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Abstract

Let H = C" ® & be the tensor product of a Euclidean space C" and a separable Hilbert space &. Our
main object is the operator G = [, ® S + A ® Ig, where S is a normal operator in &, A is an n X n matrix,
and 1, Ig are the unit operators in C" and &, respectively. Numerous differential operators with constant
matrix coefficients are examples of operator G. In the present paper we show that G is similar to an
operator M = I, ® S + D x Ig where D is a block matrix, each block of which has a unique eigenvalue.
We also obtain a bound for the condition number. That bound enables us to establish norm estimates
for functions of G, nonregular on the closed convex hull co(G) of the spectrum of G. The functions
G~ (¢ > 0) and (InG)~! are examples of such functions. In addition, in the appropriate situations we
improve the previously published estimates for the resolvent and functions of G regular on co(G). Since
differential operators with variable coefficients often can be considered as perturbations of operators with
constant coefficients, the results mentioned above give us estimates for functions and bounds for the
spectra of differential operators with variable coefficients.
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1. Introduction and statement of the main result

Throughout this paper & is a separable Hilbert space with a scalar product (., .)s and
norm ||.|lg = V., .)g, C" is the n-dimensional complex Euclidean space with a scalar
product (., .),, the Euclidean norm ||.||, = V{.,.), and H = C" ® & is the tensor product
of C" and &. The scalar product in H is defined by

(h®y,hi ®y1)x =, ye h,hi)n (v, y1 €E;h,hy € CY)

and the cross norm is ||.|lzr = V., .)#. I3, I and I, are the unit operators in H, & and
C", respectively. From the theory of tensor products we only need the basic definition
and elementary facts which can be found in [5].
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For an operator B, o(B) denotes the spectrum, ||B|| is the operator norm, B* is the
adjoint operator, and Dom(B) is the domain.
Throughout this paper S is a normal operator in & and A is an n X n matrix. Our
main object is the operator
G=1,85 +A®Is. (1.1)

By |lAllr we denote the Frobenius norm of A: [|A||r := (Trace A*A)'?; A;(A) (j =
1,...,m; m>2) are the different eigenvalues of A; y; is the algebraic multiplicity
of 1;(A). So

d0:= min [1;(A) = 4(A)|>0 (1.2)

Jk=1,...m; k+j

and p; + -+ + w, =n.  Numerous differential operators with constant matrix
coefficients can be represented as in (1.1). Moreover, various matrix differential
operators with variable coefficients can be considered as perturbations of G (see the
example below).

Two operators A and B acting in HH are said to be similar if there exists a boundedly
invertible bounded operator T such that A = T~!BT. The constant 7 = ||T~!||||T]|
is called the condition number. The condition number is important in various
applications. We refer the reader to [3], where condition number estimates are
suggested for combined potential boundary integral operators in acoustic scattering,
and [24], where condition numbers are estimated for second-order elliptic operators.
Conditions that provide the similarity of various operators to normal and selfadjoint
ones were considered by many mathematicians; see [2, 6, 16-19, 21-23] and
references given therein. In many cases, the condition number must be numerically
calculated; see, for example, [1, 22]. The interesting generalization of condition
numbers of bounded linear operators in Banach spaces was explored in [15]. Bounds
for condition numbers of unbounded operators with Hilbert—Schmidt and Shatten—von
Neumann hermitian components have been established in [10] and [13]. The paper
[12] deals with bounded perturbations of unbounded normal operators.

Let P; be the orthogonal invariant projection of A corresponding to A ;(A):

0=pPC"cPC"cP,C'"C---CcP,C"=C"

andeAszAPj (j:l,...,m).Put

D= ) AP,AAP; (AP;=P;-Pj),

m
j=1

that is, D is the block diagonal matrix each of whose blocks A jj := AP;AAP; has only
one eigenvalue. In the present paper we show that G is similar to the operator

M=1,®S +D®Ig

and obtain a bound for the condition number. That bound enables us to establish norm
estimates for the functions of G, which are nonregular on the closed convex hull co(G)
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of the spectrum of G. The functions G~ (a > 0) and (In G)~! are examples of such
functions. In addition, in the appropriate situations we improve the estimates for the
resolvent and functions of G, regular on the co(G); see [14].

