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1. Introduction

The algebraic question of determining functorial coalgebra decompositions of tensor alge-
bras arose from homotopy theory as follows. The classical results of Cohen et al. [6] on
the exponents of the homotopy groups of spheres and Moore spaces were obtained by
studying decompositions of the loop spaces of Moore spaces. Decompositions of the loop
space functor 2 from p-local simply connected co-H-spaces to spaces have been investi-
gated in [20-22,24,26]. By means of decompositions of the loop space functor, one gets
natural decompositions 2X ~ A(X) x B(X) for some homotopy functors A and B on
p-local simply connected co- H-spaces X. Such decompositions may lose some information
for an individual space X in the sense that the functor A may be indecomposable but
the space A(X) may have further decompositions. However, functorial decompositions
have the good property that one can freely change the co- H-spaces X in the decompo-
sition formulae because they are functorial. Also, there are examples of spaces X such
as the Hopf invariant one complexes in [11] with the property that the space A(X) is
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indecomposable for a certain functor A. A fundamental question concerning functorial
decompositions is how to determine the homology of the factors A(X) and B(X), which
can be reduced to a purely algebraic question as follows.

Let V be any module over a field k = Z/p and let T'(V') be the tensor algebra on V.
Then T (V') becomes a Hopf algebra by taking V' to be primitive. By forgetting the algebra
structure on T(V'), we have the functor T' from modules to coalgebras. Let

T(V) 2 A(V)® B(V) (1.1)

be any natural coalgebra decomposition of T(V) for some functors A and B from
(ungraded) modules to coalgebras. From [22, Theorem 1.3], the functors A and B can
be canonically extended as functors from graded modules to graded coalgebras and the
above decomposition formula holds for any graded module V. Then from [21, Theo-
rem 1.1], the functors A and B induce functors A and B from co-H-spaces to spaces
and a natural decomposition 2X ~ A(X) x B(X) with the property that there exist
filtrations on the mod p homology H.(A(X)) and H,.(B(X)) such that isomorphisms
E'H,(A(X)) 2 A(YX"'H.(X)) and E°H,.(B(X)) = B(X~1H,.(X)) are obtained on the
associated graded modules, where X! is the desuspension of a graded module. In short,
any coalgebra decomposition of the functor T as in formula (1.1) induces a natural decom-
position of the loops on p-local simply connected co-H-spaces in which the homology of
its factors can be determined by their corresponding algebraic functors.

The functors A and B in decomposition (1.1) are complementary to each other and so it
suffices to understand one of them as a coalgebra summand of the functor T". There exist
some important coalgebra summands of T in [22, Theorem 6.5] that give a functorial
version of the Poincaré-Birkhoff-Witt Theorem. One such functor is the functor A™n,
which is the smallest natural coalgebra summand of T'(V') containing V. The coalgebra
complement of the functor A™" denoted by B™* has the property that B™*(V)
can be chosen as a sub-Hopf algebra of T'(V). However, the determination of A™®(V)
and B™**(V') seems beyond current technology. As a consequence, the homology of the
geometric realizations A™"(X) and B™#(X) remains unknown. It is therefore important
to find coalgebra summands B of T' with the explicit information on B(V'), because in
such a case the homology of the geometric realization B(X) can be understood.

The purpose of this paper is to provide some explicit coalgebra summands B of T'.
We are interested in the special cases where B can be chosen as a sub-Hopf algebra of
T. This will give a relatively large coalgebra summand of T because any subalgebra of
a tensor algebra is a tensor algebra, and so the complementary functor A of B as in
decomposition (1.1) becomes relatively small. Let L, (V) be the nth free Lie power on
V; namely, L, (V) is the homogenous component of the free Lie algebra L(V) on V of
tensor length n. Our main result is as follows.

Theorem 1.1. Let the ground ring be a field of characteristic p. Let {m;};c; be a
finite or infinite set of positive integers prime to p with each m; > 1. Then the sub-Hopf
algebra of T(V') generated by

Lypr(V) foriel, r>0,
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is a natural coalgebra summand of T(V). In particular, the sub-Hopf algebra B(V') of
T(V) generated by
L, (V) forn not a power of p

is a natural coalgebra summand of T'(V).

By the maximum property of the functor B™#*, the sub-Hopf algebras in the theorem
are all contained in B™**. According to [22, Proposition 11.1] as well as [4], the inde-
composable elements in B™#* do not have tensor length p for p > 2 and so the sub-Hopf
algebra B(V) coincides with B™2*(V) up to tensor length p? — 1. For the case p = 2, the
sub-Hopf algebra B(V') coincides with B™**(V') up to tensor length 7 according to the
computations in [25]. Our sub-Hopf algebra B(V') is strictly smaller than B™**(V') for
a general module V.

An application of Theorem 1.1 to homotopy theory is given in [31]. Let the functors B
and B™?* be extended to functors from graded modules to graded modules in the sense
of [22]. Then the sub-Hopf algebra B(V') coincides with B™**(V) for graded modules V'
of dimension less than or equal to p — 1 with Viyen = 0 according to [31, Theorem 1.1].
From this, we obtain EHP fibrations for the spaces A™"(X) for (p — 1)-cell co- H-spaces
X [31, Theorem 1.5]. These fibrations help in understanding the homotopy groups of
co-H-spaces.

There is a canonical connection between coalgebra decompositions of T" and the decom-
positions of the Lie powers L, (V) as modules over the general linear groups by restrict-
ing decomposition (1.1) to the primitives. The decompositions of Lie powers have been
actively studied in the recent development of representation theory [2-4,9,10]. Thus,
the study of coalgebra decompositions of the functor 7" helps to establish closer relations
between homotopy theory and representation theory.

The paper is organized as follows. In § 2, we investigate the sub-quotient functors of the
tensor power functors T,,: V +— T,,(V) = V®" from modules to modules. These special
functors are of course closely related to the tensor representation of the symmetric groups
and the finite-dimensional polynomial representations of the general linear groups (by
evaluating on a fixed module V). They are also related to modules over the Schur algebras
and modules over the Steenrod algebra [15-17]. In this section, we introduce exact
functors 7, () from the category of functors from modules to modules to the category of
modules over the symmetric groups which are variations of the classical Schur functor [1,
13,19]. In geometry, the summands of the tensor power functors T}, are closely related
to decompositions of self-smash products [23,29].

In §3, we investigate the subfunctors of the Lie powers L, that occur as the sum-
mands of the functor T),,, which we call T},-projective subfunctors of L,,. According to
Theorem 3.9, these functors are closely related to the summands of the Lie powers L, (V)
that occur as summands of V®" studied in [3,9,10].

We give a coalgebra decomposition of T" called the ‘block decomposition’ in § 4. Accord-
ing to Theorem 4.3, this is a coalgebra decomposition of 7" in the form

-
=1
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where {m;} is the set of all positive integers prime to p and the primitives of C™ are
exactly given by the primitives of the tensor algebra T" with tensor length m;p” for » > 0.
In other words, the primitives of the tensor algebra T" with tensor length mp” for r > 0
for each m prime to p can be blocked into a coalgebra summand C™ of T

The proof of Theorem 1.1 is given in §5. In §6, we give some applications of our
decomposition theorem to Lie powers by restricting to the primitives.

2. The structure on the tensor powers

2.1. Tensor algebras

Let V' be any module and let

oo
T(V)=Ever
n=0
be the tensor algebra generated by V', where V™ = k and the multiplication on T'(V) is
given by the formal tensor product of monomials. The tensor algebra admits the universal
property that, for any associated algebra A and any linear map f: V — A, there exists
a unique algebra map f: T(V) — A such that f |y = f. In particular, the linear map

VoTWV)T(V), z—al+1x

extends uniquely to an algebra map ¢: T(V) — T(V)®T (V) and so T'(V') has the canon-
ical Hopf algebra structure with the multiplication given by the formal tensor product of
monomials and the comultiplication given by ¥. We refer to [18] as a classical reference
for Hopf algebras and quasi-Hopf algebras. The comultiplication 1 is coassociative and
cocommutative. The module T(V) with the comultiplication ¢: T(V) — T(V) @ T(V)
is called a shuffie coalgebra as its graded dual

(V)= P =)=
n=0 n=0

is the usual shuffle algebra under the multiplication ¢*: T*(V) @ T*(V) — T*(V).
We are interested in the functor T: V +— T(V). There are three variations on this
functor:

e the functor TH: V s T(V) from modules to Hopf algebras;

e the functor 7¢: V + T(V) from modules to coalgebras by forgetting the multipli-
cation;

e the functor T™: V + T(V) from modules to modules by forgetting both the mul-
tiplication and comultiplication.

As notation, the functor T refers to one of TH, TC or TM if the working category is clear.
By taking tensor length, the functor 7™ admits a natural decomposition

™ =~ é T,, (2.1)
n=0
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where T, (V) = V®" with Ty(V) = k. Thus, the functors TH, 7€ and T™ are graded
functors. From the well-known property (see, for example, [12, Lemma 3.8]) that

0 if n #£m,

k(%) ifn=m, (2.2)

Hom(T,, Tn) = {

the decomposition of 7™ is in fact an orthogonal decomposition. A direct consequence
is that the comultiplication ¢ (as a natural transformation) is uniquely determined by
the multiplication on T(V') for its Hopf structure.

