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Abstract

Recursively presented topological spaces are topological spaces with a recursive system of basic
neighbourhoods. A recursively enumerable (r.e.) open set is a r.e. union of basic neighbourhoods. A set
is everywhere r.e. open if its intersection with each basic neighbourhood is r.e. Similarly we define
everywhere creative, everywhere simple, everywhere r.e. non-recursive sets and show that there exist
sets both with and without these everywhere properties.

1980 Mathematics subject classification (Amer. Math. Soc.): 03 D 45, 54 A 05

Kalantari and Retzlaff’s [7] saw the first introduction of recursion theoretic
methods, in particular priority arguments, to the study of effectiveness in topol-
ogy. Subsequently Kalantari and others have extended this work (see, for exam-
ple, [4]—[10}).

Topology is just one branch of mathematics to be studied in an effective setting
in the spirit of the programme begun by Metakides and Nerode [11]. Earlier work,
in particular Frohlich and Shepherdson [1] and Rabin [12], considered the
application of recursion theory to algebra (basically field theory) and did not use
priority arguments but was restricted to diagonalization arguments. Of course
these arguments are used for negative results; for a long time positive results have
been achieved by the explicit construction of algorithms.

In the present paper we treat recursively presented topological spaces which
have also been considered by Hingston [2, 3]. They are related to Kalantari er
al’s fully effective topological spaces but here we only consider countable spaces.
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An extension to uncountable ones may be possible (see below). Our main
contribution is the introduction of the notion of “everywhere” properties. Thus a
set is everywhere r.e. open if it is r.e. open in every neighbourhood. (R.e. open is
defined formally below, but roughly speaking means an r.e. union of neighbour-
hoods (basic open sets).) We consider everywhere creative, everywhere simple,
everywhere hypersimple, everywhere hyperimmune, everywhere incomparable and
everywhere r.e. non-recursive sets. Our methods are standard recursion-theoretic
ones put into a topological setting. The principal technique is the finite injury
priority method.

1. Recursively presented topological spaces

First we introduce Kalantari and Retzlaff’s definition of an effective topologi-
cal space.

DEerFINITION 1.1 (KALANTARI & RETZLAFF [7}). Let X be a topological Haus-
dorff space and A be a countable base for the topology on X. We say (X, A} is
an effective topological space if the following properties hold.

TOPOLOGICAL PROPERTIES.

(1) A is closed under finite intersections.

(2) @, X € A. (The elements of A are called basic open sets.)

(3) No basic open set can be written as a disjoint union of two or more
nonempty basic open sets.

(4) Every nonempty basic open set contains two disjoint nonempty basic open
subsets.

We assume a one-to-one Godel numbering of the A. For § € A, | 8] denotes
the Godel number of 8§ and for x € w, | x| denotes the basic open set with
Godel number x. We assume that [ | and | | are inverses.

RECURSION-THEORETIC PROPERTIES.

(1) There is a partial recursive binary function ¥ such that for all x, y € o,
|x] N|y] € A implies ¢ (x, y) converges and |¢(x, y)] = |x] N |y}

(2) There exists a uniform effective procedure which determines whether or not
§C g U - Ug, where d,¢,...,¢, € A

Now we introduce the definition of a recursively presented topological space.

DEFINITION 1.2. Let ( X, A) be an effective topological space. We say (X, A) is
recursively presented if ( X, A) satisfies the following axiom (*):

(*) x € § is a binary recursive relation in X X A.
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It follows at once that a recursively presented topological space is countable.
However, we conjecture that many of our results will also hold for uncountable
spaces if instead of using (*) in our constructions, we use the fact (see Lemma 1.3
below) that {(i, j): 8, C §,} is recursive and instead of using a point x with
x € 8 use a basic neighbourhood 8, with §, C & in those constructions. How-
ever, we have not had the opportunity to check this.

The following basic lemmas are simple but useful fundamental results on
recursively presented topological spaces.

Basic LEMMA 1.3. Let (X, A) be a recursively presented topological space. Then
for all § € A, either 8§ = @ or § is an infinite recursive set.