The following quantity (the departure from normality) plays an essential role
hereafter:

g() = 1Al - S A ]

k=1
g(A) enjoys the following properties:

g2 (A) <20Allz  (Ar=(A-A%/2i) and g*(A) <||All; — |trace A*|;
see [8, Section 2.1]. If A is normal, then g(A) = 0. In addition, denote

J
(j=0,...,n-2),
ZO (- k)'k'>3/2

n-2

20m-1)
oy S dug ) S
k=0

Vm — 1

It is not hard to check that d; < 2/. Now we are in a position to formulate our main
result.

and  y(A) = (1 +

THEOREM 1.1. Let the operator G be defined as in (1.1). Then there is a bounded and
boundedly invertible operator Ty acting in H, such that the equality

Ty'GTy=M (1.3)

is valid. Moreover,
«(To) = IToll 1Tl < y(A). (1.4)

This theorem is proved in the next two sections. Note that we do not assume that
the spectrum consists of simple eigenvalues or M is normal. Theorem 1.1 is sharp: if
A is normal, then we have y(A) = 1.

2. Auxiliary results

Put Oy = I — Py, By = QuAQr Ajx = AP,AAP, and Cy = APAQ (jok = 1,....m).
Represent A, B; and C; in block form as
Al An A A
A= 0 Axn Ay A ’
0 0 0 Ay,
A1 Ajergsz Ajrim

= QAQ; = 0 Ajj :Aj+2,m

0 0 . Apm
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and
Ci=APjAQ;=(AjjmAjjsa-Ajm) (J<m—1).

Since B; is a block triangular matrix, it is not hard to see that

m

oB)= | Jow =) u@) G=1.....m-1);

k=j+1 k=j+1
see [9, Lemma 2.1]. So due to (1.2),

ocB)NocA;)=0 (G=1,....,m-1). (2.1)
Under this condition, the equation

AjiXi—=X;Bj=-C; (j=1,....m-1) (2.2)

has a unique solution; see, for example, [4]. The following result has been proved in
[9, Lemma 2.2].

Lemwma 2.1. Let conditions (2.1) hold and X be a solution to (2.2). Then
(I = X0 = Xp2) - (I = X)) AT + X)) + X3) -+ (I + X)) = D. (2.3)

Take
T=(UI+X)U+X5) -+ Xp_1). 2.4

It is simple to see that the inverse to I + X is the matrix I — X; see [9]. Thus,
T = = Xp ) = Xp) - (I = X))
and (2.3) can be written as
T™'AT = diag(Aw)}-, = D. (2.5)

By the inequalities between the arithmetic and geometric means, we get

m-1 m—1
1 m—1

i< [+ < (14— i) 2.6)

j=1 J=1

and

1 m=1 m—1
7! s(l X ) . 27
il +m_1;n il @7

3. Proof of Theorem 1.1

Lemma 3.1. Let condition (1.2) be fulfilled. Then there is an invertible n X n matrix T,
such that (2.5) holds with
kr = ITIIT I < ¥(A).
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Proor. Consider the Sylvester equation
ZX-XZ =C, 3.1

where Z € C"™ 7 € C"™*™ and C € C"*™ are given; X € C"*" should be found.
Assume that the eigenvalues A;(Z) and A j(Z) of Z and Z, respectively, satisfy the
condition.
00(Z, Z) := dist(0(Z), 0(Z)) = m}(n [ (Z) - /lj(Z)I > 0.
Js

Then Equation (3.1) has a unique solution X [4]. Corollary 6.2 in [11] implies the
inequality
ny+ny,—2

p k¢ op—k
Z)g"(2)
IXllr < ICllr Y — 08
T 4z &Y -k

ny+ny—2

Xl <IICe )

p=0

and therefore

d. 8P
—=_ (32)
or(z,2)
where ¢ = max{g(Z), g(Z)}.

Let us return to Equation (2.2). In this case Z =Aj;, 7= B;, C=-Cj, n =
uj, np =dim Q;C", and due to (1.2), po(A;;,Bj)) 206 (j=1,...,m). In addition,
w1 +dim Q;C" < n. Now (3.2) implies

w2 digh
J
IXillr < ICil ) = (3.3)
k=0
where g; = max{g(B)), g(A;;)}. By Schur’s theorem, for any operator A in C”", there
is an orthogonal normal basis (Schur’s basis) {e;};_,, in which A is represented by a
triangular matrix; see [7]. That is,

k
Aey = Zajkej with aj = (Aeg,ej) (j=1,...,n).
=1
So A=Dy + Vs (0(A) = 0(Dy)) with a normal (diagonal) matrix D4 defined by
Dpej=ajje; (j=1,...,n)and anilpotent (strictly upper-triangular) matrix V, defined
by Vaier =ape +--- + Q-1 kCk—1 (k =2,... ,I’l), Vae; =0. Dy and V4 will be called
the diagonal part and nilpotent part of A, respectively. Note that Schur’s basis is not
unique. Besides, g(A) = ||V4||r. In addition, simple calculations show that the nilpotent
part V; of A;; is AP;V4AP; and the nilpotent part W; of B; is Q;V,40Q;. So V; and W;
are mutually orthogonal, and

gA;) = IVillr < IIVallr = g(A),  g(B)) = IWjlir < IVall}. = g(A). (3.4)
From (3.3) and (3.4) it follows that

n-2
dig"(A)
Xl < UG )" =55 = IC A, (3.5)
k=0
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It can be directly checked that

m
ICHIE = > Al

k=j+1
and
m—-1 m m m m m
2 2 2 2 2
D0 MAwIE =7 D T IAWE = D 1Ak = A1 - > Akl
i=1 k=i+1 i=1 k=i k=1 k=1

