 0(1)8,- + x((\. 

Since the two summands commute, we obtain 

DK(ey'' = a(i)df + (x^dnf\ 

Noting that 

df = o = (xi(>\ ym' 
we conclude 

DK(ef • x{a)) = DK( (ad e / V " ) ) = (ad DK(e,) f"(DK(x(a)) ) 

= (adDK(e,ym')(DK(x(a))) = 0. 

The injectivity of DK now yields the desired result. 
Conversely, suppose that 

" = 2 <b)eb 

0<b 

is an element of ann{ //^+(L). Then the above shows that 

v : = 2 a(è)e* e ann^ ( /0+(L). 

Assume that v ^ 0 and put 

k : = min{6M; a(ft) ¥- 0}. 

Formulas (III) and (IV) then entail 

0 = v . ^ + ( * - 0 0 = 2 «(*)** • *<T +<*-^> 
0<b^Tf

]bn=k 

= 2k 2 a(Z?)y(Z?)x
(T-T^_F) 

where 

b = (bv,..., b(2rY, 0), y(b) e {1, - 1 } . 
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This shows that a(b) = 0 whenever bn = k, a contradiction. Hence 

u G < {eh; b £ J}). 

(b) It follows from (a) that {eb • JC(T); 0 ^ b ^ r '} generates ^4(w; m). 
Since 

d i m ^ f a ; m) = /? |m| 

condition (b) of (2.3) holds. 
(1) If n 4- 3 i= 0 mod(/?) then L = [L, L] and (3) of (2.3) yields the 

desired result. 
(2) If n + 3 = 0 mod(/?) then we have 

[L, L] = 2 Fx(fl). 

By (1.2) there are r , , . . . , rn e F such that 

(x{€i))Ti' - <p(x(€i)) = rtar 1 ^ z ^ 2r 

and 

T» • <r(l) = -2r„aT. 

We consider the derivation 

n 

? • = <P — Z J >*<JP • 

.7 = 1 

The remark preceding (5.2) reveals in conjunction with 

e{ ' v/e,-) = 0 for / ¥= j 

that 

e]>' • $(*>,) - 0 1 ^ i ^ w. 

The assertion now follows from a consecutive application of (2) and (1) of 
(2.3). 

LEMMA 4.3. Suppose that n + 3 = 0 mod(/?) and let 

€p:K(n; m) —> AT(w; m)* 

be a skew derivation of degree I = 4 — s. Then there exists a homogeneous 
skew derivation 

<p:A(n; m) —» A(n; m)* 

of degree I which extends <p. 

Proof We consider the linear map 

$:^(«; m) -> A(n; m)* 
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which is given by 

?(^)(^) : = (f(a))ix(b)) \ ' <T 
YV A } [0 otherwise. 

As A(n\ m) = K(n\ m) © Fx"T\ $ is a well-defined skew linear mapping 
of degree /. We propose to verify 

(*) ?( [x,y]) = x' y(y) - y • $(x). 

Only two cases need to be considered: 

1) x = x(T\ 

2) x, y e #(« ; m). 

Let x = x^ and note that 

[x(T\ A(n; m) ] c A ^ ; m ) ^ 0 K(n; m)s. 

As / ^ 4 — s we see that 

v([x{r\y]) e 2 (^(«;m)*)7 = 0. 
/^3 

Since 

>> • ?(x(T)) - 0 and 

x(T)-v(y)^ 2 (A(n; m)*\ = 0 

the validity of (*) follows. 
Next, we assume that x, y e j^(«; m). It obviously suffices to verify 

$( [x, y] )(*(T)) = (x • ?O0 )(X (T)) - (jv • $(*) )(*{T)). 

The left hand side vanishes by definition. Suppose that 

x e K(n; m)i9 y e K(n\ m)j. 

Then the right hand side of (*) is easily seen to be contained in 
(A(n; m)*) / +-+ / . Hence the right hand side of the last equation vanishes 
unless i -\- j -\r I = — s — 1. Since this implies that 

- 5 - l = i + j + / ^ / + j + 4 - ^ - i (ij è - 2 ) 

we are done. 

