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The Poincaré Inequality and
Reverse Doubling Weights

Ritva Hurri-Syrjanen

Abstract. 'We show that Poincaré inequalities with reverse doubling weights hold in a large class of
irregular domains whenever the weights satisfy certain conditions. Examples of these domains are
John domains.

1 Introduction

Let D be a domain in euclidean n-space R”,n > 2. Let 1 < p < g < co. We say that
D supports a (g, p)-Poincaré inequality with weights v and y, if there is a constant
c=c(q,p,v,p, D) < oo such that

(1.1) infaeR(/ lu(x) — a|fv(x) dx) ! < c(/ |Vu(x)|? p(x) dx) E,
D D

where u is a Lipschitz function on D. If the inequality (1.1) holds for all Lipschitz
functions u on D, then D is a (g, p)-Poincaré domain with weights v and p; we write
D e P (q,p,v, ). The constant c in (1.1) is called a Poincaré constant.

It is well known that for v = p = 1 bounded John domains are (g, p)-Poincaré
domains for all ¢ < np/(n — p) when p < n, [1, Chapter 6]. Unbounded John
domains satisfy the (np /(n—p), p) -Poincaré inequality with v = u = 1, 2, Corol-
lary 4.6]. Examples of John domains are Lipschitz domains. But a John domain can
have a rough boundary: a classical example is the Koch snowflake.

We prove that a bounded John domain D belongs to P(q, p,v, u) with 1 < p <

q < oo whenever v and p_P%’ are reverse doubling weights satisfying weak addi-
tional conditions; see Theorem 3.1. The result is extended to unbounded John do-
mains in Corollary 4.2. We also show that the extra conditions on reverse doubling
weights are not restrictive; see Section 4.
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2 Preliminaries

We assume that 1 < p < g < oo. The abbreviation Q stands for the open cube
Qx,r) ={y € R" : |; — yi| < §,i = 1,...,n}, wherex € R"and r > 0. Bya
Whitney cube we mean a cube from a Whitney decomposition of a given domain, [8,
VI1]. Ift > 0, then tQ denotes the cube Q dilated by a factor t.

Welet ¢(x, . . ., *) denote a constant which depends only on the quantities appear-
ing in the parentheses.

2.1 Reverse Doubling Weights

A weight (function) is a non-negative locally integrable function on R".
A weight v is a doubling weight, that is, v satisfies a doubling condition, if there
exists a constant ¢ < oo such that

/ v(x)dx < c/ v(x) dx
2Q Q
for all cubes Q C R™.

A weight v is a reverse doubling weight or satisfies a reverse doubling condition, if
there exist constants 6 € (0, 1) and € € (0, 1) such that

/ v(x)dx < e/l/(x) dx
0Q Q

for all cubes Q C R”. We say that v is a reverse doubling weight with a pair (6, €).
Doubling weights satisfy a reverse doubling condition. There are reverse doubling
weights which are not doubling weights; see Example 5.2.

2.2 John Domains

We recall the definition of bounded John domains, [5]. A domain D is called an
(o, B)-John domain, 0 < o < 3 < 00, if there is xg € D such that each x € D can be
joined to xo by a curve ¥J: [0,]] — D parametrized by its arc length with total length
I < pBand

dist (4(1),0D) > S, forallt € [0,1].
The point x is called a John centre. When a John centre is fixed, then « and 3 are
fixed, and then by 0D we mean the dilation of D by a factor o > 0 with respect to
the fixed John centre. Lipschitz domains are John domains, and the bounded (e, §)-
domains of P. W. Jones are John domains, [3]. A classical example of an (¢, §)-domain
is the Koch snowflake. An example of a John domain which is not an (¢, §)-domain
is an (¢, §)-domain from which an n-dimensional spire has been taken away; in the
plane it is enough to take a slit away: Q(0,1) \ {(x1,0) : 1/4 <=x; < 1/2}.

The above definition implies that D is bounded. The concept ‘John domain’ has
been extended for unbounded domains, too, in [6] and [9]. We recall the definition.
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Let E be a closed arc with endpoints a and b. The subarc between x and y is denoted
by E[x, y]. For x € E\ {a, b} write

q(x) = min{dia(E[a, x]), dia(E[x, b])}.

Lety > 1. A domain D in R" is a y-John domain, if each pair of distinct points a and
b in D can be joined by an arc E such that

cigE(a,b) = U{B(x, q(x)/7) | x € E\{a,b}} C D.

The set cig E(a, b) is called a y-cigar with core E joining a and b. Whenever D is
bounded this gives exactly an («, 3)-John domain for some « and 3. An unbounded
John domain can be exhausted by bounded John domains according to the following
result of J. Viisila.

Theorem 2.1 [10, Theorem 4.6] An n-John domain D C R" can be written as the
union of domains Dy, Ds, ... such that D; is compact in D;y, and D; is an n,-John
domain with n; = n(n, n).