PrOOF. By the axiom (*), {x: x € 8§} = § is recursive. By Definition 1.1,
topological property (4), it follows that if § # & then § is infinite.

Note 1.4. It follows from the Basic Lemma 1.3 and the recursion theoretic
properties in Definition 1.1 that, without loss of generality, we can assume that
X={0,12,...}, A= {9,},c., and 8, = . Moreover, we can assume | = 0 &
6, = 2. Throughout the remainder of this article we take (X,A) to be a
recursively presented topological space, X = w, A = {§,},. ., and we shall write
A* forA — {2}.

Basic LEMMA 1.5. The following sets are recursive
MW (<, j): i €8},

@ {i:6,= 2},

G (i, 1) 8, =8},

@ {1, j): 8, §;),

G){(i,j): 8,n¢ = @},

©6) {{i, j,1): 8 ﬂ = §,}, and

(M AL J, 1) 8,0 8,=4,}.

PrOOF. The proofs are immediate from the axiom (*) and the recursion
theoretic properties in Definition 1.1.

The next basic lemma shows that there is a uniform effective procedure which,
given a non-empty basic neighbourhood, produces an infinite set of disjoint
subneighbourhoods of the given neighbourhood.

We use a standard recursive pairing function {, ): @ X w — w with recursive
inverses /, r such that

(1(2),r(2)) = z.
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Basic LEMMA 1.6. There exists a recursive function f(i, j) such that for all j € w,
if 8; is non-empty then
Vi(8,,+* )& EJ i C 8 &V iy iy(iy # iy = 8 N8, = 2).
i<w
PrROOF. Let j € w.
Case (i). if §, = &, define f(i, j) = O forall i € w.

Case (ii). if 8, # @, define xJ, ¢/, and ¢/ as follows.

Stage 0.

x4 = ;Lx(S,(X) N 8,(x) =@ &§;,,V 8,(x) C 8] &by * D &S

r(x) * Q)’

J =
£ Sl(x{))’
2]

€0 = 8(xj-

Staget = s + 1.
] = px( 810 N Oy = B &8 U S, C el &8,y # B &S, # D),
8{ = 81(x{)’
e =8,

By the Basic Lemmas 1.3 and 1.5, the construction is effective, so there exists a
recursive function f such that for all 7, j

0, if§,= 2,

16,7y = I(x1), 8+ 2.

Then, by the construction, f satisfies the condition of Lemma 1.6.

2. R.e. dense sets

In this section we consider the notion of denseness in the context of a
recursively presented topological space.

DEerFINITION 2.1. Let A C X be an open set in the space X. We say 4 is an r.e.
open set if there exists a recursive function f such that 4 = U, _ 8.
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Note 2.2. &, X are r.e. open sets.

PROPOSITION 2.3. If A and B are r.e. open sets, then A U Band A N B are r.e.
open sets.

PROOF. Suppose f and g are recursive functions such that 4 =U,_ &,
B =U,_,8,,. Define a recursive function by h(2i) = f(i), h(2i + 1) = g(i).
Then A U B =U, 8,

By recursion-theoretic property (1), [¢(f(i), g(/))] = 8, N 8,,,- Hence the
function k is recursive where k(z) = ¢(fI(z), gr(z)),and A N B =U, 8, by

the infinite distributive law for sets.

DEFINITION 2.4. Let K C X be an open set and A C X a re. set. A is said to
be r.e. dense in K if A is densein K, thatis, forall i € w,

5,CK&8,+ @ implys,N A+ o.

PROPOSITION 2.5. Let K be an r.e. open set. Then there exists a recursive set
A C K such that A is dense in K.

PROOF. Case (i). If K = &, then A = O satisfies the proposition.

Case (). If K # &, we give a construction for enumerating A in successive
stages. Let A be the members of 4 which have been enumerated by the end of
stage n. By Definition 2.1 and Basic Lemma 1.5, there is a one-to-one recursive
function f such that K = U, _ 8.

Stage 0. Set A9 =0, E, = .
Staget = s + 1.

