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Abstract

Let p be an odd prime, and let E, and E, be two elliptic curves defined over a number field K, with good ordinary
reduction at p. We compare the A-ranks and (generalized) Iwasawa invariants of the Pontryagin duals of the Selmer
groups of E, and E, over Z;f—extensions L., of K for general d > 1 under the hypothesis that E,[p'] = E,[p'] as
Galois modules for a sufficiently large i. This generalizes and complements previous work over Z,-extensions. The
comparison of generalized Iwasawa invariants is related via an up-down approach to the comparison of the variation
of classical Iwasawa invariants over the Z,-extensions of K which are contained in L.

1. Introduction

Let K be a number field and p an odd prime. Two elliptic curves E, and E, defined over K are said to be
p-congruent if E,[p] = E,[p] as Gal(K/K)-modules, where K denotes any fixed algebraic closure of K.
More generally, we will study in this article pairs of elliptic curves E; and E, such that E, [p‘] = E,[p'] for
some positive integer i, which we will simply call congruent elliptic curves in this paper. Let K, /K be a
Z,-extension and let Sel(E;/K.,) be the p-primary classical Selmer group of E; over K,,. We denote the
Pontryagin dual of Sel(E;/K.,) by X(E;/K,,). Now assume for i = 1, 2 that E; has good ordinary reduction
at all primes of K dividing p and that X(E;/K.) is a A := Z,[[T]] = Z,[[Gal(K/K)]]-torsion module.
When K = Q (so K, = Q,,,, the cyclotomic Z,-extension of Q) the Greenberg-Vatsal paper [20] studies
the relations between the lambda invariants A(X(E,/K.,)) and A(X(E,/K,)) under the assumption that
W(X(E;/Ky)) =0fori=1or2. These results were later generalized by Kidwell [28] to arbitrary number
fields. The paper of Kundu and Ray [37] refines the results of Greenberg-Vatsal and Kidwell, and the
authors use their results to construct elliptic curves E over an imaginary quadratic field K such that
X(E/K,) has a large A-invariant where K, is the anticyclotomic Z,-extension of K.

In a similar fashion to the above results, the aim of this paper is to study relationships between gen-
eralized Iwasawa invariants of Pontryagin duals of Selmer groups for congruent elliptic curves over
ZZ-extensions. The generalized Iwasawa invariants were introduced by Cuoco and Monsky in [11].
These are defined as follows: Let G be a profinite group isomorphic to Z}{ for some d > 1. The Iwasawa
algebra A, = Z,[[G]] attached to G may be identified (by choosing a set of topological generators of G)
with Z,[[T}, T>, . . ., T,]]. Now let M be a finitely generated torsion A,-module that is not pseudo-null.
Then there exists a pseudo-null module A and an exact sequence

s t
0— P ap e Ak — M—A—0. (1)

i=1 Jj=1

In the above, the exponents are natural numbers and the 4; are irreducible elements of A, which are prime
to p. The module @@;_, A,/p™ & @J;l Ad/h_;" is called an elementary A,-module attached to M. The
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element fy, = [T._, p™ - [1,_, h;’ is the characteristic power series of M. One then defines the generalized
Iwasawa invariants of M as follows. First, m,(M) = Zf.:l m;. The definition of the second invariant is
more involved. We write fi, = p™® . g,,, and we consider the (nonzero) image g,; of g, in the quotient
ring 2, = A,/p. We let [(M) be the sum of the valuations v,(g), where p runs over the primes of €2,
of the form y — 1, with ¥ € G not a p-th power (since A,/p is a unique factorization domain, this sum
is in fact finite). Finally, for a pseudo-null A ,;-module M, we define f}; = 0 and my(M) = l,(M) =0

n [35], we introduced a modified /,-invariant which is defined as follows. Let d > 1. Recall that
A, =Z,[[G]], where G is topologically isomorphic to Z;’. As above, let M be any finitely generated
torsion A,-module that is not pseudo-null, and let fj, be the characteristic power series of M. Write
Ju=p™ . g, with pt gy, as usual, and consider the image g,; of g, in .

Definition 1.1. Let T be the set of tuples (yy, . . ., Ya_1) of elements of G which topologically generate
subgroups isomorphic to Z3~'. We let

M) =h(@) =Y _ (@)
p

where p runs over the minimal prime ideals of (gy) C 2, which are contained in some prime ideal P,
of the form (y, — 1,...,y,_1 — 1), forany tuple t = (y\, . . ., Ya_1) of T.

Note that E(M) > lo(M) by the definitions, and that E(M) =I,(M)ifd=2.

If d =1, that is, for A-modules, we can define Iwasawa invariants even for non-torsion modules. To
be more precise, let M be a finitely generated (non-necessarily torsion) A-module. Then there exist finite
A-modules A and B and an exact sequence

s t
0—A—M—No@PAP &P A/l — B—0. )

i=1 j=1

In the above, the exponents are again natural numbers and the 5, are now irreducible polynomials in
Z,[T] which are prime to p. The module A" & @,_, A/p™ & @ A /h is again called an elementary
A,-module attached to M, r is called the rank of M, and f), = ]_[,_l pr- I—[, ,h is the characteristic
power series of M, which is now a polynomial in Z,[T]. In fact, ]_[j: ;" is a so-called distinguished
polynomial, that is, it is monic and congruent to some power of 7 modulo p in the ring A. We define
the Iwasawa invariants of M as follows: w(M) =) ", m; (= mo(M) for a torsion A-module M) and we let
A(M) be the degree of fy, (i.e. [],_; h/ =T** (mod p)). One can show that A(M) = (M) for a torsion
A-module M.

Let L, be a fixed ZZ—extension of K. If 0y, 0,,...,0, are topological generators of Gal(L.,/K),
we let T, =0; — 1 for each i. Suppose that E; and E, are two elliptic curves over K. We let A, =
Z,[[Gal(L,/K)]] be the Iwasawa algebra attached to L,,/K, identified with the power series ring
Z,IT, Ty, ...,T,]]. We assume that neither X(E, /L) nor X(E,/L.) is a pseudo-null A,-module,
that is, their characterlstlc _power series are nonzero. If X(E;/Ly) is a torsion A,-module, then let
my; = my(X(E; /L)), lo i =l(X(E; /L)), and ly; = [,(X(E; /L)) and let f; be the characteristic power
series of X(E;/L,,). We can write f; = p™ig; so that p{ g;. Let S, be the set of primes of K above p.

We fix a finite set S of nonarchimedean primes of K containing S, and all the primes where either E,
or E, has bad reduction.

Definition 1.2. Let & be the set of Z,,-extensions of K which are contained in our fixed Z}‘f-extension L.
Define &, (resp. &, ) to be the set of all Z,-extensions K, € € in which all primes in S, ramify (resp. no
prime in S splits completely).

As examples of Z,-extensions which belong or do not belong to E, and E,,;, we mention that the
cyclotomic Z,-extension of K is contained in £, N E,,. If K is a quadratlc imaginary field and the prime
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of Q below some prime in S is inert in K/@Q, then that prime in S splits completely in the anticyclotomic
Z,-extension of K and hence this extension is not in £,,. Furthermore, for this field X if p splits in K/Q,
then K has two Z,-extensions not contained in &,.

Definition 1.3. Let E be an elliptic curve defined over K. If v is a prime of K, then we say that E satisfies
(x) at v if either E has good reduction at v or one of the following two conditions is met:

(i) E has additive reduction at v, and p > 5, or
(ii) E has multiplicative reduction at v, and p t ¢, and p { #k> where k, is the residue field of K, and
¢, is the Tamagawa number.

Throughout this paper, we assume that E, and E, have good ordinary reduction at all primes of K
above p.

We let u, denote the group of p-th roots of unity. Throughout the paper, we make the following
assumption on our field K:

Condition (A): For every prime p of K above p, we have that the inertia subgroup of the extension
K,(u,)/K, is nontrivial.

This condition is needed for the proof of the central Lemma 3.5. Note that it is a rather mild
assumption (see also Remark 1.6).

The main results of this paper are the following two theorems. Actually, the first theorem was obtained
by Lim in a more general setting (see [39, Theorem 4.2.1]). We give a different proof of this result which
will, in contrast to Lim’s approach, be strong enough to derive also results on generalized A-invariants
(see Theorem 1.5, and cf. also the introduction to Section 6).

Theorem 1.4. Assume that £, # @ and &,, # 0. If X(E\ /L) is a A 4-torsion module and E,[p'] = E,[p']
for some integer i > my, then X(E, /L) is a A -torsion module with mg, = my ;.

Recall that we denote by f; =p"g, and f, = p"=2g, the characteristic power series of X(E|/L,,)
and X(E,/L,,), and that fi,f; # 1 since we assume that X(E,/L,,) and X(E,/L,,) are not pseudo-null
over A,. Let Q, = A,/p be the ‘mod p’ Iwasawa algebra, and denote by g, and g, the cosets of g, and
I4) in Qd.

Theorem 1.5. Assume that £, # 0, &,; # ¥, and that both E, and E, satisfy condition (x) for all v € S.
Furthermore, we assume

(i) Both E\(IL,)[p*] and E,(IL,)[p*°] are finite.
(ii) If d > 2, the maximal pseudo-null submodules of X(E, /L) and X(E,/LL,,) are finitely gener-
ated over Z,.
(iii) The decomposition subgroups D,(L.,/K) € Gal(L.,/K) are open for each v | p.
(iv) X(E\/LLy) is a Ay-torsion module and E,[p'] = E,[p'] for some integer i > my .

Then the following statements hold.
(1) X(E,/Ly) is a Ay-torsion module with my, = my,. Moreover, Z): # 0 if and only if%; #0.
(2) lo,z = lO,l'

Let us comment on the additional hypotheses in Theorem 1.5.

« Condition (i) is mild as [36, Lemma 3.5] shows.

« Concerning condition (ii), we need the maximal pseudo-null submodules of the Pontryagin
duals of the Selmer groups to be “not too large” in order to be able to apply results from [35].
In Section 9, we provide two explicit settings where condition (ii) is met.
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o The third hypothesis (iii) in Theorem 1.5 ensures that L, contains only finitely many primes
above p. In particular, if K, € IL, denotes any Z,-extension of K, then no prime v of K above
p splits completely in K, (this is needed for Proposition 7.10). An example where (iii) holds is
when K is an imaginary quadratic field (see [45, Lemma 3.1]). Also, (iii) is easily seen to hold
if K has only one prime above p.

The above theorems are proven using an up-down approach: to show a relationship between general-
ized Iwasawa invariants of X(E, /L) and X(E,/LL,), we formulate using results of [35] an equivalent
statement concerning Iwasawa invariants of X(E,/K,,) and X(E,/K,) where K, /K are Z,-extensions
inside IL.,. We then prove this latter statement using techniques similar to ones used in [20], [28],
and [37].

Note that, unlike the former three papers, we do not assume that E;(K)[p] =0. A key result of
Hachimori and Matsuno [23] describing the maximal finite submodule of the Pontryagin dual of
Sel(E/K,) where K, /K is a Z,-extension will allow us to work in the case E;(K)[p] # 0.

Remark 1.6. Assume that the elliptic curves E| and E, are defined over a subfield K' of K and the isomor-
phism E\[p'] = E,[p'] in Theorems 1.4 and 1.5 is Gal(K /K')-equivariant. Then the proof of Lemma 3.5
reveals that we can replace the condition (A) by

Condition (A") : For every prime p of K' above p, we have that the inertia subgroup of the extension
K"J(up)/K"J is nontrivial.

Note that when K' = Q condition (A) is true. In fact, condition (A") will be true as soon as p is
unramified in K' or if K' is a normal extension of Q and p — 1 does not divide the degree of the extension

K'/Q.

Let us briefly summarize the structure of the paper. The article consists of nine sections, including this
introduction. In Section 2, we introduce three kinds of Selmer groups which are used in the literature, and
we compare these Selmer groups over (multiple) Z,-extensions of K. Although preliminary in nature,
we believe that this overview on relations between the different kinds of Selmer groups is of independent
interest. Moreover, we bound the ranks of the maximal finite A-submodules of Selmer groups over Z,-
extensions by using the results of Hachimori-Matsuno mentioned above. In Section 3, we explore the
property (x) from Definition 1.3, and we prove several control theorems.

The Iwasawa pi- and A-invariants of Selmer groups over Z,-extensions are studied in Section 4. These
results form the basis of our up-down proof of Theorem 1.4, which is given in Section 5. In Section 6, we
describe an alternative proof of Theorem 1.4 which is due to Lim (see [39]). Lim’s proof is completely
different from ours and relies on asymptotic growth formulas which are due to Cuoco, Monsky, and
Perbet. It allows to compare A-ranks and p-invariants of Selmer groups of congruent elliptic curves
over (multiple) Z,-extensions. At the end of Section 6, we show how to derive results on (generalized)
A-invariants from Lim’s approach. It turns out that this approach can deal with A-invariants only under
very restrictive assumptions. Therefore, we return to our up-down approach in Section 7, where we
present a proof of Theorem 1.5, which works under less restrictive assumptions.

In Section 8, we study the 21,(G)-property (see also [36]). This notion goes back to work of Coates
et al. [6, 9] on noncommutative Iwasawa theory. The validity of a suitable 91, (G)-property is essential
even for the formulation of a main conjecture in noncommutative Iwasawa theory, since it segregates
a natural subclass of Iwasawa modules with a sufficiently nice structure theory. Even in the commuta-
tive setting of Z;f-extensions, there are not many known cases where the property holds, in particular
outside of the cyclotomic Z,-extension. We show that under suitable hypotheses the 91, (G)-property
holds for the Selmer groups of an elliptic curve E if and only if it holds for any elliptic curve E, which
is congruent to E. We also prove that the 91,(G)-property holds for a dense subset of Z,-extensions
inside many Z;’—extensions L. /K; this result generalizes a result from [36] from dimension 2 to dimen-
sion d. In Section 9, we study the maximal pseudo-null submodules of Selmer groups over multiple
Z,-extensions of K. Finally, we end the paper with a section on concrete numerical examples that
illustrate Theorems 1.4 and 1.5.
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2. Comparing Selmer groups

In this section, we define various Selmer groups and prove results that compare these different groups.
We recall the definition of the classical Selmer group and then define two other Selmer groups which
we call the strict and Greenberg Selmer groups. The comparison theorems in this section will allow
us to compare results formulated for these different Selmer groups. This is especially important for
Theorems 1.4 and 1.5 which are formulated for the classical Selmer group. As it is easier to work with the
Greenberg Selmer group rather than the classical Selmer group, we use in the proofs of these theorems
our comparison result Corollary 2.4 to change the Selmer group.

In this section, we let E be any elliptic curve defined over K and only in this section we let S be any
finite set of nonarchimedean primes of K containing S, and all the primes where E has bad reduction.
Let K be the maximal extension of K unramified outside S and the archimedean primes of K. Suppose
now that /K is a field extension with K C F C K. We let G5(F) = Gal(Ks/F) and let S, Sr, be the
sets of primes of F" above those in S, S, respectively. For every prime w € Sy, we define a subgroup
H}(F,, E[p™]) of H'(F,, E[p™]) and let

H{(F,, E[p™1) = H'(F,, E[p™1))/H; (F,, E[p™)).

Define L(E/F)=]] Hf1 (F,, E[p*>]). The p>*-Selmer group of E/F attached to this data is defined

as

weSF

0 — Sel(E/F, L(E/F)) — H'(G4(F), E[p™]) —> H H:(Fw, E[p™).
weSr

We now list various local conditions.

(1) H},,(F,.E[p™]) =imgEF,) ® Q,/Z, — H'(F,, E[p™])
Note that because of Mattuck’s theorem, we get that Hf‘(Fw, E[p>~]) =0 for primes w not
dividing p.

2

ker(Hl(Fw’ E[poc])—>Hl(Fw’ E[poc])) 1fW|p’

1 001\ __
H, (Fy, Ep™D = {O if wip.

Here, E is the reduced elliptic curve over the residue field.

A3)
ker (H'(F,, E[p®]) —> H'(,, E[p™])) ifw|p,

H (F,,E[p®]) = {0 if wip.

Here, I, is the inertia group.

Each of the above local conditions defines a Selmer group:

(1) If F/K is a finite extension, and when Hfl(Fw, E[p™])=H,, (F,, E[p™]) for all we Sy then
we denote Sel(E/F, L(E/F)) by Sel(E/F). This is the classical Selmer group of E/F.If F/K
is an infinite extension, then when Hf' (F.. E[p>®]) = H],(F.. E[p™]) for all w € S; we denote
Sel(E/F, L(E/F)) by Sel.(E/F). For any F/K (finite or infinite), we write Hk'um‘S(Fw, E[p*>])
for H\(F,,, E[p*]).

(2) If F/K is a finite extension, then when Hfl(Fw,E[p“’]) =H! (F,,E[p™]) for all we S, we
denote Sel(E/F, L(E/F)) by Sel"(E/F). We call this the strict Selmer group. If F/K is
an infinite extension, then when I-Jlj].(FW,E[p“]) =H] (F,,E[p™]) for all we S, we denote
Sel(E/F, L(E/F)) by Sel}l(E/F). For any F/K (finite or infinite), we write H)_ (F,, E[p™])
for H'(F,,, E[p*]).

(3) If F/K is a finite extension, then when Hj} (F., E[p™]) = H. (F,, E[p™]) for all w € S we denote

Sel(E/F, L(E/F)) by Sel® (E/F). We call this the Greenberg Selmer group (see [15]). If F/K
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is an infinite extension, then when Hf1 (F., E[p™]) = H, (F,, E[p™]) for all w € S; we denote
Sel(E/F, L(E/F)) by SelfO’(E/F). For any F/K (finite or infinite), we write H‘Gm(FW, E[p>])
for H!(F,,, E[p™]).