Proposition 2.1. Let Ay : TM(V) — TM(V) @ TM(V) be a natural transformation
such that TM(V') with the usual multiplication together with the comultiplication given
by Ay is a quasi-Hopf algebra for every V. Then Ay = 1y for all V.

Proof. For every V, from the property that Hom(7},,T,,) = 0 for n # m, we have
Ay (T (V) CTi(V) @ To(V) & To(V) @ T1(V)

and the counit

ev: T(V)= @Tn(v) — To(V)
n=0

is the canonical projection given by sending each T;(V') to 0 for i > 0 and €|z, (v) = id.
Since both Ay and 1y have counit uniquely given by €y, we have

Avlr vy = Yvin vy

It follows that Ay = ¥y because both are algebra maps with respect to the formal tensor
product. 0

Remark 2.2. Given a module V, of course one could have many comultiplications
on T(V) such that T(V) is Hopf. The proposition states that 1 is the only possible
comultiplication on T'(V') which is a natural transformation.

2.2. Subfunctors of the tensor algebra functor

Let C and D be categories and let A, B: C — D be functors. We call A a subfunctor
(quotient functor) of B if there is a natural transformation ¢: A — B such that

ox: A(X) — B(X)

is injective (surjective) for every object X € C. A subfunctor (quotient functor) of T refers
to a subfunctor (quotient functor) of TH, TC or TM. A subfunctor (quotient functor) of
TH is called a sub-Hopf functor (quotient Hopf functor) of T. Similarly we have a sub-
coalgebra functor (quotient coalgebra functor) of T and a submodule functor (quotient
module functor) of T. A graded subfunctor (graded quotient functor) of T refers to a
subfunctor of TH, TC or TM as functors from modules to graded Hopf algebras, graded
coalgebras or graded modules, respectively.
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Proposition 2.3. Let B be a functor from modules to modules. Suppose that
(i) there is a natural monomorphism ¢y : B(V) — T(V) and
(ii) there is a natural epimorphism v: T(V) — B(V') for any module V.

Then there is a natural grading on B(V') such that ¢: B — T and ¢: T — B are natural
transformations of graded functors.

Proof. From the hypothesis, ¢ induces a natural isomorphism
¢: B(V) S Im(¢porp: T(V) = T(V)).
By the orthogonal property of T" as in (2.2), the composite
gpop: T =T

is a natural transformation of graded functors. Thus, ¢ o ¢(T},) C T}, and
Im(¢oy: T(V) = T(V)) = @ Im(¢ 0|z, : Tu(V) = Tn(V)).
n=0

Let B, (V) = ¢y (Im(¢ o |7, : Tn(V) — Tp(V))). Then

o0
B=B.
n=0
is a graded functor and ¢: B — T is a natural transformation of graded functors. Since

d(Y(Tn)) = Im(¢ o Y|z, : To(V) — Tu(V)),

we have ¢(T,,) = B,, and so 1 is also a natural transformation of graded functors, hence
the result. O

Corollary 2.4. Let C' be a sub-quotient functor of T. Suppose that C' is a natural
summand of TM. Then C is a graded sub-quotient functor of T.

2.3. The associated symmetric group modules of the functors

Let V,, be the n-dimensional k-module with a fixed choice of basis {z1,...,z,}. For
each 1 < i < n, define the linear transformation

by setting
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The right k(X,,)-action on V,, is given by
Li+ 0 = Tg(i)

for 1 <i<nando € X,. Then, for each 1 <i < n and any o € X, clearly there exists
a unique permutatlon d;o € X, _1 such that the diagram

Vg H%m

7
l l o (2.3

commutes. Let B be a functor from modules to modules. Then B(V,,) is a right k(X,)-
module induced by the action of k(X,,) on V,,. Define

ﬂ Ker(B B(V,)) = B(Vy_1)). (2.4)

By applying the functor B to diagram (2.3), v, (B) is a k(X,)-submodule of B(V},). Let
¢: B—C

be a natural transformation of functors from modules to modules. Then clearly ¢y,
induces a k(X,,)-map
Yo (@) Y (B) = 1 (C).
Proposition 2.5. Let
A C_J) B 417)) C
be a short exact sequence of functors from modules to modules. Then there is a short
exact sequence of k(X,,)-modules

¥n (7) ¥n(p)
Yn(A) > 7 (B) —> m(C).
Thus, v,(—) is an exact functor from the category of functors from modules to modules
to the category of k(X,,)-modules.

Remark. The exact functor v, (—) is a variation of the Schur functor given in [13] in
the following sense. Let B is a sub-quotient functor of T}, and let V' be a module with
m = dimV > n. Then B(V) is a sub-quotient k(G L,,(k))-module of V™. Let V,, embed
into V in the canonical way such that V =V & V’. In our definition, ~,,(B) C B(V) C
B(V). According to [9, §1.2, p. 71], B(V) — ~,(B) is the Schur functor.

Proof. Define the coface operation d': V,,_; — V,, by setting

) = 17 if j <4,
€r;) =
O ey i >,
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for 1 < i < n. Then the sequence of modules {V;,+1}n>0 with faces
di,....dp: V,, = Vi1

relabelled as dy, ..., d,_1 and cofaces
d'y.. . d" Ve =V,

relabelled as d°,...,d" ! by shifting indices down by 1 forms a bi-A-group in the sense
of [30, §1.2]. By applying the functors to the bi-A-group {V,,+1}n>0, one gets a short
exact sequence of bi-A-groups

{AWVas1)tnzo0 = {B(Vas1) tnzo = {C(Vata) bnzo-

The assertion then follows by [30, Proposition 1.2.10]. O

Corollary 2.6. Let ¢: A — B be a natural transformation between functors from
modules to modules. Suppose that

Y (@): Yn(A) = 1 (B)

is an isomorphism for each n > 1. Then
v A(V)— B(V)

is an isomorphism for any finite-dimensional module V. Thus, if both A and B preserve
colimits, then ¢ is a natural equivalence.

Proof. Let C be the cokernel of ¢. Suppose that C(V') # 0 for some finite-dimensional
module V. Let
n=min{k | C(V) #0, dim(V) = k}.

Then 7,(C) = C(V;,) # 0. By Proposition 2.5, 7, (C) = 0, which is a contradiction.
Thus, C(V) = 0 for any finite-dimensional module V. Similarly, for D the kernel of ¢,
we have D(V') = 0 for any finite-dimensional module V', finishing the proof. O

2.4. T,-projective functors

Consider the functor T5,. Let v, = v,,(T},). Then 7, is the k-submodule of V,®" spanned
by the monomials
To(1) @+ @ To(n)

for o € X, with the right symmetric group action explicitly given by
(T4, ® - ®Ti,) 0= T(iy) ® - @ T(iy) (2.5)
for 0 € X)), and the monomials x;, - - - x;, € ¥,. Observe that
Tn = k(Z0) (2.6)

as a k(X,)-module.
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Let V be any k-module and let aq,...,a, € V. We write a; ---a, for the tensor
product a; ® -+ ® a, € VO™ if there is no confusion. Let the symmetric group X, act
on V®" by permuting positions. More precisely, the left k(X,)-action on V" is given

o (a1 an) = g1y Ag(n) (2.7)

for o € X, and the monomials a1 ---a, € V™. Let B be any functor from modules to
modules. Define the functor 42 (—) by setting

T (V) = 1 (B) @k(s,) VE" (2.8)
for any module V. Clearly,
T (V) = Y @p(z,) VE" = T,(V).
Proposition 2.7. Let
BT, L0

be a short exact sequence of functors from modules to modules. Then the natural iso-
morphism v, Q(x,,) Ven =~ T, (V) induces a natural commutative diagram of exact
sequences

n () ®id n(p)®id
Yn(B) Ok(2,,) yen Tn Qk(5,) | T (C) Qk(2,) yen

| | |

B(V)C T, (V) — = (C(V)

IR

with a natural exact sequence
Tor¥ ™) (7, (C), VE) < 1,(B) @r(z,) VE" = B(V) = 10 (C) @p(s,y VE - C(V).
for any module V.

