ASYMPTOTICS OF FLUCTUATIONS IN CRUMP-MODE-JAGERS
PROCESSES: THE LATTICE CASE

By SVANTE JANSON

Abstract

Consider a supercritical Crump—Mode—Jagers process in which all births are at integer
times (the lattice case). Let f1(z) be the generating function of the intensity of the
offspring process, and consider the complex roots of fi(z) = 1. The root of smallest
absolute value is e™* = 1/m, where a > 0 is the Malthusian parameter; let y, be the
root of second smallest absolute value. Subject to some technical conditions, the second-
order fluctuations of the age distribution exhibit one of three types of behaviour: (i) when
Ve > e %2 = m~1/2 they are asymptotically normal; (ii) when y, = e~%/2, they are
still asymptotically normal, but with a larger variance; and (iii) when y, < e~%/2, the
fluctuations are in general oscillatory and (degenerate cases excluded) do not converge in
distribution. This trichotomy is similar to what has been observed in related situations,
such as some other branching processes and for Pélya urns. The results lead to a symbolic
calculus describing the limits. The asymptotic results also apply to the total of other
(random) characteristics of the population.
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1. Introduction

Consider a Crump—Mode-Jagers branching process, starting with a single individual born
at time 0, where an individual has N < oo children born at the times when the parent is of age
& <& < ---. Here N and (§;); are random, and different individuals have independent copies
of these random variables. Technically, it is convenient to regard {&; }{V as a point process & on
[0, 00), and give each individual x an independent copy E, of E. For further details, see, e.g.
[7].

We consider the supercritical case, for which, with positive probability, the population grows
to infinity. As is well known, under weak assumptions, the population grows exponentially, like
€*! for some constant o > 0 called the Malthusian parameter (see, e.g. [7, Theorems (6.3.3)
and (6.8.1)]); in particular, the population size properly normalized converges to some positive
random variable, and the age distribution stabilizes. Our purpose is to study the second-order
fluctuations of the age distribution, or, more generally, of the population counts of a random
characteristic.

In this paper we consider the lattice case; thus, we assume that the &; are integer valued, so
that all births occur at integer times a.s., but (without loss of generality) there is no d > 1 such
that all birth times a.s. are divisible by d.

Our setting can, for example, be considered as a model for the (female) population of some
animal that is fertile several years and bears one or several children once every year, with the
numbers of children in different years random and dependent.
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Our main results show that there are three different cases depending on properties of the
intensity measure [E & of the offspring process. In Theorem 2.1 the fluctuations, properly
normalized, are asymptotically normal, with only short-range dependence between different
times. In Theorem 2.3 there is long-range dependence and, again after proper (but different)
normalization, the fluctuations are a.s. approximated by oscillating (almost periodic) random
functions of log n; these functions are essentially determined by the initial phase of the branching
process, and are presumably nonnormal. Theorem 2.2 is an intermediate boundary case. Details
are in Section 2.

A similar trichotomy has been found in various related situations. Similar results are proved
for multitype Markov branching processes by Asmussen and Hering [1, Section VIIL.3]. Their
type space can be very general, so this setting also includes the single-type non-Markov case
studied here (also in the nonlattice case [1, Section VIII.12]), since a Crump—Mode—Jagers
branching process can be viewed as a Markov process in which the type of an individual is
its entire life history up to the present. However, in general, this is a large type space, and
the assumptions of [1] may not be satisfied; in particular, their ‘condition (M)’ [1, p. 156] is
typically not satisfied, by the same argument as in [1, p. 173] for a related situation. Hence,
we cannot obtain our results directly from the closely related results in [1], although there is an
overlap in some special cases (for example, the Galton—Watson case in Example 2.1 below).

Another related situation is given by multicolour Pélya urn processes for which in [9] we
used methods and results from branching process theory. The same trichotomy appears there
too, with a criterion formulated in terms of eigenvalues of a matrix that can be seen as the
‘expected offspring matrix’ in that setting.

It would be interesting to find more general theorems that would present these different but
obviously related results together in a common structure.

Remark 1.1. Our setup includes the Galton—Watson case, in which all births occur when the
mother is of age 1 (Example 2.1), but this case is much simpler than the general case and can be
treated by simpler methods; see [7, Section 2.10], where results closely related to those below
are given.

Remark 1.2. It would be very interesting to extend the results to the more complicated non-
lattice case; under suitable assumptions, we would expect similar results, but this case presents
other technical challenges, and we leave it as an open problem.

2. Assumptions and main result

Let u := E E be the intensity measure of the offspring process; thus, p = ;2 Sk,
where w is the expected number of children that an individual bears at age k (and §y is the
Dirac delta, i.e. a point mass at k). Let Ny := E{k} be the number of children born to an
individual of age k. Then N = Z,fozl Ny and ux = E Ng.

We make the following standing assumptions, valid throughout the paper. The first assump-
tion (supercriticality) is essential, for otherwise there is no asymptotic behaviour to analyse.
Assumptions (A2)-(A4) are simplifying and convenient, but presumably not essential. (For
(A4), this is shown in Example 11.1.)

(A1) The process is supercritical, i.e. ([0, co]) = Z,fio ur=EN > 1.
(A2) No children are born instantaneously, i.e. uo = 0.

(A3) N > 1 a.s. Thus, the process a.s. survives.

(A4) There are no deaths.
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For all complex z such that either z > 0 or the sums or expectations below converge
absolutely, define

00 00 N
a(z) = Z/Lkzk = ZE[Nk]zk = EZZEi, (2.1)
k=0 k=0 i=1
00 N oo
E(z) = / FAE@) =Y 8 = Nigk, (2.2)
0 i=1 k=0

so the complex-valued random variable in (2.2) has expectation [E @(z) = [1(2).
We make two other standing assumptions.

(A5) a(m~") =1 for some m > 1.

Thus, o := logm satisfies Z,fil ure ¥ = f(e™®) = 1, « is the Malthusian parameter, and
the population grows roughly by a factor e* = m for each generation (see, e.g. (2.7) and (2.8)
below).

(A6) ]E[é(r)z] < oo for some r > m~1/2.

In the sequel we fix some r > m~1/2

It is crucial for our arguments that

satisfying (A6), and assume for convenience that r < 1.

L) =EE(r) < oo, (2.3)

a fact that we exploit immediately. Define D, = {z: |z| < r}. Then, for z € D,, (2.3) implies
that [1(z) and @(z) are well defined and analytic for such z. Since f1(z) is a strictly increasing
function on [0, oo), m~! in (A5) is the unique positive root of fi(z) = 1. However, fi(z) = 1
may have other complex roots; we show in this paper that the asymptotic behaviour of the
fluctuations depends crucially on the location of these roots. Define

Fi={zeD: k=1 and T,:=T\{m '} (2.4)
inf{|z|: z € [y} if [y is nonempty,
. (2.5)
00 otherwise;
Chw i={z € Ty 2] = wu}. (2.6)

These sets may depend on the choice of r, but, for our purposes, this does not matter; recall that
we assume that r > m~ /2. Since {1(z) is analytic on D,, I is discrete and so, for y, < oo,
"y« is a finite nonempty set {y1, ..., ¥4}, say. yx is critical below.

Let Z,, be the total number of individuals at time n; then, by (A2), Z, equals the number of
individuals born up to time n. By assumption, Zg = 1, and by setting Z,, := 0 forn < 0 we
define Z, for all integers n. It is well known that Z, grows asymptotically like m" as n — oo
as, e.g. in [7, Theorem (6.3.3)]),

EZ, ~cym"™ forsomec; > 0. (2.7)
Moreover, if E[2(m~!)log E(m~")] < 0o, and, in particular, if E[E(m~!)?
follows from assumption (A6), then, as n — oo,

] < o0, which

Zn as.
% 7z (2.8)
m

for some random variable Z > 0 (see, e.g. [10]). In particular, it follows that, for any fixed

k>1,

Zn—
nk 2%k asn — oco. (2.9)
Zy
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By (A4), the number of individuals of age greater than or equal to k at time n equals Z,_.
From (2.9), we expect that, for large n, this should be about m—k Z,, so to study the fluctuations
we define

Xpki=Zny —m %2z, k=0,1,.... (2.10)

Note that X, o = 0.

We state our main results as three theorems, treating each of the cases y, > m~12, Ve =
m~12 and y, < m™1/% separately. In particular, note that Theorems 2.1-2.2 yield asymptotic
normality of X,, x when y, > m~!/2. Proofs are given in later sections. We extend the results
to random characteristics in Section 11.

From assumption (A6) and (2.2), E Nk2 < oo forevery k > 1. For j, k > 1, define

Ojk = cov(Nj, Np), (2.11)

and, forz € D,,
() =) joyr'e = COV(Z NiZ', 3 O NjE ) =ElE@) - AP (@12)
ij i j
For R > 0, let Z% be the Hilbert space of infinite vectors
o0
Uy = {(ak);zio: 1@§ I =Y R* el < oo}. (2.13)
k=0

To simplify the notation, we often denote a vector in E%e by (ax)k-
We begin with the case y, > m~ Y2, which, by (2.4)—(2.5), is equivalent to

—1/2 1

(B) f1(z) # 1 for all complex |z| < m except possibly z =m™".

