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ON LINEAR ALMOST PERIODIC SYSTEMS
WITH BOUNDED SOLUTIONS

V.1I. TKACHENKO

It is proved that in every neighbourhood of a system of linear differential equations
with almost periodic skew-adjoint matrix with frequency module F there exists a
system with frequency module contained in the rational hull of F possessing all
almost periodic solutions.

1. INTRODUCTION

Let us consider the system of linear differential equations

dz
(1) 5 = Az,
where z € C*, A(t) is an n-dimensional skew-adjoint matrix, A(t)+ A*(t) =0, t €R,
and we also suppose that A(t) is a continuous function and it is Bohr almost periodic
with frequency module F. Let X4(t) be the fundamental matrix for system (1),
X4(0) = I, where I is the identity matrix.

The function X 4(t) need not be almost periodic in ¢. The aim of this paper is to
prove that in any neighbourhood of the matrix-function A(t) (in the uniform topology
on the real axis) there exists a skew-adjoint matrix-function C(t) such that C(¢) and
Xc(t) are almost periodic with frequencies belonging to the rational hull of F.

We note that in [3, 4] this statement was proved for systems with almost periodic
matrix A(t) which has a frequency basis of dimension two or three. If the matrix A(t)
is periodic in ¢ the statement is trivial, taking into account Floquet’s theorem.

2. MAIN RESULT

Let us denote by U(n) the set of all unitary matrices of dimension n and by
SU(n) the set of unitary matrices of dimension n with determinant equal to 1. For

n 1/2
z = (21,... ,Zn) € C* we define the norm |z| = (E ::,-E,-) , where T is the
i=1

complex conjugate of z. The corresponding norm ||A|| for the n-dimensional matrix
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A is defined as follows: ||A|| = sup{||Az| : z € C*, ||z|| = 1}. Thus ||Az| = 1 for
AeU(n).

The frequency module F of the almost periodic function A(%) is defined to be the
Z-module of the real numbers, generated by the A such that

T

1 .
(2) Jim 7/ 2™ A1) dt # 0.

Frat is the rational hull of F, that is, Free = {A/m: A € F, m € Z}.

THEOREM 1. In every neighbourhood of the system of linear differential equa-
tions (1) with almost periodic skew-adjoint matrix with frequency module F there
exists a system with frequency module contained in the rational hull of F possessing
all almost periodic solutions with frequencies belonging to Frq; .

The proof of theorem is preceded by two lemmas.

LEMMA 1. For ¢ > 0 and for positive integers n and d there exists a number
N(e,n,d) such that for every compact metric space X of dimension at most d and
for every homotopic trivial u : X — IU(n) there exists a sequence u = ug,uy,...,

UN(e,n,a) = I of continuous maps from X to U(n) with

sup [ur(e) — ueti(p)l <€ for all k.
pEX

PROOF: Let us consider a continuous homotopic trivial a(¢) : X — U(n). The
function a(yp) can be rewritten in the form a(p) = (det a(y))'/"a1(), where ai(yp) :
X — SU(n) is a homotopic trivial map. D(p) = (det a.(c,o))l/ﬂ is a homotopic trivial
map from X to U(1l) = {z € C: |z] = 1}. Hence there is 8 € [0,27) such that the
point €*®% does not have an inverse image under the map D(¢) and the function D(yp)
has the representation D(yp) = €**(¥) | where a(p) : X — R is a continuous function
and 8 < a(yp) < b + 2.

The function h{p,t) = exp (ita(p)) : X x [0,1] — U(1) is a homotopy from D(y)
to the identity. Let us consider a sequence of functions

k
wle) = oxp (iz-ale), 0<kEN,
1

with natural N;. We get the estimate

e (iExal)) - emp (i5-a0)) | -
xp | 2 —ex —
N1 Nl
cos ialp) +isin 1——3\(;0) — 1‘ = 2sin ia(e) < 26 + 27r)
1

exp ]\(;P) 1‘

lvk+1 - vkl =

1 2N1 = 2N1 Nl.
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We choose N; so that 47/N; < /2.

By Lemma 3.1 [5] for ¢ > 0 and for positive integers n > 2 and d there exists
N;(e,n,d) such that for every compact metric space X of dimension at most d and ev-
ery homotopic trivial u : X — SU,, there exists a sequence u = 20, %1,... ,UN,(e;n,d) =
I of continuous maps from X to SU, with

sup [[ur(p) —ur+i(p) < €/2 forall k.
pEX

By taking N(e,n,d) = max{Ny, N2(e,n,d)} we complete the proof. 1

REMARK 1. Analysis of [5, proof of Lemma 3.1] and {1, Lemmas 1.3 and 4.3] shows
that Lemma 1 remains valid with U(n) replaced by a compact Riemannian manifold
Y with finite fundamental group 7;(Y). Therefore Lemma 1 is valid for homotopic
trivial maps from a compact metric space X of dimension at most d to the group
S0(n) of n-dimensional orthogonal matrices with determinant 1 for n > 3 (because
m(S0(n)) =Z; if n > 3 [2]).