Proof. By taking the image of jy, we may consider B(V) to be a submodule of T}, (V)
for any module V. Let

0: Yn ®k‘(2n) Vo Tn(V)

be the isomorphism and let #5 = 6 o (7,(j) ® id). Observe that the isomorphism 6 is

given by

e(zl...xn®al...an):al...an
for ay,...,a, € V. Let a =ay---a, € V" be any monomial with a; € Vfor1<j<n
and let

o = Z kal'o(l) To(n) € ’yn(B)
oceXy,
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Then
ng(()‘@al"'an) = Z kox(r(l)"'mo(n)(@al"'an
ceX,
= Z k'o_(l'l...xn).o-®a1...an
ceX,
= Z koxl...xn®g.(al...an)
oceX,
= Z ko_xl SRR 7 ® aa_(l) - .ao_(n)
ceX,
= Z ka'a‘o'(l) .. .a’o'(n) c V®n
ceX,

Define a linear transformation f,: V,, — V by setting
fa(®i) = a;
for 1 < i < n. Consider T, (fo) = f&": Tn(Vy) — T, (V). Then
Tn(fa)(a) = f?n( Z kaxf’(l) T xa(n)) = @5(& Xay--- an)'

oeXx,

From the commutative diagram

B(Va) = T, (V)
B(V) =T, (V)
since B
a € (B) € B(Vy),
we have

PB(a@ay---a,) = Th(fa)(a) € B(V). (2.9)

It follows that
Im(@F) € B(V)

for any module V. Thus, the left square in the statement of the proposition commutes.
By Proposition 2.5, there is a short exact sequence of k(X,,)-modules

Tn (5) Tn(p)
Yn(B) &= T —== 7, (C).
Since v, is a free k(X),,)-module, there is an exact sequence
k(X n n n n
Torty ™) (1,(C), VE™) = 4(B) @k, VE™ = Y ez VE™ = 70 (C) @,y VO

Hence, the right square in the statement of the proposition commutes, and the asserted
exact sequence exists. U
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Example 2.8. We give an example that the natural transformation
Yn(B) @5,y VE" = B(V)

could be neither an epimorphism nor a monomorphism for subfunctors B of T},. Let k
be a field of characteristic 2. The Lie power Ly(V) is the submodule of V2 spanned by
[a,b] = ab — ba for a,b € V. The restricted Lie power L:*(V) is the submodule of V®?2
spanned by a?, [a,b] for a,b € V. Then

V2(L2) = 72(L57)

is the one-dimensional submodule of k(X3) generated by 1 — 7. Since k is of character-
istic 2, v2(La) = y2(L5®) is the trivial k(Xs)-module and so

Y2 (L5®) @p(zy) VE = Sa(V),
the two-fold symmetric product of V. The natural transformation
(L) Ouzy VO = LE(V)

is not an epimorphism for V with dim V' > 1 because its image is given by Lo (V). The
kernel of this natural transformation is measured by

Torlf(22)('yg/Lie(2), V®2) £0
for V with dimV > 1.

Let B be a functor from modules to modules. The dual functor B* is defined as follows.
For any finite-dimensional module V', define

B*(V)=B(V")",
where V* = Homy(V, k) is the dual k-module of V', and, for a general module V| let
B* (V) = colimy,, B*(V,)

be the direct limit of the module B*(V,) subject to the direct system given by the

diagram of all finite-dimensional submodules of V' with inclusions. Clearly, Ty = T,.

Proposition 2.9. Let B be a functor from modules to modules. Then ~,(B*) is the
dual k(X,,)-module of ~,,(B) for each n > 1.

Proof. For the basis {z1,...,z,} for V,,, let {z%,..., 2%} be the standard dual basis
of V*. Let
On: Vy =V

be the linear transformation such that 6,,(xz;) = x¥ for 1 < j < n. Then it is routine to

check that the composite

*
J
* B(en)* [/

B(Vp)" = yn(B)*

is an isomorphism of k(X )-modules. d
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We call a direct sum of copies of T}, a free T, -functor. A functor B from modules to
modules is called T, -projective if there exists a free T,-functor F' together with natural
transformations s: B — F and r: F' — B such that ros: B — B is a natural equivalence.
In other words, a T,-projective functor means a summand (or retract) of a free T,,-functor.

Proposition 2.10. Let B be a functor from modules to modules.

(i) If B is a T,,-projective functor, then v, (B) is a projective k(X,,)-module and there
is a natural isomorphism

Yn(B) @r(x,) VE" = B(V)
for any module V.

(ii) If B is a subfunctor of a direct sum of finite copies of T,, with the property that
vn(B) is a projective k(X,,)-module, then B is a T, -projective functor. Moreover,
there is a natural equivalence B = B*.

(iii) If B is a quotient functor of a direct sum of finite copies of T,, with the property that
n(B) is a projective k(X,,)-module, then B is a T,,-projective functor. Moreover,
there is a natural equivalence B = B*.

(iv) Let B be a sub-quotient functor of a direct sum of finite copies of T,,. Suppose
that B is a T,-projective functor. Then B is both projective and injective in the
category of sub-quotient functors of direct sums of finite copies of Ty, .

Proof. The proof of assertion (i) is straightforward. Assertion (iii) follows from (ii)
by considering the dual functor.

(ii) Let B be a subfunctor of F, where F' is a finite direct sum of copies of T,,. Let
C = F/B. Then there is a short exact sequence

Y (B) = Y (F) = 7 (C).

Since v, (B) is a finitely generated projective k(X,)-module, it is an injective k(X),)-
module and so the above short exact sequence splits as k(X,,)-modules. It follows that
¥n(C) is a projective k(X,,)-module because v, (F) is a free k(X,)-module:

Tory ) (7,(C), VE™) = 0.

Since F' is a direct sum of copies of the functor T,,, we can apply the exact sequence in
Proposition 2.7. In particular, the natural transformation

BF: 7u(B) @k(ss,) VE" = B(V) (2.10)

is a natural monomorphism. The natural inclusion B < F' induces an natural epimor-
phism F' = F* — B*. By Proposition 2.7, there is a natural epimorphism

O 7, (BY) @,y VO™ — B (V). (2.11)
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By Proposition 2.9,
n(B") = 7 (B)" = yn(B)

as k(X )-modules because v, (B) is a finitely generated k(X )-projective module. Let V
be any finite-dimensional k-module. From (2.10) and (2.11), we have

dim B(V) = dim B(V*)* = dim B*(V)) < dim(y,(B) ®g(s,) V") < dim B(V).

Thus, 5 and 45{3,* are isomorphisms for any finite-dimensional module V. Since the
functors v, (B) ®g(s,) (—)®", B and B* preserve colimits, the natural transformations
&8 and @B are natural equivalences. The assertion now follows from the fact that
Yn(B) @k(s,) VE™ is a natural summand of v, (F) Qp(x,) V" = F(V).

(iv) Let C be the category of sub-quotient functors of direct sums of copies of T;,. It
suffices to show that T, is projective and injective in the C. Let B be an object in C with
a natural epimorphism ¢: B — Tj,. It induces an epimorphism 7, (q): v, (B) = vn(T,) =
Tn- Since 7, is k(X,)-projective, there is a k(X,,)-cross-section s: vy, (Ty) — vn(B). Now
the natural transformation

n s®id n oY
To(V) 2 9 (Ty) ©rz,) VO 2% 4, (B) ®pz,) VO =% B(V)

is a cross-section to ¢ and so T;, is projective in C. Since T;, = T¥ is self-dual, T}, is also

n

injective in C. The proof is finished. O

We remark that if B is a sub-quotient functor of T, with the property that v, (B) is
k(X,)-projective, it is possible that B is not T,,-projective. For instance, for the ground
field k being of characteristic 2, the functor B = L/ Lo has the property that y2(B) =0
with B not Ts-projective.

3. The structure on lie power functors

3.1. The Lie power functors and the symmetric group modules Lie(n)

In this section, the ground ring is a field k. Let V' be a module. The free Lie algebra L(V')
generated by V is the smallest sub-Lie algebra of the tensor algebra T'(V') containing V/,
where the Lie structure on T'(V) is given by [a,b] = ab — ba. The functor L admits a
graded structure

LV) = La(v),

where L, (V) = L(V)NT,(V) is called the nth Lie power of V. By applying (2.4) to the
functor L,, we have the symmetric group module

Lie(n) = vn(Ly).-
Let V be the n-dimensional module with basis {zy,...,z,} as in §2.3. By definition,

Lie(n) = L,(Va) N vn
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is spanned by the homogenous Lie elements of length n in which each z; occurs exactly
once. By the Witt formula, Lie(n) is of dimension (n — 1)!. By the antisymmetry and
Jacobi identities, Lie(n) has a basis given by the elements

(21, To2)], Zo(3), - - - s To(n))
for o € X,,_1 [5].
Proposition 3.1. There is a natural short exact sequence
Tor¥*™) (v, /Lie(n), VE™) < Lie(n) @p(x,) VE" — Ln(V)
for any module V.
Proof. By Proposition 2.7, it suffices to show that the natural transformation
Py Lie(n) @p(s,) VE" — Ln(V)
is an epimorphism. Let [[a1,as],...a,] € L,(V) with ay,...,a, € V. Let
a = [[z1, 2], ..., x,] € Lie(n).
There then exists a unique k, € k such that

a=[[x1,22),...,xn] = Z ko) To(n)-
oceX,
Along the lines of the proof of Proposition 2.7, we have
Q5‘L/" (a®ai--ay,) = Z koto(1) - Qo(n) = [[a1,a2], ..., an]. (3.1)
oceX,

The assertion follows from the fact that L, (V) is the k-module spanned by the Lie
elements [[a1, ag), ..., a,] with a; € V. O

For any natural transformation ¢: L,, — L,, we have the k(X )-linear map

Yn(¢): Yn(Lyn) = Lie(n) — v, (Ln) = Lie(n).
This defines a ring homomorphism v: End(L,) — Endyx,)(Lie(n)).