Now let L/K be a p-adic Lie extension with K C L C K. We define
. str . str
Sel(E/L) = h_r)n Sel(E/F), Sel™(E/L)= h_r)n Sel™(E/F)
and
SelG’(E/L) = 11_1’)1’1 SelG’(E/F)

where the direct limits run over all finite extensions F of K contained in L with respect to restriction.
We call these, respectively, the classical, strict, and Greenberg Selmer groups.

We denote the Pontryagin duals of Sel(E/L), Sel*"(E/L), and Sel® (E/L) by X(E/L), X*"(E/L), and
X (E/L), respectively.

Suppose that F/K is a field extension with K C F C K. Sometimes, Hf'.(FW, E[p>]) for primes w1 p
is defined as:

H,(F,, E[p™]) = ker (H'(F,, E[p*]) —> H'(,, E[p>1)).

This is equal to H'(Gal(F,/F,)/1,, E[p*]"). If F/K is a Z]‘f-extension and a prime v of K not dividing
p does not split completely in F/K, then for any prime w of F above v the pro-p part of Gal(F,,/F,)/I,
is trivial. Therefore, in this case, we see that we get the same definition of the Selmer group of F/K if
we choose Hf1 (F,, E[p™]) to be either zero or er(Fw, E[p™]).

For the rest of this section, we define 2 to be the set of finite extensions F of K inside IL,, for a
Z;’—extension L., of K. We will compare the three kinds of Selmer groups over L. First, we have the
following important observation.

Lemma 2.1. We have equalities

(a) Sel(E/Ls) = Sely(E/Ly),
(b) Sel"(E/Ly.)=Sel (E/L,),
(¢c) Sel”(E/Ly.)=Sel” (E/Ly.).

Moreover, each of these Selmer groups is independent of the set S.

Proof. We prove (a). The proof of (b) and (c) will be similar. To simplify the notation, we denote L,
by L. From the definitions, we have exact sequences

0 —> Sel(E/L) — H'(Gs(L), E[p™)) — [ | H'(L... E)p™],

weSy,

0 —> Sel(E/L) — H'(Gs(L), Elp™) — P (h_gn D H'e. E)[pw]) :

veS FeQ wiy

where the direct limit in the last term in the second exact sequence runs over all finite extensions F/K
inside L.
Define

x:= P (li_r)n@Hl(Fw, E)[p°°]> ,

veS FeQ wy

Y= [[H'@.. Bp~I.

weSp
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To prove the lemma, it will be enough to exhibit an injection Z:X < Y. To obtain such
an injection, we need to show that for any ve S, we have an injection E,:X, < Y,, where
X, = li_r)n@wh,Hl(FW,E)[pm] and ¥, := [],,, H' L., E)[p™].

FeQ

For any F € Q, the restriction maps induce a map 6; : @W H'(F,, E)[p™] — ]_[W‘V H'(L,, E)[p™].
The maps {0r}r.q are compatible under restriction and hence from the universal property of the direct
limit we have a homomorphism &, : X, —> Y,. We now show that &, is an injection.

Assume that x € ker E,. We have that for some F € Q, x = az(x;) where x, € @W‘V H\(F,, E)[p=]
and o : @W‘V H'(F,, E)[p™] — X, is the map into the direct limit. Since &, o ay = 6, we have that
Or(xp) =0.

Write x = (z,,) where the component z,, is contained in H'(F,,, E)[p*]. Let w be a prime of F above
v. Choose a prime w' of L above w. Since 0¢(xz) = 0, it follows that res, ,(z,,) = 0, where

wlv

I'CSLW, : HI(FW, E)[poo] — HI(LW” E)[poo]

is the restriction map. It is well known that we have H#'(L,, E) = lim H' (F,,E), where for FeQ, F,,
FeQ
means the completion of F at the prime of F below w'. Hence, H'(L,,, E)[p™] = 1i_r>nH \(F,,, E)[p™].
FeQ
Therefore from this and the fact that res, ,(z,,) = 0, we see that there exists F' ) e Q that is Galois over
F with resg, , (z,,) = 0, where resw), , : H'(F,, E)[p*] — H'((F™),,, E)[p™] is the restriction map.

Since F™ is Galois over F, if w is any prime of F™ above w, then the completion (F®); is equal to
(F™),,. Therefore, for any prime w of F™ above w we have resgw_(z,) = 0.

Now let F’ be the composite of the fields F™ where w runs over all primes of F above v. Then we see
that Bp.(x;) =0, where Bpp : EBW H\(F,, E)[p>®] — EBW H'(F,E)[p™] is the map coming from
restriction in each component. Therefore, x = o(xr) = 0 and hence ker E, = 0.

Finally, to prove that each of the Selmer groups in the statement of the lemma is independent of the
set S, we only need to show that this result is true if L, is replaced with F' € Q. To this end, let F' € Q
and let S be any finite set of nonarchimedean primes of K containing S, and all the primes where E has
bad reduction. By [44, Proposition I-6.5], we have an exact sequence

0 —> H'(Gs(F), E[p*1) — H'(F,E[p™]) — l_[ H'(F,, E)[p™]. 3)
WeSE
We should note that loc. cit. assumes that S contains all archimedean primes of F. For any archimedean
prime w of F, we have H'(F,,, E[p™]) = 0 because p is odd. Also recall from the beginning of this section
that we defined K to be the maximal extension of K unramified outside S and the archimedean primes
of K. Thus, we do in fact have an exact sequence (3).
Let o € {kum, str, Gr}. We now show that Sel*(E/F) is independent of the set S, where Sel""(E/F) =
Sel(E/F). For e = kum, this is proven in [44, Corollary [-6.6]. We can easily now adapt the proof to also
work for the strict and Greenberg Selmer groups. Consider the exact sequence

H'(F, E[p™]) = [ | H.(F. Elp*]) = ] H.,(F.. E[p™D). )

allw wéSE

In the above sequence, 6 is the localization map and 7 is just the projection. This sequence of maps
induces an exact sequence

00— ker0 — kerm o6 —> kerm. (@)

If w ¢ Sy, then in particular w does not divide p. By Mattuck’s theorem E(F,,) = Z¢ x T, where [ is the
residue characteristic of F,,, d = [F,, : ;] and T is a finite group. Since [ # p, we have E(F,,) ® Q,/Z, =
0 and so

H, (F,,Elp*1) = H'(F,, E[p™]) = H'(F,, E)[p™].

https://doi.org/10.1017/S0017089526100901 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089526100901

8 Soren Kleine and Ahmed Matar

Taking this into account, we get from (3) that ker 7 0 @ = H'(G(F), E[p™]). Therefore, we get from (5)
an exact sequence

0 — ker — H'(G4(F), E[p™]) — 1_[ HI’S(FW, E[p™)]).
weSp

So ker 6 = Sel*(E/F). Since ker 6 does not depend on the set S, the Selmer group Sel*(E/F) is
independent of the set S. O

We will use the equalities in the previous lemma throughout the paper without reference. In what
follows, let L, /K be an arbitrary, but fixed Zﬁ-extension.

Proposition 2.2. We have an equality Sel® (E/L..) = Sel*’" (E/Ls.).

Proof. To prove the proposition, it will clearly suffice to show that for any F e Q2 we have
SelpG’(E /F)=Sel,""(E/F). Let F € © and consider the commutative diagram

0 Sel (E/F) —— H'(Gs(F),E[p™]) —7 P H,s Fu.EP™D

Str;s
we SF

0—— Sel”(E/F) —— H'(Gs (F),E[p™)) —— €P H{,, (Fu,E[p™)

weSr

Applying the snake lemma to the above diagram, we get an exact sequence
0 —> Sel""(E/F) — Sel“(E/F) —> imgA; Nker & —> 0.

Therefore to prove the result, it will suffice to show that ker @ =0. It is easy to see that we have an
injection ker oo < @wespp H'(br.., E[p™]), where br,, = Gal(F,,/F,)/I, and I, is the inertia subgroup.

As the residue field of F,, is finite, b, acts nontrivially on E [p>]. Now,
H'(br.., E[p™]) = E[p™1/(g — DE[p™]

where g is a topological generator of b,,. Since E[p™]is isomorphic to Q,/Z, and b, acts nontrivially
on it, it follows that E[p>=]/(g — 1)E[p>] =0. So, H'(hf,,, E[p™]) = 0 as desired. O

Proposition 2.3. The following assertions hold.

(a) If F/K is a finite subextension of L, /K and w € Si,, we let ky, denote the residue field of F.,.
We have an inclusion map ( : Sel(E /L) —> Sel" (E/IL.,) and an embedding

0 : cokert — (@1 @ E(kpw)[l?oo])v,

FeQ weSFp

where the inverse limit is taken with respect to corestriction.

(b) If X(E/Ly) is Ay-torsion and E(L,,)[p*™] is finite, then 0 is an isomorphism.

(c) If every prime in S, ramifies in L., /K, then Sel(E/L,,) = Sel""(E/Ly,).

(d) X(E/LL.,) is a finitely generated A ,-torsion module if and only if X*"(E/LLy) is a finitely
generated A 4-torsion module.
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Proof. By the discussion in [7, pg. 152—-153], we have for any finite extension F'/K inside L., and
w € Sg, that H,, (F,,, E[p™]) € H. (F,,, E[p™]). Therefore, we have an inclusion

str
L1 Sel(E/L.) —> Sel™(E/L..).

Let S, be the set of primes of L, above those in S. We have the following commutative diagram

0 Sel(E/ Loo) —— H ' (Gs (Loo), Ep™]) = lim D) Hlpo(Fu EP™])
FeQwesy

0 —— Sel"(E/ o) — H'(Gs (L), Ep™¥]) — lim D H,,,(Fu,Ep™])

str,s
FeQweSy

Applying the snake lemma to the above diagram, we get an exact sequence
0 —> Sel(E/Ly) — Sel”(E/L.,) —> imgh., Nker « —> 0.
We have an isomorphism

kera =lim @D H,,(F.., Elp™1)/H,.,,(F.., E[p™)).

FeQ wesSk

Let F e Q and let w € §¢,,. Let C,, = F(m)[p™] where m is the maximal ideal of F, and F is the
formal group of E. First, we note that Tate local duality [47, Theorem 7.2.6] together with the Weil
pairing yields a non-degenerate pairing

(,):H:(F,,, T,(C\) x H'(F,, E[p™)) — Q,/Z,
where T,(C,) is the p-adic Tate module of C,,. If F,/F,, is a finite extension, let
res: Hz(Fws Tp(Cw)) — HZ(F:V’ Tp(cw))

be the restriction map and let cor: H(F "M,fi [p™]) — H°(F,, E [p>]) be the corestriction (norm)
map. For a € H*(F,,, T,(C,)) and b € H(F.,, E[p*]), a property of Tate local duality gives (resa, b) =
(a, corb). We have maps

KFW : E(Fw) ® Qp/Zp — HI(FW’ E[poc])a

)"FW : Hl (Fws Cw) . Hl (Fws E[poo])

Taking into account [7, Proposition 4.5], the proof of [7, Proposition 4.6] shows that we have an
isomorphism 6y, : imgh, /imgky, —> (E(kr, )[p™])" where kg, is the residue field of F,. Consider the
exact sequence

0 — C, — E[p™] — E[p™] — 0.

From this exact sequence, we see that imghy, = H! (F,, E[p™]). Therefore, taking into account the

str

property of Tate local duality above and the description of the map 6, , we have an isomorphism

Vv
lim @D imgh, /imgr, = <l<11_n D E(kpw)[poo]> .
FeQ weSEp FeQ weSEp
The direct limits are taken with respect to restriction and inverse limits are taken with respect to
corestriction. This proves (a).
If X(E/L,) is A4-torsion and E(LL.,)[p>]) is finite, then by [25, Theorem 7.2] the map X, in the com-
mutative diagram above is surjective. Therefore by the proof of part (a), we see that 6 is an isomorphism.
This proves (b).
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_ For part (c), we note that if L/ /L, is a finite totally ramified extension, then the norm map from
E(ky; )[p™]to E(k,,)[p™] is multiplication by [L;, : L, ]. Therefore, if every prime in S, ramifies in L. /K,
we see from this that (l(iLn &b E(kz,)[p>])¥ =0 and so Sel(E/L..,) = Sel" (E/L,,). Alternatively, (c)

FeQ

follows from [7, Prop. 4.3].
From (a), we see that to prove (d), we only have to show that the Pontryagin dual of

weSFp

A= (Lir_n@wesn E(ka)[po"]> is a finitely generated A,-torsion module. For veS,, we let
FeQ

B, = (1(121 @ww E(kpw)[p""]) where the direct sum ranges over all primes w of F € Q dividing v. To
FeQ
show that A is a finitely generated torsion A,-module, it suffices to show that for any v € §, the A,-

module (B,)" is finitely generated torsion. Let v € S, and let G = Gal(IL,/K). By Shapiro’s lemma, we
- vy G
have (B,)° = (( l(ln E(kpw)[pm]) ) where w is some prime of L., above v and G,, is the decompo-
FeQ

sition group. As l(ir_nE(kpw)[p”] is a pro-p procyclic group, it is a quotient of Z, (see [51, Proposition
2.7.1]). Therefore, (B, )¢ is cofinitely generated over Z,, and so (B,)" is a finitely generated A ,-module.
To prove that (B,)" is a torsion A,-module, we consider two cases. First assume that v splits com-
pletely in L /K. Let w be a prime of L., above v. Then 1(121 E(kﬂv)[p"“] = E(k,(v)[p”] is finite. Therefore,
some power of p annihilates B, whence (B,)" is a torsion A, -module.
Now assume that v does not split completely in L, /K. Choose some Z,-extension K, /K inside L,
where v does not split completely and let H = Gal(IL.,/K,,). Let T be the set of primes of K., above v.

- v\ Hy
Then by Shapiro’s lemma it follows that (B,)? = (( 1<£n D, ., E(ka)[p"“]> ) where for each we T
FeQ

we have also written w for a fixed prime of L, and H,, is the decomposition group. Since the set T is
finite, we see that (B,)" is cofinitely generated over Z,. Therefore, (B,)" is finitely generated over Z,[[H]]
whence it is a torsion A, -module. O

Recall the notion of &, from Definition 1.2. From Propositions 2.2 and 2.3, we get

Corollary 2.4. Assume that £, # ). Then
Sel(E/L.,) = Sel”(E/L,,) = Sel”(E/L.,).

Definition 2.5. For an abelian group G, we define its p-rank as
r,(G) = dimg, (G[p)).

Under certain conditions, we will need to bound the p-rank of the maximal finite A-submodule of
X% (E/K,) as K., runs over the set £. To achieve this, we use the result of Hachimori—-Matsuno [23] to
bound the order of the maximal finite submodule of X(E/K.,). First, we need

Lemma 2.6. Let K, € £. We write I’ = Gal(K,,/K), and we let T', = Gal(K,./K,) for each n€N.
Let s, :Sel(E/K,) —> Sel(E/K.,)™ be the map induced by restriction. Then kers, is finite with
r,(kers,) <2, and the order of ker s, is bounded as n varies.

Proof. For any n, consider the restriction map

8- H'(Gs(K,), E[p™]) —> H'(Gs(K~), E[p™])™.

Since ker s, injects into ker g,, it will suffice to prove the desired result for ker g, instead. We have
ker g, = H'(T,,, E(K,,)[p™]). Let W = E(K..)[p™]. If y is a topological generator of Gal(K,./K)=T,
then ker g, = W/(y”" — 1)W. The kernel of y*" — 1 acting on W is E(K,)[p>] which is finite.
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Let Wy, be the maximal divisible subgroup of W. Since Wy, has finite Z,-corank and the kernel

of y”" — 1 acting on W is finite, it follows that (y*" — 1)Wy, = W,,. Therefore, we see that we have a
surjection W/Wy, — ker g,. This shows that | ker g,| is bounded by [W : Wy, ] and also that
rp( ker gn) E rp(W/Wdiv) S 2 D

Definition 2.7. If K., € £, we denote the maximal finite A-submodule of X(E/K..) (resp. X°"(E/K,.))
by X(E/K..) (resp. X(E/K..)

Now, we have the following important theorem

Theorem 2.8 (Hachimori—-Matsuno [23]). Suppose that K, € £ and that X(E/K,) is A-torsion. Then
X(E/K) is isomorphic to l(gl ker s, where s, : Sel(E/K,) —> Sel(E/K.,)"™ and the inverse limit is taken
with respect to the corestriction maps.

From Theorem 2.8 and Lemma 2.6, we have
Proposition 2.9. For all K, € £ with X(E/K,) A-torsion, we have r,(X(E/K.)) <2.

Proof. Let K, € € with X(E/K,,) A-torsion. Let
s, : Sel(E/K,) —> Sel(E/K.)™

and let A, := kers,. From Lemma 2.6, we know that A, is finite with bounded order as n varies. For

any n, consider the exact sequence A, = A, —> A,/p —> 0. Since A, /p is finite, it follows by taking
inverse limits with respect to corestriction that we have an exact sequence (see [51, Lemma 1.1.5])

limA, = lim A, —> lim (A, /p) — 0.
< <~ <—

Taking Theorem 2.8 into account, the above exact sequence implies
X(E/Kx)/p = (limA,)/p = lim (4,/p).