Theorem 2.1. Assume that (Al)~(A6) and (B) hold, i.e. y, > m~'/2. Then, asn — oo, jointly

forallk > 0,
Xn,k D

N Gk (2.14)

for some jointly normal random variables {, with mean E § = 0 and covariance matrix given,

for any finite sequence ay, . .., ax of real numbers, by
m—1 | agzk — agm k2 |dz]
Var< E akfk) = — i 5 ZkA —2(2) =yr (2.15)
p m l2|=m—1/2 [T —z]?|1 — (2)] 2mm

Convergence (2.14) holds also in the stronger sense that, for any R < m'/?,

(Z;l/zxn,k)k > G

in the Hilbert space Z%Q.
The limit variables {y are nondegenerate unless B is deterministic, i.e. Ny = Uy a.s. for
each k > 0.

Recall that joint convergence of an infinite number of variables means joint convergence of
any finite set. (This is convergence in the product space R, see [2].) Note that trivially o = 0
(included for completeness).

The variance formula (2.15) can be interpreted as a stochastic calculus, where the limit
variables are seen as stochastic integrals (in a general sense) of certain functions on the
circle |z| = m~Y2; these functions thus represent the random variables ¢k, and, therefore,
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asymptotically X, x; moreover, they can be used for convenient calculations. See Section 10
for details.

We give two proofs of Theorem 2.1. The first, in Sections 4-5, is based on some approxima-
tions and the elementary central limit theorem for sums of independent variables; this proof is
extended to random characteristics in Section 11. The second proof, in Sections 6-7, is based
on a martingale central limit theorem, and is easily adapted to prove Theorem 2.2 below in
Section 8.

Consider next the cases y, < m'/2. Then Cyx = {y1, ..., ¥4} is a nonempty finite set. For
simplicity, assume that the condition

a'(y) #0, ¥ € Cax, (2.16)

holds, so that the points in 'y, are simple roots of (i(z) = 1; the modifications in the case of
multiple roots are left to the reader. (See Remark 3.3, and note the related results for Pélya
urns in [9, Theorems 3.23-3.24] and [11, Theorems 3.5-3.6].)

Theorem 2.2. Assume that (Al)—(A6) hold, vy, = m~'/?, and that (2.16) holds. Then, as

n — oo, jointly for all k > 0,
Xn,k D

Ny Ck (2.17)

for some jointly normal random variables { with mean E § = 0 and covariance matrix given,
for any finite sequence ay, . .., ax of real numbers, by

q k _ —k 2
var(Zak§k> —m-DY | 20 vy — 2 cwm | (). (2.18)
k

pri Vo212 (rp) 2

For any R < m'/2, convergence (2.14) also holds in the Hilbert space E%r

The limit variables & are nondegenerate unless @(yp) is deterministic for each y, € I'ys.

Theorem 2.3. Assume that (Al)—(A6) hold, v, < m~'/2, and that (2.16) holds. Then there

exist complex-valued random variables Uy, ..., U, and linearly independent vectors u; :=
(yl.k — m’k)k, i=1,...,q, such that, for any R < ml/2,
. q Vi n
viX, — Z(—’) Uiii; —> 0 a.s. and in L*(€%). (2.19)
—\ vl

Furthermore, EU; = 0, and U; is nondegenerate unless @(yi) is degenerate.

Theorems 2.1-2.3 exhibit several differences between the three cases Y ; m~12; (cf.
similar results for P6lya urns in e.g. [9, Theorems 3.22-3.24]).

(a) For fixed k, the fluctuations X, ; are asymptotically normal when y, > m~ Y2, but
(presumably) not when y, < m~1/2.

(b) For fixed k, the fluctuations are typically of order Z,ll/ 2 = m"/? when Ve > m~1/2,

slightly larger (by a power of n) when y, = m~!/2, and of much larger order " when
—1/2
Ve <M

(c) Wheny, < m~'/2 the fluctuations exhibit oscillations that are periodic or almost periodic

in logn (see [3]). (Note that y;/|y;| # 1 in (2.19), since m~1 is the only positive root
inT".)
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(d) When y;, < m™1/2, the almost-sure approximation result (2.19) implies both long-range
dependence as n — o0, and that the asymptotic behaviour is essentially determined by
what happens in the first few generations. In contrast, the limits in (2.14) and (2.17) are
mixing (see the proofs), i.e. the results also hold conditioned on the life histories of the
first M individuals for any fixed M, and thus also conditionedon Z1, . .., Zg for any fixed
K ; hence, when y, > m~Y2 the initial behaviour is eventually forgotten. Moreover, for
¥« > m~ /2, there is only short-range dependence (see Example 10.1), while the case
¥« = m~1/2 shows an intermediate ‘medium-range’ dependence (see Subsection 10.2).

(e) When y; > m~1/2, the limit random variables ¢ in (2.14) are linearly independent, as

a consequence of (2.15). When y, < m™!/2, the limits in (2.17), or the components of
the sum in (2.19), span a (typically) g-dimensional space of random variables, and any
q + 1 of them are linearly dependent; see also Section 10.

Remark 2.1. Above we consider X,  for k > 0, i.e. the age distribution of the population at
time n. We can also define X, x by (2.10) for k < 0: this means looking into the future and
can be interpreted as predicting the future population. As shown in Section 10, (2.14)—(2.15)
and (2.17)—(2.18) extend to all k € Z (still jointly), and, similarly, taking the kth component in
(2.19) yields a result that extends to all k € Z.

This enables us, for example, to obtain (by standard linear algebra) the best linear predictor
of Z,4+1 based on the observed Z,,, ..., Z,_g for any fixed K.

Example 2.1. (Galton-Watson.) The simplest example is a Galton—Watson process, where
all children are born in a single litter to a parent of age 1, so Ny = 0 for k > 2. (But all
individuals live forever in our setting. In the traditional setting, only the newly born are counted,
i.e. Z, — Z,_1; the results are easily transferred to this version.) Then N = Ny, m = pu1, and
fu(z) = mz. Hence, ' = {m~'}, T, = @, and y, = oo > m~!/2. We assume that E N2 < oo;
then (A6) holds for any r; we also assume that N > 1 a.s. and P(N > 1) > 0; then (A1)—(A6)
and (B) hold. Thus, Theorem 2.1 applies. We obtain, for example, with o2 :=var(N) = o1,

—1,2
var(ey) = m—1 |z —m™| 212 |dz|
m Jiz=m—12 11— z2[1 — mz|? 2rm~1/2

m—1 1 |dz|
= 0'2 —_—
m*  Jyem12 |1 = z|? 2em =172

o2

_m3_

This can be shown directly in a much simpler way; see [7, Theorem (2.10.1)], which is essentially
equivalent to our Theorem 2.1 in the Galton—Watson case (but without our assumption (A3)).

Example 2.2. Suppose that all children are born when the mother is of age 1 or 2, so Ny =0
for k > 2. Then (z) = w1z + ua2z2, where, by assumption, ;1 + 2 > 1and p; > 0. (AS)
yields m? = mim + o, and, thus,

m = 3w+ 1} +4u2). (2.20)

The equation ft(z) = 1 has one other root, viz. y; for which

v = =2 md A — ). @2.21)
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—1/2 or yfz < m; by elementary algebra, this is

Condition (B) is thus equivalent to |y1| > m
equivalent to
13+ 3piuz + 2 — p3 > 0. (2.22)
Thus, Theorem 2.1 applies when (2.22) holds, Theorem 2.2 when there is equality in (2.22), and
Theorem 2.3 when the left-hand side of (2.22) is negative. (In this example, (2.16) is trivial.)
For a simple numerical example with y, = m~!/2, take u; = 2 and uo» = 8. Then
(2.20)—(2.21) yield m =4 and y; = —%. We obtain, by (2.18), for example,

Xn,1 2~ N(O, ﬁ var(Npy — 2N1))- (2.23)
vnzy,

Suppose now instead that (2.22) holds, so Theorem 2.1 applies. Let A := yfl be given by
(2.21). Then 1 — fi(z) = (1 — mz)(1 — A7), and, thus, (2.15) yields, for example,

m Var{;l} |Z_m*1|2 |dZ|
- 2 ~ ZE(Z) 1
m—1 el=m-12 11 =221 = 1(2)] 2wm 1/
_1 onlzl? + oz + Dlzl* +onlzlt  |dz]
lz|=m~1/2 1T —z2[1 = Az? 2am—1/2"

This integral can be evaluated by expanding (1 — z)~!(1 — Az)~! in a Taylor series, yielding

(m + A)(o11 +o022/m) +2(1 +/\)012
m2(m — A)(m — A?)

Remark 2.2. By Theorem 2.1, the limit in (2.14) is degenerate only when the entire process is,
and, thus, each X, ; is degenerate. In contrast, the limit in (2.17) or the approximation in (2.19)
can be degenerate even in other (special) situations. For example, let N1 be nondegenerate with
EN; =2, let Ny := 2N; +4 and let Ny := 0 for k > 2. Then u; = 2 and ur, = 8§, and
Example 2.2 shows that y,, = 2 = m~1/2; further, (2.23) applies and yields Xuk/ \/n_Zn — 0.