Proposition 3.2. If n # m, then Hom(L,, L,,) = 0. Moreover, the ring homomor-
phism
v: End(L,) — Endg(s,)(Lie(n))

is an isomorphism with a natural commutative diagram of functors

. (5)®id )
Lie(n) OK(zn) yen 7 (0)® Lle(n) Ok(5,) yen

i(pén i@én

La(V) o La(V)

for any natural transformation §: L, — L.
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Proof. Let ¢: L, — L,, be a natural transformation. Let (3,: T,, — L, be the
natural epimorphism defined by (,(a; - - an) = [[a1,a2],. .., a,] for any module W and
any monomial ay - - - a, € T,,(W) = W®". Then the composite

T, =1, %1, > Tn

is a natural transformation, which is zero as Hom(T},, T;,,) = 0 for n # m. Thus, ¢ = 0.

For the second statement, let §: L,, — L,, be a natural transformation. Let V' be any
module. Consider [[a1,as],...,a,] € L,(V) with a; € V. Let f,: V;, — V be the linear
map with fo(z;) = a; for 1 < j < n. Then there is a commutative diagram

— | Ln(fa)

lév" i%(s) J/‘;V (3.2)
ulLn) € La(V) 2 L)
Thus,
Sy o @y ([[wr, w2, ., 0] ® a1 -+ - an)
=y ([lar,as],...,an]) (by (3.1))
= Ln(fa) (v (0)([[z1, 22], - .., 20])) (by (3.2))

= 00" (Y (8)([[21, 72), -, 2n]) ® ax -+ an)  (by (2.9))
and so the diagram in the statement commutes. It follows that the map
v: End(L,) — Endg(s,)(Lie(n))

is a monomorphism.

To show that v is an epimorphism, let 6: Lie(n) — Lie(n) be any k(X,)-linear map.
Since k(X)) is a Frobenius algebra, the free k(X),)-module =, is injective and so there
is a commutative diagram of exact sequences of k(X,,)-modules

Lie(n) = Yn ——> v, /Lie(n)
T
Lie(n) = Yn —> v, /Lie(n)

It follows that there is a commutative diagram of short exact sequences of functors

Ln

: 3
Tor’f(x")(vn/Lie(n), V®@n) ——— Lie(n) @(x,) ven Y L,(V)

lTor(é,id) J/(a@id la
oLn

Tor’f(x")(vn/Lie(n), V®n) —— Lie(n) ®(s,) ven Y L,(V)
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for some natural transformation §: L, — L,. By taking V = V,, and restricting to the
submodule 7, € V" we have the commutative diagram

@énl
Lie(n) % Lie(n) ®k(s,) Tn *‘;> Lie(n)

J{e i@@id J{%(é)
dim|

Lie(n) — Lie(n) ®g(s,) Yo —> Lie(n)

where g(a) = a® x1 -+ - z,. Thus, § = ~,,(d) because

@‘E/n © g([[‘ro(l)a xo(Q)]a cee 7xa(n)]) = Qjén([[‘rla x2]7 B xn] 0Ty I‘n)
= @é"([[ajl,xg], ey T @0 (T @)
=L ([0, 2], -, 0] @ To1) ** Tor(n))
= Hxa(l)a xa(Z)]v oo 7xa(n)]~
The proof is finished. O

Corollary 3.3. There is a one-to-one correspondence, multiplicity preserving, between
the decompositions of the functor L,, and the decompositions of Lie(n) over k(X,,).

3.2. The T,-projective subfunctors of L,,

Let @ be a subfunctor of L,,. Then @ is a subfunctor of T}, because L,, is a subfunctor
of T,,. By Proposition 2.10, the functor @ is T,-projective if and only if ~,(Q) is a
k(X),)-projective module. From Corollary 3.3, we have the following.

Proposition 3.4. There is a one-to-one correspondence, multiplicity preserving,
between T, -projective subfunctors of L, and k(X),)-projective submodules of Lie(n)

given by Q — v, (Q).

According to [22, Lemma 6.2 and Theorem 7.4], there exists a subfunctor L** of L,,
with Lie™*(n) = v, (L) that has the following maximum properties:

e Lie™™(n) is a k(X,)-projective submodule of Lie(n) and

max (

e any k(X,)-projective submodule of Lie(n) is isomorphic to a summand of Lie™**(n)

as a k(X,)-module.

From the stated maximum properties, Lie n) is unique up to isomorphisms of k(X )-
modules. By the above proposition, L;'** is unique up to natural equivalences with the
maximum properties that

maX(

o L** js a T, -projective subfunctor of L, and
e any 7T,-projective subfunctor of L,, is isomorphic to a summand of L}'®*.

From Proposition 2.10, we have the following.
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Proposition 3.5. There is a natural isomorphism

[max

Dy ¢ Lie™™(n) @p(s,,) VO [max(y))

for any module V.

3.3. The k(GL(V))-module L, (V)

In this subsection, the ground field k is an infinite field of characteristic p > 0 and V'
is a fixed k-module with the action of the general linear group GL(V) = GL,, (k) from
the right, where m = dim V. Let GL(V) act on T,,(V) = V" through the diagonal, i.e.

(a1---an)-g=(a19)---(ang)
for a; € V and g € GL(V). Recall that the Schur algebra is defined by
S(VV7 n) = Endk(gn)(V®"),

where the left action of X, on V®" is given by permuting factors. By the classical Schur—
Weyl duality, the group GL(V,n) generates the algebra S(V,n) = Endg(x,)(V®™) and
so there is an epimorphism of rings

k(GL(V)) = S(V,n).

Observe that if M is a sub-quotient of a direct sum of copies of V™, then the k(GL(V))-
action factors through its quotient algebra S(V,n). Thus, if M and N are sub-quotients
of direct sums of copies of V®", then

Homk(GL(V))(Mv N) = HomS(V,n) (M7 N)

Recall from [13] that the category of k(GL(V'))-modules that are sub-quotients of direct
sums of copies of V" is equivalent to the category of modules over the Schur algebra
S(V,n), which is denoted by Mod(S(V,n)).

Let B be a sub-quotient of a direct sum of copies of T),. The action of GL(V) on V
induces an action on B(V') via the functor B. Thus, B(V) is a module over k(GL(V)).
Since B(V) is a sub-quotient of a direct sum of copies of V®" B(V) is an object in
Mod(S(V,n)). Thus, we have a functor

©: B+~ B(V),
Hom(A, B) — Homyrvy)(A(V),B(V)) = HomS(V,n)(A(V)v B(V))

from the category of sub-quotients of direct sums of copies of T,, to Mod(S(V,n)).

Lemma 3.6. Let B be a sub-quotient of a free T,,-functor and let V' be a module with
dim(V') = n. Then B = 0 if and only if B(V) = 0.
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Proof. If B = 0, clearly B(V) = 0. Assume that B(V) = 0. Let B = B/B' with
B’ — B < F, where F is a direct sum of copies of Tj,. It is routine to check that
v;(T) = 0 for j > n. Thus, v,;(F) =0 for j > n and so

7(B') = 7;(B) = 7;(B) = 0
for j > n. Since B(V) = 0, we have B(V,) = 0 because dimV > dimV,, = n. Thus,
v;(B) = 0 for j < n. The assertion follows by Corollary 2.6. O

Corollary 3.7. Let A and B be sub-quotients of free T, -functors and let V be a
module with dim(V') > n. Then

O: HOHI(A, B) — Homk(GL(V)) (A(V)a B(V)) = HomS(Vm) (A(V)7 B(V))
is a monomorphism.

Proof. Let f: A — B be a natural transformation such that fi: A(V) — B(V) is 0.
Let C =Im(f: A — B). Then C(V) = 0. Thus, C' = 0 and hence the result. O
A direct sum of finite copies of T;, is called a finite free T, -functor.

Proposition 3.8. Let B be a sub-quotient of a finite free T, -functor and let A be a
quotient functor of a finite free T, -functor. Suppose that dimV > n. Then the homo-
morphism

QA,B: HOI’II(A, B) — Homk(GL(V))(A(V), B(V)) = Homs(vm) (A(V), B(V))
is an isomorphism.

