
ON TOPOLOGICAL INVARIANTS OF THE PRODUCT OF GRAPHS 

M. Behzad and S . E. Mahmoodian 

( rece ived June 28 , 1968) 

1. In t roduct ion . We cons ide r o r d i n a r y g r a p h s , that i s , f in i te , 
und i rec ted g raphs with no loops or mul t iple l i ne s . The p roduc t (a lso ca l led 
c a r t e s i a n p roduc t [4]) G X G of two graphs G and G with point s e t s 

X. Là X. Li 

V and V , r e s p e c t i v e l y , has the c a r t e s i a n p roduc t V X V as i t s set of 
1 2 1 2 

po in t s . Two points (u . u_) and (v , v_) a r e adjacent if u = v and 
1 2 1 2 1 1 

u i s adjacent with v or u = v and u is adjacent with v . In th i s 
2 2 2 2 1 1 

note we inves t iga te the c h r o m a t i c n u m b e r s , p l ana r i t y and t r a v e r s a b i l i t y 
(often r e f e r r e d to a s topologica l i nva r i an t s ) of G X G . 

JL L\ 

1 2 ^1 
2. Nota t ions and Defini t ions . L.et V M = { v . v . . . . , v } , 

1 1 1 1 

1 2 ^2 
V = { v , v , . . . , v } , and let q . denote the n u m b e r of l ines of 

Là Là C, Cd 1 

G., i = 1, 2. The graph G X G has p p po in ts and p q + q ~ P 
I \ Lt \ u x. Là Lt x. 

l i n e s . Th is graph which i s i s o m o r p h i c with G X G conta ins p dis joint 

1 2 P 2 
" h o r i z o n t a l " copies G , G , . . . , G t ( o r d e r e d f rom top to bot tom) of 

1 1 1 
1 2 P l 

G and p , " v e r t i c a l " copies G _ , G 0 , . . . , G_ (o rde red f rom left to 
I I ù L. Là 

r ight ) of G . A ho r i zon ta l copy G and a v e r t i c a l copy G have only 
U X. Là 

one point (v ^ , v ) in common , 

The (point-) c h r o m a t i c n u m b e r x ( ^ ) °^ a g r a P ^ G ^s t n e m i n i m u m 
n u m b e r of c o l o r s r e q u i r e d to color points of G in such a way that no two 
adjacent points have the s ame c o l o r . The line - c h r o m a t i c n u m b e r Y/ (G) 
i s defined s i m i l a r l y . The t o t a l - c h r o m a t i c n u m b e r x" (G) of G [1] is 

* R e s e a r c h suppor ted in p a r t by a g ran t f rom the Office of Nava l R e s e a r c h . 
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the minimum number of colors required to color the elements (points 

and lines) of G in such a way that no two adjacent elements (two points 

or two lines) and no two incident elements (a point and a line) have the 

same color. 

A graph is planar if it can be drawn in the plane with no lines 

crossing. 

A graph G is called hamiltonian if it contains a cycle passing 

through all points of G . A connected graph G is called eulerian if 

the degree of (that is, the number of lines incident with) every point 

of G is even. 

3. Chromatic Numbers. In this section the point, line and 

total-chromatic numbers of G, X G are investigated. By a proper 
1 2 — 

coloring of, for example, points of G is meant an assignment of colors 

to points of G in such a way that adjacent points receive different colors. 

The color of an element e of G will be denoted by c (e) . The notation 

c (u, v) will be used for the color of the point (u, v) . 

THEOREM 3. 1. X{C± X Q^ = max {X(G ) , x(G
2>} • 

Proof. Assume, without loss of generality, that y(G ) > y(G ). 

1 
Color the points of G with colors 1, 2, . . . , y (G ) properly and 

1 1 

1 1 1 
suppose c(v , v ) = 1. Then color the points of G_ with colors 

1 Z 2 
1 1 

1, 2, . . . , y (G _ ) properly in such a way that c ( v , v ) = 1 . Now 
2 1 2 

color the point (v , v h i, j > 1, with color m + n - 1 mod (y (G ) ) , 
1 2 1 

1 i j 1 
where m = c ( v , v ) and n = c ( v , v ) . In order to show that this 

1 2 1 2 

coloring is a proper coloring of points of G X G it suffices to consider 

two points with the same first and with the same second entries. 