We conjecture that in this case (and similar cases with ¢ = 0 in Theorem 2.2), X, / NZ,
has a nontrivial normal limit in distribution; we leave this as an open problem. Similarly, we
conjecture that, when each @(y,-) is degenerate in Theorem 2.3, the distribution of X, ; is
asymptotically determined by the next smallest roots in .

var(¢y) =

2.1. More notation

For a random variable X in a Banach space 8, define ||X||Lz(£) =(E ||X||2 )12 when
B = R or C abbreviate this to | X||,. For infinite vectors X = (xj) 20 and y = (yj)j 0
let (X, y) =Y. j=0%jYj» assuming that the sum converges absolutely. Let C denote different
constants that may depend on the distribution of the branching process (i.e. on the distribution of
N and (&;)), but not on n and similar parameters; the constant may change from one occurrence
to the next. We write O, (1) to denote a quantity that is bounded by a random constant that
does not depend on n. All unspecified limits are as n — o0.

3. Preliminaries

Let
B, =2Z,—Z,_1 (3.1)
be the number of individuals born at time n (with By = Zj). Thus,
n
Zn=Zn1+B,=) B n=0. (3.2)
i=0
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Let B, x be the number of individuals born at time n 4 k to parents that are themselves born
at time n, and, thus, are of age k. Then, recalling (A2),

n
By =Y By ix. n>1. (3.3)
k=1
Let #, be the o -field generated by the life histories of all individuals born up to time n, with &,
trivial for n < 0. Then B, ; is #,-measurable, and B, is ¥, _1-measurable by (3.3). Further,
EBnk | Fa-1) = i By, n>0. (3.4)

Fork > 1, let
Wn,k =By — IE(Bn,k | Fae1) = Bn,k — Wk By, (3.5)

so W, r =0ifn < 0. Then W, is F,-measurable with
E(Wn,k | 371171) =0. (36)
Let further
n o
k=1 k=1

Thus, Wy = By = Zp, and, for n > 1, by (3.3), (3.5), and (3.7),

n
W, = Z ank,k- (3-8)
k=1

Lemma 3.1. Assume that (Al)—(A6) hold. Then, foralln > 1 andk > 1, E[Wfﬁk] < Cr=%*mn
and E[an] < Cm".

Proof. Recall that Ny is the number of children born to an individual of age k, and that
E Ny = pux. From (2.2), 2(r) > Nir¥ and, thus,

var Ny < EN? < r " E[E(r)?] = Cr2k, (3.9)

Letn > Oand k > 1. Given ¥,_1, By x is the sum of B, independent copies of N, and, thus
(see (3.4), (3.5), and (3.9)), E(W;?, | Fo—1) = B, var(Ny) < Cr~*B,. Taking expectations
and using (2.7),

E(W; 1< Cr*EB, <Cr*EZ, <Cr*m",
as asserted. Consequently, [|W, x|l < Cr—¥m"/? and, by (3.8) and Minkowski’s inequality,
using rm'/% > 1,
n oo
IWalls < Y IWaiilly < Cm"2 3" (rm'2)7F < cm"/2, .
k=1 P

Forn > 0and k > 1, by (2.10),

Xnt1k = Znsl—k — M ¥ Zpi1
= Xppo1 +m' %2, —m*2Z, 4
= Xkt +m mZy — Zni1). (3.10)
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Also, for k > 0, by (3.1) and (2.10),

Byt = Zn—tk — Zn—t—1 = Xnk — Xp 1 + (m — Dm™*"17,. (3.11)
By (3.2), (3.7), and (3.11), recalling that X, o = 0 by (2.10) and ,&(m_l) = 1 by (AS), for
n >0,
mZ, — n+1 (m - 1)Z n+1
[o)0]
= (m = 1DZy =) Bupi—k — Wasi
k=1
=(m—1Zy— Y X st = Xpi + (m — Hm ™ Z,) = Wy
k=1
=(m—1Zy— Y mkXn i1 = Xup) — (m = Dm™")Z, — Wyp
k=1

o0
= Xnk = Xnk-1) = Wy,
k=1
Consequently, (3.10) yields, forn > 0 and k > 1,
Xnv1k = Xpg—1+m~ <Z M/(Xn j = Xn J— 1) — n-H) (3.12)

Introduce the vector notation X,, = (Xp, k)l(:i() and
=0,m L,m™2 .. = (m 1k > 0p2,, (3.13)

and, for vectors y = (yk)gO such that the sum converges, define

o
W) =) 1k k= Y1) (3.14)

k=1
Let S be the shift operator S ((yk)go) = (Vk—1 )80 with y_1 := 0, and let T be the linear operator
T() = SH) + ¥ ()o. (3.15)

Then (3.12) can be written, again recalling that X, o = 0,
Xut1 = S(Xn) + (¥ (Xp) = W 1)B = T(X) — Wyg1 0. (3.16)
This recursion leads to the following formula.
Lemma 3.2. For everyn > 0,
X,=—Y W, TF®). (3.17)
k=0

Proof For the initial value Xo, (2.10) gives Xox = —m —k Zo for k > 1, and, thus, by
(3.13), Xo = —Zoyv = — Wy, recalling that Wy = By = Zy. This verifies (3.17) for n = 0.
The general case follows by (3.16) and induction. g
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Remark 3.1. The proofs below show that the sum in (3.17) is dominated by the first few terms
when y, > m~!/2, and by the last few terms when y, < m~!/?, while all terms are of about
the same size when y, = m~1/2. This explains much of the differences in behaviour seen in
Section 2.

We now consider T defined in (3.15) as an operator on the complex Hilbert space E% defined
in (2.13) for suitable R > 0. Recall that the spectrum o (T) of a linear operator in a complex
Hilbert (or Banach) space is the set of complex numbers A such that A — T is not invertible
(see, e.g. [4, Section VIL.3]).

Lemma 3.3. Suppose that 1 < R < m and ((R™") < oco. Then v € K%, W is a bounded
linear functional on Z% and T is a bounded linear operator on E%. Furthermore, if A € C with
|A| > R, then » € o(T) ifand only if A~' € Ty, i.e. ifand only if A # m and p(A™") = 1.
Proof. By (2.13) and (3.13), and because R < m,
o
||v||€2 = ZRzkm_Zk < .
k=1

Next, it is clear from (2.13) that the shift operator S is bounded on E%e (with norm R). Further,
by (2.1) and assumption,

oo
DR Ui < aR™H? < oo,

and it follows by the Cauchy-Schwarz inequality that Wy ((ax)§°) := Z,fil uray defines a
bounded linear functional ¥ on 52 Since ¥ can be written ¥ = ¥ — W S, W too is bounded.
It now follows from (3.15) that T is a bounded linear operator on £2

For the final statement, note that the mapping (ax)q° +— Yo akzk is an isometry of 62
onto the Hardy space Hp 2 consisting of all functions f(z) analytic in the disc Dg such that

1 2 )
um;:ww— | f(re)|?do < o0 (3.18)

(see, e.g. [5]). In particular, v corresponds to the function

v(z)_Zm /m___z (3.19)

1—z/m m-—z

We use the same notation W, S, and T for the corresponding linear functional and operators
on HI%, and note that the shift operator S on E% corresponds to the multiplication operator
Sf(z) =zf(z) on lee- Definition (3.15) thus translates to

Tf(2) =zf(2) + ¥ (fHv(2). (3.20)
Consequently, for any & € H3, the equation (A — T') f = h is equivalent to
A —2)f) =V (Hv() = h(). (3.21)
Any solution of (3.21) must be of the form
h
f@)= U(Z) + o @) , (3.22)
-2z
where N
c:\IJ(f):c\If(U(Z)>+\I'( (Z)>. (3.23)
A—2Z A—Z
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Suppose that |[A| > R; then 1/(A — z) is a bounded analytic function on the domain Dg, so
it follows from (3.18) and v, h € H3 that v(z)/(A —z) € Hz and h(z)/(A — 2) € H3. If
W (v(z)/(X —z)) # 1 then (3.23) has a unique solution ¢ for any 4 € H2, and, thus, (3.21) has
a unique solution f € H 2 given by (3.22), or in other words, A — T is invertible on H}% and
A ¢ o(T). (Continuity of (A — T Y~ is automatic, by the closed graph theorem.)

Conversely, if W(v(z)/(A — z)) = 1, then (3.21) has either no solution or infinitely many
solutions f for any given h € H 2, and, therefore, A € o (T'). Thus, for |A| > R,

reo(T) < w( ”(Z))=1. (3.24)
A—zZ

We analyse the condition in (3.24) further. If |A| > R and A # m, then, by (3.19),

0@ _ < ! ( ho_om ) (3.25)
y

A—z_(k—z)(m—z):m—k —z m-—z

Now A/(A —2) = Y 7og A ¥k, s0, by (2.1) and (3.14),

)\’ o0
\p( >: S w1 =2 = (1 = paeh,
k=1

A—2z

Then, recalling i(m~") = 1 by (A5), (3.25) yields

(5 = (0 G) )

1
—— (1 =AY = (A —m)am™h)
m—A

;((1 — DAY +m—1). (3.26)
m—A

Consequently, for |A| > R with A # m, by (3.24) and (3.26),

heo(T) < w(v(z)>=1
A—Z

— (A=A H4+m—-1=m—2r
= (1-naaH=1-2
— ahH=1

For the special case A = m, we let . — m in (3.26) and find by continuity that

\p( v(2) ) . w( V() ) _ _%((1 ~DAGT)

A—m A—2Z

m —Z A=m
=am™") — (m—Dm @' (m™")
< pm™h
= 1’
since i'(x) > 0 for x > 0. Hence, m ¢ o (T). O
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Remark 3.2. Itiseasily seenthat A € o(T) for every A with |A| < R—for example, takeh = v
in (3.21)—(3.22) and note that v(z) /(A — z) ¢ Hf. 2 Thus, we have a complete description of the
spectrum o (T') on 6

Lemma 3.4. Suppose that 1 < R < m, (R™Y) < oo, and [i(z) # 1 for every complex
7 # m~! with |z| < R~ Then, for every R1 > R, there exists C = C(R1) such that

IT"llz < CRY,  n=0. (3.27)

Proof. By Lemma 3.3, T is a bounded linear operator on 6%3. If A € o(T) with |A| > R,
then 1(A~!) = 1and A~! # m~'. By assumption, there is no such A, so o (T) C {A: |A| < R}.
(In fact, equality holds by Remark 3.2.) In other words, the spectral radius

r(T):= sup |A| <R. (3.28)

reo(T)
By the spectral radius formula [4, Lemma VIL.3.4], r(T') = lim,, oo || T" | /7 and, thus, (3.28)
implies that, for any R; > R, |T"|| I/n - R, for large n, yielding (3.27). O

1/2 1/2

We use Lemma 3.4 when y, > m™ /<, but when y,, < m™'/“, we use instead the following
lemma, based on a more careful spectral analysis of 7. Recall definitions (2.4)—(2.6).