Proof. By Schur—Weyl duality, the monomorphism
@T T, - Hom(Tn7 Tn) — Homk(GL(V))(Tn(V)> Tn(V)>

ny

is an epimorphism and so @4 p is an isomorphism when A and B are free T},-functors.
According to [8, p. 94], V®" is projective over S(V,n). Let A be a free T,,-functor. By
tracking the exact sequence form

O4,—: Hom(A, ) = Homgy,n) (A(V), —)
together with the fact that ©4 p is always a monomorphism, we have
@A,B : I‘IOIH(A7 B) — HomS(V,n) (A(V), B(V))

for any sub-quotient B of a free T,,-functor. Let A be a quotient of a free functor F' with
an epimorphism ¢: F — A. Let C' = Ker(¢). From the commutative diagram of exact
sequences

Hom(A, B)C v Hom(F, B) Hom(C, B)

l@A,B El@F,B l@C,B

Homg .y (A(V), B(V')) 2> Homg(y.) (F(V), B(V)) — Homg(y.,) (C(V), B(V))

the monomorphism © 4 p is an epimorphism, proving the proposition. (I
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A k(GL(V))-submodule M of L, (V) is called T),-projective if M is isomorphic to a
summand of a direct sum of T,,(V)’s as modules over k(GL(V)). Let §,: T,, — L, be
the natural epimorphism defined by 3, (a1 ---a,) = [[a1,az],...,ay] for any module W
and any monomial a; - - - a,, € T,,(W) = W&, Let 3, be the composite

Tn i» Ln C—Z) Tn .
Theorem 3.9. Suppose that dimV > n. Then
(i) the ring homomorphism

@L L,: Hom(Ln, Ln) — Homk(GL(V))(Ln(V), Ln(V))

s
is an isomorphism,

(ii) there Is a one-to-one correspondence, multiplicity preserving, between summands
of the functor L,, and k(GL(V'))-summands of L, (V),

(iii) there is a one-to-one correspondence, multiplicity preserving, between T,,-projective
subfunctors of L,, and T,-projective k(GL(V'))-submodules of L, (V),

(iv) for the functor L*®* the module L™** (V) is the maximum T,,-projective submodule
of L,(V) in the sense that any T,-projective k(GL(V))-submodule of L, (V) is
isomorphic to a summand of L**(V),

(v) for any choice of the functor L™®*, the socle Soc(L%**(V')) is uniquely determined
by
B (Soc(VE™)) = B, (Soc(VE™)),

(vi) for any choice of the functor L**, the head HA(L2**(V')) is uniquely determined
by
B (HA(VE™)).

Remark. By assertion (v), the functor L®** and the module L**(V') are determined
by evaluating the map 3, or 3, on simple k(GL(V))-submodules of V™.

Proof. Since L, is a quotient functor of T,,, assertion (i) is a direct consequence of
Proposition 3.8. Assertion (ii) follows from (i) immediately. Assertion (iv) is a direct
consequence of (iii). The proof of assertion (vi) is similar to that of assertion (v).

For proving assertion (iii), let M be a T,-projective k(GL(V'))-submodule of L, (V).
According to [8, p. 94], T,,(V') is an injective module over S(V,n) and so is M because
M is a summand of a direct sum of finite copies of T;,. Thus, the inclusion

Jji M — L,(V) = T,(V)
admits a k(GL(V))-retraction r: T,,(V) — M. The composite

e=jor: T,(V)—=T,(V)
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is an idempotent in
Endgarvy) (Tn(V)).

The natural transformation @ = ©¢: T, — T,, is an idempotent. Let B = Im(a). Then
B is a T),-projective subfunctor of L,, with B(V) = M and hence assertion (iii).

(v) Let
v @
il
be a decomposition over S(V,n) such that each P; is indecomposable. The map
Bn: V& — L, (V) induces a map
B Soc(VE™) = @D Soc(P;) — Soc(Ln (V).
iel

Note that each indecomposable S(V,n)-summand of V& has a unique socle (see, for
example, [13, (6.4b)]). Thus, there exists I’ C I such that

P= @Pi
e’

has the property that
Bn|5 SOC(P) — Bn(SOC(V®n))

is an isomorphism. It follows that

Bn|: P — Lp(V)

is a monomorphism because its restriction to the socle is a monomorphism. Since P
is an injective S(V,n)-module, the map [3,,|p has a retraction. Thus, the T),-projective
S(V,n)-module P is isomorphic to a S(V,n)-summand of L, (V). From the maximum
property of L™**(n), P is isomorphic to a S(V,n)-summand of L®**(V). In particular,

Bn(Soc(VE™)) = Bn|(Soc(P)) € Soc(Ly™ (V).
On the other hand, since L}**(V') is S(V, n)-projective, the inclusion
J: L™ (V) = La(V)
admits a S(V,n)-lifting j: L™(V) — V" such that j = § o j. Thus,
Soc(L*(V)) C Bn(Soc(V®”)).

Note that the inclusion i: L, (V) < T, (V) induces a monomorphism i|: Soc(L,(V)) —
Soc(T,,(V)). Thus,
Bn(Soc(VE™)) = B, (Soc(VE™))

and hence the result follows. O
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We remark that if dim V' < n, then assertions (iii) and (iv) are not true by the following
example.

Example 3.10. Let k be of characteristic 3 and let V' be a two-dimensional module
with basis {u,v}. Then the canonical map

frLa(V)®V — L3(V)[a1, a2] ® a3 = [[a1, az], ag]

is an isomorphism of modules over k(GLa(k)). Since La(V) is a k(GL(V))-summand of
V&2 Ly(V)®V is Ts-projective. Thus, L3(V) is Ts-projective. On the other hand, it is
easy to see that the functor L** = 0 and so L§**(V) = 0.

In this case, L3(V) is not an injective S(V, 3)-module. In fact, the inclusion L3(V) <
V®3 does not have an S(V, 3)-retraction by inspecting the Steenrod module structure on
V@3, Also it is easy to check that L3(V) is not a projective S(V, 3)-module.

We call M C L, (V) functorial T,,-projective if there exists a T,,-projective subfunctor
Q of L, such that M = Q(V). (Note that here we require that Q(V) is strictly equal to
M rather than just isomorphic to M.)

Proposition 3.11. Assume that the ground field k has infinitely many elements. Let
V be any k-module and let M be a k(GL(V'))-submodule of L,,(V'). Then M is functorial
T,.-projective if and only if M satisfies the following two conditions:

(i) there exists a k(GL(V))-linear map r: V®" — M such that 7|y is the identity;

(ii) the inclusion M — L, (V') admits the following lifting:

V®n

7
T

M L,(V)
as modules over k(GL(V)).

Proof. Suppose that M is functorial T,,-projective. Let @ be a subfunctor of L,, with
Q(V) = M. The inclusion

Q—L,—T,

admits a natural retraction because 7, (Q) is injective. By evaluating at V', condition (i)
is satisfied. Since v, (Q) is projective, there a natural lifting j: Q — T}, such that £, o j
is the inclusion of @ in L,, and so condition (ii) is satisfied by evaluating at V.
Conversely, suppose that M satisfies conditions (i) and (ii). Let j: M < L, (V) and
L,(V) < V®" be the inclusions. Let j: M — V& be a k(GL(V))-map such that

0Brn 0 j = j. By the Schur—Weyl duality, the map

k(Zn) = Hom(Tn, Tn) — Endk(GL(V))(V®n)
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is an epimorphism. There exists a natural transformation «: T,, — T}, such that ay =
jor. Let 8 = 3, o a. Consider the colimit of the sequence

T, %1, 51,
There exists k > 0 such that
Q= Im(@k) — colimy T,

is an isomorphism because, by taking 7,(—) to the above sequence, the submodules
Im(7,(0")) of v,(T},) are monotone decreasing in dimension:

dim Im(v,(6)) > dim Im(’yn(Hz)) > dim Im(’yn(ﬂg)) >

Since Q = B, (ad*~1(T},)), Q is a T),-projective subfunctor of L,,. By evaluating at V,
we check that Q(V) = M. Since

Oy oby =fhoayofyoay
=iofyojoroiof,ojor

=to0jorogojor

and hence the result. O

4. Coalgebra structure on tensor algebras

In this section, the tensor algebra T'(V') admits the comultiplication
Y T(V)=>TWV)T(V)
described in §2.1.

4.1. Changing ground-rings

Some results in representation theory help us to change the ground ring. Let Z,) be
the p-local integers. By the modular representation theory of symmetric groups (see, for
example, [7, Exercise 6.16, p. 142]), any idempotent in (Z/p)(X),) lifts to an idempotent in
Zp)(Zn). It is well known [14] that any irreducible module M over Z/p(%,) is absolutely
irreducible, that is, for any extension field k, M ® k is irreducible over k(X,). Thus,
there is a one-to-one correspondence between idempotents in Z/p(X,,) and idempotents
in k(X,).
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Let R be any commutative ring with identity. Consider T: V — T(V) as the functor
from projective R-modules to coalgebras over R. Denote by coalgR (T,T) the set of nat-
ural coalgebra self-transformations of T'. Let k be any field of characteristic p. We have
canonical functions

R: coalg?® (T, T) — coalg”? (T, T)
by reducing mod-p and
K coalg?/P(T, T) — coalg® (T, T)

by tensoring with k over Z/p. By [22, Corollary 6.9], there is a one-to-one correspon-
dence between natural indecomposable retracts of T' over k and indecomposable k(X),)-
projective submodules of Lie(n) for n > 1. Thus, we have the following.

Proposition 4.1. The functions R and K have the following properties.

e The map R: coalg?® (T, T) — coalg??(T, T) induces a one-to-one correspondence
betweens idempotents. Thus, every natural coalgebra decomposition of T over Z/p
lifts to a natural coalgebra decomposition over Z ).

e The map K: coalg’ (T,T) — coalg®(T,T) induces a one-to-one correspondence
between idempotents. Thus, natural coalgebra decompositions of T depend only
on the characteristic of the ground field.