Case (i). 1f 3i < s(§; " U, ., 8/))) # & and i & E,, define

i,=/u’<s(8,ﬁ(U8ﬂj)) + O &i¢ E)
A

E = Esu{it}’

a,= pa

a>Max A &a e, ﬁ( U8/(j))),

jst

AD = 49 U{a,).
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Case (ii). Otherwise, 4) = 4) E, = E_ (end of construction).

Clearly the construction is recursive, so 4 =U,_, 4% is an re. set and
A C K. It is clear from the fact that the open set K # @ and Basic Lemma 1.6
that A is infinite. Observe that for all s, s,

;> 5, &a' € A & a” € A5 — 4% imply a” > a’,

and hence A is recursive. It remains to show that A4 is dense in K.

We first show that it is sufficient to prove that if §, € K and §, # @ then there
exists ¢ such that i € E,.

Since E, = & we then have t = s + 1 for some s. In this case i =/, and for
the corresponding a,, we have a, € §;NU,, §,,, and also a, € A. Therefore
§NA+ .

Suppose then, for a contradiction, that for some i, 8, C K, 6, # @ and yet
i & E_ for all s. Let i be minimum with this property. Now §, C K and §;, # @
imply 6, " K # & soforsomesandall ¢ > s

8N U(Sf(j)$ z.
Jst

Now if j < i, the assumption that / is minimum implies j € E, for some u;. Let
¢ be the least number such that > s, >/ and ¢ > Max{u;: j <i}. Then
t =5’ + 1 for some s’ and i is the least number such that i <5, §; " U, _, 8,
# & and i € E_. But then, by the construction, i = i, and i € E,, which gives
the required contradiction.

By Lemma 1.6, given any r.e. open set K we can find two disjoint basic open
sets within K. Therefore if we apply the construction in Proposition 2.5 to one of
these basic open sets, we obtain the following corollary.

COROLLARY 2.6. If K is an r.e. open set, then there exists a recursive set A not
dense in K.

Corollary 2.6 shows that Proposition 2.5 is not trivial. We shall use this
technique several times to establish non-triviality. We can establish a stronger

result as follows.

THEOREM 2.7. Let K # & be a r.e. open set, and A a recursive set. If A is dense
in K, then there exist recursive sets A, and A, both dense in K such that

AiUA,=A and A NA,=O.

PrROOF. Stage 0.Set BO = &, BV = & E, = @.
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Staget =s + 1. Case (). f Ji<s[(A NS NV, 8))+ & and i & E))],
define
itzpiss[AHS,ﬂ(USfU))aé 2 &i¢E,|

j<t

a,= ua(a > Max{ B{” U B{) and a €

A msi,m( U aﬂj)))),

Jst

B = B U(a,),

b, = ub(b > Max(B{" U B{) and b €

4n8,0(U %))),
j<t
B = BOU(S,),
E,=E U{i}.
Case (ii). Otherwise, define
B(»=B{®, B{®=BY®, E=E,

Then A, = B, and 4, = A — B, satisfy the theorem for the following reasons.
Observe that in the construction, if # < ¢’ then a, < b, < a, < b, and that b, can
be found since if A N§,NU,_, 8, is non-empty then it is infinite (by Basic
Lemma 1.6). The fact that B;, B, are infinite, recursive and dense in K follows,
as in the proof of Proposition 2.5. It then follows that 4 — B, which contains B,
is infinite, recursive and dense in K.

As in Corollary 2.6 above, part (b) of the following theorem shows part (a) is
non-trivial. As usual W, is the eth r.e. set in an acceptable enumeration.

THEOREM 2.8. (a) There exists a non-recursive r.e. set A which is dense.

(b) There exists a non-recursive r.e. set A which is not dense.

(c) If A is a non-recursive r.e. dense set, then there exist non-recursive r.e. sets
A, and A, such that both A, and A, are dense and

AUA,=A &A N4, = D

ProoOF. Take a simple set 4. Then A is a non-recursive r.e. set and A4 intersects
every infinite r.e. set, and hence A is dense and therefore A satisfies (a).

