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SOME PROPERTIES OF GENERALIZED EULER
NUMBERS

D. J. LEEMING AND R. A. MACLEOD

1. Introduction. We define infinitely many sequences of integers
{E, B0, one sequence for each positive integer k = 2 by

E® =1
(1.1) CN— "\ _ {k, n =70
j=21 ET 40,7 = 0, >0

where {w;®}5_, are the k-th roots of unity and (E®)" is replaced by
E,® after multiplying out. An immediate consequence of (1.1) is
1.2) E® =0 n = 0(mod k).

Therefore, we are interested in numbers of the form E,® (s = 0,1,
2.5k =23,...).

Some special cases have been considered in the literature. For & = 2,
we obtain the Euler numbers (see e.g. [8]). The case & = 3 is considered
briefly by D. H. Lehmer (7], and the case 2 = 4 by Leeming [6] and
Carlitz ([1] and [2]).

2. General properties of the number sequences {E£,,¥}5,. There
are some interesting properties shared by all sequences { £,,*} defined by
(1.1) which we present as a series of theorems.

THEOREM 2.1. For k = 2,3,...;n = 0,1, ... we have
¢ - nk &) _ {lv = O
@1) 2 (sk)E” =0, n>o.

Proof. We have defined E;*% (B = 2,3,...;s =0,1,...) by (1.1).
Since E¢® = 1, the result is true for # = 0. For the case n > 0,

nk

Zkl Zo (”sk) (E®)* (@, %) = 0.

Jj=

Using (1.2), this reduces to

£ k O sk
2 (’S’k Eq(w; )" = 0.

j=1 s=0

2
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Since (w;®)*=% =1 (j=1,2,...,k;s=0,1,...), we have
Z (nkk)E,y]\:(k) (wj(k))nk—xlc — Z (nk)ESk(k)y (n > 0)
§=0 N y= SR

independent of j. Therefore,

k n n
55 (e - o2 (1)e -0

Jj=1 s=0 s=0

and (2.1) follows.
THEOREM 2.2. E4® = 1(mod 2),k =2,3,...;5=0,1,....
Proof. From (2.1) we have
A . . 2k
EO(A) - 1’ Ek(k) — __1’ EZ};(“ — (k) _ 1’

and since

(Zk) B 9(2k - 1)
3/ U T

E2® is odd. Proceeding by induction, we assume Eﬁf;)_m is odd for some
fixed value of k. Using (2.1) we have

(22) Enk(k) = '—1 - (nkk)(Ek(k) + Eﬁﬁ)_l)k) - Z- (?:)Esk(k).

s=2

Now E;® = —1 and by our inductive assumption E® 1 is odd so the
second term in the right hand member of (2.2) is even. Now we need
only show that

n—2

nk) ~ )
E
; (sk o

is even. There are two cases to consider.
Case 1. (n odd). Then we have

n—2 nk . (n/2)—1 nk ) )
Z (Sk )ESIC(U = Z (Sk) (E.\'k <k)+ Eitkk)-é‘k ’

§=2 §=2

which is even by our inductive assumption.
Case 2. (n even). We remove the term with s = #/2 and pair the
remaining #» — 4 terms to obtain

n—2 nk ) nk ) (n/2)—1 nk ] )
(23) Z (Sk )E.vk(k) = !1’_ k Egl;t)ﬂ)k + ZZ: (Sk ) (Eslc(k) + Eiflg—sk)-
2 =

=2
Now
nk

n
-2-k
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is even, and the second member on the right in (2.3) is even by the
inductive assumption. Therefore, the left hand member of (2.3) is even.
This completes the proof of Theorem 2.2.

THEOREM 2.3. For k =2,3,...;s=0,1,...

o ® _ sk )
(2.')) Esk Z ( 1) (nlk ,ﬂIk '

nit.Ane=s
ni>0

Proof. Define

(k)
40, = IR

... +15=¢ (llk)' e (l]k)' 4.+ 1lj=¢ llk, e ,/jk '
;>0 ;>0

Then,

= (qh)!
A= 2 2 T R G

r=j l+...+1j=¢
1i>0

We now show by induction that

(26) Esk(k) — Z (_l)ij,j(k)
Jj=1
Let & be fixed (¢ = 2). In the case s = 1

y . k!
Ek(k) = —‘Al,l(” = k‘ = '—1

Proceeding by induction, assume (2.6) is true for some positive integer s.
Now from (2.1) we have

s+1 .
2 ((5 * l)k)Em(k) = 0;

r=0 7k
80, since £y* = 1,
® (s + 1k ®

E Gy 1 E,
_ § ((5+1)k) l)jArJ _1
_ 5 (s + 1k R
PR Z ( ) i B GBY . ()1
R ((s + 1b)!
T T kY ,;,- CCF T RR G

(—1) ZA(SQLJ'H - L

j=1
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Setting v = j 4 1 yields

s+1 s+1
3 —1 4 (&) (k)
Efye = — Z; (-4, — 1= 22 (—1)’A%, — 1
< &
s+1

1

> (-1

3. A generating function for the number sequences {E;,V}%,.
Suppose f(x) has the (formal) Maclaurin expansion

o)

(31) f(x) = . (mem-

m=

Then we have the following result.
THEOREM 3.1. For bk = 2,3, ...