Lemma3.5. Let R = r~! > 1, where a(r) < oo. Suppose alsothat Uy = {y1, ..., ¥4} # 9,
and that (2 16) holds. Let A; := yl_l. Fori = 1,...q, there exist eigenvectors v; with
TV; = A;v;, linear projections P; with range :R(P) = {cv, ¢ € C} (i.e. the span of V;), a
bounded operator Ty in €%, and a constant R < Ve U such that, for any n > 0,

q
" =T + ZA;' P; (3.29)
i=1
and
I3l < CR". (3.30)
Explicitly,
= P — 1 k__ —k
Vi =PW) = ———F——( —m e (3.31)

Yitvi — D' (v)

Proof. Since the points in 'y are isolated, there exists 7 > y, such that |z| > 7 for any
Z € T\ s Wemayassumethatf <r.LetR: =71 > R. ByLemma3.3,A; = yl._l eo(T)
with [A;| =y~ L and || < R < Ve Uforany A € o(T) \ {A1, coAgh

Then, since Al, ..., Ag areisolated points in o (T'), by standard functional calculus (see, e.g.
[4, Section VIIL.3]), there exist commuting projections (not necessarily orthogonal) Py, ..., P,
in E%e such that Z P; =1, T maps each subspace E; := P; (E ) into itself, and if T; is
the restriction of T to E;, then T has spectrum a(T) = {A }for1l <i < g and a(TO)
o(T)\ {Mi }q In particular, the spectral radius r(To) < R and, thus, by the spectral radius
formula [4, Lemma VII.3.4],

177 < CR", n=>0.

Let Ty := T Py. Then T = T" Py = T Py, and (3.30) follows.

It remains to show that the spaces E; = R(P;) are one dimensional, and spanned by the
vectors ¥; in (3.31). As in the proof of Lemma 3.3, we use the isometry (a)§® Z/?io arz*
of Z%e onto H12e-
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For each A;, [L(){l) = 1,50 V(v(z)/(A; —2)) = 1 by (3.26) (see also (3.24)). Then taking
h = 01in (3.21)-(3.23), conclude that the kernel N (; — T) is one dimensional and spanned
by v(z)/(A; — z). Similarly, again by (3.21)—(3.23), the range R(%; — T') is given by

R —T) = {h € ly: xp(kh@ ):0}. (3.32)

i — <

Differentiating (3.26), we find, for [A| > R withA~! € I'y,ie. A £ mand (A ™) =1,
v v(z) _ _i\y v(z)
(A —2)? dr \r—z
d
=4 (o e( 22
dr A—zZ

_da=-nad-aeh

dA m—Ai
1 —=npeh

Thus, (2.16) implies that W (v(z) /(A; — 2)%) # 0, and so v(z)/ (A —2) ¢ R(A; — T) by (3.32).
Hence, N(A; — T) N R(A; — T) = {0}. Consequently, for every h € R(A; — T), (3.21) has a
unique solution f € R(A; — T), i.e. the restriction of A; — T to R(X; — T) is invertible.

It follows that P; is the projection onto N (A; — T) = {cv(z)/(A; — z)} that vanishes on
R(; —T), so, by (3.32), P; is given by

V(f()/(hi —2)) v(z)
V() /(i —2)?) A —z

In particular, since W (v(z)/(A; —z)) = 1 # 0, we see that P;(v) is a nonzero multiple of
v(z)/(A; — 2). Let ¥; :== P;(v). Thus, Tv; = A;7;, and, forn > 0,

Pi(f(2) =

(3.34)

q q
T"=T"Py+ Y T"P=T§+ Y AP,
i=1 i=1

showing (3.29). Finally, (3.33) and (3.34) yield

(m =) ()

i = P,' = ’
v; (2) (v(2) 1 )\i)/l/()‘i_l) a2

and (3.31) follows because A; = yfl and, by (3.19), for |A| > R,

e A m = ko —kyk
(m =2 = m_z_];(x m )k, (3.35)

This completes the proof. O

Remark 3.3. It follows also that (2.16) implies that the points A; € o (T') are simple poles of
the resolvent (A — 7)™, and conversely. Lemma 3.5 can be extended without assuming that
(2.16) holds; the general result is similar but more complicated, and is left to the reader (cf. [4,
Theorem VII.3.18]).
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We also use another similar calculation.

Lemma 3.6. Suppose that 1 < R < m and L(R™') < oco. If |A| > R and i(A™") # 1, then

—1=y —k . —k
R VT T R

Proof. Let h = v in (3.21)—(3.23); then
v(z)

=D "v@ = f(2) =bs
for a constant b such that b = W(f) 4 1. Using (3.26), this yields
b
b—1=V(f)= ———%G—KM@1)+m—U
with the solution
m— A

=M= aGh)
Then, for |z| < R, on using (3.35),

_,v®@ 1 k_ ok
I = = U= ho 1))2“ )2 H

4. A first normal convergence result

Let 1 := (9, 11,12, ...), where (nk)go are jointly normal random variables with means
E nx = 0 and covariances (cf. (2.11))

cov(nj, nk) = oji = cov(N;, Ni). (4.1)
Note that, since Ny = 0, no = 0.

Lemma 4.1. Assume that (A1)~(A6) hold, and let i = (n")% . k = 1,2, ..., be indepen-
dent copies of the random vector n. Then, as n — oo, ]omtlyfor all (j, k) with j > 0 and
k>0,

_ 1\'/?
Z \PW i > (1——) m k2 4.2)
m

Proof. First fix k > 0. Given B,_, the vector Bn = (Bn_r. j) ) is the sum of B,_j

independent copies of the random vector N and, by (3.5), the vector Wn k= Wy, ]) 0
is the sum of B,_j independent copies of the centered random vector N -EN. By (3.1) and

(2.9),
B Z,_
R B P ) (4.3)
Zn Zn

In particular, B, — oo a.s., and, thus, B,_; — co. Then, by the central limit theorem for i.i.d.

finite-dimensional vector-valued random variables and the definition of 5,

—-1/2 k
B, Wi >y =0, (4.4)
jointly for any finite set of j > 0. Moreover, by (2.9) and (4.3),
B,_ 1
nok 2% (1 - —)m_k, (4.5)
Zy m

so (4.2) for fixed k follows from (4.3) and (4.4).
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To extend this result to several k, we must take account of the fact that W, ; for different
k are, in general, dependent. For example, conditioned on Z,_; and B,,_1, W,_1 1 determines
By, 1,1 which contributes to B,, and, thus, influences W,, ;. We therefore approximate W, ¢, ;
as follows.

We can assume that, for each k, we have an infinite sequence (N (k, ’))1> 1 of independent
copies of N such that Wn k is the sum ) ;" Bn " N®D of the first B,,_ vectors; furthermore,
these sequences for different k are 1ndependent

Fix J, K > 1 and consideronly j < J and k < K. For 0 < k < K, define

Byg = [mX*B,_g],
ank
) o
Wi =y N&D. (4.6)

i=1
Then, by the central limit theorem, exactly as for (4.4), jointly forall j < J and k < K,

»—1/27 k
B Wiy >l 4.7)

If here we c_ondition on B, _, the left-hand sides for different k are independent; also, by (4.3)
and (2.9), By_i/Ba—i —> 1 for every k. Hence, (4.7) yields, jointly,

B, Wi j >l (4.8)
Moreover, using (4.6),
E((Wa—k,j = Wik, ) | Ba—ks Bu—t) = |Bu—i — Bu—y|var N;,
and, consequently, for every fixed j > 0,k > 0 and ¢ > 0,
—k

=2
ojj€ 2%00.

1—B”
B

n—

_ " _
P(Wu—k.j — Wa—k.jl > 83,1/,1c | Bu—k, Bn—k) <

Taking expectations, we obtain by dominated convergence that, for every j and k, P(|W,, —k,j—

Wik, jl > sBl/z) — 0 for every ¢ > 0, and, thus,

—1/2 ~172

Wk, — B, 1" Waij — 0. (4.9)
Combining (4.8) and (4.9) yields, still jointly for all j < Jandk < K,

—1/2 k
B P Wiy >l

The result follows from this and (4.5), since J and K are arbitrary. O

5. First proof of Theorem 2.1

In this section we assume that (A1)—(A6) hold and also (B), i.e. y, > m~'/2. In other words
(cf. (2.5)), each z € T, satisfies |z| > m~Y2. Hence, we can decrease r so that the disc D,
contains no roots of /i(z) = 1 except m~!, and still » > m~!/2. Then, with R := 1/r and
assuming that (A1)-(A6) hold, y, > m~1/2 s equivalent to the following condition.