By Lemma 2.6, for any n, we have dime (A,./p) < 2.From this, it follows that the inverse system coming
from the groups A, /p is Mittag-Leffler. For any i € N let B; C A;/p be the stable image of cor(4;/p) for
J > i where cor is the map induced by corestriction. Then 1(1Ln (A./p) = 1(&1 B,,. By the choice of the groups
B;, the inverse system coming from these groups has surjective maps. As each B, is finite, therefore for
some N >0 we have for j > i > N that the map cor : B; — B, is an isomorphism. Then l(ir_nB,, = By.
Whence we have

dim, (lim B,) = dimg, (By) < dim, (Ay/p) <2.
This completes the proof. O

Proposition 2.10. Assume that E(L.)[p>™] is finite and that the decomposition subgroups
D,(L./K) C Gal(L,/K) are open for each v | p. Then there exists a constant C°" >0 such that for
all K, € € with X (E/K) A-torsion we have r,(X°"(E/K.,)) < C%.

Proof. Let t be the number of primes of L, above p. We claim that C% = r + 2 has the required prop-
erty. Let K, € € be such that X% (E/K,,) is A-torsion. Propositions 2.2 and 2.3 hold for any Zg—extension
L./K. Applying them to the Z,-extension K, /K, we see that X(E/K.,) is A-torsion. Therefore, by
Proposition 2.9 r,(X(E/K)) < 2.

By Propositions 2.2 and 2.3, we have a surjection

W XO(E/K) — X(E/Ko).
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Therefore, we have an exact sequence
0 — X“(E/K.,)Nker ¥ — X9(E/K,) — X(E/K,) — 0.

From this exact sequence and the fact that r,(X(E/K,)) <2, we see that to show that
1 (X9(E/Ky)) <t + 2 it will suffice to show that r,(ker ¥) <.
With the notation of Proposition 2.3 let

\%

A= [1im P Ecke)lp™]
FeQ WEeSFp
It is easy to see that dimg, (A/p) <t. This fact together with Propositions 2.2 and 2.3 implies that
r,(ker W) < t. This completes the proof. O

Remark 2.11. The main tool needed to prove Theorem 2.8 of Hachimori—-Matsuno is the Cassels—Tate
pairing for the classical Selmer group:

Sel(E/K,) x Sel(E/K,) —> Q,/Z,.

Here K, is any tower field of our Z.,-extension K, /K. In Li Guo’s paper [21 ], a slightly modified version
of Sel'"(E/K,,) is defined which we denote by Sel™(E/K,). loc. cit. defines a pairing:

Sel”(E/K,) x Sel"™(E/K,) — Q,/Z,.
With this pairing, one can prove the analog of the Hachimori—-Matsuno result for h_r)n Sel'™*(E/K,). We

need to impose some conditions in order to get h_r)nSel”’*(E /K,) = Sel" (E/K,,). Therefore to avoid
additional hypotheses, we have proven Proposition 2.10 using Propositions 2.9, 2.2 and 2.3.

3. Results on Sel*(E/K_,) for K, € £

In this section, we prove some important results on SelpG’(E /K. for K, € £. Let E be either E; or E,.
Recall from the introduction that S is a finite set of nonarchimedean primes of K containing S, and all
the primes where either E, or E, has bad reduction. Suppose now that F is a field with K C F C K.

For a prime v € §'\ §,, we define

H(E/F)=] [ H'(F.. EIp™)
wlv

where the sum is over all primes w dividing v.

Proposition 3.1. Let K,/K be a Z,-extension. Assume that v ¢ S, does not split completely in K, /K.
Then H,(E/K.)" is a finitely generated free Z,-module with ranky, (H,(E/K.,)") < 2n where n is the
number of primes of K., above v.

Proof. Let w be a prime of K., above v. First, we show that H'(K,.,,, E[p™]) is divisible. Since v
does not split completely in K, /K, it follows from [47, Theorem 7.1.8(i)] that cd,(K,,) < 1. The exact

sequence 0 — E[p] — E[p™] =% E[p>] — 0 induces an exact sequence
H'(Ko,, E[p™]) = H'(Ko,y, E[p*]) —> H* (K, E[p)).

The last term is zero because c¢d,(K.,,,) < 1 whence H' (K, E[p]) is divisible.

Let B =Homy, (T,(E[p™]), u,~) where T,(E[p>]) is the p-adic Tate module of E[p™] and p,~ is the
group of p-power roots of unity. By [15, Proposition 2], H'(K.,,, E[p™]) is cofinitely generated over Z,
with coranky, (H ' Keors E[p™])) = corankz, (H°(K ., B)). By the Weil pairing B = E[p*] and therefore
coranky, (H ' Koo E[p™])) = corankz, (E(K,,)[p™]). This completes the proof. O
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Proposition 3.2. Let K. /K be a Z,-extension. Let v ¢ S,. Then the following two assertions hold true.

(i) If E has additive reduction at v and p > 5, then H,(E/K,,) =0.
(ii) If E has multiplicative reduction at v, p{c, and p1#k> where k, is the residue field of K,, then
H(E/Kx)=0.

Proof. Let w be a prime of K., above v. If v does not split completely in K, /K, then K ,,/K, is a
Z,-extension. Let I', = Gal(K,,,/K,). Then c¢d,(I',,) = 1 and so we get a surjection

H'(K,, E[p™]) = H'(Kw» E[p®D"™.

Since T, is pro-p, we see that to show that H'(K,.,, E[p*]) =0, it will suffice to show that
H'(K,, E[p®]) =0. If v splits completely in K.,/K, then H'(K.,,, E[p>]) = H'(K,, E[p>]). Therefore,
we see that in either case that we must show that H'(K,, E[p>]) = 0.

By Mattuck’s Theorem, we have that E(K,) = Z;’ x T, where [ is the residue characteristic of K,
d=1K,: Q] and T is a finite group. Since [/ # p, we have E(K,) ® Q,/Z, =0 and so H'(K,, E[p™]) =
H'(K,, E)[p™]. By Tate duality for abelian varieties over local fields [44, Corollary 1-3.4], we
have an isomorphism H'(K,, E)" = E(K,). Therefore, (H'(K,, E)[p>*])¥ = l(ir_nE(KL,)/p"E(KV). Since
E(K,)=ZZ} x T and [ # p, we have that l(ir_nE(Kv)/p”E(KV) is just the (finite) p-primary subgroup of
E(K,). It follows from the previous facts that H'(K,, E[p*™]) is isomorphic to E(K,)[p™] and so we only
need to show that E(K,)[p*] =0.

Assume that E has additive reduction at v and p and p > 5. Let E((K,) be the group of points of E(K,)
of nonsingular reduction. Since p > 5, by [57, pg. 448] the cardinality of E(K,)/E(K,) is prime to p.
Therefore, E(K,)[p™] = Eo(K,)[p™]. Let E be the formal group of E/K, and m, the maximal ideal of O,
(the ring of integers of K,). Since v1 p, E(mv) has no elements of order p and so E(K,)[p™] = Ey(K,)[p™]
injects into the set E,,_v(kv) of nonsingular points of the reduction of E modulo the residue field k,. But as
FE has additive reduction at v we have E,,S(kv) = k,. Since k, has no points of order p (because v{p), we
see that E(K,)[p>] = 0. This proves (i).

Now assume that E has multiplicative reduction at v, p{c, and pt#k>. Since ptc,, #E(K,)/Ey(K,)
is prime to p and so E(K,)[p™] = Ey(K,)[p™]. As above we have that E(K,)[p™] = Ey(K,)[p™] injects
into E,,S(k‘,). As E has multiplicative reduction at v, E,,S(kv) = k. Since p {#k> by assumption, we can
conclude that E(K,)[p*] = 0. This proves (ii). O

Let K../K be a Z,-extension. Let S, (resp. Sk,,,) be the sets of primes of K, above those in §
(resp. S,). We now define the “non-primitive” Greenberg Selmer group as

0 —> Sel™”(E/K.) — H'(Gs(Kx), E[p™]) — l_[ He, (Koo EP™D). (6)
weSKoo,p

We will denote the Pontryagin dual of Sel®”(E/K,,) by X? " (E/K..,). We now define the reduced
Greenberg Selmer groups and reduced non-primitive Greenberg Selmer groups. To define these, we first
define the reduced local conditions. For i € N, we define

HY (Ko EIp'T) = ‘S‘“ (H' (Koo E[p'D) — H' (L, E[p']) EZ l Z
For any prime w of K, we define

H, (Ko E[p')) = H'(Ku» E[p')/HL, (Ko E[P').
We define

0 —> Sel”(E[p'l/K) — H'(Gs(Kx), Elp') — [] H,,(Keowr EIP'D,

WESK~

https://doi.org/10.1017/S0017089526100901 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089526100901

14 Soren Kleine and Ahmed Matar

0 —> Sel ™(Elp']/Ks) — H'(Gs(Kxo), Ep) — [ He, (Keowr ElP'D.

WESKq, »

Recall from Definition 2.5 that for an abelian group G, we define its p-rank as r,(G) = dimg, (G[p]).
We have the following result.

Proposition 3.3. For any K., € £, and each i € N, the natural map
5; 0 Sel”P(E[p'1/K) —> Sel”(E/K.)[p']

is surjective with finite kernel satisfying r,(ker s;) <2 and | ker (s;)| < p*.
Proof. Consider the commutative diagram

0 — Sel”NE/K 0)[p'] —— H'(Gs (Koo), E[p™Dlp'] —— H%SKMH};,J (Koo EIP®DIP']

1 ] ]

0 —— Sel” " (Ep]/Ke) ——— H'(Gs(K). EP') ——— Tl,es,., Hons Koo EP'D

The map g; is surjective with ker g; = E(K,,)[p™]1/p', whence r,( ker g;) < 2. It follows from this and the
snake lemma that the desired result will follow if we can show that the map #; is injective. This in turn
will follow if we can show that the map h,,; : H'(I,, E[p']) — H'(I,, E[p>])[p'] is injective where w is
a prime of K., above p. But I,, acts trivially on E, so

ker h,; = H'(I,., E[p™1)/p' = E[p™1/p’ =0.
This completes the proof. O

Remark 3.4. The proof of the above lemma shows that s; is an isomorphism if E(K,)[p*] = 0.

Lemma 3.5. Forany K, € £, and everyi € N, i > 0, the isomorphism E,[p'] = E»[p'] of Galois modules
induces an isomorphism

Sel”P(E,[p']/K+) = Sel”?(E,[p']/K..).

Proof. The isomorphism & : E|[p'] = E,[p'] induces an isomorphism
H'(Gs(Kx), Ei[p'D) = H'(Gs(Kxo), Ex[p'D.

Let v be a prime of K above p. We want to show that ® induces an isomorphism &, : Ifl 1= E~2 [Pl
We now show that condition (A) in the introduction implies that such a map &, can be induced from ®.
Let G¢, = Gal(K, /K,) and let I, be the inertia subgroup.

Let C, = F(m) where m is the maximal ideal of K, and F is the formal group of E,. We similarly
define D, using the formal group of E,. Then we have exact sequences

0— C,[p"l — E\lp"] — E\[p"] — 0,

0 — D,[p"] — E,[p"] — E»[p"] — 0.

From the exact sequences above, we see that to prove that @, can be induced from ® we need to show
that ®(C,[p"]) = D,[p"]. To show that, we use a similar argument to that of Greenberg and Vatsal, see [20,
p. 26]. Let u,» be the group of p"-th roots of unity in K,. It will suffice to prove that C,[p"] is the unique
subgroup of E;[p"] that is isomorphic to u,» as an I,-module and similarly for E,[p"]. Note that as E; and
E, have good ordinary reduction at v; therefore as Z/p"Z-modules, we have E, [p1= Ez[p"] =Z/p"Z.
As I, acts trivially on El [p"], we see by the Weil pairing that I, acts on C,[p"] by the p"-cyclotomic
character x, thatis, C,[p"] = u,» as an I,-module. Now we show that C,[p"] is the unique subgroup with
this property.
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CLAIM: I, acts nontrivially on any nontrivial quotient of (.. Assume that the claim is not true. Any
nontrivial quotient of . is of the form . /u« where k <n. Let o €I, and let ¢ be a primitive p"-th
root of unity. Then o ({)px = 0 (L ) = ¢k, thatis 0(¢) = o where o € . Since o = ¢ for some
integer ¢ divisible by p"*, we have that o'(¢) = ¢'** for such an integer ¢. Then o(¢”) = (¢7" )+ =
;‘pH since cp"™' is divisible by p". Thus, o (u,) = t,. This holds for all o € I,. Therefore, (u,)" = w,.
This contradicts (A) and so we see that the claim is true.

Now suppose that U # C,[p"] is a subgroup of E;[p"] that is isomorphic to u,» as an /,-module.
Consider the quotient U/(U N C,[p"]). Since U # C,[p"], this is a nontrivial quotient of U and so by the
above claim 7, acts nontrivially on this quotient. But we have a (Z/p"Z)[I,]-injection

U/(UNCIp') = Eilp'].
Since I, acts trivially on El [p"], this is a contradiction. Therefore, we see that U = C,[p"], that is,
C,[p"] is the unique subgroup of E,[p"] that is isomorphic to u,» as an I,-module. Thus, ® induces an

isomorphism ®,.
It follows from this that for any w € S,,, we have an isomorphism

H(l;,’s(Koc,w7 El [pl]) E H(l;,yx(Koo,w’ EZ [Pl])

The lemma follows from these observations. O]

We end this section with the following control theorem (where as usual we assume that d > 2). Let
E be either E| or E,. Let S be the set of primes of K which lie above p or where E has bad reduction.

Proposition 3.6. Let K, € €. Consider the dual of the restriction map
£ XGr(E/Loo)Gal(]Lx/Km) — XGY(E/Koo)-
We have

(a) coketf" is a finitely generated Z,-module with ranky, (coker f*) < (d — 1).

(b) Letm,= Zv‘p m, where the sum runs over the primes of K above p and m, is defined to be zero
if v splits completely in K., and equal to the number of primes of K., above v otherwise. Then
ker f" is a finitely generated torsion A-module with A(ker f*) <(d — D)m, + (d — 1)(d — 2)/2.

Proof. Taking into account Proposition 2.2, this proposition can be proven in an identical way to [35,
Lemma 3.11]. O

Corollary 3.7. Let K, € &, then the following assertions hold.

(a) rank, (XGY(E/ K..)) =rank, (XGY(E/ ]Loc)Gal(]Loo /Kx))~
(b) Assume that

(1) no prime in S, splits completely in K,/K,
(2) rankA(XGr(E/ Ky)) = rankA(XGr(E/ Loo)Gal(]Lx/Koo)) =0.
Furthermore, assume either of the following conditions is true

(i) No prime in S\ S, splits completely in K,/ K
(ii) E satisfies (x) from the introduction for all v € S

Then (X% (E/K+)) = WX (E/ Lot )

(c) If no prime in S, splits completely in K., /K, then there exists a neighbourhood E(K,, n) such
that |IMX(E/K.)) — MX(E/L)caw k)| is bounded as K. runs over the elements of
E(Ky, n) for which

rank,, (X9 (E/K])) = ranky (X®"(E /L )Gai /) = 0.
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Proof. Statement (a) follows directly from Proposition 3.6. Now assume that both X" (E/K,,) and
X (E/Loo)GaiL k) are A-torsion. Also assume that no prime in S, splits completely in K.,/K. By
Lemma 2.1, we may assume that S is precisely the set of primes of K above p and where E has bad
reduction. If E satisfies (x) for all v € S, then by Proposition 3.2, for any prime of K, lying over a prime
of S\ S, we have H'(K.,,, E[p>°]) = 0. From this and the proof of Proposition 3.6, we have that under
either condition (i) or (ii) both w(kerf¥) =0 and p(cokerf”) = 0. This proves (b). We can prove part
(c) in an identical way to [35, Corollary 3.12(b)]. O

4. Congruent elliptic curves and Z,-extensions

In this section, we collect some results about relationships between Iwasawa invariants of Pontryagin

duals of Selmer groups of congruent elliptic curves over Z,-extensions. Via the up-down approach

described in the introduction, we will in the next sections use these results to prove our main theorems.
We need the following auxiliary result, which is due to Lim.

Lemma 4.1 (Lim [39], Lemma 2.4.1). Let M be a finitely generated A-module. Suppose that there is a
A-module homomorphism

¢: M[p™1— P A/(p™) @)

j=1

with pseudo-null (i.e. finite) kernel and cokernel. Then we have

u(M/p')=i-rank,(M)+ Y min (i, m;)).

j=1

foreveryieN, i>1.

Note that the module @;:1 A/(p") is an elementary A-module attached to M[p*], as in the exact
sequence (2).

Definition 4.2. Let M be a finitely generated A-module, and consider a pseudo-isomorphism ¢ as in
equation (7). Then we define e(M) to be the maximum of the exponents m;, 1 <j <s.

The following theorem illustrates relationships between p-invariants of Pontryagin duals of Selmer
groups of congruent elliptic curves. Recall Definitions 1.2 and 1.3 from the introduction.

Theorem 4.3. Assume that either K, € &,; or E| and E, satisfy condition (x) for all v € S.