To show (b), let 4 = {f(i): i€ W,}, where f is a one-to-one recursive
function such that

3i,j:8,# &8+ B&5NS =2 &8 ={f(i)i<w}.
Then A satisfies (b).
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PROOF OF (¢). Using the S,"-theorem define a recursive function f such that
Wiy = A N 8,. Since 4 is dense, by Lemma 1.6, for all i,
6, # @ implies W, is an infinite set.
We construct an r.e. set B as follows, where W, , denotes the finite subset of the

ith r.e. set enumerated at stage ¢.
Stage 0. BO = @, E,= &.

Staget = 5 + 1.

Case (1). If 3i < s(i € E, & Wy;,, # @) define
ii=pi<s(i€ E,& W, + 2),
b, = pb(b € W, & b > Max B®),
BW =B y{p,},
E,=E U{i)}.

Case (ii). Otherwise, define B = B, E,=E_. Then B=U,_ B®C 4
and B is r.e.. Since, for all i, §, # & implies W, is infinite, the same technique
as in the proof of Proposition 2.5 shows that B is infinite, recursive and dense.
Hence A — B is a non-recursive r.e. set. By Friedberg’s theorem [3] there exist
sets B] and B such that B] and Bj are r.e. but not recursive and

BlUB;=A-B&B{NB,= 3.

Then define 4, = B, U B{, A, = B, U B}, where B, U B, = B and B, N B, =
& and B,, B, are each dense by Theorem 2.7, so 4,, A, satisfy Theorem 2.8(c).

3. Everywhere properties

In this section we introduce the notion of everywhere properties. Intuitively a
property is an everywhere property if it holds in every basic neighbourhood. The
following definition covers many cases.

DEFINITION 3.1. Let & be a property of sets. A set A C X is said to be
everywhere 2 if, for all i,

8, # @ implies 4 N §, has property 2.

Thus 4 C X is everywhere r.e. non-recursive if, for all i, 4 N4, is a re.
non-recursive set.
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PROPOSITION 3.2. A is everywhere non-recursive implies
(a) A is dense,
(b) X — A is dense.

The next theorem shows that some r.c. non-recursive sets are everywhere r.e.
non-recursive and some are not. However, we shall defer the proof of part (b) as
it is a corollary of a later result.

THEOREM 3.3. (a) There exists an r.e. non-recursive set A which is not everywhere
r.e. non-recursive.

(b) There exists an r.e. non-recursive set A which is everywhere r.e. non-recur-
sive.

PROOF. Part (Ia) follows from Theorem 2.8(b) and Proposition 3.2(a). Part (b)
follows from Proposition 4.2(d) and Theorem 4.4(a) below.

In order to introduce an appropriate definition of everywhere creative, we have
to depart slightly from Definition 3.1.

DEFINITION 3.4. A C X is said to be everywhere creative if (i) A is r.e. and (ii)
forall i € w, 8, # & implies §, — A4 is productive.

Note that A is r.e. implies that A4 is everywhere r.e. and similarly for recursive.

The next theorem shows the existence of sets which are and are not everywhere
creative. For part (a) we use a simple technique related to that for establishing
Corollary 2.6.

THEOREM 3.5. (a) If A is everywhere creative then A is creative.
(b) There exists a creative set A which is not everywhere creative.

PROOF. (a) Trivial.

(b) Let i, j besuch that §; # & # §; and §, N §; = . Let f be a one-to-one
recursive function such that 8, = {f(n): n <w}. Let 4= {f(n): ne W,}.
Then, for all n € w, n€ W, & f(n) € A. Hence {n: n€ W,} <, 4 and 4 is
therefore creative. But 4 N §; = &, and therefore 4 is a creative set which is not
everywhere creative.

Finally we introduce a definition and two lemmas due to Hingston [2].
LEMMA 3.6. There is an algorithm which, given a basic open set 8 and distinct

elements x, y,, ..., y,, in 8, produces basic open sets ¢, ¢,, ..., €, such that ¢, C §,
§C8 x€e,y,€¢c,ande, NS, =B fori=1,...,m.
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ProoF. First observe that since X is Hausdorff, §,, N §, # @ and x € §, are
recursive, then given two distinct points x and y we can find numbers &, and k,
such that x € 8, , y € 8ky and §, N§, = d.