(B’) There exists R satisfying 1 < R < m'/2 such that 1(R~') < oo and /i(z) # 1 for every
complex z # m~! for which |z] < R,
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Fix R such that (B) holds and (A6) holds with r = 1/R; note that R may be chosen arbitrarily
close to m'/?. Fix also Ry with R < Ry < m'/?. Then (B’) and Lemma 3.4 show that (3.27)
holds, i.e. ||T”||g%e = O(R}).

Lemma 5.1. Assume that (Al)~(A6) and (B) hold. If R < m'/? then
EllX,lly; < Cm", (5.1)
so, foralln, k > 0,
EX;, < CR *m". (5.2)
Proof. By (3.17), Lemma 3.1, (3.27), and Minkowski’s inequality,

k
1Xall 123, an,, k||Lz||T"(v>||gz<ch<" DIRY = Cm"/zz( 1/2) =Cm"/?.

k=0 k=0
This yields (5.1), and (5.2) follows by (2.13). O
For convenience, define W), j forn < O by W_q; := Wypand W,, ; =0 forn < —1 and

j = 1with (n, j) # (—1, 1). Then (3.8) holds also for n < 0, provided the sum is extended to
00, and (3.17) can be written as

:—ZZW,, k— ]JT (v) (53)

k=0 j=1
For each finite M, define also the truncated sum

M M
== > W j,;T*@). (5.4)

k=0 j=1

Lemma 4.1 implies that, for any fixed M, asn — oo,

- 2 — — i k+j - .
Z, X > 22(1 D2~ DRy D TR G) i 65, (5.5)
k=0 j=1

Furthermore, by (5.3)-(5.4), Minkowski’s inequality, Lemma 3.1, and (3.27), regardmgX and
X n.M as elements of Lz(ﬁ ), the space of 52 -valued random variables with square integrable
norm,
1X0 = Xumll2zy < Do IWakejii 21T @l
k>M or j>M
<C Z r—jm(n—k—j)/ZRllc
k>M or j>M

R\ ( R\
_ n/2 Z 1
k>M or j>M

Since th§ sum on the right-hand side of (5.6) converges, it tends to 0 as M — oo, and, thus,
m"2(X, — Xnm) — 0in Lz(ﬂ%e), hence in probability, uniformly in n. Since Z, /m" 25
Z > 0 (see (2.8)), sup, m" /Z, is an a.s. finite random variable; hence, also

1/2
12,3 S m N -
Zy ]/Z(X,, —Xom) = <Z_> m~"% (X, — Xn.m) 50 asM — oo, uniformly in 7.

n
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Also, the right-hand side of (5.5) converges as M — o0 in LZ(E ), hence in distribution,
since, by (3.9)

E[(nﬁk))zl =varN; < Cr~%/ = CR%,
and, thus, using also (3.27),

— k+ — k+ -
sz (k+J)/2|| ( j)Tk(v)”LZ([Z)_ZZm (k+J)/2||n( ])”LZHTk(v)”g%e

k=0 j=1 k=0 j=1
0o o0
<C Z Z m—(k+j)/2RjR/1<
k=0 j—1
< 0. (5.7)

It follows (see [2, Theorem 4.2]) that (5.5) extends to M = o0, i.e. as n — 00,

7z Vrx, 2 ZZ(] 12 (k+j)/2n;k+j)Tk(z7) in €3, (5.8)
k=0 j=1

The right-hand side is obviously a Gaussian random vector in ¢%, which we write as E =
(%o, ¢1, - . .). Then (5.8) yields (2.14).

It remains to calculate the covariances of ¢;. Letd = (ag, ai, ...) be a (real) vector with
only finitely many nonzero elements. Then, by (5.8),

oo [o.clNe e

5 2 _ (ki k+j o o
> act=(@.5) =~ —m YIS mmEIEE @) G, (6.9)
£=0 k=0 j=I

where the sum converges absolutely in L2 by (5.7). From the definition of nﬁ.k) in (4.1) and
Lemma 4.1,

—kj2 ) g2 (f)) 025 _7§ k- ldwl
covlm om ) =m Sk 00;j; = ojiw W ———————.
( n; n; k,L9ij w112 ij 2rm—1/2

Hence, (5.9) yields

var({a, ¢)) iii & (TE @), aW T4 (@) ~>¢ keti = o4 1AW
— = v),a v),a ojjw w 17
l—m 1 k=0 =0 i=1 .=1 |w|=m—l/2 an 1/2
=7§ Zza,jw o Zw (T*®), a 'dw' (5.10)
jwl=m=112 2mm =172
i=1 j=1
Furthermore, if |w| = m~!/2 then } 72, [lw* T*(®)|| 2 < 00by (3.27), and, thus,
o0
Zwka(ﬁ) =1 —-wTl)"'®). (5.11)

Set A := w!, so |A| = m'/? > R. As in the proof of Lemma 3.3, we use the standard

isometry E%e — lee’ and let f(z) € lee be the function corresponding to (1 — wh)~ @) =
A = T)~L(@). Then (cf. (3.20)-(3.21))

A=f@—Y(Hv@=*r—-T)f(2) =rv(2);
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hence (cf (3.21)—(3.23)),

_,v@
f&)_bx—z

for a constant b such that b = W(f) + 1. By (3.26), this yields

b
b=h=W(f)=———(1=DAG" D +m—1),

which has the solution
Alm — Q)

UED )

Then, using (3.25), for |z| < R,

v(2)

f(z)=bk_Z

_ A < A om )
A=A =AY \A—z m—z

)\' [e )
_ 2=t — om0t
(= = aGD) Z} "o
_ 1 . T N
= @ona Ay & T

Thus, (1 —wT)™' @) = (w — D = a(w))) " (w? —m™%)), and, using (5.11),

Ookk~~_ _ B 1 - et
I;ww @), @) = ((1 —wT) (v),a>_(w_l)(l_ﬂ(w));oag(w m™Y). (5.12)

Hence, (2.15) follows from (5.10).

Finally, by (2.15), the variable ¢ is degenerate only if ¥ (z) = Oforevery z with |z] = m
and, thus, by (2.12), @(z) = [1(z) a.s. for every such z, which, by (2.1)—(2.2), implies that
Nir = i a.s. for every k.

—1/2

6. A martingale

In the remaining sections, we let R := r~! < m1/2 where r is as in (A6), and, by decreasing

r, R can be arbitrarily close to m'/?. Consider again the operator T on E%.
Fix a real vector a € Zi,l (for example, any finite real vector), and write

ar = ax(@) = (T (@), a). (6.1)
Then (3.17) and (3.8) yield
00 n n—~
(Xp,a) =— Z Z Wa—k—j jok = — Z Z We,jotn—j—s. (6.2)
k=0 j=1 =0 j=1
Define
n—=~t
AMy ¢ := Z an—j—e Wy j, (6.3)
j=1
k
My = Z AM, ;. (6.4)
=0
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Then (3.6) shows that E(AM,, ¢ | F;—1) = 0, and, thus, (M, k) _, is a martingale with respect
to (Fi)i. Also, by (6.2), .

(Xn»‘-ﬂ = Mnn (6.5)
Condltloned on Fy_1, the vector (Wp ;); is the sum of B, independent copies of N — EN
where N = (Nj)§°, and, thus, recalling (2.11),

n—{ n—{
Oni :=E(AM, ¢)* | Fi—1) = B¢ Var(Z an—l—ij> = By Z 0ijQn—f—iQp—g—j-
j=1 i,j=1

(6.6)
The conditional quadratic variation of the martingale (M, i), is thus

n
Vi 5—ZQnZ—ZBZ Zaljan £—iOp—¢— /—ZBn L ZUUO[Z i0g—j. (6.7)

£=0 i,j=1 i,j=1
By (2.2), N < rk E(r), and, thus, by (2.11) and the Cauchy—Schwarz inequality,
loijl < r " E[E(r)*] = CR™. (6.8)
7. Second proof of Theorem 2.1

We give here another proof of Theorem 2.1, based on a martingale central limit theorem and
the martingale in Section 6, because with small modifications this new proof also applies to
Theorem 2.2 (see Section 8) and we prefer to present it first for Theorem 2.1. (The proof in
Section 5 does not seem to extend easily to Theorem 2.2.)

Let R and R; be as in Section 5. Then (3.27) and (6.1) show that, for fixed @ and with

C = C(a),
x| < CRY. (7.1)
Consequently, by (6.6), (6.8), and (7.1), since R/R; < 1,
¢
Qn,@ - i+j p2—)—i—j 2(n— 6)
5. Zaljang,angj<CZR R < CR, (7.2)
i,j=1 i,j=1

Hence, by (6.7), (6.6), (3.1) and (2.9), using dominated convergence justified by (7.2) and

R%/m <1,
ﬁ _ Xn: Bn—[ Qn,n—f
n — Zn ané

Zn—t — Zn—t-1
—Z Zm,azlae,

i,j=1

ﬂ) o (a)
oo l

= 2:(m_z — m_Z_l) Z Oij0lg—i0lg—j. (7.3)
=0 i, j=1

We cannot use a martingale central limit theorem directly for the martingale (M, ), defined
in (6.4), because the calculations above show that most of the conditional quadratic variation
V,, comes from the last few terms (cf. Remark 3.1). We therefore introduce another martingale.
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Number the individuals 1, 2, ... in order of birth, with arbitrary order at ties, and let G, be
the o-field generated by the life histories of individuals 1, ..., £. Each Z, is a stopping time
with respect to (¢),, and §7, = F5.