$. s S. t 
Let, for example (v , v ) and (v , v ) be two adjacent points 

1 2 1 2 

i s 
of G X G . We have c(v , v ) = r + w - l mod (y ( G ) ) and 

J. Ci J. Là 1 

i t I s 
and c ( v , v ) = v + w - l mod (y ( G . ) ), whe re c ( v , v ) = r , 

i l I t I s 
c ( v , v ) = w, and c ( v , v ) = v . C l e a r l y ( v , v ) and 

1 L\ 1 U 1 Ù 

, 1 t 1 
\ v . ' v 2 ) are adjacent in the subgraph G of G X G ? . Hence r f v . 
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i s i t 
This implies c ( v . v 0 ) # c ( v , v ) . 

I d 1 2 

Let max de g G denote the maximum degree among the degree 

of points of G. Concerning x' (G), Vizing [5] has shown that 

max deg G £ x1 (G) £ max deg G + 1 . Since max deg G X G = 

max deg G + max deg G we have 

T H E OREM 3. 2. max deg G A + max deg G^ < yf (G, X G0 ) < 
° 1 2 — 1 2 — 

max deg G + max deg G + 1 . 

If the line-chromatic number of G . , i = 1, 2, equals its maximal 

degree, we shall show xf (G X G ) equals the maximal degree of 
1 £* 

G 1 X V 

THEOREM 3. 3. Suppose x
! (G. ) = max deg G. , i = 1, 2 . 

Then x1 (G X G ) = max deg G + max deg G . 
L £> 1 £ 

Proof. Clearly x
! (G J + X ! ( G

? ) < X? (G X G ). The converse 

is true for every pair of graphs G t and G0 . To see this color the lines 
1 2 

of each horizontal copy properly with colors 1, 2 , . . . , x' (G ) and each 

vertical copy properly with colors Y/ (G ) + 1, X* (G ) + 2, . . . , 

x' ( V + x ' ( G 2 ) . 

Assuming x* (G.) = max degG. + l, i = l, 2, one might think 

X1 (G X G ) = max deg G + max deg G + 1 . In Fig. 1 G and G 

are taken to be K - x, where K is the complete graph of order n 
5 n 

and K - x denotes K minus one line. y! ( G ) = y! (G_) = 
n n ^ 1 ^ 2 

max deg G + 1 . But x1 (G x G
9 ) i s shown to be max deg G + 

1 1 " 1 
max deg G. = 8 . The graph (K - x) X (K - x) is the smallest graph 

2 5 5 

with the above property. 

Given two graphs G, and G_ we have v ( G j < v"(G_) or 
1 ù 1 — L 

X < G 2 » 1 X * ' ( G 1 ) . S u p p o s e X ( G J > x " ( G 2 ) • T h e n x " ( G ^ > 

X ( G 1 ) > X " ( G 2 ) > X ( G 2 ) i m p l y X ( G . , ) < x " ^ ) ' 
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Fig. 1 

THEOREM 3. 4. If v ( G J < v" ( G J , then max de g G j + 
1 — Z — — 1 

maxdeg G., + 1 < X " & ±
 x G.,) < X " (G^ + x' (G^ . 

Proof. The first inequality is obvious. Color the elements of 
1 

G and the lines of each horizontal copy properly with colors 

1, Z, . . . , X(G1) , . • • , X
M (G2) and colors x» (G2> + 1 , 

XI!(G )+ 2 , . . . , XH(G
2) + X1 (GJ> respectively. Suppose 

1 1 1 c ( v > v ^ ) = 1 • Then color the points of G with colors 
1 Z 1 

1 1 
1, 2 , , , . , Y(G ) properly in such a way that the point (v , v ) 

1 1 Z 

receives color 1 . Next, consider G_, j = 2 , . . . , p and let e be 
Z 1 

160 

https://doi.org/10.4153/CMB-1969-015-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-015-9


1 1 
an e l e m e n t of G . To e c o r r e s p o n d s an e l emen t e1 of G . Let 

j 1 
c (e) = c (v , v ) + c (e1 ) - 1 mod (y" (G ) ) . Now it is an e a s y m a t t e r 

to check that th is co lo r ing is a p r o p e r co lor ing of the e l e m e n t s of 
G X G_; comple t ing the proof. 