It follows that for i = 1,...,m, we can compute k,, /, such that x € §, and
y, €8 = . Lete, =8NnN{3§;:i=1,...,m} and ¢ =8 N §,. Note that the
Godel numbers of e, and the ¢ can be computed using the ¢ function of
recursion-theoretic property (1) of Definition 1.1.

In the obvious way we call a collection I' = {v,: i € w}, of basic open sets, an
r.e. collection if the set {[v;]: i € w}isr.e.

DEerINITION 3.7. An r.e. collection of basic open sets is said to be a partition of
aset 4 € Xif
@)y, # @ foralli € w,
(i) i # j impliesy;, Ny, = &,
(i) U{y;: i € w} € 4, and
iv)U{v;: i € w}isdensein 4.

LemMMA 3.8 (HINGSTON). Let X be a recursively presented topological space and
A C Xanr.e. open set. Then X contains a partition for A.

ProOF. We shall construct a recursive function f in stages and define v, = §;;);
f* will denote the part of f constructed up to stage s. Since A4 is r.e. open,
A =U{8,: n € W,} for some e and we let A =U{5,: n € W, ,} where W, _ is
the set of elements of W, enumerated by stage s.

Construction. Stage 0. f® = &.

Stage s = t + 1. Effectively find the least n such that §, # @, 8, C 4’ and §,
is disjoint from U{y;: i < ¢}. Such an 7 exists since the construction will ensure
U{y,: i < t}isnotdensein A. Since §, # &, §, is infinite and since §, C A we
can compute two elements x, y € §,.

By Lemma 3.6 we can find basic open sets §,,8, € 8, such that §, N §,= @,
x € §, and y € §,. Set f(s) = k. Note that U{y;: i € S} is not dense in A since
it does not meet §,.

Finally put f=Uf’, I = {v;: i € w} (end of construction).

By construction, I is an r.e. open set. I is dense in A since if §, did not meet
U{v;: i € w} there would be a stage when 8, did not meet U{v,: i < ¢} and n was
least. At that stage a subneighbourhood of 8, would be put into T'.
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4. Everywhere simple sets

DEFINITION 4.1. (a) We say A4 is simple in §, if
(1) 4 N §,is ar.e. set,
(i1) &, — A is infinite, and
(iit) for all j, W, C §; & W, is infinite imply W, N 4 # &.
(b) We say that A is an everywhere simple set if, for all i,
8, # @ implies A is simple in §;.

PROPOSITION 4.2. (a) A is simple < A is simple in X.

(b) A is everywhere simple = A is simple.

(c) A is everywhere simple = ¥V i(8, # @ = 8, — A is immume).

(d) A is everywhere simple = A is an everywhere non-recursive r.e. set.

PROPOSITION 4.3. Let A be an r.e. set. Then A is everywhere simple if the
following hold for all i € w:

(a) W, is infinite = W, N A + @ and

b)d+ P =8-4+ 3.

PROOF. A is r.e. implies 4 N §, is r.e., so (i) of Definition 4.1 holds for all i.

Condition (a) trivially implies condition (iii) of Definition 4.1 for all ;.

We now show (b) implies condition (ii) of Definition 4.1 for all i. Condition (b)
says that every non-empty basic neighbourhood meets the complement of A4 (in
X). Now by Lemma 1.6, every basic neighbourhood contains two disjoint basic
subneighbourhoods. These in turn contain at least two distinct points not in A.
By induction it follows that every basic neighbourhood contains an infinite
number of points not in A. Hence, for all i, §, # @ implies 8§, — 4 is infinite.
That is, condition (ii) of Definition 4.1 holds for all i.

THEOREM 4.4. (a) There exists an everywhere simple set.
(b) There exists a simple set which is not everywhere simple.