(a) Suppose that E\[p'] = E,[p'] as Galois modules, where i is larger than both e(X°"(E, /K.,)) and
(X" (E>/K..)). Then

rank, (X?(E, /K)) = rank,(X“(E,/K))
and

WX (E) /Ky)) = (X (Ey/Koo)).
In fact, the two A-modules X°"(E, /K ,)[p™] and X°"(E,/K)[p*] are pseudo-isomorphic.
(b) Now suppose that rank ,(X° (E, /K,)) < rank, (X (E,/K.,)) and that E,[p'] = E,[p'] for some
i>e(X9(E|/K.)). Then the A-ranks are equal, and the p-primary torsion submodules of
X9 (E,/K.,) and X°'(E,/K,,) are pseudo-isomorphic as A-modules.
(c) If E\[p] = E,[p], then Sel® (E,/K..) is A-cotorsion with i =0 if and only if Sel® (E,/K..) is
A-cotorsion with ;@ = 0.
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Proof. The following proof uses ideas from the proof of [39, Theorem 4.2.1]. But note that Lim’s
result was proven only for torsion Iwasawa modules.
For both j = 1 and j = 2, we have an exact sequence

0 —> Sel”(E;/K,,) —> Sel”?(E;/K.,) —> ]‘[ H,(E/Kx)-
ves\Sy
If K, € &, then by Proposition 3.1 we see that @ves\s,, H,(E;/K) is a cotorsion A-module with u =0
for both j=1,2. By Lemma 2.1 in the exact sequence above, we may assume for j= 1,2 that S is
precisely the set of primes of K which lie above p or where E; has bad reduction. If both E, and E, satisfy
condition (x) for all v € S, then by Proposition 3.2 EBVES\S,, H,(E;/Kx) =0, j=1,2. Taking Pontryagin
duals in the above exact sequence, we may conclude that in either case we have
rank, (X (E;/K)) = rank,(X“?(E;/K.))
and
WX (E;j/Kx)) = (X PU(E;/Koo))
for both j =1 and j = 2. In fact, the p-torsion submodules are pseudo-isomorphic, that is,
e(XY(E;j/Kx)) = e(XP(E;/Ko))
for both j. Moreover, for every k € N we have an exact sequence
[ #E/K It — X5 pt — X pt —> 0,
ves\Sp
where the first term is finite for each k.
Suppose first that E,[p'] = E,[p’] for some i > 1. Then Lemma 3.5 implies
Sel”P(E [p']/Koo) = Sel” " (E>[p']/ Koo)-
From Proposition 3.3, we have for j = 1, 2 that the natural map
Sel”P(E;[p']/K) —> Sel”(E;/K.o)p']
is a surjection with finite kernel. Combining the two previous facts and taking Pontryagin duals, we
obtain that we have a pseudo-isomorphism of A-modules
XOO(E, JK) [P ~ XTV(Ey/K0)/p'
In particular, the p-invariants of these two quotient modules are equal. Note that we also have

E\[p™ "1 = E,[p'~'], and therefore we also have an equality of w-invariants

WXTP(E/K) /P = mXTPUE [K) [P,

As we have seen in the first part of the proof, this implies that we have an analogous equation for X
instead of X?®. Now we apply Lemma 4.1, both with i and i — 1, and obtain that

i-r+ WX(E/K)) = i -1+ XY (E:/K)),
(i — 1) r+ pX(E /K)) = (i — 1) - 12+ nXV(E2/K)),

where we let r; =rank, (X?(E,/K.)) and r, =rank, (X% (E,/K.,)) for brevity. Here, we use the fact
that i — 1 is greater than or equal to the maximum of both e(X“"(E;/K,.)), j € {1, 2}. Subtracting the
two equations, we obtain that the two A-ranks are equal, and then the first equation concludes the proof
of the first part of (a). In order to obtain the last part, we just note that our assumptions imply that
E,[p*] = E,[p*] for each k < i. Writing down the corresponding equations from Lemma 4.1 and compar-
ing the coefficients min (k, m;) for the two A-modules, starting from k =i — 1 and going down to k =1,
we can finish the proof of (a) via an induction.

Now suppose that we are the setting of (b). Write down the equation from Lemma 4.1 for each
integer k <. Recall that i — 1 > e(X“"(E,/K,)). Comparing the equations for k=i and k=i — 1, we
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may conclude that
WX(E /K) = WX (E /K /p) = XY (E/K)/p™)
equals both
i (ry =)+ XY (E>/K)/P)

and
(i—= 1) (r = 1) + X" (E2/K) /P
Letting r := r, — r, for brevity, we obtain that
ir + WXV (E2/Ko) /p") = (i = Dr + (XY (Ey/Koo) /p™).

Since it is obvious that the first (respectively, the second) summand on the left-hand side of this equation
is greater than or equal to the first (respectively, the second) summand on the right-hand side (here we
use the assumption that r > 0), we conclude that we must have

ir=(—"1Dr, WX"(E/Kx/p)) = w(X"(E:/K)/P).

This proves that e(X%(E,/K.))<i—1, and that r=0, that is, rank,(X%(E,/K,)) =
rank (X% (E,/K.)). Now we proceed iteratively, as in the proof of (a), decreasing the value of k
step by step.

Finally, we prove the last assertion of the theorem. From the structure theorem of finitely generated
A-modules, it is easy to see that

Sel“”(E;/K ) is A-cotorsion with j =0
= Sel”""(E,;/K..)[p] is finite.
From Proposition 3.3 and Lemma 3.5 it follows that, since E|[p] = E;[p], Sel®P(E, /K+)[p] is finite if
and only if Sel"”(E,/K.)[p] is finite. Part (c) of the theorem follows by combining these results.  []
Definition 4.4. If K, € &, we denote the maximal finite A-submodule of X°"P(E;/K,) by X V(E/K).
Proposition 4.5. Let E be either E, or E,. Assume the following:

(1) E(Loo)[p™] is finite
(2) The decomposition subgroups D,(LL./K) C Gal(IL../K) are open for each v | p
(3) E satisfies (x) from Definition 1.3 for all v e S

Then there exists a constant C® >0 such that for all K., € £ with X°(E/K.,) A-torsion we have
1, (XTP(E/K)) < C.
Proof. Let K, € € with X“(E/K,,) A-torsion. We have an exact sequence

[T HE/K) — XTV(E/K ) — XV (E/K.) —> 0.

ves\S,

By Lemma 2.1, we may assume that S is precisely the set of primes of K above p or where E has
bad reduction. By Proposition 3.2, the first term in the above sequence is trivial. Therefore, the desired
result follows from Proposition 2.10. O

In order to be able to compare A-invariants, we need

Lemma 4.6. Assume that both E, and E, satisfy condition (x) for all v € S. Then for any K, € E, we
have WX (E;/Ky)) = MXTP(E;/Ko)).
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Proof. We have an exact sequence

[ #AE/K) — XTP(E/K) — XV (E/K.) —> 0.
ves\Sp
By Lemma 2.1, we may assume that S is precisely the set of primes of K above p or where E has bad
reduction. By Proposition 3.2, the first term in the above sequence is trivial. The lemma follows. O

Greenberg [14] introduced the following topology on £. For L € £ and n a positive integer, we define
E(WL,n):={L' e |[L'NL:K]> p"}. This means that £(L, n) consists of all Z,-extensions of K which
coincide with L at least up to the n-th layer. Taking £(L, n) as a base of neighborhoods of L gives us a
topology on £.

Lemma 4.7. Assume the following

(1) E\(Lo)[p™] and E(ILo)[p™] are finite,

(2) the decomposition subgroups D,(L.,/K) C Gal(LL.,/K) are open for each v | p,

(3) E, and E, satisfy (x) forall v € S.
Suppose that K, is a Z,-extension of K such that

(4) X°(E,/K) is A-torsion.
Assume that

(5) E\[p']l = E,[p'] for some integer i such that i > (X" (E,/K,)). Then X°"(E,/K,) is A-torsion
and

IMX(E1/K)) — MXT(E>/K)| < 20+ C7,

where CO denotes the constant from Proposition 4.5.

Proof. In view of our hypotheses, it follows from Theorem 4.3(b) that X°"(E,/K.,) is A-torsion with
WX (Ey/Ko)) = WXV (E1 /Ko)).
Now fix K. For both j =1 and j = 2, we have a commutative diagram
i—1

0——E;j[p " 1— E;j p¥] L E; [p®] —— 0

R T

0—— E;[p']—— E; [p®°] L= E; [p™] —— 0.

In the above diagram, the left vertical map is inclusion and the middle vertical map is the identity map.
This commutative diagram implies that we have another commutative diagram

0 B Sel P (E; [p'"1/K ) — Sel” PX(E; /K o)[p' 11— 0
\ |- J
0 B Sel?” P(E; [p1/K vo) —— Sel” P (E; /K o0)[p'] —— 0.

By Proposition 3.3, the rows are exact with #B, <p* for both k=i and k=i— 1. Taking
Pontryagin duals and using the snake lemma, the above commutative diagram induces a map
0;: p'X“V(E;/K)/p' —> ker [, where {;, is the dual map to t,. The map 6, is injective with
#cokert; < p*.

Now Lemma 3.5 implies that kerij, =keris,. Since p'~' annihilates the ‘u-parts’ of both
X“P(E;/Ky), j=1,2, it is easy to see that p'X“P(E;/K.,)/p" are finite for j = 1, 2. From these two
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facts and the above, we have
#p' T X P(E, /K /p' - #cokerf, = #ker (7,

=#Kker (5,

=#p" ' X P(E,/K,)/p' - #cokerb,.
Therefore, we may conclude that

v, (1P X PUE /K ) /P']) = vp(Ip ™ XD (Ey /Koo) /D))
equals
[v,(|coker, |) — v,(|cokerf;|)],

and therefore it is bounded by 2i.

Recall that X“?(E;/K,,) € X“?(E;/K,) denotes the maximal finite A-submodule, j =1, 2. Let C°"
be the integer in Proposition 4.5. By Proposition 4.5 r,(X“?(E;/K.,)) < C% for each j=1, 2.

Using that p'~' annihilates the ‘u-parts’ of both X9 "/(E;/K..), j = 1, 2, we will now show by using
[33, Lemma 3.8] that the cardinality of p'X%"(E;/K.,)/p" differs from p**“"E/k=) by at most
pr,,oeG'W(E,/ k) j=1,2. Then it will follow from the above that the difference between the A-invariants of
these two A-modules is bounded by 2i + C°, and the assertion of the lemma follows from Lemma 4.6.

In order to prove the above claim, we fix j and abbreviate X“"?(E;/K,,) to X. Let Y =p'~'X. Then Y
is a finitely generated and torsion A-module, and it follows from the choice of i that u(¥Y) =0. We let
X € Xand )Y C Y be the maximal finite A-submodules, and we fix an elementary A-module Ey attached
to?Y.

Then we have an exact sequence

0—>y—>Y—>EY—>O,

where Ey C Ey is a submodule of finite index. For any abelian group A, we define rank,(A) =v,(|A/pA|),
provided this number is finite. Since ©(Y) = 0, multiplication by p is injective on Ey C Ey and we have
an equality

rank,(Y) =rank,(}) + rankp(i:"y)
of p-ranks. Since p does not divide the characteristic power series fy of ¥, it follows from [31, Proposition
3.4(i) and (iv)] that rank,(Ey) =rank,(Ey), and the latter is just A(Ey) = A(Y) = A(X) because fy is a

distinguished polynomial. On the other hand, since ) € X, we have rank,()) <rank,(X). This proves
the above claim. O

5. Proof of the first main theorem

In this section, we prove Theorem 1.4. First, we need the following

Lemma 5.1. Assume that &,#@. For j=1,2 X9(E;/Ly) is a torsion Ag-module with
my(X(E;/Ly)) =« if and only if there exist a finite number of Z;f‘l-extensions of K contained

in Ly, such that for all IN(OS € & that are not contained in these extensions we have that X% (E; /K. is
A-torsion with W(X(E;/K)) = a.

Proof. Letj € {1, 2}. For brevity, we let X = X“"(E;/L,,). We have the following facts:

(a) IfXis A -torsion, then for any K.eEandH= Gal(L.,/ I?w) it follows from [46, Theorem 3.2]
that X is a torsion A-module with p-invariant equal to my(X) as long as K, is not contained
in a fixed finite number of Zl‘ffl-extensions of K contained in L.

(b) Let K., € £ and H = Gal(L../K..). From [40, Lemma 4.7], it follows that if Xj; is A-torsion,
then X is A -torsion.
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(c) Let K., € € and H = Gal(L,/Kv.). Corollary 3.7 implies that

(i) rank,(Xz) =rank, (X7 (E/K..)), )
(ii) u(Xg) = w(X%(E/Ky)) if there does not exist a prime in § which splits completely in K, /K.

The condition in (c¢)-(ii) above means that it will suffice if IN(OO is not contained in the decomposition
field of any of the primes v € S. Since &, # ¥, the decomposition subgroup D, (L, /K) € Gal(L.,/K)
has Z,-rank at least one for each v € S. Therefore, condition (c)-(ii) excludes the Z,-extensions which
are contained in a finite set of Z;’"—extensions inside L. The statement of the lemma easily follows
from this and the facts (a), (b), and (c) above. O]

We can now prove the first main result, namely Theorem 1.4 from the introduction.

Proof of Theorem 1.4. By Propositions 2.2 and 2.3, it suffices to prove the theorem with
X(E;/Ly,) replaced with X“"(E;/LL,,) for j = 1, 2. Assume that X°"(E, /LL,,) is a torsion A,-module with
E\[p'] = E,[p'] for some integer i > m,,. By Lemma 5.1 for all K., € € that are not contained in a fixed
finite number of Z;f"—extensions of K contained in L., we have that X°"(E,/K..) is A-torsion with
WX (E, /K..)) = my,. Note that (X9 (E,/KL)) > e(X°"(E,/KL,)) for any K., € £. Therefore, we see
from Theorem 4.3(b) that for all K., € € that are not contained in a fixed finite number of Z;f"-extensions
of K contained in L., we have that X% (E,/K.,) is A-torsion with (X" (E,/K.))=my,. Then by
Lemma 5.1, X% (E,/L..) is a torsion A,;-module with mg, = my;. O]

6. Via Lim’s approach

In [39], Lim gave a proof of Theorem 1.4 in more generality, using a completely different approach. We
will now describe this approach briefly. Then we strengthen Lim’s approach in order to compare also
ly-invariants of Selmer groups. It will turn out that in order to compare /,-invariants via Lim’s approach,
a strong additional hypothesis is needed (see Theorem 6.15 below). Our up-down approach seems more
suitable for handling /,-invariants, since it allows us to prove Theorem 1.5 which holds under milder
assumptions. We will follow that approach in Section 7.

In this section, we will work with X*"(E/L,.). By Proposition 2.2, our results apply to X" (E/L..)
and under suitable assumptions (see Proposition 2.3) our results also apply to X(E/L,.).

Let X =X*""(E,/Ly) and X' =X*"(E,/Ly), and write G = Gal(LL,/K) = Z;’. Then L., =J, L.,
where each number field L, =L%, G, = G, satisfies Gal(LL,/K) = (Z/p"Z). On any finite level n,
we write X, = X" (E, /IL,,) and X = X*"(E,/L,,) for brevity.

The strategy is as follows. We encode the information about the m,-invariants into asymptotic growth
formulas for the orders of the quotients X;;, and X;; , moding out the submodules of elements which are
multiples of p* for a sufficiently large k (it will be important that  is larger than my(X)). In fact, the m;,-
invariants and the A,-ranks give rise to the leading terms in these asymptotic formulas. Via a control
theorem, the quotients X /p* and X ./ p* are related to analogous quotients of the Pontryagin duals of the
strict Selmer groups X" (E, /L,)) and X*"(E, /IL,,). Via a result similar to Proposition 3.3 (see Lemma 6.4),
we can relate these quotients to the Pontryagin duals of residual Selmer groups Sel™ (E;[p*]/L,),j =1, 2,
which are defined as the classical strict Selmer groups in Section 2, but with E;[p*] replaced by E;[p*].
If E,[p*] = E,[p*] as Galois modules, then the cardinalities of the two latter groups are equal (this will
follow from a result analogous to Lemma 3.5). All in all we obtain that |X, /p*| and X, /p¥| are equal
up to a certain error term which does not affect the leading terms in the above growth formulas, therefore
matching up the rank and m,-invariant of X and X'.

We will now make this more precise. For the first step, we first choose k = n in the above explana-
tion; this will be eventually larger than the my-invariant of both X and X’. We start with three auxiliary
lemmas.
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Lemma 6.1. Let M be a finitely generated A ,-module, and let r =rank, ,(M). Then

vp(IMq, /") = (r - np™ +mo(M) - p™) | = O(np"~"").
Proof. See [50, Théoreme 2.1 (ii)]. O

LetEy =@, Ad/(P™) & @, Au/(h)) be an elementary A -module attached to M. Then mo(M) =
>, m; by the definitions. Now let k € N be arbitrary, but fixed. Then we define a truncated m,-invariant
by

m$’ (M) := Z min (k, m;).

i=1
Note: If M is A -torsion, then mff)(M) = mo(M /p*) for each k € N.

Corollary 6.2. Let M be as in Lemma 6.1, and let k € N be arbitrary but fixed. Suppose that M is
A g-torsion. Then

[v,(IMg,/p"]) — m (M)p™| = O(np“~"".

Proof. We apply Lemma 6.1 to the module M /p*, noting that

M, /p* =M /P, /P"

for each n > k. O

The next result which we need is a control theorem that was proved by Lim. Recall that X =
X*"(E,/Ly). For each n, we let X, = X*"(E, /LL,) for brevity.

Lemma 6.3. Suppose that no prime in S is completely split in 1L, and fix some integer k. Then
vo(1Xe, /P D) = v, (1X, /P DI = Op"")
and
v,(1X6,/P") = v, (1X,/P" DI = Op™*~1).
A similar result holds for X' = X(E,/1Ly.).
Proof. It has been shown in the proof of [39, Proposition 4.1.3] on page 1174 of loc. cit. that the
kernels and cokernels of the maps
tux: Xa,/P" — X, /P*

are finite abelian p-groups and that the p-ranks of these groups are in O(p"“~") where the implicit
constant does not depend on n or k. Here, we mean by the p-rank of a finite abelian p-group A the
dimension of A/p over the field IF, with p elements, as in Definition 2.5.