We refine the martingale (M), ), by adding the contribution from each individual separately.
Let 7; denote the birth time of i, and N; ; the copy of Nj for i (i.e. the number of children born
toi at age k). Let

n—rt;

AMn,i = Zan—r,-—j(Ni,j - Mj)a (7.4)
j=1

Then (M, 1), is a () -martingale with M,, oo = My, z, = My, = —(X,,, ) (see (6.3)~(6.5)),
and the conditional quadratic variation

Vo =Y E(AM,)? | i) = Va (7.5)
i
is given by (6.7). Moreover, by (7.4) and (7.1),
0 .
|AM, | <CY R (Nij+ 1) =CRITERTD + AR, (7.6)
j=0

Define the random variable U := E(R; ") + A(R;"). ThenE U? < coby (A6), since R ' < r.
It follows from (7.6) that, for some ¢ > 0 and every ¢ > 0, defining 4 (x) := IE(UZI{U > cx}),
E(IAM, i PHAM | > €} | §i—1) < CR™ P EWUL{U > ceR ")

= CR" R ")

< CR{" ™ h(eR™).
Thus,

n
Y E(AM PUIAM, | > £} | §io1) < C Y BRT" Oh(eR™). (7.7)
i k=0

Finally, normalize A;In,k by defining A7In,k =m"/ ZM,l,k, thereby yielding a martingale (1\71,1’1() «
with conditional quadratic variation

V=Y E(AM,)* | §io)) =m ™"V, =5 02@)Z, (7.8)

1

by (7.5), (7.3), and (2.8). Furthermore, by (7.7),

n
S E(AMPH{AM, i > €} | §im1) < Ch(em"?R7m™ Y BR{" ™, (7.9)
i k=0

which tends to 0 a.s. as n — oo because (ml/le_l)n — 00; hence, h(em"/?R;") — 0, and,
by (2.8) and R? < m,

n k

n n 2
_ 2(n—k - Bk (R
m" E Ble(n ) = m" E Bn_kR%k = E ml;fk <;l> = O,s.(1).
k=0 k=0

k=0
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The martingales (1\71 n,i); thus satisfy a conditional Lindeberg condition, which together with
(7.8) implies, by [6, Corollary 3.2], that, as n — o0, using (7.5),
Mn,n Mn,Zn Mﬂ,zn D .
7= i = S N, 1); (7.10)
Vi Vi

Vn

furthermore, the limit is mixing. (It makes no difference that here we sum the martingale

differences to a stopping time Z, instead of a deterministic k, as in [6].) By (6.5) and (7.3),

this yields R
(X, a)

i 2 N, 02(@)). (7.11)

We evaluate the asymptotic variance o-2(a) given in (7.3) by

o~ (a
@ z Y o

i,j=1
14

= Z Z oijarapl{i +k=j+ p}mii*k

k,p=01i,j=1

. . dz|
_ .. t+k-/+p|—
= Z oljakozp% |2Z Z p—
k.p.i,j lzl=m=1/

_j ldz|
= ﬁl_ml/z Zakz ) ZUIJZ 27'[m—1/2 (712)
T k

~1/2 (and any z with |z| < R™! = r and fi(z) # 1), by (6.1) and

Furthermore, for |z| = m
Lemma 3.6 with A = z 71,

- k_ookk->->_ _ —l2y =y 1 et
gakz —<]§zT(v),a>—<(l 27) <v>,a>—(Z_l)(l_ﬂ(z));am m=h).

(7.13)

By (7.12)—(7.13), o2(a) equals the right-hand side in (2.15). Thus, (7.11) shows convergence
as in (2.14) for any finite linear combination of Z,, 1/ 2Xn‘k, and, thus, joint convergence in
(2.14) by the Cramér—Wold device.

Convergence in Lz(ﬁi) follows from this and Lemma 5.1 (with a slightly increased R) by
a standard truncation argument; we omit the details.

By (2.15), the variable ¢ is degenerate only if X (z) = O for every z with |z| = m~1/2, and,
thus, by (2.12), @(z) = [1(z) a.s. for every such z, which, by (2.1)—(2.2), implies that Ny =
a.s. for every k.

8. Proof of Theorem 2.2

We assume in this section that y,, = m~12 and that (2.16) holds. By Lemma 3.3, the spectral

radius r(T) = y*_i =m'/2, Lemma 3.5 applies with y, = m~ Y2, and, thus, R < ml/?; we
may assume that R > R.
As in Section 6, fix a real vector a € Ei,l and define, using (3.31),
Bi = Bi(@) := (Pi(¥), @) = (v;,a) = Zak(y, m"). (8.1)

Vi (Vl - I)M (%)
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Then, by (6.1) and Lemma 3.5,

q q
= O(RM + ) M(P@).a) =) Birk + 0(RY = om*7). (8.2)
i=1 i=1
Observe that the terms O (+) in (8.2) hold umformly in all a for which ||d|| ez B <1, as does
every term O(:) in this section. For p,t =1, ..., g, define also
ot = Z oijhy
i, j=1

and note that, using (6.8), |A,| = m'/2, and R < m'/2,

£ £
o o . R
Z O'ij)\,;l)\,t J :(T;t+0< Z R1+J(ml/2)—l_f> :U;I_I_ 0<<m> ) (83)
i,j=1 i>f, j>1
Let

£
= Z Ojjly—j0y—j. (8-4)

ij=1
Then, by (8.2) and symmetry, using (6.8) again, |A,| = m'/2, and (8.3),

q q ¢
%ij Z Z IBP)‘ﬁ:l,Bt)\f_'/ + 0( Z Rl+]m(el)/2R€]>

i,j=1 p=11t=1 i,j=1

14
—ia—] ~(
BoBidbal > oijn, a + 0(m'*R)")

Il
MQ
MQ

p=1 =1 i,j=1
9 4q y
=YY BpBirbaiar + 0(m'*R)). (8.5)
p=11t=1
In particular,
= 0(m". (8.6)
It follows from (2.8), (6.7), (8.4), (8.5), and (8.6) that, a.s.,
Vn - Bn—(i
—_ = _SE
B, & = B,

= Zm A 4+ 0(1) + Oas.(D1{n — £ < logn})sy

=0
n
= Zm_zsfg + o(n)
=0
n a4
= Z mt Z Z ﬂpﬂ,ke Xfo;t +o(n)
=0 p=11=I
q 4 VTN
=D BoBioy Y ( p ) + o(n). (8.7)
p=11=1 =0
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Recall that |A,| = [A;] = m!'/2, s0 [ApA/m| = 1, and if A, = A, then Y j_ (A ph/m)" =
n+1, Whlle if A, ;é Ap then Zz o(Ap )L,/m)e O(1). Then, since by (3.1) and (2.8),
B,/Z, - 187 yields

[Vn a.s. ’1(_>)
nZn

m—1 1 B}
> BoBiojd{a = 4p)

t=1

I|
S
MQ

S|
Il
<N

ﬁ,, Za”x el

i,j=1

3
|

M- 1 MQ

1BpI*Z (). (8.8)

I

5\
~
X

We refine the martingale (M, ;) to (M,, k)g as in Section 7, normalizing it now to Mn k=
(nm™)~/ 2M,, k. It follows from (2.8) and (8.8) that the conditional quadratic variation V =

V,/(nm'™) 25 02(@)Z, i.e. (7.8) holds in the present case as well. Furthermore, if we now let
Ry :=m'/?, then (7.1) and (7.6)—(7.7) hold, and it follows that (7.9) is modified to

A

- - |- _
> E(AM PH{|AM, ;| > €} | §i-1) < Ch(en'?)—> " Bim"~*
X nm
i k=0

= Ou.(h(en'/?))

a.s.
0.

Hence, the conditional Lindeberg condition holds in the present case too, and (7.10) again
follows by [6, Corollary 3.2], which now, by (8.8) and (6.5), yields (mixing)

(X, @)
(nZy)1/?
By (8.8) and (8.1), this proves (2.17)—(2.18).
. By (2.18), the variable ¢ is degenerate only if X(y,) = 0 for every p, and, thus, by (2.12),

E(yp) = /:L(Vp) a.s.
As in Section 7, convergence in L2(Z ) follows by a standard truncation argument, using
now Lemma 8.1 below (with an 1ncreased R); we omit the details.

Lemma 8.1. Assume that (Al)—(A6) hold, v, = m~/2, and (2.16) holds. If R < m'/? then,
foralln, k >0,

> N(0, 0%(@)).