PROOF. (a) By Proposition 4.3, it suffices to construct an r.e. set 4 meeting the
requirements
P,: W, is infinite implies W, N 4 # &,
N,:8,+ O implies§, — 4 + &.
The priority ranking of the requirements is Ny, Py, Ny, Py,.... A consists of the
elements enumerated in 4 by the end of stage 5. To aid in meeting N, given 4,
define, for all e, the restraint function

r(e,s) = Min(8, — 4®).
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r(e, s) is a recursive function because { A} __ is a recursive sequence of finite
sets.

Recall that W, is the eth r.e. set and W, | is the finite subset of W, enumerated
in s steps.

Construction of A. Stage 0. Let AQ = &,
Stages + 1.
Case (i). i< s[W; ;N AP =& & Ax)x € W, & (Ve < i)r(e,s) < x))].
Define
i =pi<s[W,, 049 =0 &@Ax)(x e W, &(Ve<i)(r(e,s)<x))],
Xsr1 = l‘x[x € W,-,“,s & (Ve < ii+1)(r(e’ s) < x)]’
4D = 49U (x,.,),

and say P, | receives attention.

Case (ii). Otherwise, define A¢*D = 4®) (end of construction).

We say that x injures N, at stage s + 1 if x € AC™D — 49 and x < r(e, s).
Define the injury set I, for N, as follows: I, = {x: (3s)[x € AC*D -4 &
x < r(e, s)]}.

LemMMa 1. (Ve)[ 1, is finite].

PROOF. By construction, each positive requirement P, contributes at most one
element to 4, and N, can be injured by P, only if i < e. Hence, 1, is a finite set.

LEMMA 2. For every e, requirement N, is met and r(e) = lim _, _ r(e, s) exists.

ProOF. Fix e. By Lemma 1, choose s, such that N, is not injured at any stage
s 2 s, Then forany s > s, r(e,s) = r(e,s,) and r(e) = r(e,s,) €5, — A.

LEMMA 3. For every i, requirement P, is met.

PRrOOF. Fix i such that W, is infinite. By Lemma 2, choose s such that
(Vt=s)(Ve<i)[r(e, 1) =r(e)].

Choose s’ > s such that no P, with j < i receives attention after stage s’. Choose
t > s’ such that

Ax)[xe W, &(Ve<i)[r(e) <x]].
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Then either W, , N A # @ or else P; receives attention at stage s + 1. In either
case W, N AY 2 g 5o P, is met by the end of stage ¢ + 1.
(b) Let A be everywhere simple. Take §; and §; such that §;, # &, §, # &, and
§,N 8, = @.Then A U §, is a simple set which is not an everywhere simple set.
We can now complete the proof of Theorem 3.3(c). By Theorem 4.4(a) there is
an everywhere simple set. By Proposition 4.2(d) this set is everywhere r.e.
non-recursive.

THEOREM 4.5. There is an everywhere simple set A which is low (that is,
A’ =, &' where = means “Turing equivalent to”).

PrOOF. It suffices to construct an r.e. set A to meet, for all e, the requirements

P,: W, is infinite implies W, N 4 # &,

N, 8,+ @ impliess, — 4 + & & (EI"°s)[{e}sAm(e)l = e"(e)l],
where f(x), means f(x) is defined and f(x) " means f(x) is undefined. The
requirements (Ve)3*s)[{e}4 " (e), = {e}*(e),] guarantee A’ <, @', where
(3% s) denotes “ there exist infinitely many s such that”.

The priority ordering of requirements will be N,, Py, N}, P,,.... First, we
define the use function

m + 1, where m = the maximum element used in the
w(AD; e, x,5) = computation of {e}4”(x),if {e} 27 (x),,

T, if {e}/7(x)",

and the restraint function r(e,s) = Max{Min(8, — A®), u(A4*);e,e,s)}. Then
r(e, s) will be a recursive function because { A®)}, _  is a recursive sequence.

Construction of A. Stage 0. Let A9 = g, E,= @

Stage s + 1. Case (i): Ji<s[W,,NAV =0 & Ax)(xe W,, & (Ve <
iXr(e,s) < x)). Define

=i <s[W,NnA9 =2 &@Ax)(xe W, & (Ve <i)(r(es) <x))],
fron = x[x e W, & (Ve < ipn)(r(ens) < ).