Formula (I) implies the validity of the following rules: 

(i) < ^ + H *<*-'<>> = b,{ \\b\\ - i - bn)x
(h) 

+ o(i)(b,, + l)*(A-«.-V + «.> 
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(2) <x(2{<+H x^-1^) = htf,. - \)(\\b\\ - 2 - 2b„)x{h) 

(3) det| j 

+ a(i)(b, - \)(bn + l)x(/' £< t '+ £» ) 

b,( \\b\\ - 1 - b„) o(i)(bn + 1) 

\-*,.(&,. - IX 11*11 " 2 - 2b„) a(i)(b, - l)(b„ + 1)/ 

= ]-o(i)b,(b, - \)(bn + 1)||6|| 

(4) ( x ^ + H x " ' " ^ ) + <JC (£ '+C"\ x " ' - ^ ) 

= (6, + b,,){ \\b\\ - 1 - bn)x
(b) 

(5) <x<2f»>, x<"-f»>> = b„( \\b\\ - 1 - bn)x
{h) 

(6) (x<^»>, x<""2^> = bn(bn - 1)(I| |6|| - | - ^„)x<"> 

(7) <x^+ t '+ t» ) , x ^ - ^ ^ > = bPj( \\b\\ - 2 - 2b,,)x{h) 

+ a(i)bj(bn + D x ^ - ^ ' ^ 

+ a(7)Z,,(Z>„ + \)x(h-(r<f+0 i # 7 . 

LEMMA 4.4. Suppose that k ^ 3. 77z£« 

M(^(«; m) )A = A(n\ m)A /or /c =É 0, — 2 mod(/?). 

Proof. We put M : = M(A(n; m) ). Let x"h) be an element of A(n\ m)A. 
We first suppose that 

||6|| - 1 - b„ m 0 mod(/>). 

If bn m 0 mod(/?), then, as \\b\\ ^ 3, JC(/}) e MA by virtue of (5). Hence we 
assume that bn = 0 mod(/?). According to (4), we see that x(h) e MA 

unless 

ft,- + b{, = 0 mod(/?) 1 ^ / â 2r. 

This, however, entails that ||6|| = —2 mod(/?). 
Next, we assume 

||6|| - 1 - i„ = 0 mod(/>). 

Since ||Z>|| ^ 0 mod(p), 

1̂1*11 - \ - \ K ^ 0 m o d ( / 7 ) . 

If />, = 0 mod(/>) 1 ^ / g 2r then 
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0 = \\b\\ - l - b n = b„-3 mod(p). 

Thus bn i^ 8 and ||6|| = 5. Then x{h) e Mk on account of (6). Suppose that 
there is /0 ^ 2r such that 

biQ m 0 mod(/?). 

Since &w + 1 does not vanish, we obtain according to (3) that x{b) e Mk 

unless 

blQ = 1 mod(/?). 

For j G {1, . . . , 2r} we consider 

c : = b - €j - €f + €„. 

Then either JC(C) = 0 or 0 = c = r. The first part of the proof then en
sures that x^ is contained in Mk. We now apply (7) in order to see that 
x^ ) G Mk unless 

bj = 0 mod(p) V/ ^ /(). 

Then 

0 = \\b\\ - \ -b„ = b„-2 mod(/>). 

This entails that ||Z>|| = 5 and the proof may be concluded by applying 
(6). 

THEOREM 4.5. The second cohomology group H"(K(n\ m), F) is 
n 4- l-dimensional if n 4 3 = 0 mod(/?), |m| — n-dimensional if 
n 4- 5 = 0 mod(/?), and trivial otherwise. 

Proof. Suppose first that « + 3 = 0 mod(/?). According to [6], the 
mapping 

Vn + x'.Kin; m) -> tf(/i; m)* ^ ( x ^ X * ^ ) = a ^ " " ^ ^ ) 

is a skew derivation of degree — s — 1. We shall prove that the vector 
space V of skew derivations from K(n\ m) to AT(«; m)* decomposes 

H + l 

K = .© F<pz 0 InnF(A:(/z; m), ^ (« ; m)*), 

where the tpi \ ^ i ^ n are considered elements of 

DerF(K(n; m), K(n\ m)*). 

Let <p be an element of F and suppose that deg <p = /. 
(a) I ^ —s. We may assume by virtue of (1.1) that <p respects the root 

space decomposition. Hence cp = 0 or / = 0 mod(p). As n 4- 3 = 0 
mod(/?) we have s = — 1 mod(p) and <p = 0 for / = —s,\ — s, 2 — s, 
3 — s. Hence we assume that / ^ 4 — s. According to (4.3) cp may be ex
tended to a skew derivation 

https://doi.org/10.4153/CJM-1987-055-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1987-055-0


1104 ROLF FARNSTEINER 

<p:A(n; m) —> A{n\ m)*. 