By this proposition, we can freely change between ground fields with the same char-
acteristic and lift natural coalgebra decompositions to the p-local integers if necessary.

4.2. Block decompositions

Henceforth in this section, the ground field k is algebraically closed with char(k) = p.
For any coalgebra C, let PC' be the set of the primitives of C. If C' is a functor from
modules to coalgebras, then PC is a functor from modules to modules. Recall from
Corollary 2.4 that if C' is a sub-quotient coalgebra functor of T'C such that C' is a natural
summand of 7™, then C is graded and so we have the homogenous functors C,, and
P,C = PCnNC, for each n. For the case C =T, PT(V) = L™(V) is the free restricted
Lie algebra generated by V and P,T = L} for each n.

For natural transformations f,g: T' — T, the convolution product f x g is defined by
the composite

multi.

T(WV) S T(V) @ T(V) L2% T(v) @ T(V) 225 7(v).

If f and g are natural coalgebra transformations, clearly f g is also a natural coalgebra
transformation. For any element ¢ € k, define A\¢: T'(V) — T'(V) by setting

Aclar---an) =C"ar---ay, (4.1)

for ai,...,a, € V.In other words, A¢: T (V) — T'(V) is the (unique) Hopf map such that
Ac(a) =Cafora € V. Let x: T(V) — T(V) be the conjugation of the Hopf algebra T'(V'),
namely y is the anti-homomorphism such that y(a) = —a for a € V.. More precisely,

x(a1---an) = (=1)"anan—1---a1 (4.2)
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for ay,...,a, € V. For any element { € k, we have the natural coalgebra transformation
Oe=Aexx: T(V)=T(V). (4.3)

If o € P,T(V), then

Oc(a) = (¢" = Do (4.4)

by the definition of convolution product because (o) = a« ® 1 + 1 ® «. For general
monomials in T, (V), it is straightforward to check that we have the formula

Ocay---an) = > 4+ (1" Maoq) o) totert)  * Gom)-  (4.5)
o(l)<-<a(k)
o(k+1)<--<o(n)
ceX,
0<k<n

The maps 6. are useful for obtaining natural coalgebra decompositions of T'(V').

Theorem 4.2. Let the ground ring k be a field of characteristic p. Then there exists
a natural coalgebra decomposition

T(V)=C(V)® D(V)
for any module V' with the property that

PO — 0 if n is not a power of p,
" P, T ifn=p" for some r.

Remark. From the decomposition, we have P,,D = 0 if n is a power of p and P, D =
P, T if n is not a power of p. The theorem allows one to give a decomposition that puts
all primitives of tensor length a power of p into one coalgebra factor and all the remaining
primitives into the other coalgebra factor.

Proof. Let {m; < mg < mg < ---} be the set of all positive integers prime to p
excluding 1 and let (., be a primitive m,;th root of 1. We shall construct by induc-
tion a sequence of sub-coalgebra functors C(k) of T, with the inclusion denoted by
Jr: C(k) — T, and a sequence of quotient coalgebra functors gi: T — E(k) with the
following properties:

(i) C(k+ 1) is a subfunctor C(k) for each k > 0;

(ii) there exists a coalgebra natural transformation ¢;,: E(k) — E(k + 1) such that
Qk+1 = ¢}, © g for each k > 0;

(iii) the composite g o ji: C(k) — E(k) is a natural isomorphism;
(iv) P,C(k) =0 if n is divisible by one of my, ma, ..., my;

(v) P,C(k)= P,T if n is not divisible by any of my,ma, ..., my.
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Let C(0) = E(0) = T and let ig = go = id. The construction of C(1) and E(1) is
as follows. Let E(1) = colimgle T be the colimit of the sequence of coalgebra natural
transformations

Ocm, Cmy

6
T —T ——T —---.

Let ¢1: T — E(1) be the map to its colimit. By [22, Theorem 4.5], there exists a sub-
coalgebra functor C(1) of T, with the inclusion denoted by ji: C(1) — T, such that
¢1 © 11 is a natural isomorphism. From Equation (4.4),

b, : P,T — P,T
my

is zero if mq|n and an isomorphism if m{n. Thus, P, E(1) = colimgcm1 P, T =0if mi|n
and
¢1: P, T — P,E(1)

is an isomorphism if myfn. Since C'(1) = E(1), conditions (iv) and (v) hold. Now suppose
that we have constructed C(j) and E(j) satisfying conditions (i)—(v) for j < k. Let
f:+T — T be the composite

-1 . 0
T qk B, (qrojr) C(k)( Jk T Smpqa T

o~

and let E(k+1) = colim; T. Let gx4+1: T — E(k+1) be the canonical map to its colimit.
Notice that
Q10 f =quy1: T — E(k+1).

Let ¢}, = qr+107k 0 (qrojk) L. Then gr1 = g} 0gx and so condition (ii) is satisfied. Since
f factors through the subfunctor C(k), there exists a subfunctor C'(k + 1) of C(k), with
the inclusion into 7" denoted by jgi1, such that gx41 o jr+1 is a natural isomorphism.
Hence, we have conditions (i) and (iii). Let o € P,T(V). Then

fla) =0c,,, . ((ro(awoin) ™ o qr)()) = (¢h,,, — DUk o (ar 0 ) ™" o ai)(@)).

Thus, f(a) =0 if n is divisible by one of my, ..., mg4+1 and

f:P,T — P,T
is an isomorphism if n is not divisible by any of my, ..., mg1. It follows that P, E(k+1) =
0 if n is divisible by one of mq, ..., mg11 and

Gk+1: PoT — P,E(E+1)

is an isomorphism if n is not divisible by any of my, ..., mgy1. Since C'(k+1) = E(k+1),
we have conditions (iv) and (v). The induction is finished.
Now let

C = ﬁ C(k)
k=0
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be the intersection of the subfunctors C(k) of T and let E(oc) be the colimit of the
sequence

From condition (iii), each C(k) is coalgebra retract of T' and so each C'(k) is a functor from
modules to coassociative and cocommutative quasi-Hopf algebras with the multiplication
on C(k) given by

C(k) ® C(k) —= T @ TT 224 C(k),

where we use the definition of a quasi-Hopf algebra given in [18]. By conditions (i)—(iii),
C(k+1) is a coalgebra retract of C'(k) and so there is a natural coalgebra decomposition

C(k) = Ck+1) @ C'(k)

by [22, Lemma 5.3]. From conditions (iv) and (v), P,C(k + 1) = P,C(k) for n < my41
and so P,C"(k) =0 for n < mg41. It follows that

O (k) = 0

for 0 < n < mgy1. Thus,
Clk+1), =Ck)n

for n < my41 and from conditions (i)—(iii),
qr: E(k)n = E(k+1),

is an isomorphism for n < myy1. Notice that the integers my — 0o as k — oco. Let n be
a fixed positive integer. For the integers k with my > n, we have C,, = C(k),, and

E(k)n —2> Bk + 1)y —5 Bk +2)p > -

o

It follows that the composite

C = C(k)y > T,y — E(k),, — E(c0),
is an isomorphism. Thus, the composite
C—T— E(x0)

is an isomorphism and so C' is a coalgebra retract of 7. This gives a natural coalgebra
decomposition
T=C®D

for some coalgebra retract D of T. From conditions (iv) and (v), we have P,C =0 if n
is not a power of p and PCpr = PT),- for r > 0. The proof is finished. O
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Theorem 4.3 (Block Decomposition Theorem). Let k be a field of characteristic
p. Let {m;}i>0 be the set of all positive integers prime to p with the order that mg =
1 <mq < mgy < ---. Then there exist natural coalgebra retracts C™ of T' with a natural
coalgebra decomposition

T(V) =@ Cm(V)
1=0

such that
P.Cm — {PnT if n = m;p" for some r > 0,

0 otherwise.