This immediately gives the first claim (for fixed k). In order to obtain the second claim, we let k =n
(recall that the p-ranks of the kernels and cokernels are bounded independently in k). 0

Let X*"(E;[p*]/L,) be the Pontryagin dual of Sel” (E;[p*]/L,). We also need the following lemma.

Lemma 6.4. Suppose that no prime in S is completely split in the Z;’-extension L. /K, and fix some
integer k. Then the number of primes above some v € S in 1L, is O(p"“™Y),

v (1X,/PH 1) = v (X (Er ')/ L) DI = O™
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and

Vo(IX./P" 1) = v (IX (Er[p") /L) D] = O(np="").
A similar result holds for X' = X*"(E,/Ly).

Proof. Again, we refer the reader to the proof of [39, Proposition 4.1.3] on page 1174 of
loc. cit. O

In order to obtain a better error term, we will use the following variant of that lemma.

Lemma 6.5. Let L. /K be a Zz-extension, and suppose that the following hypotheses hold.

(i) E, satisfies condition (x) from the introduction for all v € S.
(i) The decomposition subgroups D,(L./K) € Gal(L./K) have Z,-ranks at least two for each
ves,.

Then the natural map
syt X, /p" — X(E\[p"]/L,)

has finite kernel and cokernel, and the p-valuation of the order of the kernel and cokernel of s, is in
O(np'@=2m),
A similar result holds for X' = X*"(E,/LLy).

Proof. By Lemma 2.1, we may assume that S is precisely the set of primes of K which lie above p or
where E has bad reduction. Let S, be the set of primes of L, above those in S and let S, , be the primes
of L, above p. Consider the maps

0,: P H'L,.. Elp') — €D H' (L., EP™DIP"),

WESpn WESp.n

Vu: P H' @ EP'D)— D H Lo EPDIP')
WESu\Spn WeS\Spn

As in the proof of [39, Proposition 4.1.3], we see that to prove the lemma we must show that
v,(| ker 6,]) = O(np=2") and v, (| ker ¥, |) = O(np“~?"). Condition (ii) implies that the number of primes
of L, above any prime in S, is O(p“~?"). Then as is the proof of loc. cit., this immediately proves that
v,(| ker 6,]) = O(np“=>").

We now turn to ker v,,. We now show that condition (i) of the lemma implies that H'(L,,,,, E[p"]) =0
foralln>0and w € §, \ S,,. This implies that ker ¢, =0. Letn > 0 and w € S, \ §,,,. Then we have an
exact sequence

0 — E(L,,)/p" —> H' (L, E[p") —> H' (L. E)[p"] — 0.

By Mattuck’s Theorem, we have that E(L,,M.)’EZj’ x T, where [ is the residue characteristic
of L,,, d=I[L,,:Q] and T is a finite group. Since /# p, we have E(L,,)/p" = EL,,)[p"]. By
Tate duality for abelian varieties over local fields (see [44, Corollary I-3.4]), we have an iso-
morphism H'(L,,,, E)* = E(L,,,). Therefore, (H'(L,,,, E)[p"])¥ = E(L,,,)/p". So as above we have
H'L,,,BE[p1=H'L,,, E)p"'D” =EWL,,)[p"]. Combining the two previous facts with the exact
sequence above, we see that |H'(L,,,, E[p"])| = |E(L,..)[p"1|*.

The proof of Proposition 3.2 shows that condition (i) implies that E(K,)[p>] = 0 where v is the prime
of K below w. So (E(L,,,)[p>])&w/&) = E(K,)[p>] = 0. Therefore, E(L,,,)[p™] = 0 whence by the
result above H'(LL,,,, E[p"]) = 0. This completes the proof. O]
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Now suppose that E;[p"] = E,[p"] for all n € N (we will relax drastically this assumption below).
Then it follows from Lemmas 6.1, 6.3, and 6.4 that

| (rnpdn + mo(X)pd”) _ (r/npdn + mO(X/)pdu) | — 0(np”(d71)).

Here, we let r =rank, ,(X) and r =rank, (X"). This immediately implies that r = r’, and that my(X) =
my(X').

Now we improve on the above approach. First, we want to get rid of the assumption that
E\[p"] = E,[p"] for all n. Second, we would like to say something about /,-invariants.

To the first aim, we suppose from now on that X and X’ are both torsion A,-modules. Instead of
choosing k = n in the above quotients, we let k vary from 1 to my(X) + 1 (it suffices to replace m(X) by
the exponent e(X) of X, see below). Using Corollary 6.2 and the first formulas in Lemmas 6.3 and 6.4,
we obtain that for each such k we have

| (mg”COp™) = (my’ X p™) | = O,

Now suppose that E,[p'] = E,[p'] for some i > e¢(X) (here e(X) means the maximum of the exponents
m; in the elementary A,-module attached to M, as in Definition 4.2). Then mg‘)(X) = mg‘) (X") for each
k <e(X) + 1. In particular,

mf)e(X)-H)(X/) — mg."(X)-%—l)(X) — mg'(X))(X) — mg'(X))(X/).

This shows that m,(X") = my(X) and that in fact the p-torsion submodules of the elementary A ,-modules
attached to X and X' are isomorphic, that is, X[p™] is pseudo-isomorphic to X'[p*>]. We summarize this
result as

Theorem 6.6 (Lim). LetIL,./K be a Z;’-extension such that no prime in S is totally split in L. Suppose
that X =X*"(E, /L) and X' = X*"(E, /L) are both A -torsion modules, and that E,[p'l = E,[p'] for
some i > e(X).

Then there exists a pseudo-isomorphism

X[p=1~X'[p™],

and in particular we have my(X) = my(X').

In order to reach the second aim formulated above, we first have to formulate more precise asymptotic
growth formulas. We will use a formula which has been obtained by the first-named author and Katharina
Miiller in [34], generalizing work of Cuoco and Monsky from [11]. In order to formulate the result, we
have to introduce some notation from [11].

In the asymptotic formula which we will use, the coinvariant modules X, are replaced by certain
smaller quotients, which are a bit involved to introduce. For the convenience of the reader, we pro-
vide a definition from scratch. Recall that A, has been identified with Z,[[T}, ..., T,]] by mapping a
set of topological generators yy, ..., y; of G= ZZ to the elements 7y + 1, ..., T, + 1. For any element
o € G\ G", we can introduce a variable S=0 — 1 in A,. We consider the polynomials
Wy (S)

w,(8)
where n is any natural number. Moreover, we also let, for two natural numbers n > m,
w,(S)
vn,m(S) = —= l)nfl(S) . vn72(S) Teeet vm(S)
wn(S)
Following [11, Definitions 4.1 and 4.6], we define

0(8) =8, w,(8):=E+1 =1L n=1, v(S):=

Definition 6.7. Let M be a finitely generated torsion A -module. A structure S on M consists of an
integer v > 0 and a finite set of tuples (o;, M;), where o; € G\ G” and M; € M is a submodule for each i.
For eachn € N let I, C A, be the ideal generated by w,(T)), . .., w,(Ty).
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Given a structure S on M, we define J, = J,(S) to be the submodule of M generated by I, - M and
> vunl(S)) - My, where the sum runs over all pairs (0;, M) in S and S; = 0; — 1 for each i.
A structure S is called admissible on M if

rankz, (M/J,) = O(p“~").

Remark 6.8. The quotients Mg, of coinvariants considered in the asymptotic formula in Lemma 6.1
correspond to the quotients M /1,, since I, is just the augmentation ideal of the subgroup G, =G" C G
in A,. Therefore, these quotients correspond to the ‘empty structure’ on M, that is, J, = I, - M and there
are no additional submodules M; of M. Unfortunately, this structure is not always admissible in the
above sense.

Suppose now that we are given a finitely generated and torsion A,-module M. Let us briefly describe
how one can come up with an admissible structure on M.
Let E), be an elementary torsion A,-module attached to M. As in the introduction, we write

Ev=ED A/ & @D Au/ (),
i=1 j=1

where the power series A, . . ., h, are irreducible and coprime with p. Recall that the characteristic power
series fy; of M is just the same as p™® . ]_[;:l h. It follows from [11, Theorem 3.13] that the empty
structure (see also Remark 6.8) is admissible on M as long as no irreducible element #; is a special
prime element. By this, Cuoco and Monsky mean the following:

Definition 6.9. A prime element h € A, = Z,[|G]] is called special if there exists some o € G\ G” such
that for S = o — 1 we have either

(1) h=Sor
(2) h=v,(S) for some r € N.

It remains to define an admissible structure on M if some of the irreducible elements /; dividing the
characteristic power series f); of M are special. Suppose first that M = E,; = A,/(h") for some special
prime 4. We let o be the corresponding group element, and we define S to be the one element structure
v, {(o,M)}), where v =0 in case (1) and v = r in case (2). In other words, we define

Jn == In M + vn,v(S) : M3
where the choice of v depends on the type of the special prime £, as described above. It is easy to see

that rank, (M /J,) = O(p'“=2) with that choice of S, that is, this structure is admissible on M = A, /(h").
Now suppose that M = Ey, = @,_, A./(p™) ® @;:1 Ad/(h;’ ). In this case, we let (without loss of

generality) M|, ..., M. be the cyclic submodules A,/(4}") such that hy,..., k. are special. For each
such i, let S; = 0; — 1 be the corresponding variable and choose r; =0 or r; = r depending on whether
we have a first case special prime or a second case special prime, and let 7 = max (r, . . ., ). Note that 7

is the smallest number such that v;(S;) is coprime with each h; € Z,[S;]. This is what makes the following
structure admissible: We take

S = (;-7 {(U]’ Ml)’ (O—Za M2)7 BN (Uc’ Mc)})’ (8)
where M, = A,/ (h}"), respectively.

If M is not an elementary A, -module, then we proceed via a ‘dirty trick’, by applying the following
result of Cuoco and Monsky (see [11, Theorem 4.12]).
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Proposition 6.10. Let M and M’ be two pseudo-isomorphic torsion A, -modules, and let S and S’ be
any admissible structures on M and M', with attached quotients M /J, and M'/J. Then

(/)P 1D = v (M L) 1D = O™,

Since we will be interested in the growth of the orders of our quotients only up to an error of O(p‘@="")
(see also Lemma 6.12 below), we can now proceed as follows: If M is not elementary, then we just replace
M by E,, and choose the admissible structure on E,, which has been defined above. It follows from the
above proposition that it suffices to study the growth of v,(|E,,/J,|) for this particular structure. In other
words, we do not have to think too much about a particular choice of admissible structure on M if M is
not elementary.

The following result of Cuoco and Monsky will allow us to simplify the definition of the structure as
given in (8).

Proposition 6.11. Let S be an admissible structure on M, and let J,(S) C M be the corresponding
submodules used in the quotients. Let S’ be the new structure which is obtained from S by replacing M,
by M, and let J| := J,(S’) be the corresponding submodules. Then S' is also admissible, and

v, (1M /)P 1) = v, (1M /D[P 1D = O™,
Proof. Itis obvious that S’ is again admissible, since we are making the quotients M /J, even smaller.
Now apply [11, Lemma 4.9]. O
Applying this proposition iteratively, we can replace the structure S from (8) by the easier structure
S, = (?9 {(01’ M)v (JZa M)’ ey (ara M)})’

which we will denote by S again in what follows. Note that the quotients M/J, with respect to this
structure are just M/(Z, - M), where

In = :ZIL(S) = In + (vn,}(Sl)a cee Vn,?‘(St'))' (9)

Now we turn to the study of /;-invariants. We can formulate the following asymptotic formula
from [34].

Lemma 6.12. Let M be a finitely generated and torsion A, -module, and consider the quotients M /J,
attached to an admissible structure S on M, as described above. Then

[v,(1M /1, /p"]) — (mo(M) - p™ + Iy(M) - np“~"") | = O(p“~"").
Proof. 1t follows from [34, Lemma 5.12] that
[v,({(M /1) [p=1/p") = (mo(M) - p™ + l(M) - np“""") | = O(p“~™").

Since S is admissible, we have rank;, (M/J,) = O(p'“~>"), and therefore we may replace (M /J,)[p>] by
M /J, in the above asymptotic formula. O

The last ingredient which will be needed is the following control theorem. By an identical proof to
[34, Theorem 6.8], we have

Proposition 6.13. Let L, /K be a Z;’-extension with intermediate number fields 1L, as above, let E be
an elliptic curve with good ordinary reduction at p and suppose that no prime of S splits completely in
L. Then the kernels and the cokernels of the natural maps

8,1 Xg, — X,

are finite. Moreover, the p-valuations of the orders of the kernels and cokernels are in O(p'“="").
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Corollary 6.14. In the setting of the previous proposition, let S be an admissible structure on X =
X"(E[Ly), with corresponding quotients X /Z,, where the ideals T, C A, are defined as in (9). Then
the kernels and cokernels of the induced maps

[ X/In _)Xn/l-n

are finite, and the p-valuations of their orders are in O(p“~"").

Note that I, C 7, operates trivially on X, = X*"(E/L,), that is,
X/In = Xn/(vn,?(Sl)’ ) Vn,?(Sc))'

Proof. Consider the commutative diagram

Og)ln'XG,, XG,, XGn/In%()
0——1I, X, X, X,/ 1, ——0

Let 7 be the number of generators of Z, (note that each of these ideals has the same number of generators).
Then it follows from the snake lemma that

|coker(t,)| < |coker(s,)|
and
| ker (7,)] < | ker (s,)| - [coker(r,)|.
Since coker(r,) =Z, - coker(s,), we may conclude that
| ker (£,)] < |ker (s,)| - |coker(s,)!".
Therefore, the statement of the corollary follows from Proposition 6.13. [

Now assume that the hypotheses (i) and (if) from Lemma 6.5 are satisfied. Then Lemma 6.5 implies
that

vp(1X,/P"1) = v (IX*"(E\ [p"1/La) DI = O(np"="). (10)

If we assume that E,[p"] = E,[p"] for each n € N (here we will not be able to relax this assumption), then
we may conclude as in Lemma 3.5 that

X"(E [p"]/L) = X" (Ex[p"] /1Ly). (1)

Choose a structure S which is admissible on both X and X’. Then we may use the same arguments as in
the proof of Corollary 6.14 to derive from (10) and (11) that

Vo190 /P" D) = vo(1X, /90 /P" )
Then it follows from Lemma 6.12 and Corollary 6.14 that
| (moXp™ + [y (XImp ") = (mo(Xp™ + Io(X ynp'="")
This (together with Theorem 6.6) proves the following

= O(np“=").

— 0(p(dfl)n).

Theorem 6.15. Let L., /K be a Zl‘f -extension such that no prime of S splits completely in L. We assume
that the following hypotheses are satisfied.

(a) E\[p"] = E,[p"] for every n e N.
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(b) E, and E, satisfy condition (x) from the introduction for all v € S.
(c) The decomposition subgroups D,(IL,/K) € Gal(L/K) have Z,-ranks at least two for each
VES,.

Then
rank, ,(X) = rank, ,(X).

If these ranks are equal to 0, then

(i) my(X)=my(X") and
(it) 1o(X) = lp(X").

Remark 6.16. Hypothesis (a) in Theorem 6.15 implies that the p-adic Tate modules of E\[p™] and
E,[p*>°] are isomorphic. Indeed, letting C, be the set of Gy-isomorphisms between E|[p"] and E,[p"],
n €N, the assumption implies that each C, is non-empty. Moreover, each C, is finite because E,[p"] is
finite. It follows from [51, Proposition 1.1.4] that the inverse limit C =1lim C,, taken with regard to the
restriction maps, is non-empty. Any element in C gives an isomorphism between the Tate modules.

By results of Faltings on the Tate conjecture, it follows that there exists an isogeny of degree prime to
p between E, and E,." But then the Iwasawa modules X and X' are isomorphic. Therefore, the conclusion
of the theorem is not interesting under assumption (a).

7. Proof of the second main theorem

In this section, we will apply the up-down approach from the proof of Theorem 1.4 to the investigation
of ly-invariants. This will enable us to prove the second main result (Theorem 1.5) without assuming the
strong hypothesis (a) from Theorem 6.15. Note that this comes at the price of the additional hypotheses
(i) and (ii) in Theorem 1.5. These two assumptions, however, are natural and mild, as we pointed out
in Section 1. On the other hand, we have seen in Remark 6.16 that the conclusion of the theorem is not
interesting under hypothesis (a). As this is the best result that we can prove via Lim’s approach, we apply
the up-down approach instead in the current section.

In what follows, we will work with Greenberg Selmer groups.

Let K, € £ be arbitrary, but fixed. The canonical restriction map Gal(L,/K) — Gal(K,,/K) induces
a surjective homomorphism

7w Ay = Z[[Gal(Lo/K)]] — A = Z,[[Gal(K./K)]].
We write the characteristic power series f,, f> € Ay of X"(E, /LL,,) and X% (E,/L,.) as
fi=p™ g, L=p""-g.

Then we have the following auxiliary result which will be one of the main ingredients in the proof of
Theorem 1.5.

Lemma 7.1. In the above setting, suppose that mw(g,) #0 (mod p). Then there exists a Greenberg
neighborhood U = £(K,, n) such that for any K, € U we have 7(g,) #0 (mod p) where

71 Ay = Z[[Gal(Loo/K)] —> A = Z,[[Gal(Koo /K)]]

is the surjective homomorphism induced by the canonical restriction map Gal(L,/K) — Gal(K../K).