ACHD = 4O U (x,,,),
E +1 = E.\' U{is+1}’

and say that P,  receives attention.
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Case (ii). Otherwise, define AC*D = 4¢) E | = E_(end of construction).
We say that x injures N, at stage s + 1 if x € A“*D — 4 and x < r(e, s).
Define the injury set, I, for N, as follows

I, = {x: x injures N, at some stage s }.

LeMMA 1. (We)[1, is finite].

PrOOF. By construction, each pointwise requirement P, contributes at most one
element to S, and N, can be injured by P, only if i < e. Hence I, is a finite set.

LEMMA 2. For every e, requirement N, is met and r(e) = lim r(e, s) exists.

5§00

ProoF. Fix e. By Lemma 1, choose a state s, such that N, is not injured at any
stage s > s,. Then for any s > s,, r(e,s) = r(e,s,). If {e}/"(e) = {e}4"(e) for
all 1> s, then {e}*(e), by the Use Principle (see [14, p. 18]). It is clear that
Min(8, — 44) € 8, — A.

LEMMA 3. for every i, requirement P, is met.

PRrOOF. Fix i so that W, is finite. By Lemma 2, choose s such that
(Vi=s)(Ve<i)r(e,t)=r(e)).

Choose s” > s such that no P, j < i, receives attention after stage s’. Choose
t > s’ such that

Ax)Nxe W, & (Ve < i)(r(e) < x)).
Then either W,, N A, # @ or else P, receives attention at stage ¢ + 1. In either

case W, , N A,,, + & so P, is met by the end of stage ¢ + 1.

THEOREM 4.6. There exists an everywhere simple set A which is everywhere low
(thatis, Vi (8, # @ = (6, N A) =, @)).

PrOOF. It suffices to construct an r.e. set A to meet, for all e, the requirements
P,: W, is infinite implies W, N 4 # &,
N,: 8,# @ implies§, -4 # B & (EI"°s)[{e}(sA”‘sf)m(ez)l = {e}’ms‘(eh]

where (4 N 8,) = 4® N 8,5 Wie) = 6,and §, = Wiiey.s-
Now by the proof of Proposition 4.3, Vi(8, # & implies 8, — A # @) implies

Vi(8, # & implies §, — A is infinite).
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Modify the construction in the proof of Theorem 4.5 by using (4 N 8,)* in
place of A) in the definition of the use function. It is then clear that the A
constructed in this way satisfies Theorem 4.6.

DEFINITION 4.7. A is said to be everywhere hyperimmune if A is infinite and for
all / and every recursive function f, 8, # & = f does not majorize §, N 4.

PROPOSITION 4.8. (a) A is hyperimmune does not imply A is everywhere hyperim-
mune.
(b) A is everywhere hyperimmune implies A is hyperimmune.

PROOF. (a) Take §, # @, §; # & such that §, N §; = &. Define
8(0) = px(x € 8, & x > fo(0) + 1),
gln+1)=px(x €8 &x>g(n) &x>f,.1(n+1)),

where f;, fi,..., f,.-.. is a sequence of total functions which includes all the
recursive functions. Then A4 = rangeg is hyperimmune but is not everywhere
hyperimmune.

(b) This is immediate.

PROPOSITION 4.9. Let A be a hyperimmune set. Then A is everywhere hyper-
immune if andonly if Vi(8, # @ = 6,N A # ).

PrROOF. The “only if” statement is immediate. To prove the if statement, let

ag, ay,...,d,,... be the members of A4 in strictly increasing order. By the proof
of Proposition4.3,Vi(§, # @ = 6, N A+ J)if andonlyif, Vi(, # @ = 6, N
A is infinite). Fix 8, # @. We can assume by, b,,..., b,,... are the members of
A N §, in strictly increasing order. Since {b,: n < w} C {a,: n < w},

(*) Vn,a,<b,.

By hypothesis, A4 is a hyperimmune set; it follows from () that A is everywhere
hyperimmune.

