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Abstract. The classical conservation of number principle is an important result
in algebraic geometry. We present a version of this principle suitable for the study of
topological properties of real algebraic varieties. Our self-contained topological proof
does not depend on the intersection theory of algebraic cycles. Some applications are
included.
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1. Introduction and results. The goal of this note is to give self-contained
topological proofs of certain results in real algebraic geometry, which heretofore
required techniques of intersection theory (Chow rings, algebraic equivalence of cycles,
etc.) [1, 8, 9]. The main results are a suitable version of the conservation of number
principle (Theorem 1.4) and an application of this principle concerning topological
properties of fibers of a real algebraic morphism (Theorem 1.7).

Throughout this note the term real algebraic variety designates a locally ringed
space isomorphic to an algebraic subset of R”, for some n, endowed with the Zariski
topology and the sheaf of R-valued regular functions. Morphisms between real
algebraic varieties will be called regular maps. Basic facts on real algebraic varieties and
regular maps can be found in [4]. Every real algebraic variety carries also the Euclidean
topology, which is determined by the usual metric topology on R. Unless explicitly
stated otherwise, all topological notions related to real algebraic varieties will refer to
the Euclidean topology.

Given a compact real algebraic variety X, we denote by Hﬁlg (X, Z/2) the subgroup
of the homology group H,(X, Z/2) generated by the homology classes of d-dimensional
Zariski closed subsets of X [2, 3, 4, 6]. Assuming that X is nonsingular, we let

alg(X. Z/2) denote the inverse image of Hf}'lg(X ,Z/2) under the Poincaré duality
isomorphism

Dy : H(X,Z/2) — Hy(X,Z), Dy(a)=aN[X],

where ¢ + d = dim X and [X] is the fundamental class of X.
The groups Hslg(—, Z/2) and Hy,(—, Z/2) have the expected functorial properties:
If f: X — Y is a regular map between compact nonsingular real algebraic varieties,

then the induced homomorphisms

fi  H(X,Z)2) > HJ(Y,Z)2), f*: H (Y, Z/2) — H*(X,Z/2)

https://doi.org/10.1017/50017089503001186 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089503001186

218 W.KUCHARZ

satisfy
Lo (HYE(X, 2/2)) € HYS(Y, Z/2), f*(Hy(Y. Z/2)) € Ho(X. Z/2).
Furthermore,
ag(X. Z/2) = @ Hy,(X, Z/2)

is a subring of the cohomology ring H*(X, Z/2). Proofs of these facts are in [2, 3, 6]
([2, 3] contain topological proofs).

Assume that X is compact and nonsingular. A cohomology class « in alg(X Z/2)
is said to be algebraically equivalent to 0 if there exist a compact nonsingular irreducible
real algebraic variety 7', two points 7y and #; in 7, and a cohomology class ¢ in

dlg(X x T,7/2) such that « = o;, — 0, where given ¢ in T, one defines i; : X —
X x T by iy(x) = (x, t) for all x in X, and sets o; = if(0). We denote by AlgF(X) the set
of all cohomology classes in H;‘lg(X , Z/2) that are algebraically equivalent to 0.

ExAMPLE 1.1. Let X be a compact nonsingular irreducible real algebraic variety
of dimension n. Obviously, H},,(X, Z/2) = H"(X, Z/2). We assert that given any two
distinct points 7y and 7, in X, the cohomology class « in Hy,(X, Z/2), Poincare dual to
the homology class in Hglg(X , Z/2) represented by {t9, t1}, belongs to Alg"(X). Indeed,
leto in Hj,(X x X, Z/2) be the cohomology class Poincaré dual to the homology class
in HY(X x X, Z/2) represented by the diagonal

A={x,)eX xX|x=1}.

For any point 7in X, themap i, : X — X x X, defined by i;(x) = (x, 7) for all x in X, is
transverse to A and hence Dy (i} (o)) is the homology class in Hy(X, Z/2) represented
by i7!(A). Since if(0) = o, and i, '(A) = {1}, we get « = o, — 0;,. Thus & belongs
to Alg'(X) as asserted. Note that o # 0 if 7y and #; belong to distinct connected
components of X.

In a straightforward manner one can prove the following result.