3 Main Result

We show that a bounded John domain is a Poincaré domain when the left hand side
weight in (1.1) and the right hand side weight in (1.1) to the power —1/(p — 1) are
reverse doubling weights and these weights satisfy certain conditions.

Theorem 3.1 Letl < p < q < oo. Let v and p_ﬂ_il be reverse doubling weights
with respect to the pairs (0;, €;), i = 1,2, respectively, such that

(3.1) e <8P and ey < 501
Then an (o, 3)-John domain D belongs to P(q, p, v, ).

Proof We use the integral representation
ﬁ 16n —
|u(x) — ua] SC(H)(E) /|x—y| "IVu(y)|dy, xé€ D,
D

where A = B"(xo, c(n)a*/3°") C D, from [4, Theorem 2.2 and Lemma 3.3], and
Holder’s inequality with exponents p and 5, to obtain

(3.2) /|u(x) — ua|Tv(x) dx
D

< c(n,q)(g) 16nq/p(/DIx—yll‘”IW(y)I"u(y) dy)%

q(p—1)

X (/ |’C—}’\17”M(X)_ﬁ dy) " u(x) dx.
D
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Since D is a bounded John domain, there exist a cube Q and a constant c¢(a, 3) > 0
such that D € Q and c(av, B)|D|# = |Q|#. Here, |%| is the Lebesgue measure of the
sets in question. We fix x € Q and use the abbreviation ¢(«, 6)|Q|% = r and we
exhaust Q(x, r) with cubes Q; = k~'Q(x,r), i = 0,1,..., where k > 1 is a fixed
number. Hence, we obtain

1
n

L _n L
/\x—yll’”u(y) = dyS/ lx — y['""uly) 7 dy
D Q

(x,7)
1
/ x = y|' " pu(y) T dy
i\ Qis1

oo
i=0

T uly) T dy

oo
< Z/ k- G00-m) g
i=0

i\ Qit1

<Y [ gy
i=0 i

Whenever numbers é, € (0,1) and €, € (0, 1) satisfy

log k

6 "kl <1, thatis, € <&,

then the reverse doubling property of;fﬁ, with these 4, € (0,1) and ¢, € (0,1)

yields,
! I L L
/ |x — y‘l—n’u(y)*ﬁ d}/ < ‘Q e 262 log 3, k—(z+1)(1 n)/ H()’) = d}/
Q i=0 Q(x,r)

< c(ez,62>|Q\“T”/ uly) 7 dy
Q(x,r)

< e B)|Q / u(y) 7 dy.
3Q

Inequality (3.2) and the generalized Minkowski’s inequality [8, p. 271] yield
(3.3) /|u(x) — ua|Tv(x) dx
D

< 5(62752771751)(2) 16"q(/3Q ’u(y)iﬁ dy)

X /(/ |x—y|1*”|Vu(y)|pu(y)z/(x)§dy) " dx
p\JD

alp—1)
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—1)

< c(ez,éz,n,q)(ﬁ) 16nq(/Q u(y)’ﬁ d)’) =

« 3

(L[ mu e uome i )" ay)
D D
ap—=1)

- 6(627527n7q)(5) 16nq(/3Q u(y)fﬁ dy) 5

S

«

(=t ) Va0 )

Since v satisfies a reverse doubling condition, similar calculations as above imply

S

(3.4) / (x = Y™} (x) dx < cler, 61, 9/p)] Q7 / V(x) dx,
Q 3Q

whenever ¢; < (55”4”/”. Inequalities (3.3) and (3.4) yield

(p—1)q

(%W(/mu(x)dx) (/3Qu(x)_p+1 dx) !

q

X (/D|Vu(x)|1’u(x) dx) ;l,

where ¢ = c(ey, €2, 61,82, 1, p, q)(3/) %™ whenever ¢, < 55"4”/‘0 and e; < &5 1.

Since v and ,Lfﬁ%l are locally integrable,

/ [u(x) — ualTv(x) dx < ¢|3Q
D

(p—1q

(%IM(/SQy(x)dx) (/mu(x)‘ﬁ ax) " <eD,v,pq) < oo,

Thus the assertion follows. [ |

(3.5) 13Q

Remark 3.2 Since a cube in R” is a John domain, our main theorem is valid for
cubes also. Previously, for cubes the following result was proved by E. Sawyer and
R. Wheeden, [7, Theorem 5]. If v is a reverse doubling weight and p is a weight, then
acube Qy C R"is a (q, p)-Poincaré domain with 1 < p < g < oo, whenever there
exists a constant ¢ < oo such that the inequality

m:—,(]{)y(x)dx) é(]éu(x)ﬁ d) e

holds for all cubes Q C 8Qg. Note that our theorem does not require that the condi-
tion (3.6) should be valid for all cubes, but only to 3Q where Q is a cube to which D
is included; see (3.5).