1 2 

R e m a r k s , (i) The bounds given in T h e o r e m 3 . 4 cannot , in 
g e n e r a l , be i m p r o v e d . That i s , for two posi t ive i n t e g e r s m and n 
t h e r e ex i s t two g raphs G and G with y1 (G ) = m , x" (G ) = n, 

and x"(G, X G_) = Y ! (G ) + Y " ( G J . In fact , let G = K and 
1 2 1 2 1 1 , m 

G^ = K , where K denotes the comple te b ig raph of o r d e r 
2 1, n - 1 m , n 

m + n . Incidently, for t hese g raphs m a x de g G + m a x de g G + 1 
X £ 

equals v" (G X G . ) , too . 
1 2 

(ii) The second inequal i ty in the t h e o r e m cannot be changed to an 
equal i ty as can be seen by c o n s i d e r i n g C X C , w h e r e C , n > 3 , 

4 4 n — 
denotes the cycle of length n . 

(iii) It was conjec tured by one of the a u t h o r s [1] that for any 
g raph G m a x deg G + 1 £ yj1 (G) < m a x deg G + 2 . This con jec ture 
has been p roved to be t r ue for many spec i a l c l a s s e s of g raphs [ 1 , 3 ] . 
However , T h e o r e m 3. 4 t oge the r with the t h e o r e m of Vizing s ta ted 
e a r l i e r imply that if the conjec ture is t r ue for p r i m e g r a p h s , then for 
a compos i t e g raph G the n u m b e r m a x deg G + 3 is an upper bound 
for X » ( G ) . 

(iv) If X ( G 1 ) < X " ( G 2 ) and X ( G 2 > < x ' M G ^ , then 

X , , ( G 1 X G 2 ) < min { / ' ( G . , ) + x ' ( G ^ . x " ^ ) + X ' ( G
2 » • 

4. P l a n a r i t y . Without loss of gene ra l i t y , in th i s sec t ion , we 
c o n s i d e r only connected g r a p h s . F o r G^ , G 4 { K , K } we have 

1 2 1 2 

THEOREM 4 . 1 . If G . G 0 i { K . K o } , then G X G 0 is 
— 1 L 1 2 1 2 — 

p l a n a r if and only if both a r e pa ths or one i s a path and the other i s a c y c l e . 

Proof . If G and G _ a r e both pa ths or one is a path and the 1 2 
o ther i s a cyc l e , then it i s c l e a r that G X G is p l a n a r . In o r d e r to 

1 2 
p rove the c o n v e r s e we cons ide r two c a s e s . 

(i) G , for example , has a point of deg ree t h r e e . Then K 
1 1,3 

161 

https://doi.org/10.4153/CMB-1969-015-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-015-9


is a subgraph of G and K is a subgraph of G . The g r aph 

K , „ X K t „ which i s h o m e o m o r p h i c with K i s a subgraph of 
1,3 1,2 r 3 ,3 B ^ 

G X G . Hence by a wel l -known t h e o r e m of Kura towsk i — a g raph 
1 ^ 

G is p l a n a r if and only if it has no subgraph h o m e o m o r p h i c wi th K or 
5 

K — G X G is not p l a n a r . 

(ii) Both G and G a r e c y c l e s . It i s not difficult to show 

that C X C con ta ins a subgraph h o m e o m o r p h i c with K „ in th i s 
m n 3 , 3 

c a s e , too . Hence , in o r d e r for G X G^ to be p l a n a r n e i t h e r f a c t o r s 
1 2 

can have a point of d e g r e e t h r e e nor both can be c y c l e s ; imply ing the 
t h e o r e m . 

In T h e o r e m 4. 1 we a s s u m e d that G 1 , G J { K , K } . If 

G- = K , then c l e a r l y G X K is p l a n a r if and only if G is p l a n a r . 
2 1 1 1 1 

Before we study the c a s e G = K , we c o n s i d e r o u t e r - p l a n a r g r a p h s . 