Proof. We can choose the variables 7', T,, . .., T, of A, such that the map = is given by

nT)=nl)=---=1T;)=0, n(T)=TecA=LZL)][T]]

'The authors are grateful to the editor for pointing out this connection.
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(this choice of variables corresponds to a choice y;, ¥, . .., y; of topological generators of G such
that Gal(ILo./Ks) = (V15 V25 - - - » Ya—1), and T; = y; — 1 for each 7). Since 7w (g,) %0 (mod p), the image
7 (g)) € A is associated with a distinguished polynomial of degree, say, r by the Weierstral3 Preparation
Theorem. Now choose U = E(K, 2s), where s is large enough such that p* > r. Then the proof of
[3, Proposition 1.1] implies that

7(g)=m(g) mod P, T")

for every K.eU.In particular, 7(g,) %0 (mod p) (in fact, 77(g,) is also associated with a distinguished
polynomial of degree r). O

Proposition 7.9 is a key result that allows us to use the up-down approach to prove Theorem 1.5. In
order to prove this key result, we make use of the following auxiliary lemma. We start with a finitely
generated torsion A,-module M. Consider a presentation

A AL M—0

of the A, -module M. Since M is torsion, we know that / < g. Recall that the Fitting ideal of M over A,
is generated by the / x [-minors of the matrix A = (a;), and that this ideal does not depend on the chosen
presentation of M.

Lemma 7.2. Let M be a torsion A,;-module with characteristic power series f, and let fi, . . ., fi be any
set of generators of the Fitting ideal of M.

(1) Thenf=gcd(fi,.... o)

(2) Let mw: Aj—> A be a surjective ring homomorphism, and suppose that
M, := M/(ker(m)-M) is a torsion A= A,/ker(mw)-module. Then the characteristic
power series f, € A of M, satisfies

fr=ged @), ..., (f).

Proof. Since m: A, —> A is surjective, the A-module M, has a presentation

7(A)
—

A® A — M, —0, (12)

where we denote by 7 (A) the matrix with entries (77 (a;));; in A.

In order to prove assertion (1), we let 1 € A, be any irreducible element (e.g. &2 = p) and consider the
prime ideal p = () in A,. The localization (A,), of A, at p is a discrete valuation ring with maximal
ideal p. Since M is a torsion A,-module, we can attach to it an elementary torsion A,-module and a
short exact sequence

0— M, — M — @ A/ @) & D Au/ (D)) — My —> 0,

i=1 =1

where M, and M, are pseudo-null. The localized sequence remains exact, and (M), = (M,), = {0}
(Indeed, since the M; are pseudo-null, we can choose an element a in A, which is coprime with A
and annihilates both M, and M,. But a becomes a unit in the localization (A,),.). Therefore,

M, =D (Ay/ ") & ED (M), /((TY)).
i=1 J=1

Note that (A,), /(1) = {0} for each A € A, which is coprime with h. Therefore, M,, is of the form

.
M, =P (A, /(h)
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(this sum might be empty, i.e. k = 0 is possible). In other words, the powers /4 are the principal divisors
of M, as a module over the principal ideal domain (A,),. O

Now we apply the following auxiliary result (see [4, Theorem 2.9.6]):

Lemma 7.3. Let N denote a finitely generated torsion module over a principal ideal domain R, with
matrix of relations B, and suppose that we are given a presentation

RRLSR S N—0.

Then the product of the | principal divisors of N is equal to the greatest common divisor of the
[ x I-minors of B.

We apply this lemma to the presentation
(A —> (M), —> M, —> 0,

with matrix of relations A (viewed as a matrix with entries in the larger ring (A,),). We may deduce that
e:= Zf:l e; is the exact exponent of the largest power of 4 which divides the greatest common divisor
of the / x [-minors of A. Since these minors generate the Fitting ideal of M, this also means that /¢ is the
exact power of 4 which divides the gcd of the generators fi, . . ., f; chosen above. Note that /¢ is also the
exact power of 2 which divides the characteristic power series f of M. Since & was arbitrary, this proves
assertion (1).

In order to prove assertion (2), we start from the presentation (12) with the matrix 7w (A). Now we
proceed as above: Choose any irreducible element 2 € A, and localize at p = (/). Then we get

k
M), =D Ay /(1)

i=1

for suitable e; € N, and the powers h* are the principal divisors of (M), over A,. An application of
Lemma 7.3 then proves assertion (2).
We prove a corollary which will be used below.

Corollary 7.4. Let M be a finitely generated torsion A,-module, with characteristic power series f,
and write f = p™™ . g as usual. Let w: A, —> A be a surjective ring homomorphism, and write M, =
M /(ker (1) - M) (this is a finitely generated A-module).

If d > 2, then we assume that the maximal pseudo-null A ;-submodule M° of M is finitely generated
over Z,. Then the following statements hold.

(a) If n(f) #0, then M, is a torsion A-module.
(b) Suppose that M, is a torsion A-module. Then u(M,) = my(M) if and only if (g) Z0 (mod p).

Proof. Let E); be an elementary A, ,-module attached to M, and consider an exact sequence
0O—M —M-—E,— P—0,
where P is a pseudo-null A,-module. This sequence shows that
Ann(M°) - Ann(E,) € Ann(M),

where we denote by Ann(Y) the annihilator ideal of any finitely generated A ,-module Y.
Now our assumption on M° implies that there exists an element H € Ann(M°) such that

m(H)#0 (mod p),
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so in particular 7t (H) # 0 (cf. the proof of [35, Theorem 3.22]). Therefore, 7w (H) - 7 (f) yields a nonzero
element in

7 (Ann(M)) C Ann(M.,,).
Choosing an elementary A-module E,, of M, the natural inclusion map E, < M, induces an inclusion
Ann(M,) < Ann(E;) = (f,),

where we denote by f, the characteristic power series of M, and E,. Since 7 (f)m(H) # 0, we may
conclude that f,, # 0, that is, M,, is a torsion A-module.

Now we turn to the proof of statement (b). Choose generators fi, . . . , f; of the Fitting ideal of M. We
know from Lemma 7.2 that

() =m(ged (v f) | god (X () TG =

On the other hand, the first part of the proof shows that f;, | (s (f) - 7 (H)). Summarizing, the chain of
divisibilities

7(f) | fx | (w(f)7(H))
shows that u(M,,) > m, if and only if (g) is divisible by p (recall that 7 (H) £ 0 (mod p)). ]

Now we turn to the study of /y-invariants and move on towards our key proposition. Let X =
X% (E /L) for some elliptic curve E which is defined over K and has good ordinary reduction at all
primes of K above p. Let f = p™™ . ¢ be the characteristic power series of X. If [,(g) > 0, then there
exists some element y € Gal(L,,/K) which is not a p-th power, and such that the coset of 7:= y — 1
in Q, = A,/p divides the coset of g. If w: A, —> A maps T to 0, then 7(g) =0 (mod p). For brevity,
we introduce the following notion.

Definition 7.5. Recall that £, N E,, denotes the set of all Z,-subextensions K, C L, of K such that each
prime above p ramifies in K., and no prime of S splits completely in K,.. We let £, = E,(X) denote
the subset of £, N E,, which consists exactly of the Z,-extensions K., /K satisfying that X (E/K.,) is
A-torsion and

WX (E/K o)) = my(X).

Remark 7.6. Let K, € &, let m: Ay —> A be the canonical surjection induced by the restriction map

Gal(L.,/K) —> Gal(K.,/K),

and write X, = X/(ker (i) - X) as usual. We assume that X°"(E/K..) is a torsion A-module. In view of
Corollary 3.7, this means that X, is also A-torsion and that we have

WXr) = WXV (E/K))
as soon as Ky, € &,,. Therefore, any such K, is contained in £, if and only if
(X)) = mo(X).

In fact, since n(f) divides the characteristic power series of X, in view of Lemma 7.2, we have that
w(X,) > my(X) for any Z,-extension K, such that X, is A-torsion. Moreover, equality in this equation
can hold only if

n(g)#0 (mod p).

In general, the latter condition is not sufficient for ensuring uw(X,)=myX). We have shown in
Corollary 7.4 above that it is also sufficient if hypothesis (ii) from Theorem 1.5 is satisfied.
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Proposition 7.7. Suppose that £, and E,, are non-empty and that X = X" (E/LLy,) is A4-torsion. Then
the subset £, C £ is open and dense.

Proof. First note that £, N £,, C £ is an open subset with respect to Greenberg’s topology. Indeed,
suppose that K, € £, N &,,. Let m € N be large enough such that

(i) each prime of K above p ramifies in the m-th layer K,, of K, and
(i) no prime in S splits completely in K,,/K.

Then it is easy to see that £(Ky, m) € E, N E,.

Now fix K, € &,, with homomorphism 7. In particular, we have that E(K.,)[p*>] is finite (see [17,
Prop. 3.2(ii)]). Then taking into account Propositions 2.2 and 2.3(c), it follows from [32, Theorem
4.11] that there exists a neighborhood £(K,,n) which is contained in &, N &, such that for each
K. € E(Ko, n), with homomorphism 7, we have that X¢"(E /K..) is A-torsion and

w(Xz) = WX (E/K ) < wXY(E/K ) = n(Xy) = mo(X).
Since it is a general fact that u(X;) > my(X) (see also Remark 7.6), we may conclude that
K, €&,

for each K, € £(K,, n), that is, &, is open with respect to Greenberg’s topology.
Let us now prove denseness. We will apply the following

Lemma 7.8. Let £ be the set of Z,-extensions of K which are contained in some fixed Zz—extension

L./K. Suppose we are given finitely many 7' -subextensions "V, .. ., 1L C L, of K. Let E C € denote
the subset of Z,-extensions of K which are not contained in any of the L?.

Then each Greenberg open neighborhood U = E(K,n), K, € £, and n € N, contains an element
of &, that is, £ C & lies dense with respect to Greenberg’s topology.

Proof. Let K, € £, n € N be arbitrary. First assume that K, itself is contained in &. Then we choose
n € N large enough to ensure that the n-th layer K, of K, is not contained in L.? for any i, and we let
U =E&(K,, n). In this case, we actually have (K., n) C E.

Now suppose that K, & €. Then K, is contained in at least one of the Z;”l-extensions Lo .., L®
of K.

Choose any F € £, and consider the Z;—extension K. - F of K (note that K, # F since we assumed
that K., & ). Then F N LY is a finite extension of K foreach i € {1,...,r}. Therefore, K., - F contains at
most r different Z,-extensions of K which are not contained in E: Indeed, it MV, ..., M") C K F are
not contained in 5, then there exist numbers i #j € {l,...,r+ 1} and s € {1,. .., r} such that both M?
and MY are contained in LY. But then M® - MY C LY. Since we necessarily have M? - MY =K, - F,
this contradicts the fact that (F NIL®)/K is finite.

Since K F N E(K, n) is infinite for each n € N, this concludes the proof of Lemma 7.8. ]

This also concludes the proof of Proposition 7.7. Indeed, since &, and &, are non-empty, we
know that each Z,-extension which is not contained in &£, N &, is contained in a finite set of Zﬁ‘]—
extensions (or smaller multiple Z,-extensions of K), namely, the inertia and decomposition subfields
of L., of the primes above p (respectively, the primes in S). Since X is A,-torsion, we know from
Lemma 5.1 that X" (E/K,,) is A-torsion and that (X" (E/K,)) = my(X) for all Z,-extensions K, of
K outside of a certain finite number of ZZ’l-extensions of K. Therefore, we can consider € = E,(X) in
Lemma 7.8. O

Now we can prove our key auxiliary result. Recall that we write the characteristic power series of X
asf :pmmX) - 8.
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Proposition 7.9. Let X = X" (E/LL,.), let y € Gal(L./K) be an element which is not a p-th power,
and set T=7y — 1. We let M =1L"*", and we suppose that T' | g for some e €N (note that e =0 is
possible — in that case assertion (a) below is empty).

(a) Let K, M be any Z,-extension of K contained in £,,. Then there exists a constant C such that
forn>0

MXT(E/K ) =e-p'—C

for each K., € E(K., n) which is contained in &,
(b) If d > 2, then we assume that

e X=X(E/LLy) is A,-torsion,
o the maximal pseudo-null submodule of X is finitely generated over Z,,

o £,NE, CE& is non-empty, and
et |
- T {3
Then there exists a Zi-extension N of K and a Z,-extension K, € £, such that K., CNNM
and there exists a constant C' such that for n>> 0

MXO(E/K ) <e-p'+C

for each Ko, € E(Koo, ) \ E(Kwo, n + 1) which is a subextension of N and contained in &,
In particular, if T does not divide g, thatis, e =0, then for n >0

AMXO(E/KL)) = 0(1).

Proof. Let K,, CM be any Z,-extension of K contained in &,, say, K, = LI 2F Tt for
suitable variables 7>, . . ., T,_,, and write T; + 1 = y; for each i (in other words, y, 5, . . ., ¥4_ are topo-
logical generators of Gal(L.,/K,.)). Let 7 : A, —> A be the canonical epimorphism corresponding to
K. For the proof of (a), we will assume that e > 1. Since T | ¢ by assumption, we know that

7(g)=0 (mod p).

Let now K € £(K.., n) be arbitrary, and choose topological generators 7, . . . , 7,_, of Gal(L../ K.). We
let = denote the corresponding surjection onto A, that is, 7 (y;) = 1 for each i. Suppose that y, denotes
a topological generator of Gal(K,,/K). Let K, € K, be the unique intermediate field of degree p" over
K. Since

~ - .. - _ph
Koo N Koo ) Kn ZLgI»VL-de—th ),

we may conc}ude that v, V2, . .« s Va1 € (P15 Vo« + s Vazls )7;’“). Since 7 (y;) = 1 for each i, it follows that
7(y) € Gal(K/K)" and

7(y,) € Gal(Ko. /K)"

forie{2,...,d—1}. Writing Z,,[[Gal(f(oo/K)]] = Z,[[S]], we may conclude that the reduced degree
of 7(T) (i.e. the degree of an element in its coset in the quotient ring 2= A/(p)) is at least p" if
7(T)#£0 (mod p), and the same holds for the reduced degree of 77 (7;) for each i.

Recall that 7° | g. Therefore, the above means that either 7(g) =0 (mod p) or the reduced degree of
7(g) is at least e - p".

Now suppose that K. € &,. Then we know (see Remark 7.6) that 7 (g) is not divisible by p. This
means that 7(g) € A is associated with a distinguished polynomial of degree at least e - p".

Choose generators fi, . . ., f; of the Fitting ideal of X. Then it follows from Lemma 7.2 that

a(f)=n(ged(fi,.... f0) | ged @), . ... 7)) =fz 13)

where we denote by f; € A the characteristic power series of X; = X/(ker (7 - X)). It follows from the
above that 7 (f) = p™® . 7(g) is a multiple of a distinguished polynomial of degree at least e - p". In
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view of Corollary 3.7, we know that for n > 0
IM(X:) — MXT(E/K))]

is bounded on £(K,, n). Therefore, assertion (a) of the proposition follows.
Now we turn to the proof of assertion (b). We decompose the coset g of g in 2, = A,/p into a product
of irreducible factors:

=T 5" ...-g",

where the g; are not divisible by T, and pairwise coprime in €2,. Let s < ¢ be such that, without loss of
generality, T, g, ..., g, are the factors of g which contribute to /,(X). Choose lifts g; of g; in A,. Our aim
is to choose a Z,,-extension K, € M of K such that the homomorphism 7 : A, —> A which corresponds
to K, maps each g;, 2 <i <t, to an element of A which is not divisible by p (and in particular will be
NONZzero).

Since X is A,-torsion and &, N &, # ¥ by assumption, it follows from Proposition 7.7 that £, € £
is a dense subset so in particular, £, # (. Choose K, € £,. Then w(g) #0 (mod p) (see Remark 7.6).
Therefore, m(g;) 0 (mod p) for each i. This means that for each i the power series 7 (g;) is associated
with a distinguished polynomial.

Let d denote the degree of the distinguished polynomial associated with (g5 - . . . - g), and choose
n large enough such that p@~"% > d. Since £, C £ is open by Proposition 7.7, we may assume that
E(Ky,n) CE,. Let K. € E(K+,n) be an arbitrary element, and let 7 be the corresponding homomor-
phism. Write n = 2m if n is even, and n = 2m + 1 if n is odd. Then in both cases £(K,, n) C (K., 2m)
and p™” > d. Therefore, as in the proof of Lemma 7.1,

deg (7(g5 ... g")) =deg (w(g5 ... - g"))=d

does not depend on the choice of K,,. This shows that the contribution of the divisors g; of g to the
degree of the distinguished polynomial attached to 7 (g) is bounded as K. runs over the elements in
E(K, n).

As in the proof of (a), we let y, y,, . . ., ¥, denote a set of topological generators of Gal(L../K).
Now let N =L{2--%-1) and suppose that Ko €EKuoyn)\ EKoo,n+1). Let 71, ..., 7., denote a set
of topological generators of Gal(L,, /i(oo)- In fact, we will assume from now on that y, = y; for each
ie{2,...,d—1}. Note this just means that we are restricting to Z,-extensions K., of K which are
contained in N, as in the statement of the proposition.

Moreover, we denote by 7, a topological generator of Gal(K,,/K). Then, as in the proof of (a),
y =T + 1 can be written in the form

ZARNS i 7 (14)
where a,, ..., a, € Z, and q, is divisible by p®. Since K. ¢ E(Ky,n+ 1), we know that at least one of
the topological generators y, y», . . ., ¥4_1 of Gal(L,,/K.,) is not contained in (Y, V5, . . ., Va_1, )75”+I ).