Owing to (4.2) there are rh . . . , rn e F and / <E A(n\ m)* such that 

n 

y(x) = 2 tyP/C*) + x • f Vx ^ A(n; m)~. 
y = i 

Put g : = f\K(n;m). Then 

n 

<p(x) = 2 fj<Pj(x) + x • g Vx £ K(n; m)~. 
/ = i 

Hence 

n 

<P — 2 f)<pz-
 e InnF(AT(«; m), K(n\ m)*) 

/ = i 

by virtue of (2.4). 
(b) / ^ — s — 1. As in (a) we may assume that <p = 0 or / = 0 mod(/?). 

Consequently, / ^ — s — 3 or / = — s — 1. In the former case we have 
— (s -f /) ^ 3 as well as — (s + /) =̂ 0, — 2 mod(/?). Hence (4.4) implies in 
combination with (1.5) that <p = 0. If / = — s — 1 we consider the bilinear 
symmetric form 

\:K(n; m) X K(n; m) -» F À(x(a), x(b)) = aT(x{a)x{h)). 

Note that rad(X) = F\ and put 

V : = ^ ( « ; m)/Fl , TTIÀXAI; m) -> F 

canonical projection. Furthermore, let p denote the bilinear form on V 
which is induced by X. According to (3.3) and (3.7) of [6] there exists a 
unique skew homomorphism D:V —» F of 

P : = #(/i; m)~ 0 < { J C ^ * ^ ; 1 ^ ij ^ 2r} > 

-modules such that 

<v(x)(y) = P(D(TT(X) ), 7T(y) ) Vx,^ G # („ ; m). 

The mapping D is uniquely determined by Z)(77-(x^T~Cl)) ). Since 
deg D = — 2 a direct computation ensures the existence of a e F with 

F>(T7( JC ( T ~ € I ) ) ) = a T r ^ 7 " * 1 " ^ ) . 

Hence 

Z)(v) = - a • 1 • v Vv e F and <p = -a«pw + i-

Using the gradation of DQTF(K(n; m), K(n\ m)*) one readily shows that 
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the given sum is direct. 
(2) n 4- 5 = 0 mod(/?). This case was treated in [6]. 
(3) n + 3 EjÉ 0 mod(/?X « + 5 ^ 0 mod(/?). 
(a) I ^ ~s. According to (4.2) there is / e K(n\ m)* such that 

<p(x) = x • f Vx e AT(«; m) . 

As s = 0 mod(/?) we may apply (2.4) and (2.5) in order to see that <p is 
inner. 

(b) / ^ — s — l.Asqp respects the root space decomposition we have 
<P = 0 or / = 0 mod(p). Suppose that / ^ -s ~ 3. Then (4.4) and (1.5) 
entail the vanishing of <p unless s = 0, 2 mod(/?). Since 

s = ||T|| = - ( « + 3)mod(/?), 

this is by virtue of our present assumption impossible. If — (s + /) G 
{1, 2} (3.3) and (3.7) of [6] provide a skew homomorphism 

D:K(n\ m) -> A:(n; m) 

of P-modules of degree /c e { —3, — 4} such that 

^x)(y) = \(D(xly). 

An elementary computation then reveals that D = 0. 

The central extensions of the hamiltonian algebras were obtained in [6]. 
The treatment of the special algebras requires a modification of the 
methods set forth in Section 2. 

Acknowledgement. While this paper was being typed the author became 
aware of A. S. Dzhumadil'daev's research announcement (Functional 
Analysis and its Applications 7$ (1984) ) concerning central extensions of 
graded Cartan type Lie algebras. His methods appear to differ significant
ly from the approach chosen in Section 2. In addition, his results 
pertaining to H2(S(3; m), F) and H2(W(2\ m), F) p = 3 seem to be 
incorrect. 

Note added in proof. An extensive generalization of Theorem 2.1 has 
meanwhile appeared in the author's paper On the cohomology of associative 
algebras and Lie algebras, Proc. Amer. Math. Soc. 99 (1987), 415-420. 
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