A g raph G is said to be h o m e o m o r p h i c f rom a g r a p h H if G 
is obtained f rom H by i n s e r t i n g poin ts (of d e g r e e 2) on some l ines of 
H. An o u t e r - p l a n a r g r a p h i s a g raph G which can be embedded in the 
plane so that e v e r y point of G l i e s on the e x t e r i o r r eg ion . C h a r t r a n d 
and H a r a r y [2] have c h a r a c t e r i z e d o u t e r - p l a n a r g r a p h s as those g r a p h s 
which do not conta in subg raphs h o m e o m o r p h i c f rom K or K . 

LEMMA. If G is an o u t e r - p l a n a r g raph , then G X K is_ 
p l a n a r . 

Proof . F r o m the definition of o u t e r - p l a n a r g r a p h s it can be 
a s s u m e d that e v e r y point of an o u t e r - p l a n a r g r aph l i e s on a c y c l e . Th i s 
and the fact tha t C X K is p l a n a r imply the l e m m a . 

n 2 

THEOREM 4 . 2 . G X K i s p l ana r if and only if G does not 

contain a subgraph h o m e o m o r p h i c f rom K o_r K . 

Proof . Since K X K (K X K ) h a s a s u b g r a p h h o m e o -
— — — — — 4 " Ld y 3 Ce 

m o r p h i c with K (K ) the p roduc t of a g raph h o m e o m o r p h i c f rom 

K (K ) and K wi l l have a subgraph h o m e o m o r p h i c with 

K , (K , r e s p e c t i v e l y ) too . Hence by Kura towsk i 1 s t h e o r e m if 
5 3 ,3 

G has a subgraph h o m e o m o r p h i c f rom K or K , then G X K 
4 ^, 3 c\ 

is not p l a n a r . The p r e c e d i n g l e m m a i m p l i e s the c o n v e r s e . 
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5. Travers ability. An important notion in graph theory is that 

of hamiltonian. No one has found yet a criterion for graphs having a 

hamilton cycle. Before we give conditions under which G X G is 

hamiltonian, it might be of value to mention that G X G is eulerian if and 

only if points of G and G_ are of the same parity and both are connected. 

THEOREM 5.1. Let G and G_ be two graphs having spanning 
1 2 a s 

paths. Then G X G_ is not hamiltonian if and only if both have an odd ^ 2 

number of points and none has an odd cycle. 

Proof. Assume that 2m + 1 and 2n + 1, m and n positive 

integers, are the orders of G and G_ , and that 
1 2 

r 1 2m+l, J „ r 1 211+1, , . 
P = { v , . . . , v } and P = \ v o ' * " " ' V 2 ' a r e t h e i r 

spanning paths, respectively. Suppose neither G nor G has an 

odd cycle. Moreover, assume that G X G is hamiltonian. The 

length of a hamilton cycle C of G X G is odd. Draw G X G 

in the plane in such a way that the lines of spanning paths P (P?) in 

all copies GJ (GI) of G , X G_ are horizontal (vertical) and that 
1 2 1 2 

neither a line of G t (Gl) crosses a line of G J (G _) for 
1 2 1 £ 

i / k ( j / i , respectively) nor a line of G crosses a line of G more 

than once, for i, k = 1, 2, . . .., 2m + 1; j, £ - 1 , 2 , . . . , 2n + 1 . Draw 2n 

i i+1 
horizontal (2m vertical) lines "between" G, and G. , i = 1, 2 , . . . , 

1 1 
i 1+1 

2n (G and G , j = 1, 2, . . . , 2m) . The number of times the lines 
Lé £* 

of C cross each of these horizontal (vertical) lines is even. Since there 

are 2m + 2n horizontal and vertical lines, the length of the cycle C must 

be even, a contradiction to our assumption. 

For the converse we need to consider the following cases. 

(i) Suppose the order of G or G is even. It is easy to 
1 2 

see that the product of two paths is hamiltonian if at least one has odd 
length. Hence the assertion is true in this case. 

(ii) Suppose the order of G and G. is odd, and one, say 
1 2 

G , has an odd cycle. To complete the proof of the theorem, it suffices 
1 

to show that G X G0 is hamiltonian if G, is a path of order 
1 2 1 

163 

https://doi.org/10.4153/CMB-1969-015-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-015-9


2m + 1 wi th 2m -I- 2 l ines having a cyc le C of odd length and G 

is a pa th of o r d e r 2n + 1 . 