Since K., € N by assumption, we may conclude that the exponent a, from (14) is not divisible by pr
In fact, the topological generator y, of Gal(K,,/K) can be chosen such that a, = p". Therefore,

deg (7(T¢))=e-p".
Summarizing, we have shown that
deg (n(g)) =e-p"+ O(1)

on E(Ky, ) \ E(Ko, n+ 1). Since the maximal pseudo-null submodule X° of X is finitely generated as
a Z,-module in view of our hypotheses, we may, as in the proof of Corollary 7.4, choose an element
H € Ann(X®) such that 7 (H) 0 (mod p). Then deg (7 (H)) = O(1) on £(K,,, n) by the same argument
as for g3 - . . . - g above (it might be necessary to increase n appropriately). Moreover,

() 1fz | 7 (F)7 (H)
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for each K, € £(K., n), as in the proof of Corollary 7.4 (here f; denotes the characteristic power series
of X;, as in the proof of (a)). We may thus conclude that

AMXz)=e-p"+ O().
In view of Corollary 3.7, we know that for n > 0
IAM(Xz) = MXT(E/K))
is bounded on £(K,, n). Therefore,
MXO(E/K ) =e-p"+ O(1).

O
The following result is the last auxiliary result which will be used in the proof of Theorem 1.5.

Proposition 7.10. Let E be E, or E,. If d > 2, suppose that the maximal pseudo-null submodule of
X =X (E/Ly) is finitely generated over Z,. Let K., € £. Assume that no prime in S, splits completely
in K../K and that X°"(E/K,.) is A-torsion.

We write the characteristic power series of X as f = p™® .

g. Then the following are equivalent:

(1) 7(g)#0 (mod p), where i corresponds to K.
(2) MXC(E/K)) is bounded as Ky, runs over the elements in a sufficiently small neighborhood
of K.

Proof. [35, Lemma 3.21] proves the analogous statement for the classical Selmer group. Using
Corollary 3.7, the proof of [35, Lemma 3.21] can be formulated for the Greenberg Selmer group in
an identical way. Taking this into account, we see that the equivalence in the statement of the proposi-
tion will follow if we show the existence of the element H € A, in loc. cit. As the maximal pseudo-null
submodule of X" (E/L,,) is finitely generated over Z,, its annihilator ideal is not contained in any prime
ideal of height at most d — 1. Therefore, from the proof of [35, Theorem 3.22] such an element H € A,
exists. O

Now, we can finally prove Theorem 1.5.

Proof of Theorem 1.5. Assume that all the hypotheses of Theorem 1.5 are satisfied. By Propositions
2.2 and 2.3, it suffices to prove the theorem with X(E;/L..) replaced by X% (E;/L,,) forj =1, 2.

Suppose that X(E,/L,,) is a A,-torsion module and E,[p'] = E,[p'] for some integer i > my;. From
Theorem 1.4, we get that X(E, /L) is a A,-torsion module with my, = my .

In order to conclude the proof of assertion (1), we assume that Z/O\l =0. Then for every K, € £, we
have that 7 (g,) #0 (mod p), where 7 corresponds to K.,. From Corollaries 7.4 and 3.7, we get that
X (E,/K,) is A-torsion. Note that in view of hypothesis (ii) and (iii) from Theorem 1.5, we can apply
Proposition 7.10 to each K, € £. Therefore from Proposition 7.10, A(X°"(E, /I~(oo)) is bounded as K.,
runs over the elements in a sufficiently small neighborhood V of K... Since 7(g;) 20 (mod p) for every
71, it follows from Corollaries 7.4 and 3.7 that X% (E, /K..) is A-torsion with (X (E, /K.,)) = « for all
K, €eV.

By Lemma 4.7, the differences |A(X°"(E, /f(oo)) — MX®(E,/K.))| are bounded on V. Therefore,
AMXC(E, /I~(OO)) is bounded as K, runs over the elements of V. So by Proposition 7.10,
1 (g,) #0 (mod p). Since K, was arbitrary, we have thus shown that %\2 = 0. The proof in the reverse
direction is the same. This proves (1).

Now we prove assertion (2) of the theorem. We show that /,, < Iy, (the reverse inequality will follow
from a symmetric argument). To this purpose, suppose that T | g but 7" 1 g for some variable T (here
21 =g(X(E\/Ly)), as in the first part of the proof). Note that we allow e = 0 here. Let K, be any Z,-
extension of K contained in £, as in Proposition 7.9(b). Then we can choose a sequence of Z,-extensions
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K® of K such that
AMXTEKD) <e-p'+C (15)

and I?é? € E(Ky,n) \ E(Ky, n+ 1) for each n € N and some fixed constant C'. As in the first part of the
proof, the differences |A(X%"(E,/K®)) — M(X%(E,/K""))| are bounded for these K € ,.

Now suppose that g3, g, = g(X?(E,/LL..)), is divisible by a higher power of 7. Then Proposition 7.9(a)
implies that for m > 0

AX(Ey/K™)) > (e 4+ 1) -p"

for each I?LZ‘) € £(K, m) which is contained in £,. For any m which is strictly larger than » and the sum
of the constant C’ from equation (15) and the constant bounding the above difference of A-invariants,
this yields a contradiction.

Since T =y — 1 and e € N had been chosen arbitrarily, this shows that indeed /,, < ;. O

8. The 971,(G)-property

Finally, we mention an application to the 9t,(G)-property. This property, motivated by the 2,(G)-
conjecture (see [9]), has been studied before in [36]. We adapt the following notation from [36] to our
purposes.

Definition 8.1. We let H C £ denote the subset of Z,-extensions L C L, which satisfy the following
hypotheses:

(a) Le&,NE,, thatis, each prime of K above p ramifies in L, and no prime in S splits completely
in L/K,
(b) X(E,\/L) and X(E,/L) are both A-torsion.

Definition 8.2. Let L € H, and write G = Gal(L.,/K) and H = Gal(L,/L). Then H= Zﬁ‘l, and we say
that the My (G)-property holds for X(E;/LLy,) if the quotient

Xi(Ei/ L) == X(Ei/Lo)/X(Ei/Loo)[p™]
is finitely generated as a Z,[[H]]-module.

Before stating the main results in this section, we need two lemmas.

Lemma 8.3. Letic {1,2}, E=E, g=g; and K, € H. Suppose that we have (g) £ 0 (mod p), where
7 corresponds to K., as in the beginning of Section 7. Furthermore, if d > 2, suppose that the maximal
pseudo-null submodule of X(E/LL,,) is finitely generated over Z,.

Let H=Gal(Lo /K). Then X,(E/ILy) is finitely generated as a Z,[[H]] = A ,_,-module.

Proof. For simplicity, we denote X,(E/LL,) by X;. We have an exact sequence

0—A—X,— L

where A is a pseudo-null A, ;-module and E is an elementary A -module. Assume that 7(g) # 0 (mod p).
If d =2, then as A is pseudo-null it has Krull dimension at most one. Multiplication by p is injective
on X; by definition. Therefore, A/p has Krull dimension zero by [1, Corollary 11.9], that is, A/p is finite
whence A is a finitely generated Z,-module.
Since X(E/L..)[p™] = X(E/L)[p"] for some n € N, we have an isomorphism

X, 2" X(E/Lo) € X(E/Ly).
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Therefore, if d > 2, the maximal pseudo-null A -submodule of X; is finitely generated as a Z,-module
by assumption. Since this former statement is also true for d =2 by the above, we see from the above
exact sequence that X; will be finitely generated over Z,[[H]] if we can show that E is finitely generated
over Z,[[H]].

To this end, we first note that Ej is a finitely generated torsion Z,[[I']] = A-module, where I' =
Gal(K,,/K). To see this, we first remark that since characteristic power series are multiplicative in exact
sequences (this can be shown by localizations at height one primes ideals of A,), the characteristic power
series of X; (and hence E) is g. The assumption 7 (g) # 0 (mod p) certainly implies that 7 (g) # 0. As
g annihilates E, we see that Ey is a finitely generated torsion A-module.

Now we claim that ;1(Ey) = 0. This can be seen from the following sequence of equivalences. Assume
that £ = @;1 Ad/(h/'-‘f) sothat g =]] h}”. Let 2, := A,/p be the ‘mod p’ Iwasawa algebra. We have

w(Ey) =0
& u((Ay/(B)y)=0forj=1,...,1
= (Q)u/(@ (")) is finite forj=1,...,¢
& n(h!)#£0 (modp)forj=1,...,1
<= 7n(g) #0 (mod p).

Therefore, we see that w(Ey) = 0. So, Ej, is a finitely generated torsion A-module with i = 0. Therefore,
Ey is finitely generated over Z,. This proves the lemma. O

Lemma 8.4. Let E be E, or E,, Ky, € H and H = Gal(Ly,/K,,). Assume that X,(E/L.) is finitely
generated over Z7.,[[H]] and that E(IL)[p™] is finite. Then n(X(E/K.)) = mo(X(E/L)).

Proof. Since X;(E/L,) is finitely generated over Z,[[H]], it is easy to see that X(E/L,) is A-
torsion. Since X(E/L,,) is A,-torsion and E(IL..)[p*] is finite, it follows from [25, Theorem 7.2] that
H*(Gs(LLy,), E[p*]) = 0 and that the map

H'(Gs(L.), Elp™1) — €D J(E/Ly.)

ves

is surjective. Here, J(E/Ly) = 111)1 &P
extensions F of K contained in L.
Consider the map

H(F,, E)[p>] where the direct limit runs over the finite

wlv

skt X(E/Lo )y — X(E/K.)

whose dual is induced by restriction. Since K, € H C &, NE,,, it follows from [35, Lemma 3.14,
Corollary 3.15] that ker sy and cokersg_ are finitely generated torsion A-modules with © =0 and
therefore are finitely generated over Z,.

The previous results mentioned allow us to use Lim’s result [38, Proposition 4.7]:

d-2

mo(X(E/Lw)) = WX(E/K)) + Y (= 1" w(H(H, X, (E/Ly.)). (16)

i=0

Note that Lim proved this result when K, is the cyclotomic Z,-extension of K. The same proof works
for arbitrary K, € H because as mentioned above ker sx_ and cokersy_ are finitely generated over Z,.

By assumption, X(E/L,.), is finitely generated over A(H)=Z,[[H]]. Therefore for any i >0, we
have that H;(H, X;(E/L,,)) is finitely generated over Z, (see the proof of [26, Theorem 1.1]). So from
(16), we have wW(X(E/Ky,)) = my(X(E/Ly)). This completes the proof. O]
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The following criterion for the 91,(G)-property generalizes part of the main result from [36] from
the setting of Zﬁ—extensions to Z;’—extensions, d>?2.

Lemma 8.5. Let E be an elliptic curve defined over K, with good ordinary reduction at p. Let L.,/ K
be a Z;f—extension such that E(IL.,)[p™] is finite. If d > 2, then we moreover assume that the maximal
pseudo-null A ;-submodule of X(E /L) is finitely generated over Z,.

Write the characteristic power series of X(E/Ly,) as f = p™&ELDg Let K € H, H= Gal(LL/K.)
and let

w: Ay — A =7,[[Gal(K/K)]]

be the canonical surjection.
Then the following conditions are equivalent.

(a) X(E/Ly) has the My (G)-property.
(D) pX(E/K)) = my(X(E/ L))
(c) m(g) Z0 (mod p).

Proof. (a) = (b): Lemma 8.4.

(b) = (¢): Let X = X(E/L,,) for brevity, and write X, = X/ ker (;r). Since K, € H, we have that X,
is torsion as a A-module. Therefore, we can apply Corollary 7.4(b) to X and X,,.

Suppose now that 7(g) =0 (mod p). Then u(Xy) > my(X) by Corollary 7.4(b). But since K., € H
and therefore no prime in S is totally split in K, /K, it follows from [35, Corollary 3.15(b)] that u(Xy) =
WX(E/K)).

(c) = (a): This follows from Lemma 8.3. O

Corollary 8.6. In the setting of the previous lemma suppose that the equivalent conditions hold for some
K. € H. Then there exists a Greenberg neighborhood U of K such that the conditions are satisfied for
each K, € U.

Proof. We have seen in Lemma 7.1 that the validity of condition (¢) from Lemma 8.5 implies that
this condition is true for each K., in a certain neighborhood U of K. Note that Lemma 7.1 has been
proven for Greenberg Selmer groups. However, since K, € H € £, N &, it follows from Proposition 2.2
and 2.3(c) that U can be chosen small enough to ensure that X°(E /IN(OO) =X(E /f(oo) for each
K, eU. ]

We can now prove the main result of this section. One should compare this result to results of Lim
(see [39, Proposition 5.1.3] and the main result from [41]), which need additional hypotheses. Moreover,
our approach will also yield Corollary 8.8.

Theorem 8.7. Let L../K be a Zz-extensi()n, and let K, € H. Write H = Gal(L./K,.). We assume that

(i) both E\(IL..)[p™] and E,(IL..)[p™] are finite,
(ii) E\[p']1 = E,[p'] as Galois modules, where i > my; = my(X(E,/Lq)).

If d > 2, then we moreover assume that the maximal pseudo-null A -submodules of X(E, /L) and
X(E, /L) are finitely generated Z,-modules.
If the My (G)-property holds for E,, then it also holds for E,.

Proof. Let K, =1L . First, since K,, € H by assumption and thus X(E;/K,) are A-torsion, i = 1,2,
it follows from [35, Lemma 3.17] that both X(E;/L,.), i = 1,2, are finitely generated and A ,-torsion.

Moreover, since H € H, it follows from [32, Theorem 4.11] that we can choose a neighbourhood U of

https://doi.org/10.1017/S0017089526100901 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089526100901

Glasgow Mathematical Journal 39

K. such that X(E; /I?oo) is A-torsion for both i =1, 2, and
WX(E /K)) < WX(E /K)),  WX(Ey/Ky)) < w(X(Ex/K))

hold for each K. € U. In addition, we may assume that U C &, N &, (indeed, it suffices if U = (K, n)
has been chosen small enough such that each prime of K above p ramifies in the n-th layer K, of K,
and such that no prime of S is totally split in K,/K. Both conditions can be ensured for large n since
K. eH).

Now suppose that the 9,(G)-property holds for E,. Then it follows from Lemma 8.5 and
Corollary 8.6 that

WX(E /K<) = my,
for each K, € U (it might be necessary here to make U slightly smaller).

Since U € &,NE,,, we have by Propositions 2.2 and 2.3 that X(E,-/i(oo) =XG’(E,v/I~(OO) for each
K., € U. Therefore, Theorem 4.3(b) implies that for any K, € U we have a pseudo-isomorphism

X(E\/K)p™1 — X(Ex/K0)[p™].
In particular, u(X(E,/K.)) = w(X(E,/K..)) = mq, for each K., € U.
As we have seen in the proof of Lemma 5.1, we have u(X(E,/F)) = my, for each F € £, N £,, which
is not contained in a finite number of Z;‘f“—extensions of K (here we again apply Propositions 2.2 and

2.3). Therefore from Lemma 7.8, we see that U contains a Z,-extension F of K such that w(X(E,/F)) =
my, = my(X(E,/LL.)). This concludes the proof of the theorem. Indeed, it follows that

WX (Es/K o)) = WX(E>/F)) = mo,

for each K, € U, that is, the D)TH(G):property holds for E, and every H= Gal(LL, /I~{oo) in view of
Lemma 8.5. In particular, it holds for K, = K. O]

In the above proof, we also showed the following

Corollary 8.8. Let L, be as in Theorem 8.7. We assume that H # (0. Then the M, (G)-property holds
for a dense subset of E.

Proof. If H # (J, then the decomposition field of any v € S is contained in some Z;f‘l—extension of
K, and the inertia subfield L” C L, of any v|p is contained in a Zj"—extension of K. Moreover, it
follows from [35, Lemma 3.17] that both X(E, /L,.) and X(E,/L,,) are finitely generated and A ;-torsion.
Therefore, [35, Lemma 3.1 and Corollary 3.15] (see also the proof of Lemma 5.1) imply that X(E;/K,,)
is A-torsion and w(X(E;/K,)) = mo(X(E;/L,,)) for both i as long as K, is not contained in a certain
finite number of Z{~'-extensions.

The assertion now follows from Lemma 7.8. O

9. Pseudo-null submodules

Now we prove two sufficient criteria for the hypothesis (ii) of Theorem 1.5 on the maximal pseudo-
null submodules of X(E, /L) and X(E,/L.,). In fact, we describe two settings where these pseudo-null
submodules are even trivial.

Lemma 9.1. Let L. /K be a Z;f-extension, d >3, and let E be an elliptic curve defined over K which
has good ordinary reduction at p. We assume that the following conditions are met.

(i) Every prime v € S, ramifies in L /K,
(ii) E(Loo)[p*] is finite,
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(iii) X(E/LLy) is Ay-torsion,
(iv) The decomposition subgroups D,(IL,/K) € Gal(IL,/K) are open for each v € S,, and
(v) E has good reduction everywhere.

Then X(E/Ly,) does not contain any nontrivial pseudo-null submodules.

Proof. In view of the hypotheses (ii) and (iii), it follows from [25, Theorem 7.2] that the weak
Leopoldt conjecture holds for E over L., that is, that H*(Gal(Ks/L,,), E[p™]) = 0. Condition (i) implies
by Propositions 2.2 and 2.3 that X(E/L,,) = X" (E/L,). Therefore, we prove the desired result for
X"(E/Ly).

Since the elliptic curve E has good reduction everywhere, the assertion of the lemma follows from
[41, Proposition 5.1]. Indeed, since E has good reduction everywhere, we can take the set S to be the
primes of K above p. Let S, be the set of primes of L, above those in S. By assumption (iv), the set S,
is finite. By [25, Theorem 7.2], we have an exact sequence

0 —> Sel""(E/L.,) — H'(Gs(Ly), E[p™]) — @ H'(La,,, E[p™]) — 0.

WESno

Here, E denotes the reduction of E over the residue field.
Now we conclude as in the proof of [41, Proposition 5.1]: Taking Pontryagin duals of the above exact
sequence, we get

0— (@ H' (Lo s E[l?°°])> — H'(Gs(L), E[p™])” —> X"(E/Lo) — 0.