PrOPOSITION 1.2. For any compact nonsingular real algebraic variety X, the set
Algh(X) is a subgroup of HX (X, Z/2). If o is in AlgF(X) and y is in alg(X Z7/2), then
a Uy is in Alg4X). If moreover, 8 is in Alg™(Y), where Y is a compact nonsingular
real algebraic variety, then y x 8 is in Alg""(X x Y).

alg

The group AlgF(—) also has nice functorial properties.

PROPOSITION 1.3. Let f : X — Y be a regular map between compact nonsingular
real algebraic varieties. Then

(i) f*(Algh(Y)) < Algh(X),

(i1) (D;,l ofi o Dy)(Alg" (X)) C Alg?*(Y), where n = dim X and p = dim Y.

Propositions 1.2 and 1.3 will be proved in Section 2.

Given a compact nonsingular real algebraic variety X, two cohomology classes o
and o, in H. alg(X 7/2) are said to be algebraically equivalent if oy — a5 is in AlgF(X).

For « in H*(X,Z/2) and B in H'(X, Z/2), where k + £ = dim X, we denote by
o e B the intersection number of o and 8, that is, x @ 8 := (¢ U 8, [X]). Thus « e B is
an element of Z/2.
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The next result is called the conservation of number principle.

THEOREM 1.4. Let X be a compact nonsingular real algebraic variety. Assume
that ay, oy in H!flg(X, Z/2) are algebraically equivalent and By, B, in Hﬁlg(X, Z/2) are
algebraically equivalent. If k + ¢ = dim X, then o) @ 1 = o @ .

As a consequence we immediately obtain the following fact.

COROLLARY 1.5. For any compact nonsingular real algebraic variety X, one has
dimz> (HX(X, Z/2)/ H (X, Z/2)) > dimz)» Alg'(X),

where k + £ = dim X.

Proof. By Theorem 1.4, « @ 8 =0 for all @ in Hé‘]g(X, 7/2) and all g in Alg(X).
The proof is complete since

HNX,7Z)2) x HY(X,Z)2) - Z)2, (a,B) —> e p

is a dual pairing [7, Proposition 8.13].

ExamPLE 1.6. Note that
X ={(x,,2) e R [ (¥ +) = (" +)*) =2)+ 2 =0)
is a nonsingular Zariski closed surface in R*, homeomorphic to a torus, and
C = {(u,v) e R? | (> — DW* = 2) +v* = 0}

is a compact nonsingular Zariski closed curve in R?, with two connected components
C, containing (1, 0) and C_ containing (—1,0). The map 7 : X — C, n(x,y,z) =
(x? 42, 2), is regular, 7(X) = C,, and 7 : X — C, is a smooth (of class C*)
circle bundle over C,. Let B be the cohomology class in H'(C,Z/2) Poincaré
dual to the homology class in Hy(C, Z/2) represented by {(1,0),(—1,0)}. In view
of Example 1.1, B is in Alg'(C). It follows from Proposition 1.3(i) that 7*(8)
belongs to Alg!(X). By construction, 7*(8) # 0 and hence Alg'(X) # 0. Applying
Corollary 1.5, we get Hy, (X, Z/2) # H'(X, Z/2). Since H'(X, Z/2) = (Z/2)*, we have
H(X,Z/2) = Alg'(X) = Z)2.

If X" = X x ... x X is the n-fold product, then, in view of the last statement of
Proposition 1.2, Alg¢(X") # 0 for 1 < k < n.

This example was first used by Joost van Hamel (unpublished) to illustrate a
somewhat different phenomenon.
Our next result can also be deduced from Theorem 1.4.

THEOREM 1.7. Let f : X — Y be a regular map between compact nonsingular real
algebraic varieties. If Y is irreducible, then given two regular values y, and y, of f, the
smooth manifolds f~'(y1) and f~'(y;) are cobordant.

This result is of interest if y; and y, belong to distinct connected components of
Y. A different proof of Theorem 1.7 can be found in [5].
Proofs of Theorems 1.4 and 1.7 are given in Section 3.
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2. Proof of the propositions. Given real algebraic varieties X and T, a point ¢in 7,
and a cohomology class T in H*(X x T, 7/2), we set t, = i*(t), where i, : X — X x T
is defined by i;(x) = (x, ) for all x in X

It is convenient to give the following characterization of cohomology classes
algebraically equivalent to 0.