R e m o v e the l ines of C f rom G to obtain two pa ths P and 
1 1 

P and a se t of i so la t ed po in t s . (In g e n e r a l P or P migh t be an 
2 1 £• 

i so la ted point , too ; in which case it wil l be c o n s i d e r e d a s a path of 
length z e r o . ) The length of these pa ths a r e of the s a m e p a r i t y . According 
to t h e i r length two c a s e s m u s t be s tudied . 

(i) The length of P and P is odd. 
j . £ 

(ii) The length of P and P is even. 
1 2 

Ins tead of wr i t i ng a t ed ious proof for our a s s e r t i o n we show a 
method of finding a hami l ton cycle for each ca se in the following f i g u r e s . 

COROLLARY. If G and G 0 a r e hami l ton ian , then G X G . 
— 1 2 1 2 

is h a m i l t o n i a n a l s o . 

w o #—^ ^ ^ „ * „—fs 0—9_ ___# ^ c p—^__<J—^ . > _. c— ( r c $ 

4 o — • — • c © 6» o — • « * * - c , c * « — m » — o - — — - c c r-—ç c 

, 1 ] 

- • — * —» » » — «V—• - - © ^ - O ©~ — • «'•—O f 

•—• .-•— 

Case (i) 

1 6 4 
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V m t t u . : - : . — » . » , # , , » _ • • _ - . * . _ A 4 a _ A e „ . •• , f j j t 

.. • \ s * — r * f 

lira 
c 

- • 8 » -

* * * • '-' +~-—r # - — * • — « * e — f — 

- » » » • » • » « • - • *-• • « i » 

- » ,•,» »—r—•—•——- v - • * • »—»••• -0 

- * • •—"** -*" • i u ' « • - ~ 4 , - — * — , fc — - - - . • _ « i * • • f 

_ * _ • . », * • « • • »-—« • * " • r * a i . # — i l 

-•*•• ' • • • c - . - . , - . - . . . . . », «• » ,, » » t ' * » i. t » » 0 » . . • . « • # » » » 

Case (ii) 

The next two t h e o r e m s give sufficient condi t ions under which 
G X G_ i s not hami l ton ian , 

1 2 

THEOREM 5 . 2 . If in G th ree points of degree one a r e 
1 " 

ad jacent to a point and if G conta ins a point of deg ree one, then 

G X G . is not hami l ton ian , 
1 2 — 

1 2 3 4 
Proof . Let v be adjacent to points v , v and v each 

1 1 1 1 
1 

of d e g r e e one in G and let v be a point of deg ree one in G . 
1 2 2 

2 1 3 1 4 1 
Then the points (v , v ), (v , v ) , and (v . v > in G X G 0 1 <_ 1 _- 1 c 1 Ù 

1 1 
a l l have deg ree two and a r e adjacent with (v , v ) . Since no cycle 

1 2 
can contain t h r e e l ines adjacent with one point , G J X G cannot be 

1 2 
hami l ton i an . 

THEOREM 5 . 3 . Let G. have two points of d e g r e e one adjacent 

with a point of G , i = 1, 2 . Then G X G^ is not hami l ton ian . 
i 1 2 

1 2 3 
Proof . Le t v . be adjacent with two poin ts v . and v of 

i i i 
d e g r e e one in G. , i = 1, 2 . Suppose G X G is hami l ton ian . 

1 \ Ù 

2 2 1 2 1 2 3 2 
Then the l ines ( v

1 » v
2 > (v

 1 » v
2 ) ) f ^ \* ^ ?) ^ V l ' V 2 * ' 
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i 3 2^ , 3 i\ , 3 i\ , 3 3^ , 3 3 x / i 3 * 
(V1'V2 ) N ' V ' (V!' V2> N ' ^ ' N ' ^ N ' ^ ' 

1 3 2 3 2 3 2 1 2 1 2 2 
( v 4 . v 2 ) ( v ^ v ^ . ( v 1 . v 2 ) ( v ^ v ^ and ( v ^ v ^ ( v ^ v ^ 

m u s t be in a hami l ton cycle of G X G^ . These t h e m s e l v e s f o r m a 
1 2 

1 1 
cycle not conta in ing the point (v , v ) , a con t r ad i c t i on . 

1 2 
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