(3.6) Q
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4 The Poincaré Inequality with Reverse Doubling Weights in Un-
bounded Domains

If an unbounded domain can be exhausted by (g, p, v/, )-Poincaré domains with a
fixed Poincaré constant, then this unbounded domain is also Poincaré domain under
certain conditions.

Theorem 4.1  Let D in R" be an unbounded domain such that D = | J;°, D;, where
D; € P(q, p, v, 1) with Poincaré constants c(D;) < ¢y for some constant ¢y and D; C
D;CDiy,i=1,2,...,and fDl v(x) dx > 0. Let there be cubes Q; such that D; C Q;
and

(p—1)q

() ([ o) 7 e

i

13Q;

Then also D € P(q, p,v, 11).

Proof We proceed as in [2, Theorem 4.1] where the case v = p = 1 is considered.
Let u be a Lipschitz function in D. We may assume that f p U(x)r(x) dx < oo. Set

1
- fDi v(x) dx

Uj

/ ulx)v(x)dx, i=1,2,....

i

We show that there is a convergent subsequence (u;;) of (#;) and a number b € R
such that lim;_ u;; = band

(/D|u(x) — blTw(x) dxf < c(/D V()P () dx) 2

We have to find an upper bound for (|u;|) which does not depend on i. Since

|ui| = (/D V(x)dx) - i |ui |V () dx

< (/D u(x)) 71(/1) [u; — u(x)|v(x) dx+/D [u(x)|v(x) dx)

and | b, [1(x)|v(x) dx < oo, we have to prove that also

/ |, — u(x)|v(x) dx < 0.
D,
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Since D; C D; C D and D; is a Poincaré domain,

/D1 [u; — u(x)|v(x) dx < (/Dl v(x) dx) 11/q</Dl lu; — u(x)]|7v(x) dx) a
< (/D v(x) dx) l_l/q(/Dv lu; — u(x)|Tv(x) dx) v
<af /D v dx) /D VUl e dx)

< CO(/D v(x) dx) ll/q(/D [Vu(x)|? p(x) dx) i < 0.

Hence (u;) is a bounded sequence and there is a convergent subsequence (u;;) of (u;)
and a number b € R such that lim; o u;; = b. Since fD u(x)v(x) dx < oo, in fact
the number b = 0. We rewrite (u;) for the subsequence (u;;). Since

]_li{go Xp; ()| u(x) — uj|T = xp(x)|u(x) — bl?,
Fatou’s lemma and the fact that D; is a Poincaré domain with a constant ¢y imply
/ |u(x) — b|v(x) dx = / lim xp, (x)[u(x) — u;|Tv(x) dx
D DJ7ee
o a/p
— lim mf(co / V()| () dx)
J—o0 D;

a/p
< (CO / |Vu(x)|P () dx)
D
Hence also D is a Poincaré domain. [ |

Corollary 4.2 Let1 < p < q < oo. Let v and M_"%‘ be reverse doubling weights
with a pair (6;,€;), i = 1,2, respectively, such that (3.1) holds. Then an unbounded
John domain D is R" is a (q, p, v, )-Poincaré domain if for John domains Dy, Dy, . ..
in D’s exhaustion there are cubes Q; such that D; C Q; and

(p—1)q

|3Q,~|(%_1)’1</3Q v(x) dx) (/3Q u(x)_P]T] dx) <.

Proof Theorems 2.1, 3.1, and 4.1. |

5 Examples

We show that the conditions ¢; < 6%"_ Da/P and e, < 8571 on reverse doubling weight
constants (¢;, 9;), i = 1,2, in (3.1) are not restrictive.
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Example 5.1 Let v be a weightsuchthat 0 < m < v(x) < M < oo forall x € R".
We show that the conditions in (3.1) are not restrictive. Let § € (0, 1). We have

/ v(x) dx < M|6Q| = M§"|Q| = Mm™'6"m|Q| < Mm_lén/ v(x) dx
0Q Q

for any bounded cube Q C R". If we write ¢ = Mm™~!6", then ¢ < §"~! when-

ever § < mM~'. Further, if g < np/(n — 1), then ¢ < §""~D4/? whenever § <

(A_"})p/npfq(nfl).

We show that there are nontrivial unbounded reverse doubling weights such that
the conditions hold. These weights are not doubling in the classical sense:

Example 5.2 We consider the case n = p = 2. Let

X1+x2) X1+x2

uix) = e and v(x)=¢

Let 6 € (0,1). Then v and uﬁ satisfy a reverse doubling condition with § and
¢ = 6% and this € is the smallest possible € € (0, 1).
In the n-case, n > 2,and p > 1, we define

p—1D) (x4 +xy)

wix) = e ¢

and set

I/(X) — ex1+-~»+xn

for all x € R". For each § € (0, 1) we can choose € = §" and the condition € < §"~!
is valid as well as € < §""~14/? whenever q < np/(n — 1).
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