(3.2) gf(E<k> Fx 4 w®) = b,
Proof.

k

K 0
Zlf(E(k) +x + wj(k)) - Z Zam(E(k) + x + wj(k))m
j=

j=1 m=0

© m k
- PSS @ v worf(7)e
m=0 n=0 \ j=1 n
<] m k
— k(lo + Z a,n{kxm + (Z (E(k) + wj(k))n) (”;)xm—n}
m=1 n=1 \j=1 / Y

=kas+k D, ax" by (1.1) = Ef(x).

m=1

COROLLARY 3.1. For k = 2,3, ... we have

k
(3.3) ; (EW + (x + ;)" = kx”

Note. If n = x = 0, the right hand side is to be read as k.
We now obtain a generating function for each number sequence
{EgWY (B =2,3,...).
THEOREM 3.2. For k = 2,3, ...
© sk

B0, 1
w = —Q-;GS where Qk(z) = Ezfgj—l .

=0

Proof. Set x = 0 and f(¢) = ¢*'in (3.2). Then f(0) = a, = 1, and we
obtain (setting w = w®)
e BRIz L pBPrwz L pBEW ekl g

eE‘(k)z(eg + e + L + 6¢‘,k~12) — k’
k £,

F—1, = €
e+ef+ ... Fev F
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Using the property of the k-th roots of unity

k,l = 0 (mod k)

1 21 (k—1)1 _
Lte tot. . to ‘%JzO@mm

it is easily shown that

z wz wh=1; — 2
e—l—e ++6 ZkZZBS"

s=0

and the result follows.

4. Some congruence relations for the number sequences
{Eg®1%. (Note: In this section, we shall drop the superscript (k).)
Frobenius (4, p. 477] proved that

Eop=1-—2n+ 8( )(mod 16),

as well as more precise results. Carlitz [1] proved that

Eyp=1—2n+ S(Z) (mod 16).

We have proven a number of similar results for higher-order sequences,
and are able to conjecture several more. These are stated in Theorems 4.1
and 4.2 and Conjecture 4.1.

THEOREM 4.1. We have the following congruences mod 16.

() B = 3 — 4n +s(” T 1)

(i) B¢y =3 — 4n
(i) Eyy = 1 — 20 + b(fj)

(iv) Exn = 1 — 21 + a(’;)
(v) Erg, = 3 — 4n.

THEOREM 4.2. In addition, we have the following congruences
(i) Es, = (—1)"(mod 18).

(i1) E;, = (—1)"(mod 250) (250 = 2.5%)

(iil) Es, = —1(mod 12).

/'l

CONJECTURE 4.1. The following congruences uppear to be valid, on the
basts of considerable numerical evidence.
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(i) E7, = 7 — 8n(mod 16)

(i1) Ei, = (—1)"(mod 2662) (2662 = 2 - 113)
(ii1) E3, = (—1)"(mod 4394) (4394 = 2 - 133)
(iv) Eiy = Eq(mod 16) (= 7 — Sn?)

(v) Eis, = 15(mod 16)
WQE%__1—2n+8()mmdw)k=12_.“

Notes. 1. Parts (i) and (ii) of Theorem 4.1 would disprove a conjecture
that Eqy, = Ey,(mod 16), & = 2,3, .. ..

2. Theorem 4.2, parts (i) and (ii), and Conjecture 4.1, parts (iii) and
(iv) might suggest a conjecture of the type E,, = (—1)"(mod 2p=) for
some positive a. But E;, = 4(mod 686) for » = 11 and 13.

3. There are other conjectures which could be made on the basis of
numerical studies, but they don’t seem to have quite such appealing
formulas. For example, mod 16, E;, reproduces the following set of
twelve residues, repeating:

15,11,1,3,11,9,7,3,1, 11, 3, 9;
while E,, reproduces the following set of 28 residues, repeating:
15,11, 5,3,1,9,3,3,3,1, 11, 9, 13, 11, 7, 3, 13, 3, 9, 9, 3,
11, 11,9, 11, 1, 13, 11.

In order to prove the two theorems we shall establish several prelimi-

nary results.