LEMMA 2. Suppose that the continuous function A(yp): Tm — U(m) satisfies

N} =

(3) sup [l A(y) ~ Il <€ <
pETm

Then there exists a continuous logarithm of the function A(y) defined on the torus T,,

such that
4\/55
(4 sup [lln A(p)]| < Y.
‘PeTm — &€
PROOF: We use the formula
1 _
(5) InA(y) = 57 [ (AT - A(p) 7 lnrdy,
a9

where the simply connected domain § in the complex plane contains the closure of the
set of eigenvalues of A(y), ¢ € T, and it does not contain zero [6].

By assumption (3) the eigenvalues of the matrix A(p), ¢ € T are contained
inside the circle of radius ¢ with centre at the point (1,0) of the complex plane. The
function In A(¢p) is continuous on the torus Tr, .

Let 99 in (5) be the circle of radius 2¢ with centre at the point (1,0) of the

complex plane,
B0 ={A: A =142, o €[0,27]}.
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Hence for A € 39 we get
-1 1
(6) I = 4¢e) ™| < <
Let us estimate [In A| for A € Q2. These A have the form

A =142€* = pe'?,

where

2esingp

_ 1 4 42 0: t I o
p=1+/1+4ecosep +4¢?, e T oecosp

Hence we have
InA =Inp+if + 2nwik, k € Z.

lnA] € V(lnp)2 + 62.

Further, In p satisfies the inequalities

Let k£ =0, then

—In (1+ : 2625) = %hl (1—4e+4e*) <Inp< %ln(l+4€+452) =In (1 + 2¢),
hence
P 2e
< < .
|lnp|\ln(l+1_2€) S 1-2

Similarly we get the estimate

2¢ < 2e .
1-—2¢ 1-2¢

|8] < |arctan

Therefore we conclude that

2\/55
< .
(7) ln Al < S5

Using (6) and (7) we get the estimate for the right-hand side of (5):

1122 4v/2¢
A < —- 2627 = ———
Sup Al < 50T 262 = T g
which completes the proof of the lemma. 0
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REMARK 2. If A(p) € SO(n) then it can be shown that the matrix In A(yp) in (5) is
real and satisfies the estimates (4).

PROOF OF THEOREM: Let € > 0 be arbitrary. For the almost periodic function
A(t) with frequency module F there exists a quasiperiodic function A,(t) with fre-
quencies belonging to F such that sup||A(z) — A1(t)|| < €. Hence we can consider

teR

system (1) with quasiperiodic matrix A(t).

We can rewrite A(t) in the form A(t) = B(wit,... ,wm+1t), where the continuous
skew-adjoint matrix B(¢1,...,9m+1) is periodic with period 1 in each coordinate
wi, t=1,...,m+1, and m is some positive integer. The real constants w1,... ,wWm41
are rationally independent. Without loss of generality we may assume that wy,41 =1.
The (m + 1)-dimensional torus Tpmy; = R™*T!/Z™*1 s the hull of the quasiperiodic
function A(t).

Consider now the collection of systems

dz

(8) = = Bly ),

where -t = w4 is the irrational twist flow on the torus Try1, ¢ = (¢1,. - ,Pm+1) €
Trm+1- Then A(f) = B(yo - t), where o =(0,...,0). Let ®(p,t) be the fundamental
matrix for the system (8), ®(p,0) = I. It forms a cocycle

(9) (I)(‘P,tl + t2) = Q(‘P ’ tl,t?)Q(‘Patl)'

We comnsider the torus Ty, as a product Typyy = Ty X T of the m-dimensional torus
T, and of the circle Ty. Then ¢ = (¥,£), ¥ € T, € € Ty and ®(p,t) = 8(4,&,1).
For fixed t the function $(#,0,t) forms a mapping T,, — U(n) which is homotopic
to the identity in the space U(n).
We consider the fundamental matrix ®(,0, N), where the number

N = N(l—z,m,n)

is the same as in Lemma 1. By Lemma 1 there exists a sequence of maps M(,k) :

Tm — U(n) such that M(4,0) =1, M(3,N) = ®*(4,0,N) and

sup |[M(4,k) — M9,k +1)|| < fg for k=0,...,N—1.
YETm

Obviously,

(10) sup ||M(¥,k+ 1)M*(¢, k) — I|| < /16, k=0,...,N-1.
Y€Tm
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By Lemma 2 for ¢ € (0,e0] with sufficiently small £ > 0, there exists a logarithm
In (M(%,k + 1)M*(3,k)) continuous on T,, with

(11) Sup o (M (%, k + 1)M*(, E))|| <

MI(‘)

Let a(t): [0,1) — [0,1] be a differentiable monotone increasing function satisfying the
conditions a(0) = a'(0) = a'(1) =0, a(l) =1, a'(t) < 2. We construct the function

N(¥,t) = expla(t — k)In (M(, k + 1) M* (4, k)| M (4, k)
forte [k,k+1),k=0,..., N —1.