Since [|[Awllr = pkl4(A)], we have

m—-1 m

DT A < gAA),

=1 k=j+1
and consequently,

m—1

D NICHE < g%(A). (3.6)
k=1

Furthermore, take T as in (2.4). Then (2.6), (2.7) and (3.5) imply

m—1 m—1
1 m—1 Q(A) m—1
” ” 1 k§=1 || k”F 1 k§=1 “ k”F

and

m—1
B Q(A) m—1
1< (14 2 ICle)
m k=1

But by the Schwarz inequality and (3.6),

m—1 2 m—1
(D 1sl) < on=1) Y ICHE < on = g,
Jj=1 J=1

Thus,
Q(A) 2(m—1)
171 <1+ s@) =y
m—1
and |77 < v(A). Now (2.5) proves the lemma. O
Lemma 3.2. Let there be a matrix T such that (2.5) holds. Then (1.3) is valid with
To=T® Ig.

Proor. Indeed, we have
(T'®I)1, S +ARINT @) =1, S +(T'AT)®Is =1, S + D® Is.

This proves the result.

The assertion of Theorem 1.1 follows from Lemmas 3.1 and 3.2.
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4. Applications to operator functions

Let E(s) be the orthogonal resolution of the identity of S defined on o°(S ), such that

S = f sdE(s).
o(S)

Then the operators G and M defined in Section | can be written as

G = f (sI, +A)® dE(s) and M = (sI, + D) ® dE(s). 4.1)
a(S) a(S)

Let f(z) be a scalar function, regular on o(G), and

sup max |[fPA) +s) <o (k=1,...,u;—1). 4.2)

seo(§) J=1m

Define f(A + s1,) (s € 0(S)) in the usual way via the Cauchy integral [4] and consider
the operator function

f(G) = f(sI, + A) ® dE(s).
a(S)

Similarly,

f(M) = f(sl, + D) ® dE(s).
o(S)

Note that the considerably more general operator functions on tensor products of
spaces have been considered in [20] and references given therein.

By Lemma 3.1, f(sI, + A) = T~ f(sI, + D)T and therefore f(G)= To_lf(M)To. So
by (1.4) we have || f(G)|lx < (Tl f(M)|lgr < y(A)|f(M)|l¢. It is not hard to see that

“f(M)”(H < sup Hf(SIn + ﬁ)”n

sea(S)

Since A j; are mutually orthogonal, we have

FD+ sk = > AP;f(Ajj+ sl and  |If(D + sly)ll, = max [AP;f(Aj; + STl
k=1

We thus arrive at the following theorem.

THeorREM 4.1. Let f(z) be a scalar function, regular on a neighborhood of o(G), and
let condition (4.2) hold. Then

ILf (Gl < «(To) Sug)m?x AP, f(Ajj + sh)lla-
SET E

Due to [8, Corollary 2.7.2], we have

M=l § gk(Ajj)
(A + STy, < kZ: O + 9
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Taking into account (3.4), we get

=1 k
g A)
LA+ il < YA max 2 4, 4) + 91

Now Theorem 4.1 immediately implies our next result.

CoroLLARY 4.2. Under the hypothesis of Theorem 4.1,

S g4(A)
LAGI < ¥(A) sup max > 1P A(A) + )| =575
sec(S) = (k1)

In the following examples the operator G is defined by (1.1) (and therefore, by
4.1)).

Exampie 4.3. Let a(S) := sup ) Ro(S) < co. Then the semigroup €'Y of G is
representable by

e'G = f I S dE(s), > 0.
a(§S)

Now Corollary 4.2 implies
a-1 k
g (A
€4l < y(A)el @S )" G @20
where a(A) = max; R A(A) and 1 = max; ;.
ExampLE 4.4. Let
= inf Ai(A .
&o jzlwlrg,sea(s)l j(A) + />0

Define the fraction power by
GV = f (sI+A)V® dE(s) (O<v<]).
o (S)

Here the fraction power of the nonsingular matrix is defined in the standard way; see,
for example, [7]. Since

a 1 D-(v+k-1
< D VRSN Gy k=120,
j=1,.mzeas)AZ* (2 + A;(A))Y T
by Corollary 4.2,

KA+ 1) - v+ k- 1)
£ (k32

-1
G <y Y. &

k=0
Similarly, one can estimate the function

(InG)™! = (In(sl, + A)™' ® dE(s)
a(S)
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provided the condition &y > 0 holds. The matrix logarithm is defined in that standard
way; see, for example, [4, Section V.1].
Furthermore, it is simple to see that the resolvent of G is representable by