LemMa 4.1.1. In order to show
“4.1) E,=fn)(modgl)),n=1,2,...

it suffices to prove that this is true for n = 1 and that

42 5 (7)) = =1+ 50 oo e0), 0 =25,

Proof. From (4.2) and (2.1) we would have

];ZI (i:){f(k) — Eu} = 0mod (g(¢t)).

Thus we would have

> (i’;ﬁ)wk) — Euf + () = En = 0mod (),

and (4.1) is now a simple induction on #.

LemMma 4.1.2.
. [(n—10) /4] n z+1 .
(l) k:ZO l"‘]k ZJZ(wJ) (1+xw])
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where w; = e*' | a non-negative integer, and j — 1 2 1. In particular

., R n ) 1 (‘ wr) (n — 2Drx
Gy > (l+jk > Zcos].- cos ~— T

= =
(iif) ;} (J"> _ L’f]i (COS _‘_) "y
P> ( ) 22 5 (cos ’;’) ey

- g_]f___? f (cos Ef) )™,
j r=0 ]

Proof. The first result appears as relation 1.53 in (5], and is easily
proven from the binomial theorem and properties of primitive roots of
unity. The terms for » = 0 and » = j are the same.

LEmMma 4.1.3. For 7 = 1,2, ... we have
() -ng (o
O 28 ) =52

I

i SR =5 o) £ () e 2 (7).

Proof. Relation (i) is most readily proved by noting that

ék(g) - gk((n ”‘k)]) > (n— k)("])

k=0

i e 2nj) _n(nj — 1) < (nj—2) n < (n])
(”)k‘:)k(kj Uy ) tua

so that we have

2§k(Zj) ~ Ykt - k)](Zj:) = nk; ("J) :

k=0 kj
In order to prove relation (ii) we note that

1., . 1
B = <k(kj— 1) + =k,
; (kj )+]

so that we have

. : 1 n n .
22 <o -0 Z (8 23) <15
and relation (ii) follows from relation (i).
In proving relation (iii), we note that

() - S () - w5 () - o (”j)
k=ZO k] k=zo<n k) k]. " = \k 3n k k]
k
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so that from relation (i) we have

)
o) - 12 () +2a s (),

and relation (iii) follows from relation (ii).
LeMmma 4.1.4.

03 () - 312+ o

i g (%) = Fe e oy

() = 2o 4 s
(6k+3) F 12—
(
o]

877’8; 2) ( 1)n22n—2 mi ()k (47’1 ) + {)871—’

10”) _1{‘10n—1 _ n___ & ( on ),-z
108/ ~ 5 2 + (=D 2=t 1:[(45‘%/2] 2l — dn ?

n—1 on ~
10% 1 10n—1 n—1 1 IN
(viti) 2, (IOk + ) = 3{2 + (=D g ,:[(52,,),2] (zz - 5n)5l

3n

w0 35 () = ot (%)

1
—|—6{

x) E (1671) _ (_1),192%1 iﬂ: zi ‘)k+t(8n) (471 - k)
16k I A s (9 2k/) \dn — 2t
4n
24n—2 ok (872) o8n—3 olén—14
+ ; o) T2 F2

k=0 k=0 1=I(k+1) /2]

% (471 —k ) =3 4”}3 ( ) 4 o16n=6

36n+ 1 ‘I‘ (_l)nzﬁn + 212n—1}
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Proof. These results are all based on Lemma 4.1.2, together with

evaluations of the appropriate cosines. As examples, we indicate the
proofs of (iv), (v), (vii), and (x):

@ 5 i : y
=% L% 4 (/B (=1 10 4 1+ VB (=1

™) Z ( ) % 2™ i (cos—g)sn(—l)’"

r=0
3 T 8n
— - L
— 2871 3 + 22/1 Z COS — (—l)m,
=1 8
where
T _V2+?2 3 V2 =72
COS— = —————, COS—f = =}

8 2 8 2
(vii) if @ = 7/5, then 20 = = — 36, so that sin 20 = sin 36, whence

1436
4 ,

cosf =
(X)LOSLZ V2t )+
16
SLA : : Tt AV2=V2F+V2
cos To = 5 ) €08 T = 5 .

Proof of Theorem 4.1. (i) From Lemma 4.1.1, it suffices to prove

Z (311){3 — 4k + b(k + 1)} = 2(mod 16).