ON:1)  expla(t — k)l (M (3, k + 1)M0* (9, k)
X In (M($, b + )M (%, k))or (¢ — K)M(3, k),

OV E) - (p,0) = ot — ) (M9, k + 1)M* (3, )

for t € [k,k + 1]. By construction, the function N(#,t) is continuously differentiable

with respect to t, for ¢ € [0, N]. Using (11) we obtain for ¢ € [0, V]

aNg, A o, t)H

sup

YETm

Let us consider the function ¥(4,t) = ®(%,0,t)N(,t). It satisfies the conditions

¥(4,0) = ¥(¢,N) =1, ¢ € T,. We extend the function ¥(3,t) to the intervals ¢t < 0
and t > N by the formula

(12) U(¢,t+kN) =T(y - kN,t), k€Z,

where ¥ = (Y1,... ,¥m), ¥ -t = (Wit +9¥1,... ,wmt +¥m). The function ¥(sp,t) is
uniformly continuous on the set T, x [0,N]. Therefore for £ > 0 there exists § > 0
such that if p(¥1,%2) < & then ||¥(1,t) — ¥(¢P2,t)|| < €. Here p(.,.) stands for the
metric on the torus T, .

For the irrational twist flow v -t on the torus T,, there exists a relatively dense
set of integers g5 such that p(3,v - Ngs) < 6 for all ¥ € T},. Then

N¥(,2) — B(b,t + Ngs)l| = ||[¥(,2) — ¥(¥ - Ngs, 1)l <e

for t € [0,N], ¥ € Tm. Therefore for the function ¥(1,t) there exists a relatively
dense set of e-almost periods, the function ¥(#,t) is almost periodic in t, and for fixed
7 it satisfies the system

d¥(3,1)

(13) 7

= By(+ - 1,1)¥(,1),
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where

g1, — 220

The function B;(¥,t) is periodic in ¢ with a period N and

¥ (¥,t), Y €T, teR.

(14) Bl('/”t):Bl('r/”t'i'N)a "/’eTm’ teR.
In order to verify equality (14) let us consider

Bi((%1 1) N,t+ N) = 6_\1’(1/)_1é_ttiN_)

_ 6\11(1/)1 ) N’t)

=— 5 Y(¥1-N,t) = Bi((¢1 - N) - t,2).

Thus we obtain (14) if ¥; - (N +t) = 4. Hence the matrix B;(¥,t) is periodic in each
coordinate and B (¥ - ¢,1) is quasiperiodic.
For t =Ng+t1, 0<t <N, ¢ =(9,0) we get the following estimate:

W*(’l/’l;t‘{'N)

1B1(¥ - £,2) — B(¢ - 1)

_ [0 gy OB(:0,8)
= 5t L] (1[),t) ot % (¢10at)“
_ aﬂﬁ'ﬁgﬂ\p*wwq,n)—Mw@*(¢-Nq,0,tl)

aN(’/’ 'Nq’tl)

= ‘1’(1/"N¢1,0,t1) )

N*(¢ - Ng,t1)®*(¢ - Nq,0,t1)

ON(¢-Ng,ta)

<
= ot

<e.

N*(’lﬁ 'Nq,tl)

The numbers w;,... ,wm,l form a basis of F and the quasiperiodic function

By (¢ - t,t) has the following expansion in the Fourier series:

Bi(w t,t) = Y ape?milkint thmumtl/N)t,
ki

Therefore the frequencies of the function B;(% - £,t) belong to Fra¢. A direct compu-
tation by (2) shows that the frequencies of the almost periodic function ¥(3,t) belong
to Frat-

Thus we have constructed in the e-neighbourhood of the almost periodic skew-
adjoint function A(t) an almost periodic skew-adjoint function A;(t) = Bi(vo - t), ¥ =
(0,...,0) € Tr with frequencies belonging to Frq: and such that the fundamental
matrix X4, () is almost periodic. The proof of the theorem is now complete. 0
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REMARK 3. Theorem 1 remains valid for systems (1) considered in a real space z € R™.
In this case the matrix A(t) is skew-symmetric and the fundamental matrix X 4(t) is
orthogonal for all £ € R. The proof is practically identical to that for the complex case
with regard to Remarks 1 and 2. We note that the case n =1 is trivial and the result
for the case n = 2 was proved in [4].

In [7] it is proved that those systems with k-dimensional frequency basis of the
almost periodic function A(t) whose solutions are not almost periodic form a subset of
the second category (an intersection of a countable set of everywhere dense subsets) in
the space of all systems (1) with k-dimensional frequency basis of A(t). Therefore by
Theorem 1 we obtain the following

COROLLARY 1. Systems with k-dimensional frequency basis of A(t) and with an
almost periodic fundamental matrix form an everywhere dense set of the first category
in the space of all systems (1) with k-dimensional frequency basis of the skew-adjoint
matrix A(t).
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