LEMMA 2.1. For any compact nonsingular real algebraic variety X, given a
cohomology class a in Haﬁg(X , Z/2), the following conditions are equivalent.
(a) « is algebraically equivalent to 0,
(b) there exist a compact nonsingular irreducible real algebraic variety T, two points ty
and ty in T, and a cohomology class t in Hflg(X x T,7/2) such that t;,; = 0 and t;, = a.

Proof. Suppose that (a) holds. Then there exist a compact nonsingular irreducible
real algebraic variety 7', two points #g and ¢; in 7', and a cohomology class o in Hé‘lg(X X
T, Z/2)such that« = 0;, — 0y,. Let w : X x T — X be the canonical projection. Since
i, o 7w 0 Iy = Iy, for every point 7 in T, setting t = o — 7*(i} (o)), we get

1, =1i(0)— ij‘(n*(z’:‘o(a))) =0, — (i,o omo i,)*(o) = 0y — 0y,-

In particular, t,, = 0,, — 0;, = o and 7, = 0. Hence (b) is satisfied.
The proof is complete since it is obvious that (b) implies (a).

Proof of Proposition 1.2. In order to prove that AlgF(X) is a subgroup of Hfflg(X ,2]2)
it suffices to show that given « and B in Alg"(X), the sum o + g is in AlgF(X). By
Lemma 2.1, there exist compact nonsingular irreducible real algebraic varieties 7" and
U, and cohomology classes o in H,fflg(X x T,7/2) and 7 in Hflg(X x U, Z/2) such
that o, =0, o, = « for some ¢, #; in T and 7, =0, 7,, = B for some up, u; in U.
Giventin Tanduin U,leti, : X - X x T,j,: X = X x U,eu: X - X xT x U
be the maps defined by i,(x) = (x, 7), ju(x) = (x, u), eu(x) = (x, ¢, u) for all x in X.
Denoting by 7 : X x Tx U —> X x T and p: X x T x U — X x U the canonical
projections, we have 7 o () = i; and p o ¢y = j,. Thus, setting & = 7*(0') + p*(7),
we get

&y = €T (@) + (7))

(7 0 ew) (@) + (poeww) ()
=ij(0) +J,(7)

= 0; + Ty

In particular, &y, ) = 04, + T, = 0 and &y, u) = 04, + 7,, = ¢ + B. Hence o + B is in
AlgF(X). We proved that Algk(X) is a subgroup of Hflg(X, 7/2).

Letp: X x T — X be the canonical projection and set n = o U p*(y). Since p o i;
is the identity map of X, we get

n =1 Up'(y) =ij(0)Ui(p"(y)) =0:U(poi)'(y) =0, Uy.

In particular, n,, =0, Uy =0Uy =0and n,, =0, Uy =aUy. Thusa Uy is
in AlgF(X).

It remains to prove that y x & is in Alg"™ (X x ¥). By Lemma 2.1, there exist
a compact nonsingular irreducible real algebraic variety T, two points 7y and #; in
T, and a cohomology class 6 in (Y x T,7Z/2) such that §,, = 0 and 6,, = §. Since

m
alg
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y x0=qg"(y)ur*@), where g: X x Y xT > X andr: X x Y xT — Y x T are

the canonical projections, it follows that y x 6 belong to Hﬁg’”()( x Y x T,7/2). For

each ¢in T, we have (y x 0), = y x 6,. In particular, (y x 6),, =y x6,, =y x0=0
and (y x 0);, =y x 6, =y x 8. Hence y x §isin Alg"™"(X x Y).

Proof of Proposition 1.3. (i) Let B be an element of Alg¥(Y). By Lemma 2.1, there
exist a compact nonsingular irreducible real algebraic variety 7', two points #y and #;
in T, and a cohomology class 7 in Héflg( Y, Z/2) such that t;,, = 0 and r;, = 8. For ¢in
T,leti;: X - X x Tandj, : Y — Y x T be the maps defined by i;(x) = (x, ¢) for all
x in X and j(y) = (y, ?) for all y in Y. Denoting by i : X — X the identity map, we
have (f x i) o i; = j, o f. Thus, setting o = (f x i)*(r), we obtain

o =L ((f x () = ((f x Doi)'(x) = (iof) (1) =/"(r)) =)

In particular, o;, = f*(z,,) = f*(0) = 0 and o, = f*(7;,) = f*(B), and hence f*(B) is in
AlgF(X). This completes the proof of (i).