Since we have

k+1) .16
' 3

3—4k—|—8( 3

we must show

3&(2:)‘%,(:0 ( ) ,;k( )Ez(modlﬁ)_

From Lemma 4.1.3, this is equivalent to showing

9—8n+n2—n3"( ) 6n’ — 2n” (3n—2)
3 R:Zo + 3 Z 3k

k=0
= 2(mod 16).
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By Lemma 4.1.4, parts (i) and (ii), this is equivalent to showing

v 3 ¢ 2
6n” — 2n

3
n :2371 + (__1)712} +__‘_9___ {2371—2+ (_l)n—l}
= 2(mod 16),

9 — Su +n’ —
9

or equivalently

{)3n-1

S+ n’— 16n — 18) + (=1 (—8%° + 4n* — 16n + 18)

9 9
= 2(mod 16),
or equivalently

28=1pd + p? — 16n — I8) + (=1)"(—8n® + 4n> — 16n + 18)
= 18(mod 16).

Ii

For n = 1, the result is certainly true, while for n = 2, it reduces to

—1)"(—8n? + 4n2 + 2) = 2(mod 16)

—~

or
(=1)"(=4n® 4+ 2n* + 1) — 1 = 0(mod 8).

For n = 2k, the left side is 8(—4k? + k?), while for n = 2k + 1, it is
S(4k® + k?), and we are done.

(ii). Proceeding as in part (i), we see that it suffices to show that, for
integer n = 1,

“—1%3—” 2% 4 1 4 (—1)"3") = 2(mod 16)
or
B —=2n)1 4+ (—1)"3%) — 6 = 0(mod 16)
or
(3 —2n)(1 + 5 — 6 = 0(mod 16).
A simple induction argument shows that 16 divides —10(5" — 1) 4+ 8,

and this yields an induction argument to prove the required result.
(iii), (iv). These are easily checked for n = 1, 2, 3, while for n = 4
the results follow from LLemma 4.1.3 and the appropriate parts of Lemma
4.14.
(v). Proceeding as in part (i), we see that it suffices to show that, for
integer n = 1,

3 —2n n & 2k ‘inﬂk(ﬁn)
D= 9adn
3 (=1) k;, 273 2k

3 -2 .
3= 20 o (L 1y9% 4 1 4 2971 = 9(mod 16)

T
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or equivalently
3n—1
( — 92 )_(___1_2_]33,; + 4(3811 1) (6?1) + Z 22k33n—k( Z) + 26n}.

6n—1 _ n()ﬁn— )12n——
+ (3 - 2n){39 4 ¢ 1)3“ +5 1,2 }E 2(mod 16)

Z

or equivalently

(3 . Qn)(_l)n{glin—l + 4(33n—2)3n(6n _ 1) + 26n—-1}

36n—1 1 212n—2} _
+ (3 - Qn){--é* + 6 + = 3 f = 2(mod 16).

If we now replace 3* = (4 — 1)* by (—=1)* + 4k(—1)*' 4+ S8k(k — 1)
(—1)*¥(mod 16), the result follows readily.

Proof of Theorem 4.2. (i). From Lemma 4.1.1, it sufhces to show

,; (27;;) (=1)* = 0(mod 18).

Forn = 2m + 1,
2m+1 o) m » ¢ m ~ ¢
Gm—i—d)_ - (6m+3)_ (bm+3)_
;0( s )V =2\ ) X e 5) =0

For n = 2m,

2m m m—1
67’}1) 1k . (67’”) _ ( 6m ) /e 3m—1, _ qym
k;(sk(”‘;o ok ) ~ 2 \op 1+ 3) = @37 (=D
by Lemma 4.1.4, parts (iii) and (iv), and for m = 1, 18 divides

(2)33m=1(—1)™,
(i1). As in part (i), it suffices to show

i (5n)<__1)k _ i (10m) _m—l( 10m ) — 0(mod 250)
=t \bk - = \10%& = \10k + 5 = U(mod znU).

(()n)_( on ) and (21) Jear] hav
5k 5m— 5p) @ ;) is even, clearly we have

n

> (‘;’;) (—1)* = 0(mod 2).

k=

Since

Also, by Lemma 4.1.4, parts (vii) and (viii),

m IOm) m—l( 10m ) 3 (_l)m Sm ( 5m )rl-l
Z« (IOk Z 10k + 5/ — 2 [2;,) 21 — 5m :
For m = 1, the left side is (—250), while for m = 2,1 — 1 = 4, and the
result follows
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(iii). By Lemma 4.1.1, it suffices to show that

D (gZ)<—1) = —2(mod 12).

By Lemma 4.1.4, part (iii), this is equivalent to showing

3@ + (=1)"3" — 5) = 0(mod 12).

For this, it suffices to show 4 divides ( —1)"3%" — 5 and 9 divides 261 — 5,
cach of which follows by a simple induction argument.

THEOREM 4.3. (—1)"Ey, > 0,k = 2,3, .. ..
Proof. In effect, this is result (10.3) in [3], in which (—1)"E,, counts
a certain class of permutations.
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