Proof. We shall show by induction that there exist natural coalgebra retracts C™: of
T, for 0 < ¢ < k, with a natural coalgebra decomposition

k
T(V) = (@Cmi(V)> ® D*(V) (4.6)
=0

for some natural coalgebra retract D* of T such that

PO = P, T if n=m;p" for some r > 0,
0 otherwise,

for 0 < 7 < k. The statement holds for £ = 0 by Theorem 4.2, where C"° is the natural
coalgebra retract C of T' given in Theorem 4.2. Suppose that the statement holds for k.
Along the lines of the proof of Theorem 4.2, using {6, } for i > k+ 2, there is a natural
coalgebra decomposition

DF(V) = ™+ (V) @ DMTH(V).
In brief, we first construct E™*+1(1) = colim, T" as the colimit of the map g given by the
composite
9 my.
T - DV ey T 2522, p

and then take an inductive construction along the lines of the proof of Theorem 4.2 by
pre-composing with T — D* < T. This gives a monotone decreasing sequence of natural
coalgebra retracts C™++1(7) of D* for i = 1,2,... and the resulting natural coalgebra
retract C™k+1 = (2, C™k+1(7) of DF has the property, on the level of primitives, that
P,C™ 1 = () if n is divisible by one of mg o, mgy3,... and

P,C™ 41 = P, D*
if n is not divisible by any m; with ¢ > k4 2. Together with the fact that P,D =0 ifn =

m;p" for some 0 < i< kandr > 0and P,D = P,T otherwise, we have P,C™*+ = P, T
if n = myy1p" for some r > 0 and P,C™*+! = 0 otherwise. The induction is finished.
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Now decomposition (4.6) induces a commutative diagram
k E+1 . E+1
~ Mg k ~ m; k+1 k+1 m;
T_<(g0)c )®D _<(%)O )®D — (%)c
1= 1= 1=

qk iproj.

k
®cn

1=0

that induces a natural coalgebra transformation

oo
T4HQC™,
=0
which is an isomorphism because, for each n, D¥ = 0 for sufficiently large k >> 0. This
finishes the proof. O

5. Proof of Theorem 1.1
In this section, the ground ring is a field k of characteristic p.

Lemma 5.1. Let ) be a T),-projective subfunctor of L. Then () is a subfunctor of
L,, and the sub Hopf algebra T(Q(V')) of T(V') generated by Q(V') is a natural coalgebra
retract of T(V).

Proof. It is easy to see that 7, (L:®) = v,(L,) = Lie(n). By Proposition 3.1, the
image of the natural transformation

Ll‘eS res n res
QSVn : 'Yn(Ln ) Qk(5,) ven — Ly, (V)
is L, (V). Since Q is T,,-projective,

@Q . V®n \
v (@) Or(s,) —Q(V)

is an isomorphism by Proposition 2.10 (i). From the commutative diagram

(@) Ok(z,) VI —— (L)) ®p(s,,) VE"

~ Q Lres
s Jot

Q) Ly=(V)

we have @ C L,,. By Proposition 2.10 (iv), there is a natural linear transformation

rv: To(V) =VE" = Q(V)
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with TV|Q(V) = idQ(V). Let
H,: T(V)—T(V®™)

be the algebraic James—Hopf map induced by taking the homology of the geometric
James—Hopf map. Then there is a commutative diagram

T(Q(V)) > T(L(V)) > T(V)
\ m iHn
T(QV)) <L (ven)

where the maps in the top row are the inclusions of sub-Hopf algebras, jy is the canonical
inclusion and the right triangle commutes by the geometric realization theorem in [28,
Theorem 1.1]. Thus, the sub-Hopf algebra T'(Q(V)) of T(V) admits a natural coalgebra
retraction and hence the result. |

A natural sub-Hopf algebra B(V) of T(V) is called coalgebra-split if the inclusion
B(V) — T(V) admits a natural coalgebra retraction. For a Hopf algebra A, denote by
QA the set of indecomposable elements of A. Let A be the augmentation ideal of A.
If B(V) is a natural sub-Hopf algebra of T'(V'), then there is a natural epimorphism
IB(V) = QB(V). Let Q,B(V) be the quotient of B, (V) =1IB(V)NT,(V) in QB(V).

Theorem 5.2. Let B(V) be a natural sub-Hopf algebra of T(V'). Then the following
statements are equivalent:

(i) B(V) is a natural coalgebra-split sub-Hopf algebra of T(V');

(ii) there is a natural linear transformation r: T(V) — B(V') such that r|gy) is the
identity;

(iii) each @, B is naturally equivalent to a T,,-projective subfunctor of L,;
(iv) each Q. B is a T, -projective functor.
Proof. (i) = (ii) and (iii) = (iv) are obvious. By [22, Theorem 8.6], (ii) = (i).
Thus, (i) = (ii). From the proof of [22, Theorem 8.8|, (ii) = (iii).
(iv) = (ii). Since B(V) is a sub-Hopf algebra of primitively generated Hopf algebra
T(V), B(V) is primitively generated and so

rn: PaB(V) = B(V)NL'S(V) = Q.B(V)

is a natural epimorphism, where L'(V) = PT(V) is the free restricted Lie algebra
generated by V. Since @, B is T),-projective, the map r, admits a natural cross-section
Sn: QuB(V) < P,B(V) by Proposition 2.10 (iv).

Now we show that the inclusion B(V) — T(V) admits a natural linear retraction. By
identifying Q, B(V') with s,(Q,B(V)), we have

B(V) = T(éQkB(V)> cT(V).

k=1
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Since each QB is a retract of the functor T},
QuB®---®Q;,B

is a retract of T}, yi,+...4+4, for any sequence (iy,...,4:). Note that {Q;B(V) | i > 1} are
algebraically independent. Thus, the summation

Y QuB(V)®Qi,B(V)®--®QiB(V) C T, (V) =V
i1 Fia+ - t+ir=q

is a direct sum. From the fact that
b «@.B=2Q,B---©Q,B
i1tiz+tit=q

is T),-projective, there is natural linear retraction

Vel P QuB(V)®Q,B(V)®-- ®Q;,B(V)
i1tio+-+ie=q

for any ¢ > 1. Hence, the inclusion B(V) — T(V') admits a natural linear retraction. O

Proof of Theorem 1.1. Let B(V') be the sub-Hopf algebra of T'(V') generated by
Lypr(V) foriel, r>0.
Let {n;}j>1 = {m;p" |1 > 1, r > 0} with
ng=my <ng<---.

That is, we rewrite the integers m;p” in order. Let B[k](V) be the sub-Hopf algebra of
V generated by L, (V) for 1 < j < k. By Theorem 5.2, it suffices to show that Q,, B is
T,-projective for n > 1. Let n be a fixed positive integer. Choose k such that ny > n.
Then the inclusion B[k] < B induces an isomorphism

QnBlk] = QB

because B[k] and B has the same set of generators in tensor length < n. Thus, it suffices
to prove the following statement.

For each k > 1, B[k] is coalgebra-split.

The proof of this statement is given by induction on k. The statement holds for k = 1
by Lemma 5.1 because L,,, is Ty,,-projective by [22, Corollary 6.7] from the assumption
that m; is prime to p. Suppose that B[k — 1] is coalgebra-split. Thus, there is a coalgebra
natural transformation r7: 7' — B[k — 1] such that 7|gx_1) is the identity map. Let
ng = m;p" for some ¢ and r. Let C"™ be the natural coalgebra retract in Theorem 4.3
with a natural coalgebra retraction r¢: T — C™:. Define f: T'— T to be the composite

T % Ccmi TS Blk—1] — T. (5.1)
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Let E = colim¢ T" be the colimit with the canonical map
q:T — E.
As in the proof of Theorem 4.2, there exists a coalgebra subfunctor C' of C™: such that
qla: C—E
is an isomorphism by [22, Theorem 4.5] with a natural coalgebra decomposition
C™~C®D. (5.2)

According to [22, Lemma 5.3], the subfunctor D of C™: can be chosen as the cotensor
product kg C™ under the coalgebra map

qlgmi: O™ — E
and so there is a left exact sequence

P.D < P,cme Drdlemiy (5.3)

for any n.
By restricting the map f as the composite in (5.1) to the primitives, we have the map

P.f: P,T 22 p,c™ — P, T 2% P, B[k — 1] — P,T.

If n # mupt for t > 0, then P, f = 0 because P,,C™ = 0. If n = m;p’ for some ¢ > 0 with
n < ng, then P, f is the identity map because P,C™ = P,T and P,B[k — 1] = P,T =
L' as the sub-Hopf algebra B[k — 1] contains L,,,,s for s > 0. Thus,

P,C = P,C™
for n < ny. From decomposition (5.2), we have
P,C™ = P,C'® P,D (5.4)
for all n and so P,D = 0 for n < ny. It follows that D,, = 0 for 0 < n < nj and
D,, = P, D. (5.5)

Now consider the case P, f for n = ny = m;p”. Since P,C™ = P, T, P,rc = id and so
P,foP,f =P,f with
Pnf(a) = PnT(Ck)

for a € P,T. Thus, the composite

P.qlBr-1
R

Im(P, f) = P,Blk — 1] % P,E = colimp, ; P,T
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is an isomorphism. From the exact sequence (5.3), we have
P,D = Ker(P,r: P,C™ = P,T — P, B[k — 1]).

Let j: P,Blk — 1] — P,C™i = P,T be the inclusion. From the commutative diagram

P,D = Ker(P,r)

R

Pné’<—z> pP,Ccm Coker(7)
= iPHT
P,Blk—1]

the summation P,B[k — 1] + P.,D in P,T = P,C™: is a direct sum and there is a
decomposition
P,C™ = P, T = P,Blk — 1] & P, D.

From definition of B[k], PB[k](V) is the restricted sub-Lie algebra of L**(V) = PT (V)
generated by Ly, (V) for 1 < i < k. It follows that P,B[k] = LI*®* = P,T = P,,C™ and

Q.B[k] = P,B[k]/P,Blk — 1] = P,C™ /P, B[k — 1] = P, D.