(ii) Let  be an element of Alg"%(X). By Lemma 2.1, there exist a compact
nonsingular irreducible real algebraic variety 7, two points ¢y and ¢; in 7, and a

cohomology class o in H;’lgk (X x T, Z/2) such that o, = 0 and 0, = «.

Given a point ¢ in T, let ¢; : {t} — T be the inclusion map. For any cohomology
class n in H*(T, Z/2), we define the element ¢,(n) of Z/2 by setting ¢,(n) =1 if s =0
and €} (n) # 0, and €,(n) = 0 in all other cases.

For any A in H"(X, Z/2) and any u in H'(Y, Z/2), we have

O-xn) =emir, Jji(pxn) =emu,
where the i, and j, are the maps defined as in (i). If e is the identity map of 7', then

(Dy ojf o Dybr o (f x €)x 0 Dxxr) (A x )= (Dy 0 o Dyky o (f x €).)(Dx(x) x Dr(n))
= (Dy oj; o Dy 7)(fu(Dx(1)) x Dr(n))
=Dy (j; (DY (fu(Dx(1)) x n))
=Dy (edmDy' (f«(Dx(3)))
=e(n) f(Dx(V))
=fe(Dx(e(M)1))
=(fi o Dy o i)(x x ).

Since r and s are arbitrary, it follows from Kiinneth’s theorem for cohomology that
Dy oj; OD;le o(f xe).oDyxr=fioDyolif
as homomorphisms from H*(X x T, Z/2) into H.(Y, Z/2), and hence
JroDy o (f xe)oDy.r =Dy of,oDyoi.
Setting now t = (D;LT o(f x e)x 0o Dyxr)(0), we obtain

T =j(1)= (D;,l ofyoDyo i;‘)(a) = (D;,l ofyo DX)(Ur)-
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In particular,

1, = (Dy' ofs 0 Dx)(04,) = (Dy' o fi 0 Dx)(0) =0
T, = (D;l ofyo0 Dx)(O'tl) = (D;,1 ofyo DX)(Ol).

Hence (D;,1 o fi o Dy)(e) is in Alg?*(Y), and the proof of (ii) is complete.

3. Proofs of the theorems. We begin with the following result.

LEMMA 3.1. Let X be a compact nonsingular real algebraic variety of dimension n.
Then for any cohomology class a in Alg"(X), one has (a, [X]) = 0.

Proof. Choosea finite subset S of X representing the homology class Dy(«) = o N [X]
in Hy(X, Z/2). By [7, p. 239], (o, [X]) = e(a N [X]), where € : Hy(X,Z/2) — Z/2 s the
augmentation homomorphism. Hence, denoting by #S the number of elements of S,
we get

(o, [X]) = #S (mod 2).

In order to complete the proof it suffices to show that #S is an even integer.

Suppose that #5S is an odd integer. We obtain a contradiction as follows. Let Y be a
real algebraic variety consisting of one point and let /' : X — Y be the unique possible
map. Obviously, (D;,1 ofioDy)a)#0in H'(Y,Z/2) = Z/2. On the other hand, by
Proposition 1.3(i1), (D;,1 o f, o Dy)(a) is in Alg’(Y). However, since Y consists of one
point, it follows from the definition that Alg’(Y) = 0. Thus we have a contradiction
and the proof is complete.

Proof of Theorem 1.4. By assumption, a; —as is in Algh(X) and B — B, is in
Alg’(X). Therefore, in view of Proposition 1.2, (a1 — a») U 8 and a» U (81 U ) are in
Alg"(X). Hence

(a1 U B, [X]) — (@2 U B, [X]) = ((1 — ) U By, [X]) =0,
(U B, [X]) — (aa U Bo, [X]) = {2 U (B1 — B2), [X]) =0,

where the last equality in either line is a consequence of Lemma 3.1. It follows that
(1 U B1, [X]) = (@2 U Ba, [X]), which is equivalent to o) e f; = s @ 8. The proof is
complete.