EX;, < Cnm"R™* (8.9)

and
E|X,[% < Cnm".
ZR

Proof. By (2.7) , (6.5), (6.7), (8.4), and (8.6),
n
E(X,,a)> =EV, = EY " By_gse < Cnm",

=0
uniformly for [|a||,2 = 1. Settinga = Rk(Skj)j yields (8.9). Applying (8.9) with R replaced
—
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by some R’ for which R < R’ < m!/?,
o] 00 R 2k
E X, ||Zz —ZRzkEXﬁ’kSCnm”Z<ﬁ> = Cnm". O
k=0 k=0

9. Proof of Theorem 2.3

Assume now that y, < m~!/2. By Lemma 3.3, the spectral radius r(T) = yvil> ml/2 We
apply Lemma 3.5, assuming as we may that R > m!/2, (Otherwise we increase R keeping
R <vy- ~1.) Hence, by (3.29),

q q
TH@) = Ty (@) + Y M P@) = Ty @) + Y A,
i=1 i=1
Then, by (3.17),

=—Zwk(TPo)" ‘@) - ZZA” Wi (9.1)

i=1 k=0
Recall (3.8) and let

- oo o0 o0 o0 .
U==> yfWi==Y a7 We==3>" 0" wy (9.2)
k

-0 k=0 (=0 j=1

1/2

noting that, by Lemma 3.1 and |y;| = y < m™'/~, the sum converges in L? and

n 9]
HU,»+ZA,."Wk < ) Clul™m*? < Cum'/2y". (9.3)
k=0 2 k=ntl

Furthermore, by Lemma 3.1 and (3.30), since R> m/2,

n n
<Y Wil TP @)llp < €Y m?R™* < CR".
e 2 IWilz I, <€
R k=0 k=0

(T Po)" % ()

(9.4)
By (9.1), (9.3), and (9.4), defining U; := (y; (yi — D)/ (y:)) "' U; so, by (3.31), U; v; = Ujii;,
. 7\ " ~
Ve Xn — Z(M—l') Ui Z){kaﬁi + Uiv;

i=1 ! k=0
< C(R)" + Cyum')"
< COuR)". (9.5)

q
npn 2 :
2092 = Cy* R + X
L (ER) i=1

L2(6%)

Since y*R < 1, this shows convergence in L2(€ ) in (2.19), and convergence a.s. follows by
(9.5) and the Borel-Cantelli lemma.

We have E U; = E U; = 0 by (9.2) since E Wy = 0 by (3.6)—(3.8). Furthermore, Wy x =
Box — ux = Nk — g, while E(W, x| $y) = 0 for n > 1 by (3.6); hence by (3.8),
E(W, | o) = Wy, = Ny — [n, and, thus,

E(U; | F0) == > v} (Ne — ) = =€) + ().
k=0

Thus, U; is degenerate only if E(y;) is so.
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10. A stochastic integral calculus

The limit variables ¢ in Theorems 2.1 and 2.2 can be interpreted as stochastic integrals of
certain functions (‘symbols’). This interpretation leads to a useful symbolic calculus. There are
also some partial related results for Theorem 2.3. We consider the three cases in Theorems 2.1—
2.3 separately.

10.1. The case y, > m~1/2

Assume throughout this subsection that Theorem 2.1 applies; in particular that y, > m~1/2.
Let v be the finite measure on the circle |z| = m~!/? given by
m—1 _ N _ |dz]|
dv(z) i= —— |1 = 2| 7°|1 = 4@ @) — 7. (10.1)
m 2rm—1/

and consider an isomorphism £ : L(v) — # of the Hilbert space L2 (v) into a Gaussian Hilbert
space #, i.e. a Hilbert space of Gaussian random variables; { can be interpreted as a stochastic
integral (see [8, Section VIL.2]). Here we let L?(v) be the space of complex square-integrable
functions, but regard it as a real Hilbert space with the inner product (f, g), := Re [ fgdv.
Then (2.14)—(2.15) can be restated as

Zn_l/zXn,k LY Lk = l(zk — m_k) asn — 0o, jointly for all £ > 0. (10.2)

This yields a convenient calculus for joint limits as the next three examples illustrate.

Example 10.1. Let k, £ > 0. Then, by (2.10),
Xn—tk = Xn ke — m =X, 0,

and, thus, recalling (2.9), jointly for all k, £ > 0,

—1/2 —
Zn_é Xp—ok = m*? (oo —m™*¢y)

= m' 24K — mY
¢ -
= 4(@m'?) & = m™). (103)
Denoting this limit by g“(e), we have of course ;“k(e) = 1, which corresponds to the fact that
|zm!/2|¢ = 1 on the support of v. More interesting is the joint convergence

—1/2 —1/2
Z7 P Xk, Z, P X i) = @, 2O,

with covariance

cov(Lk, Ck(e)) = (ZF —m7F, (Zml/z)e(zk —m ),

- Re/ (zm")" 128 — k2 dv. (10.4)
lel=m=172

Equation (10.1) shows that the measure v is absolutely continuous on the circle |z| = m /2.

The change of variables z = m~1/2¢'? yields (zm!/ 2)Z = ¢!’ and the Riemann—Lebesgue
lemma shows that, for every fixed k, cov (¢, gk(e)) — 0 as £ — oo. Roughly speaking, X, ¢ x
and X, x are thus essentially uncorrelated when £ is large, which justifies the claim in Section 2
that there is only short-range dependence in this case.

https://doi.org/10.1017/apr.2018.76 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.76

166 S. JANSON

Example 10.2. We can define X, by (2.10) also for k < 0. Then the calculations in
Example 10.1 apply to any £ > 0 and any k > —¢. In (10.3) replace n by n + £, so, for
any fixed ¢, as n — 00,

_ )4 _
Zo P X0k S 2(@m'D (@ = mhy),

jointly for all k > —¢. Since the factor (zm!/ 2){Z does not depend on k and has absolute value 1,
this means (by changing the isomorphism J{) that (10.2) holds jointly for all K > —£. Since ¢
is arbitrary, this means that (10.2) holds jointly for all £ € Z. Hence, (2.14)—(2.15) extend to
all k € Z, as claimed in Remark 2.1.

Example 10.3. From (2.10),
M Zyyj —m I Zs o = m T X 1.
Hence, by Lemma 5.1, for j > 0,
lm™ Zpyj —m ™7 Zyy jpalla < C ™I OHIADR = o272, (10.5)
Summing (10.5) for j > £ we obtain, recalling (2.8),
lm ™ Zuge —m"Z|y < Cm">~4/2

forn > 1 and £ > 0. Hence, as £ — o0, ml_f’/2(m_£Zn+g —m"Z) — 0in L2, and, thus,
in probability, uniformly in n. Since Z,/m" i, 0, and, thus, sup, m"/Z, < oo a.s., it
follows that, still uniformly in #,

Zi P Zyy —m"2) 50 as € — oco. (10.6)
Define the random variables
Yoo =20 2 Zy—m Zpie) = =2, Pm X e, €= 0.
Then, by (10.2) and Example 10.2, for every fixed ¢,
Yoo = —m e g =01 -m %% asn— occ. (10.7)
Also, by (10.6), Yy ¢ LN Z;l/z(Zn —m"Z) as £ — oo, uniformly in n. Finally, |mz| =
m!'/2 > 1 on the support of v, and, thus, 1 — (mz)~f > 1in Lz(v) as £ — o0; hence,

41 —=m~tz7% = 4(1) as £ — oo, in L? and, thus, in distribution. It follows that we can let
£ — o0in (10.7) (see [2, Theorem 4.2]), leading to

Z 2z, —m"Z) > 1(1) asn — oo.
The convergence here and for all ¥ > 0 in (10.2) holds jointly. Hence, jointly for all k € Z,
-1/2

Zy P (Zk —m"*Z) = 2, P Xk +m (2 — m"Z)) > 4. (10.8)

Conversely, (10.2) follows immediately from (10.8).
In the Galton—Watson case (Example 2.1), (10.8) is equivalent to the case ¢ = 0 of [7,
Theorem (2.10.2)].
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10.2. The case y, = m~1/2

Assume now that Theorem 2.2 applies; thus, y, = m~ 12 and (2.16) holds. Here let v be
the discrete measure, with support I,

q
V() = (m = 1)Y=y, I ) P E )8y, (),
p=1

and consider an isomorphism I of L2(v) into a Gaussian Hilbert space as above. Then (2.17)—
(2.18) can be stated as (10.2), with the normalizing factor changed from Z, /? to (nZ,)~'/2.
With this changed normalization of X, ¢, all results in the preceding subsection hold, with one
exception: the measure v now has fixed finite support, so there exists a sequence £; — 00
such that (zml/z)ej — las j — oo for every z € supp(v) = I'y; hence, (10.4) implies that
lim sup,_, o, corr(Lk, gk(z)) = 1. Hence, while the convergence in (2.18) is mixing so there is no
dependence on the initial generations as in the case y, < m~1/2, there does exist dependence
over a larger range than in the case y, > m~/2.

Moreover, each ¢, now belongs to the space spanned by ¢1, . . ., &y, typically g-dimensional;
this yields the linear dependence of the limits ¢ claimed in Section 2.

Example 10.4. In the simplest case, [y, = {—m1/2} (see Example 2.2 for example). Then

& = (=D*m=%2 — m=*)¢ for some ¢ ~ N (0, v{—m'/?}) and all k € Z.

Furthermore, zm'/2 = —1 on supp v, and, thus, (10.3) yields {,5[) = (—l)lg“k; in particular,

;‘k(e) = ¢ for every even /.
10.3. The case y, < m~1/2

In this case, there is no limit, but we can argue with the components of the approximating
sum in (2.19) in the same way as with ¢ in Examples 10.1-10.2, and conclude that (2.19),
interpreted componentwise, extends also to k < 0, as claimed in Remark 2.1. We omit details.