WESso

The first module in this exact sequence is reflexive by [48, Lemma 5.4] (this again uses assumption (iv)).
It follows from the validity of the weak Leopoldt conjecture that H'(Gs(IL,), E[p>])" does not contain
any nonzero pseudo-null A,-submodules (see [48, Theorem 4.7]). Therefore, the same holds true for
X*"(E/Ly) by [24, Proposition 3.5]. O

Lemma 9.2. Let L. /K be a Z}‘f-extension, d>2, and let E be an elliptic curve defined over K which
has good ordinary reduction at p. We assume that the following conditions are met.

(i) Every prime of K above p ramifies in L., /K and no prime in S splits completely in L, /K,
(ii) E(K)[p]1=0,
(iii) X(E/Ly) is Ay-torsion.

Then X(E/LL.,) does not contain any nontrivial pseudo-null submodules.

Proof. The proof is based on the work of Greenberg [19]. Condition (i) implies by Propositions 2.2
and 2.3 that X(E/LL.,) = X*"(E/LL,). Therefore, we prove the desired result for X*"(E/LL.,).

Let us denote the absolute Galois group of K by Gy, recall that G := Gal(LL./K), and A, = Z,[[G]].
Let W : Gy - G < A be the natural character and let A,(W ") be the free rank one A -module with
Gy action by W', Denote the p-adic Tate module of E by T,(E). We define

T:=T,(E)®z, Af¥™") and D:=T Q,, A},

where A} is the Pontryagin dual of A,. We let G act diagonally on 7 and with left action on D.

Now let v be a prime of K above p. Let K, be an algebraic closure of K, and k, the residue field. We
let E(k,) be the reduction of E over the residue field and denote by E'(K,) the kernel of the reduction
map E(K,) —> E(k,). We let T;;,(E) and 7, (E) to be the Tate modules of £ '(K,) and E(k,), respectively.
Then similarly to the above, we define

T =T, (E) ®z, AV and Df = T @4, A).

P
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It follows from Shapiro’s lemma (see [58, Prop. 3.4]) that Sel™ (E/LL..) is G-isomorphic to the kernel
of the map

H'(Gy(K). D) — [ ] H'(K..D) x [ [ H'(K..D,).

ves\Sp ves,

Let veS,. It follows from [47, Theorem 7.1.8(i)] and Shapiro’s lemma that H*(K,, D) =0.
Therefore, if we let

L(K,, D) = img(H'(K,, D)) — H'(K,, D)),

we see that H'(K,, D;) = H'(K,, D)/L(K,, D).
For any v € S\ S, define L(K,, D) =0. Let P(K, D) =[],., H'(K,, D) and L(K, D) = [],_; L(K,. D).
With these definitions let

0.(K,D)=P(K,D)/L(K, D).
From the above, we see that Sel(E/LL,,) is G-isomorphic to S (K, D) which is defined as:
0—> S:(K,D) — H'(Gs(K), D) —> Q,(K, D).

We now list various hypotheses in Greenberg’s paper:

o RFX(D): The module 7 is a reflexive A -module.

o LOCY(D): (TV)% =0forves.

« LOC®(D): The A,-module 7 /(T) is reflexive for v € .
¢ LEO(D): The discrete, co-finitely generated A, -module

1I(K, S, D) = ker (HZ(GS(K), D) — [ H (K., D))

ves

is cotorsion.
« CRK(D, £): We have

corank , ,(H'(Gs(K), D)) = corank, (S (K, D)) + corank,,(Q (K, D)).

Greenberg calls a discrete A,-module M almost divisible if TIM = M for almost all height one prime
ideals IT in Spec(A,). This is equivalent to the Pontryagin dual of M having no nonzero pseudo-null
submodules. Using the notation from Greenberg’s paper [19], we say that £ is almost A,-divisible if
L(K,, D) is almost A ,-divisible for each v € S.

Let m be the maximal ideal of A,. Proposition 4.1.1 of Greenberg’s paper [19] states that S (K, D)
is almost divisible if the following are met:

(a) REX(D), LEO(D), and CRK(D, L) are satisfied.

(b) L is almost A ,-divisible.

(c) LOC?(D) is satisfied for all v € S, and there exists a nonarchimedean prime v € S such that
LOC(D) is satisfied.

(d) D is aco-free A;-module, and D[m] has no quotient isomorphic to u, for the action of Gg.

We now check each of the conditions above. Clearly, RFX(D) is true. Since E(K)[p] =0, we have
E(L.)[p>*]=0and so LEO(D) and CRK(D, L) follow from [25, Theorem 7.2]. This takes care of (a).
Condition (b) is true by [19, Prop. 4.3.2]. Since no prime v € S splits completely in L., /K, we get by
[18, Lemma 5.2.2] that LOC"(D) is satisfied for all v € S. This implies that LOC®(D) is satisfied for
all v € S. Therefore, (c) is true. Finally, as explained on pg. 48 of [19], properties of the Weil pairing
E[p] x E[p] —> u, imply that if E(K)[p] =0, then (d) is satisfied. This completes the proof. O]
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10. Examples for Theorems 1.4 and 1.5

In this final section, we show two examples that satisfy the conditions of Theorems 1.4 and 1.5. First, we
fix some notation. As in the introduction, let p be a an odd prime. If F' is a number field, let F.,. denote the
cyclotomic Z,-extension of Q. If E is an elliptic curve over Q and L/Q is an algebraic extension, we let
Sel(E/L) denote the p-primary classical Selmer group for E/L and we let X(E/L) denote its Pontryagin
dual.

Now let E/F : y* = x* + ax + b be an elliptic curve. If d is a non-square in F, then the quadratic twist
of E by d, denoted E, is the elliptic curve defined by the equation E? : y* = x> + d*ax + bd>. We have
the following well-known result.

Lemma 10.1. Let F be a number field, E be an elliptic curve over F and d a non-square in F. Let
L = F(\/d). Then we have an isomorphism

Sel(E/L) = Sel(E/F) & Sel(E‘/F).
Proof. See the proof of [49, Lemma 3.1]. O

In the setup of the previous lemma, we note that since p is odd, the extensions F,,./F and L/F are
linearly disjoint over F. Therefore, we may identify the Galois groups Gal(L.,./L) = Gal(F.,./F) =T..
The proof of loc. cit, shows that the map defining the isomorphism of the previous lemma commutes
with T,,.. Therefore, we have

Lemma 10.2. Let F be a number field, E be an elliptic curve over F and d a non-square in F. Let
L=F (\/3). Then we have an isomorphism of Z,[[T .. 1]-modules

X(E/L('yzr) = X(E/chc) 69 X(Ed/Fcyc)-
For one of our examples, we need a similar result to the previous lemma but for quartic twists. First,
we define these. Let F' be a number field and let
E:y'=x+ax (17)

be an elliptic curve over F with j-invariant 1728. If d € F*, then the quartic twist of E by d, denoted E,,
is the elliptic curve defined by the equation

E,:y' =x +dax.

Let ¢ be a primitive fourth root of unity in Q.

Lemma 10.3. Let F be a number field containing ¢, E an elliptic curve over F with j-invariant 1728
andde F*. Let L= F(W) and assume that [L:F] = 4. Then we have an isomorphism

Sel(E/L) = Sel(E/F) & Sel(E,/F) ® Sel(E2/F) ® Sel(Ez /F).

Proof. Let G = Gal(L/F) and choose ¢ € L with ¢* = d. Note that G is a cyclic group of order 4. Let o
be a generator of G such that o (c) = ¢¢. Let [¢] € Aut(E) be defined as [¢](x, y) = (¢2x, ¢ y). This makes
Sel,(E/L) a Z[j]-module, where p is the group of fourth roots of unity. We define

Sel(E/L) = {s € Sel(E/L) | o/(s) = ['1.(9)}.
We can write Sel(E/L) as a direct sum of eigenspaces
Sel(E/L) = Sel(E/L)’ @ Sel(E/L)" @ Sel(E/L)* & Sel(E/L)*.
Let E: y* = x* + ax, so that E; : y* = x* + d'ax. Then we have an isomorphism defined over L:

¢ :E—> Ey,
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defined as ¢'(x, y) = (c¥x, ¢*y). Then we have
o (@' (x,y) =0 (cx, cVy) = (¢¥P o (x), {Feo (y) = ¢'([¢ o (x, ).
This shows that for 0 <i < 3, we have an isomorphism
Sel(E/L) = Sel(E,i /F)°.

The restriction map induces a map ' : Sel(E;i/F) —> Sel(E; /F)°. Using the snake lemma and the
inflation restriction sequence (see e.g. the proof of [22, Lemma 3.3]), we see that the kernel and cokernel
of the map ' are both annihilated by p and 4. Since p is odd, the map ¥ is an isomorphism. By putting
the above facts together, we get the desired isomorphism in the statement of the lemma. O

If L/F is an extension of number fields with [L : F] =4, then since p is odd, the extensions F,,./F
and L/F are linearly disjoint over F. Therefore, we may identify the Galois groups Gal(L.,./L)=
Gal(F,,./F) =TI'.. All the maps in the previous lemma commute with I',,.. Therefore, we get:

Lemma 10.4. Let F be a number field containing ¢, E an elliptic curve over F with j-invariant 1728 and
deF*. LetL=F (\4/3) and assume that [L:F] = 4. Then we have an isomorphism of Z,[[I".,.]]-modules

X(E/Lcyc) = X(E/Fzryc) @ X(Ed/Fcyv) @ X(Edz /Fcyc) S? X(E(P /Fcyc)~

We would like to prove a similar result to the above in the case when ¢ & L. To do this, we use a trick
similar to [30, Proposition 4.2] using [56, Corollary 3.5].

Lemma 10.5. Let F be a number field, E an elliptic curve over F with j-invariant 1728 and d € F*.
Let L = F(~/d) and assume that [L: F1 =4 and ¢ & L. Then we have the following relations of Iwasawa
invariants of A := Z,[[T",,.]]-modules.

(1)
3

rank, (X(E/Le)) = Y ranka(X(Ey /Foye))-

i=0
(2) Ifthe A-ranks in (1) are all zero, then

3
WX(E/Lye) =Y WX (Es/F.y.)).

i=0
Proof. LetL' =L(¢)and F' = F(¢). Then [L':F'] =4 and ¢ € F'. Therefore by Lemma 10.4, we have
X(E/L:_yc) = X(E/F;yc) @ X(Ed/F:,yc) ® X(Edz/F(’_y(_) D X(Ep /F(’,yc). (18)
In order to get a result over L, and F,,., we use the following observation: If E is an elliptic curve

over a field K with j-invariant 1728 and ¢ ¢ K, then its quadratic twist E~' is equal to E (recall that b =0
in equation (17)) and hence from Lemma 10.2 we have

X(E/K(8)) = X(E/K.,.) ® X(E/K,y0).
Using this with each of the terms in the isomorphism (18), we obtain the desired result. O
For the remainder of this section, let L, be a fixed ZZ -extension of K that contains K.,.. Theorems 1.4

and 1.5 require that we know m, ;. As we will explain later, we use the Iwasawa main conjecture to find
the value of w(X(E/K,,.)). The following proposition then allows us to get an upper bound on my ;.

Proposition 10.6. Let E be an elliptic curve defined over K. Assume that X(E/K.,.) is A-torsion. Then
we have
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(1) X(E/LLy) is Ay-torsion,
(2) my(X(E/Lw)) < p(X(E/Kye))-

Proof. Let H= Gal(LL./K.). By [35, Corollary 3.15], we have
rank, (X(E/K,,.)) = rank, (X(E/Lw))n).
By [40, Lemma 4.7], the hypothesis that X(E/K,.) is A-torsion therefore implies that
rank, ,(X(E/L)) =0.

Therefore, we get (1).

The proof of Corollary 7.4 shows that the image of the characteristic power series of X(E/LL,,) under
the canonical surjection 7w : A, —> A divides the characteristic power series of X(E/L,)y. Since no
prime splits completely in K.,./K, loc. cit. shows that wW(X(E/K,,.)) = n(X(E/Lw))x). We then deduce
(2) from these facts. O

Let I'.,, = Gal(Q,,./Q) and fix the Iwasawa algebra A := Z,[[I",,.]] = Z,[[T]]. Let E be an elliptic
curve defined over Q with good ordinary reduction at p. Let £,(E) be the p-adic L-function of E defined
by Mazur and Swinnerton-Dyer [43]. By results of Kato [27] and Rohrlich [52], X(E/Q,,.) is a torsion
A-module. Let f;,. € Z,[[T]] be the characteristic polynomial of X(E/Q,,.). The Iwasawa main conjec-
ture is the following

Conjecture 10.7. We have an equality of ideals in Z,[[T]]: (f.,.) = (L,(E)).

Assuming that Gal(Q(E[p])/Q) = GL,(F,), Kato [27, Theorem 17.4] shows the inclusion of ideals
(L,(E)) € (f.,.). Assuming that there is a prime g where E has multiplicative reduction and which rami-
fies in Q(E[p])/Q, Skinner and Urban [58] establish the reverse inclusion thus proving Conjecture 10.7.
Other cases that establish Conjecture 10.7 are Kim-Kim-Sun [29] and Wan [59]. For our examples, we
need two remaining cases listed below.

Theorem 10.8. If E has complex multiplication, then Conjecture 10.7 is true.

Proof. This is proven by Rubin [53, Theorem 12.3]. O

If E has an isogeny of degree p defined over (Q, we have an isogeny character ¢ : Go —> F,”. This
is the character describing the action of Gy = Gal(Q/Q) on the kernel C C E[p] of the underlying
p-isogeny. Let x : Gog —> F,” be the mod-p cyclotomic character and let G, € Gq be a decomposition
group at p. We have the following theorem.

Theorem 10.9. Assume that E has an isogeny of degree p defined over Q. Assume that ¢, # 1, x. Then
Conjecture 10.7 is true.

Proof. This is proven by Castella, Grossi, and Skinner [5, Theorem A]. O

We first show an example for Theorem 1.4. Let E, : y* +xy +y =x> 4+ 296x + 1702 be the ellip-
tic curve 110c2 with Cremona labeling [10]. Let K = Q(+/=7) and L., be the Zz-extension of K so
that p = 3. The quadratic twist of E; by —7 is (E})™" : y* + xy = x> + x* + 14528x — 569344 (5390s2).
Both E, and (E,)”’ have good ordinary reduction at 3. Computations in SAGE [55] and data from the
LMFDB database [42] show that E, and (E;)”7 have isogenies of degree 3 with characters of their
isogenies satisfying Theorem 10.9. Also we have w(L(E,)) =1 and u(L((E,)™")) = 0. Therefore by
Theorem 10.9, we have w(X(E,/Q..)) =1 and w(X(E))77/Q,.)) =0. By Lemma 10.2, this implies
that u(X(E,/K.,.)) = 1. As K/Q is an abelian extension results of Kato [27] and Rohrlich [52] imply
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that X(E,/K.,.) is A-torsion. Lemma 10.2 then implies that u(X(E, /K,,.)) = 1. Proposition 10.6 in turn
implies that X(E, /LL.,)) is a torsion A,-module with mg; < 1.
Now consider the elliptic curve

Ey:y? +xy+y=x — 41279995994x + 3252655872050692 (60610m2).

From the tables in Tom Fisher’s paper [13], E, and E, are 9-congruent. Since 3 is unramified in K/Q,
it is clear that condition (A) in the introduction is satisfied (note that by Remark 1.6 we actually do not
have to check condition (A) here because E; and E, are defined and congruent over Q). Finally since
K. €Ly and K,,. € £, N E,,, this data satisfies the conditions of Theorem 1.4.

Now we show an example for Theorem 1.5. Let E; : y* = x* + x be the elliptic curve 64a4. Let K =
Q(v/—13) and let L., be the Z3-extension of K so that p = 5. Now consider the three quartic twists of
E:(E))_13: ¥ =x° — 13x (5408e1), (E) 160 : ¥* = x° + 169x (10816bb1), and (E})_5107 : y* = x> — 2197x
(5408k1). E, and its three quartic twists have good ordinary reduction at 5. In the LMFDB database,
we see that the u-invariants of the 5-adic L-functions of all four curves are zero. As all of these curves
have complex multiplication, Theorem 10.8 shows that u(X(A/Q,.)) =0 where A is any of the four
curves. By the results of Kato [27] and Rohrlich [52] X(A/Q.,.) is A-torsion for each curve A. Therefore
by Lemma 10.5 we have that X(E, /K,,.) is A-torsion with p-invariant zero. Then by Proposition 10.6
X(E|/Ly) is Aj-torsion with mg; = 0.

Now consider the elliptic curve

E,:y* =x —262140x* + 638353031830801x — 134326647870701706899652.

This elliptic curve is the curve with D = —1 and t =4 described in [54, Theorem 5.3]. Loc. cit. shows
that E, and E, are 5-congruent which implies that condition (iv) of Theorem 1.5 is satisfied. Let S
be the set of primes of K above p and where either E; or E, have bad reduction. Our computations
in SAGE reveal that both E; and E, satisfy condition (x) for all v € S. The prime 5 is inert in K/Q
which implies that condition (iii) is satisfied. Also we have E|(K)[5] = E,(K)[5] = 0. This implies that
E\(Ly)[5%] = E>(IL,)[5%°] = 0 so condition (i) is satisfied. Since K., C L, and K,,. € £, N E,,, we also
see that the conditions of Lemma 9.2 are satisfied for both E, and E, (note that X(E,/L,,) is Az-torsion
because X(E,/L,,) is As-torsion and Theorem 1.4 applies). Thus condition (ii) is satisfied. Finally since
5 is unramified in K/Q, it is clear that condition (A) in the introduction is satisfied.
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