(G—Ay) ' = (sI, + A= AL,)"' ' ® dE(s) (1¢ o(G)). 4.3)
o(S)

Theorem 4.1 yields

IRAG)l < K(To) sup maxlIAP(Ay; = (1= 51,)” I,
sea(S)

Due to [11, Theorem 1.1],
—1
R gfA})

(A = (A= sI,)) Iy, < ,
Jji H u ; ,Ok+1(Ajj + Slﬂj,/l)\/ﬁ

where p(B, 1) denotes the distance between A € C and the spectrum of an operator
B. Clearly, p(Ajj + sl,,, 1) = |4j(A) + s = A 2 p(G, ) (j=1,...,m;s € 0(S)). Now
Corollary 4.2 implies our next result.

CoROLLARY 4.5. We have

-l k

g (A)
R.(G)|lx < y(A —— (1 ¢0(G)).
IRl ) )~ P (1£0(@)

5. Spectrum perturbations

Corollary 4.5 enables us to investigate spectrum perturbations. Let G and G be
linear operators in H with

Dom(G) =Dom(G) and ¢ := |G = Glly < co. (5.1

Introduce the quantity

svg(G) := sup inf |t — s
seo(G) 1ea

(the spectral variation of G with respect to G). We need the following technical lemma.

Lemma 5.1. Let condition (5.1) hold and

nmmmsA )Méﬂ@%

1
(G, )

where Y(x) is a monotonically increasing continuous function of a nonnegative
variable x, such that y(0) = 0 and y(co) = co. Then svg(G) < z(, q), where z(, q)
is the unique positive root of the equation q(1/z) = 1.
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For the proof see [8, Lemma 8.4.2]. Now let G be defined by (1.1). Then
Corollary 4.5 and Lemma 5.1 imply svg(G) < z(A, q), where z(A, g) is the unique
positive root of the equation

i1

A )“Z g _

Zk+1 \/_
This equation is equivalent to the algebraic one
o=l g fi—k—1
; g (A
d=qyA) ) —F—.

Various estimates for the roots of algebraic equations are well known. For example, if
(A 4) _
Vi

then, due to [8, Lemma 1.6.1], we have Z%(A, q) < p(A,q). So we arrive at the following
result.

CororLLary 5.2. Let G be defined by (1.1) and let condition (5.1) hold. Then svg(G) <
Z2(A, q). In particular, if condition (5.2) is fulfilled, then sv"é(GN) < p(A, g).

pA,q) = qy(A)Z 3 (52)

6. Differential operators with matrix coefficients

In this section we apply our results to matrix differential operators. Here & =
L?(0, 1) (the space of scalar square integrable functions defined on [0, 1]) and H =
C"® & = L2([0, 1],C") (the space of square integrable functions defined on [0, 1] with
values in C"). On the domain

Dom(Go) = {u € H : u” € H; u(0) = u(1) = 0}

consider the operator

~ d d

Go=-—a(x)— +C(x) (x€(0,1)),

dx dx
where a(x) is a scalar positive function having a continuous derivative and C(x) is a
variable bounded measurable n X n matrix. Take S = —(d/dx)a(x)(d/dx) with
Dom(S) = {u € L*(0, 1) : u”" € L*(0, 1); u(0) = u(1) = 0}

In addition, Gy =1, ® S + Ig ® A with some constant n X n matrix A and Dom(Gy) =
Dom(Gy) = Dom(S ® I,,). Then g = ||Go — Golly < sup, [|C(x) — All, and

0(Go) ={q(S)+ ;A :k=1,2,...; j=1,...,m}.

Due to Corollary 5.2, sto(Go) < z(A, q) and z(A, g) can be estimated as in that
corollary. Thus, the spectrum of Gy lies in the sets

peC:lu— S+, <zA,q) :k=1,2,...; j=1,...,m}.
For example, if a(x) = 1 identically, then A(S) = k.
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Furthermore, Example 4.3 gives us the norm estimate for the semigroup of —Gy,
and the formula

~ ! ~
e — 700 = f e (G - Go)e " dry
0

enables us to estimate the semigroup of —G. Moreover, Example 4.4 gives us a norm
estimate for the fractional powers of Gy and the relations

G(;V—G(;stmfr”) fo £ (Go + thp) ™" = (Go + thy) ) dt

sin

(v) f (Go + thy) " (Go — Go)(Go + tly) ™" dt
T 0

(inf Ro(Gp) > 0, inf Ro(Gy) > 0)

enable us to estimate the fractional powers of G.
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