11. Random characteristics

A random characteristic is a random function x (¢): [0, 00) — R defined on the same
probability space as the prototype offspring process E (with x(t) = 0 for t < 0); assume
that each individual x has an independent copy (Ey, xx) of (E, x), and interpret x,(¢) as the
characteristic of x at age ¢. Consider the lattice case as above. Denoting the birth time of x by
Ty, define

Zr = Y -, (11.1)

{x: tx<n}

the total of the characteristic over all individuals at time n (see, e.g. [7, Chapter 6] for more
detail). We make the following assumption.

(C) There exists Ry < m'/2 such that E[x k)?] < CR%k for some C < oo and all k£ > 0.

Define

Yo E x(k) fork >0,
k 0 otherwise,

o0
A () =) A, (11.2)
k=0
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o0
M= (1—m YA m™) =D (™ = m L, (11.3)
k=0
Kjk :=cov(x(j), Ni).
Note that (C) implies that
W =|Ex(k)| < CRS, (11.4)

implying in turn that the sum in (11.2) converges absolutely at least for |z| < m~!/2, and,

hence, the sum in (11.3) converges absolutely.
Decompose the characteristic into its mean )\,)C( = E x (k) and the centered part

X (k) == x(k) —E x (k) = x (k) — A{,

and define

V= Y = Y ek -aH= > xk)—ilB,

{x: ty=n} {x: 7y=n} {x: 7y=n}
Then (11.1) implies that
- o0
zX—ZVnkk_Z ke Z( ek FABu) = ZF 4+ M By
k=0
Recalling (2.10), (3.1), and (11.3), leads to the decomposition

o
— M Zy=ZF+ Y M Buk — mF —m™* Nz,
k=0

%)
+ Z)\;{( (Xn,k - Xn,k+l)

k=0

I
N
=X

n
=Zy+ Z()‘l)c( =MD Xnk
k=1
= ZX 4+ (X, AXY), (11.5)

where ALY is the vector (A — Ak Dig- Here AN € £2 _, by (11.4), and, thus, the asymptotic
behaviour of (X s ARX ) is given by Theorems 2.1-2.3.

The term Z,)f in (11.5) is asymptotically normal after normalization, for any value of y,, as
shown in the next theorem in which the assumption E x (k) = 0 is equivalent to x = x.

Theorem 11.1. Assume that (Al)—(A6) and (C) hold. If E x (k) = O for every k > O then, as

n— 00,
-1/2

Z, 1tz 2 px (11.6)

for some normal random variable £ X with mean E ¢* = 0 and variance

var(cX) = mT_lzm—k var(x (k)). (11.7)

k=0
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Before proving Theorem 11.1, note that, when y, > m~1/2, Theorems 11.1 and 2.1 show
that in (11.5) each of Z; and (Xn, AAX> is asymptotically normal after normalization by
Z,]/ 2, Indeed, as shown below, in this case the two terms are jointly asymptotically normal,
leading by (11.5) to the following extension of Theorem 2.1 which is the deterministic case
x (k) = ngkaj'

Theorem 11.2. Assume that (Al)—(A6), (B), and (C) hold. Then, as n — o0,

Zi Pzr =3z > ¢

for some normal random variable £ X with mean E ¢ X = 0 and variance as in

mvar(¢*) S
T = 2m var(e@)

k=0

(1= DA — 1 5§ a1t
— 2 i
jézl—mlﬁ (z— DA - f(z) Z ZK/qZ P —)
(1 —2)AX(2) — Ax|2 j |dz|
" jﬁ'_’”l/z 11—z 11 = A2 Z SR v— (11.8)

Remark 11.1. In both Theorems 11.1 and 11.2, joint asymptotic normality for several charac-
teristics, with a corresponding formula for asymptotic covariances, follow by the proof, or by
the Cramér—Wold device.

Proofs of Theorems 11.1 and 11.2. We use results from Section 5, and assume as we may
that R is so chosen that Ry < R < m!/2.

Given B,,_p, Vn Kok is the sum of B,,_ independent copies of x (k) = x (k) — E x (k). Then
using (C), (2.7), and B,,_y < Z,,—,

E[(V,  )°1=EIE (V) )* | Bui] = var(x(k))E B, < Cm" *R3*,

and, using (11.4) and Lemma 5.1,

R, 2k
B[O Xk = Xn i)’ < CRIEX;  +EX7 1)) < Cm” (?) _

Because Ry < R < m!/2, it follows by standard arguments that on replacing x by the truncated
characteristic yx (k) := x(k)l{k < K}, theerror Z, /*(Z) — X Z, — (ZXX — )% Z,)) tends
to 0 in probability as K — oo, uniformly in n, and, consequently (see [2, Theorem 4.2]), it
suffices to prove both theorems for the truncated characteristic xx. Hence, in the sequel we
can assume, with a change in notation, that, for some K < oo, x(k) = 0fork > K.

Let & = (99, P1, ...) be a random vector such that (5, 1) is jointly normal with mean 0
and covariances given by (4.1) and

cov(®;. ) = cov(x (). x (K)).

cov(Pj, mk) = kjk = cov(x (j), Ni). (11.9)

Let (5(k), 7 (k)) be independent copies of (5, 17). The proof of Lemma 4.1 extends to show that
(4.2) holds jointly with

e S B U ar L 1) (11.10)
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Summing (11.10) over k < K, we obtain

o
Z, P78 S o= (1= mm )Y k2 (11.11)

k=0

which yields (11.6) and (11.7) in the case x = x; recall that the terms z?,ﬁk) are independent.
This completes the proof of Theorem 11.1.

It remains to prove Theorem 11.2, so assume that (B) holds. We have just shown that (4.2)
holds jointly with (11.10). Hence, by the proof in Section 5, (5.8) holds jointly with (11.10)
for all k, and, thus, also with (11.11). Consequently, by (11.5),

Cl— —1/2
(1 —m™ Y72z, V2 (zx — 32 Z,)
o0 o0 o0 .
3) Zm_k/zﬂlgk) _ Z Zm_(k+j)/2n§k+])<Tk(ﬁ)v A)\.X)
k=0 k=0 j=1
=: A; — Ay, say.

Here, A; and A are jointly normal with means 0. It remains to calculate var(A; — A3). The
terms in the sum defining A are independent, so (cf. (11.7) and (11.11))

var(A)) = Zm_k var(%) = Zm_k var(x (k)); (11.12)

k=0 k=0

this yields the first term in (11.8), In Section 5 we calculated var(A;) (see (2.15) and (5.10)),
and this yields the last term in (11.8), using >, (A — A}_)z¥ = (1 — 2)A%(z) and (11.3).
Finally, using (11.9) and (5.12),

cov(Aj, Ap) = sz kD (TR (@), AR

k=0 j=1

0o 00 |dz|
- (T* (@), AXX) ?§ Y ey j—s

;}; lz|l=m—1/2 % 2am—1/2

RPN |dz|
= 1—z7)" (@), AXX) Iz
|z\=m—1/2<( zT)™ (v), %le < Kﬁjz m—1/2
j

_7§ (1 —2)A%(z) = (1 =m HAXm™")
~ Jiem12 (z — D(1 — 4(2))

|dz|
XZZZZKZJZ 12 (11.13)

=0 j=1

Combining (2.15), (11.12), and (11.13), and recalling (11.3), result (11.8) follows. [l

Theorem 11.2 yields asymptotic normality of Z} when y, > m~!/?, and Theorem 11.1
shows the same for any y, in the special case that E x (k) = 0 for every k. It remains to consider
the case that)\,)f =E x (k)_# Oforsomek and Ye <m~ Y2 Ify, = m~1/2 and (2.16) holds, then
Theorem 2.2 shows that (X,,, AAX Y/NnZy, Y N(0, 02), where o2 is givenby (2.18) ando? > 0
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except in degenerate cases. Since Theorem 11.1 implies that Z; /+/nZ, = 0, it follows from
(11.5) that (Z} — AXZ,)//nZ, = N(0,c?). Similarly, if y, < m~'/2 then Theorem 11.1
implies that y* ZX 2 0, and (11.5) shows that ZX — AX Z,, has the same oscillatory asymptotic
behaviour as (f( " AXX ), given by Theorem 2.3.

Summarizing, if y, < m~!/? then the randomness in the characteristic x only gives an effect
of smaller order than the mean E x, and unless the mean vanishes (or the limits degenerate),
Z) has the same asymptotic behaviour as if x is replaced by the deterministic E yx, which is
treated by Theorems 2.2 and 2.3.

Example 11.1. In this paper we have for simplicity assumed (A4), that there are no deaths.
Suppose now, more generally, that each individual has a random lifelength ¢ < oo, as usual
with i.i.d. copies (2, £x) for all individuals x. The results in Section 2 apply if we ignore
deaths and let Z,, denote the number of individuals born up to time #, living or dead. Moreover,
the number of living individuals at time n is Zj, for the characteristic x (k) := 1{¢ > k}.
Similarly, for example, the number of individuals living at time n — j is 7Y with

xjk) :=1{ >k—j=>0}L
The analogue of X, ; in (2.10) but counting only living individuals is thus given by zy _mijx,
and results extending Theorems 2.1-2.3 without assuming (A4) follow. We leave the details to
the reader.
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