From decomposition (5.2), D,, is a natural summand of C™®, Since C™™ is a coalgebra
retract of T, C™" is a natural summand of T},. Thus, D,, is T,-projective. By iden-
tity (5.5), P, D is Tp,-projective. Thus, Q,B[k] is Tj,-projective. By Theorem 5.2, B[k] is
coalgebra-split. The induction is finished and hence the result. (I

By inspecting the proof, we obtain the following slightly stronger statement.

Theorem 5.3. Let M = {m;},c1 be a finite or infinite set of positive integers prime
to p with each m; > 1. Let f: I — {0,1,2,...}U{oo} be a function. Then the sub-Hopf
algebra BM- (V) of T(V) generated by

Lyyor (V) foriel, 0<r< f(3),

is natural coalgebra-split.

6. Decompositions of Lie powers

Let m = kp” with k£ # O0modp and k > 1. According to [22, Theorem 10.7], the functor
Ly, admits the following functorial decomposition:

Lipr = Ly ® Lyp(L}yps) @ -+ @ Ly (L)

for each r > 0 starting with Lj = Ly, where each L;cpr is a summand of Tj,-, which is
called Tjp,r-projective in our terminology. By evaluating on V', one gets the decomposition
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of the k(GL(V'))-module Ly,- (V') given in [3, Theorem 4.4] by using an approach different
from representation theory, where Lj . (V') was denoted by By, in [3]. From Theorem 5.3,
we can obtain various new decompositions of Ly, and therefore, by evaluating on V,
new decompositions of the k(GL(V'))-module Ly, (V).

Let M = {m;};cr be a finite or infinite set of positive integers prime to p with each
m; > 1. Let f: I — {0,1,2,...} U {oo} be a function. Let BMf(V) be the sub-Hopf
algebra of T'(V') generated by

Ly (V) foriel, 0<r< f(3).

According to Theorem 5.3, BM:/ is coalgebra-split and so Q, BM:f is T),-projective by
Theorem 5.2. Since BM/ (V) is a sub-Hopf algebra of the primitively generated Hopf
algebra T'(V), it is primitively generated by [18, Proposition 6.13] and so there is a
natural epimorphism

bn: P,BM = Q,BMS.

From Proposition 2.10 (iv), the map ¢, admits a natural cross-section because Q,, BM:/
is T,,-projective. Thus, there is a subfunctor DM/ of P, BM:f such that

d)n‘: DT/L\A’f - QnBM’f
is a natural isomorphism. Since DM/ is T),-projective, we obtain
pMfcp,BMINL,

along the lines of the proof of Lemma 5.1. Thus, DMf is a T),-projective subfunctor of
L,,. From the fact that DM/ = Q, BM:f and BM-f is isomorphic to the tensor algebra
generated by Q, BMf with n > 1, the inclusion

éDn « BMJ

n=1

induces a natural isomorphism

T(éD,J ~ pMJ, (6.1)

Since the algebra BM:f is generated by Ly~ (V) for m; € M and 0 < r < f(i), we have
DMT =0 if n # mp" for some m; € M and some 0 < r < f(i). (6.2)

Let {m;p" | m; e M, 0 < r < f(i)} = {n1,ne,...} with n; < ng < --- and let a be
the cardinality of the set {m;p" | m; € M, 0 < r < f(i)}. Then decomposition (6.1)

becomes N
T (EBDM) ~ S (63)
i=1
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and so we obtain a natural isomorphism

pr(@n.) - (@p) xpps—piare
i=1 i=1

According to Proposition 4.1, the sub-Hopf algebra B/ is also a natural coalgebra
retract of T if we change the ground ring R to the p-local integers. Notice that PT = L
and PBM/ = BM:f N [, when R = Z(p)- By changing the ground ring back to Z/p and
then extending it to k, we have the following decomposition:

[e3
L(@ Dm> ~ pMIinL. (6.5)
=1

We shall apply ideas from the Hilton—Milnor Theorem to determine BM:f N L,,. Recall
the terminology of a basic product from [27, p. 512]. Let x1, . .., xj be letters. A monomial
means a formal product w = x;, z;, - - - z;, with 1 < 41,...,4; < k, where the word length
n is called the weight of w. We define the basic products of weight n by induction on
n and, for each such product, a non-negative integer r(w), called its rank. These are to
be linearly ordered, in such a way that w; < wsy if the weight of w; is less than the
weight of wsy. The serial number s(w) is the number of basic products < w in terms of
this ordering. The basic products of weight 1 are the letters x1,...,x; with the order
2] < xg < -+ < xg. Set r(x;) = 0 and s(xz;) = i. Suppose that the basic products of
weight less than n have been defined and linearly ordered in such a way that w; < ws
if the weight of w, is less than that of ws, and suppose that the rank r(w) of such a
product has been defined. Then the basic products of weight n are all monomials wiws
of weight n, for which w; and wsy are basic products, wy < wy and r(w;y) < s(ws). Give
these an arbitrary linear order, and define r(wiws) = s(ws).

Let Wy be the set of all basic products on the letters zi,...,x; by forgetting the
ordering. Then

Wi € Wit
for each k. Let
o0
Woo = [ Wi
k=1

The elements in W are called basic products on the sequence of the letters x; for i > 1.
For each basic product w = x;, - - - x;, € W, define

w(DMT) = Dpt @@ DY (6.6)
with the tensor length with respect to DM/
d(w) =Ngy Ny Ny,

and the natural transformation

$uw: w(DMI)(V) = T(@Dm(V)> = pMI(V)
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given by

Gw(1 @220 - ®2) = [[21, 22], .- -, 2]
for z; € D,/L‘fjf (V). Then the map ¢,, extends uniquely to a natural transformation of
Hopf algebrais

T¢w: T(w(DMF)) = T(éDm(V)> =~ BMI(V)

i=1
by the universal property of tensor algebras. Now by taking homology as in the Hilton—
Milnor Theorem [27, Theorem 6.7], we have the natural isomorphism of coalgebras

0: QT (w(DM) =T (@D )%BM’f, (6.7)

where w runs over all basic products in W, the tensor product is linearly ordered and the
natural transformation 6 is given by the ordered product of T'¢,,, which is well defined
because the tensor length d(w) tends to co as the weight of w tends to co. By restricting
to Lie powers, we have the decomposition

(e}
®L (DM S L(@Dm) ~ pMJS L. (6.8)
=1

By taking tensor length, we obtain the following decomposition theorem.

Theorem 6.1. Let M = {m;}ics be a ﬁm’te or infinite set of positive integers prime
to p with each m; > 1 and let f: I —> {0,1,2,...}U{oo} be a function. Then there exists
a T, pr-projective subfunctor DM of Lm p for each m; € M and 0 < r < f(i) such
that

m; p

Lmip’" = @ Lmlpr/d(w) (w(‘DM)f))
d(w)|m;p"”

for m; € M and 0 < r < f(i), where w runs over basic products with d(w)|m;p".

Remarks.

e Since each D, is T,,-projective, the tensor product w(DM-f) is Ty(w)-projective.
If m;p"/d(w) is prime to p, then the Lie power Lmipr/d(w)(w(DM7f)) is Thpypr-
projective. Thus, the non-7,,,,-projective summands of L,,,,~ occur in the factors
Ly jd(w) (w(DMI)) with mgp” /d(w) = 0mod p.

e The multiplicity of each factor Ly, ,r /a(w) (w(D*f)) can be determined as follows.
Let w be a basic product involving the letters z;,,...,z; such that x;, occurs l;
times and d(w)|m;p”. According to [27, (6.4), p. 514], the multiplicity of the factor
Ly () (w(DMT)) s given by the formula

(1/d)!
d%: (i/d)t- - (le/d)!

where g is the Mo6bius function, [ is the greatest common divisor of Iy, ...,[; and
L=l 4+ Iy
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Example 6.2. Let k be of characteristic 2. Let M = {m; = 3} and let f(1) = 3.
Then we have the natural coalgebra-split sub-Hopf algebra

BMI(V) = (L3(V), Le(V), L1a(V))
of T(V) with D3 = Ly, DM =~ L = Lg/Ly(L3) and
Dy 2 Lua/([Lg, L] ® [[L, Ls], Ls] @ La(Ls)).
From Theorem 6.1, we have the decomposition

Lia = D19 @ L(D3 @ Dg) N L2
= D12 @ La(D3) ® L2(Ds) @ [[Ds, D3], D3]
= D1y @ Ly(L3) ® La(Lg) @ [[Lg, Ls], Ls].

By comparing this with [22, Theorem 10.7] or [3, Theorem 4.4], the Tjo-projective sum-
mand

(L6, Ls], L] = Lg ® Ly ® Ls
can be recognized in our decomposition for L.

Let M be the set of all positive integers m; with m; prime to p and m; > 1 and let
f(@) = oo for all i. Then we have

{map" | mi € Mr >0} =N\ {L,p,p*,p°,... }.
Let
D, = DM/
for n not a power of p. As a special case of Theorem 6.1, we have the following.

Corollary 6.3. There exists a T),-projective subfunctor D,, of L, for each n not a
power of p such that

Ly, = @ Lm/d(w)(w(D))

d(w)|m

for any m not a power of p, where w runs over basic products with d(w)|m.
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