The proof of Theorem 1.7 requires some preparation. All manifolds we use will
be smooth (of class C*), paracompact and without boundary. Let M be a smooth
manifold and let N be a smooth submanifold of M. Assume that N is a closed subset
of M. We denote by 7! the Thom class of N in M; thus t{ is in H*(M, M ~ N;Z/2),
where k = dim M — dim N. If N = {x}, we shall write 7"/ instead of z/%}. Clearly, 7} is
just the unique generator of the group H"(M, M ~\ {x},Z/2) = 7Z/2, m = dim M. As
usual, w;(M) will denote the ith Stiefel-Whitney class of M.

Given a topological space T, we let er: Hy(T,Z/2) — Z/2 denote the
augmentation homomorphism.

Proof of Theorem 1.7. Let n=dim X, p=dim Y, and k =n — p. For any point
y in Y, let B, denote the cohomology class in H”(Y, Z/2) Poincaré dual to the
homology class in Hy(Y, Z/2) represented by y. By Example 1.1, given y; and y;
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in Y, the cohomology class 8,, — B, belongs to Alg’(Y). In view of Proposition 1.3(i),
5By, — By,) =1*(By,) —f*(B),) is in Alg’(X) and hence Theorem 1.4 implies that

a .f*(ﬂYI) = °f*(ﬂy2)

for every cohomology class « in H,flg(X, Z7/2). 1t is known that w;(X) is in H;lg(X, 7]2)
for all i > 0 [2, 3]. Thus, given nonnegative integers iy, ..., i, withij +--- + i, = k, we
have
(w,-, (X) U...uU w,-r(X)) Of*(,By]) = (w,-, (X) U...u w,-r(X)) .f*(:Byz)' (1)
Let us set
i (f,y) = (Wi (X) U...Uw; (X)) e f*(B,).
Note that

ni...i,(f,y) =0 for yin ¥ ~ f(X), 2

since y in Y ~ f(X) implies f*(8,) = 0.
If y in f(X) is a regular value of £, then f~!(y) is a smooth submanifold of X of
dimension k. We assert

ni i () = (i (S ON UL Uw (7 00 L 0))- (€)

Suppose that (3) holds. If y; and y, are regular values of f, then (1), (2), and (3)
guarantee that £~!(y;) and f~!()») have the same Stiefel-Whitney numbers. Hence, by
Thom’s theorem [11], the smooth manifolds /~!(y;) and f~!(y,) are cobordant. Thus
it remains to prove (3).

In order to simplify notation set F = f~'(y). Let f : (X, X ~ F) —» (Y, Y ~ {}})
be the map defined by f. Since y is a regular value of f, we have

Moreover the following diagram is commutative:

HP(Y, Y ~ {y}:Z)2) AN HP(X, X ~ F:Z)2)

gl |
H(Y,Z)2) —L  HMX,Z)2),

where ¢ and v are the canonical homomorphisms. Since I/I(Tyy) = B,, it follows that
B =1 (@) = e/ (1)) = o). @)
Note that if e : F — X is the inclusion map, then

(0 Ugp(zf). [X]) = (" (o). [F]) (5)
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for every cohomology class « in H?(X, Z/2). Indeed, (5) can be proved by direct
computation:

(e Uo(zi). [X]) = ex((e Vo (z)) N [X])
= ex(oe N (go(r}() N [X]))
= ex(a Ne([F])
= ex(e«(e(@) N [F]))
= ep(e*(@) N [F])
= (e"(a), [F]),

where the third equality holds since ¢(z}) N [X] = e.([F]) [10, Problem 11.C], the fifth
equality is a consequence of naturality of augmentation, and the other equalities are
standard properties of the U, N, and {, ) products [7].

Furthermore, since the normal vector bundle of F in X is trivial, we have
e*(wi(X)) = w;(F) for all i > 0, and hence

e*(wil(X) Uu...u wiy(X)) =w;(F)U...Uw,;,(F). (6)

Now, making use of (4), (5), and (6), we get

niy i (fy) = (wi (X) U Uw, (X) US(B,), [X])
= (wi,(X)U... Uw; (X)Up(f), [X])
= (e*(wy (X)) U...Uw; (X)), [F])
= (wy(F)U...Uw;(F),[F]),

which proves (3). Hence the proof is complete. a
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