THEOREM 4.10. There exists an everywhere hyperimmune set.

PROOF. Let f, fi,.... f,.... be a sequence of functions which includes all the
recursive functions. By Lemma 1.5(2) there is a recursive function g such that for
every i, 8,;) # &, and every non-empty §, is §,,, for some i. Define & by

h(0) = px(x € 8,0 & x > f,(0) + 1),
h(n+1)=px(xe Snsny &x > h(n)&x > f,1(n+ 1)).
Then A = range h satisfies Theorem 4.10.
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DEFINITION 4.11. A is everywhere hypersimple if A is recursively enumerable
and for any 8§, # @, 8, — A is hyperimmune.

THEOREM 4.12. (a) There exists a hypersimple set which is not everywhere
hypersimple.
(b) There exists an everywhere hypersimple set.

PrOOF. (a) Choose §,+ &, 8, # & with §;NJ, = . Let 4 be a given
recursively enumerable, non-recursive set. Let 4 be a one-to-one function with
range h = §,. Let f be a one-to-one recursive function with range f = 4. Define

B={h(x):@y)(x<y &f(y) <f(x))}.

Then B is recursively enumerable. X — B is hyperimmune, for if not, let g
majorize X — B, then x € 4 if and only if x € { f(0), f(1),..., f(g(x))}, so 4
would be recursive. Since B C §,, it follows that B is hypersimple but not

everywhere hypersimple.
(b) Let A4 be a given everywhere non-recursive r.e. set. Let f be a one-to-one
recursive function such that 4 = range f. Define

B={x:(Ay)(x<y &f(y) <f(x))}.

Then B is an everywhere hypersimple set. For, if not, let g majorize §, — B. Let f
be an increasing recursive function such that 8, = range /. Then

h(x) € AN S & h(x) € {£(0),f(1),..., f(g(h(x)))}.

So A N 8, would be a recursive set.

5. Everywhere incomparable r.e. sets

DEFINITION 5.1. We say r.e. sets A and B are everywhere incomparable if for
everyd, # 3, AN, £, BN and BN, £ ,4N6,.

THEOREM 5.2. There exist r.e. sets A and B such that A and B are everywhere
incomparable.

PROOF. By Lemmas 1.3 and 1.5, we can assume that, for all i, §, # & and take

a one-to-one recursive function f such that Va({f(n,m): m < w)} c§,). To
establish Theorem 5.2, it suffices to recursively enumerate 4 and B to meet the

https://doi.org/10.1017/51446788700031402 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031402

[17] Nonrecursive r.e. sets 121

requirements

R2e: 4N 8r(e) #* {I(e)}anr(')’
Ryt BN S, # {I(e)} "0,

The priority ordering of the requirements will be Ry, R}, R,,....

Construction of A and B. Stage 0. A® = B® = @, x9, = f(r(2¢),0), x3,,, =
f(r(2e + 1),0), and F(e,0) = —1 for all .

Stage s + 1. If {l(e)}?" "% (x3,) =0 & F(2e,5) = —1, then we say the
requirement R, requires attention; if

(1(e)} L7 (x3001) = 0& F(2e + 1,5) = —1,
then we say the requirement R, requires attention.

Case (i). 31 < s(R, requires attention). We define
i,,1 = pi <5 (R, requires attention),

and say R,  receives attention.

Subcase (i). i,,, = 2e. Define A¢*D = 4 U {x5,}, BC*D = BO),

F(j,S), ifj<2€,
F(j,s + 1) ={u(BO NS, I(e), x3,,s), if j=2e,
-1, if j > 2e,

where u is the use function from Theorem 4.5,

x! if j < 2e,
px € {f(j,2m): m < w} such that if j > 2e and
x & ATV UBCTD & x > x} j is even,

x5t = ( & x > max{F(k,s + 1): k < 2e},

px € {f(j,2m + 1): m < w} such that if j > 2e and
x € ACDUBCYD & x > x} Jj is odd.

& x > max{7(k,s + 1): k < 2e}
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Subcase (ii). i,,, = 2e + 1. Do as for subcase (i) with 4 and B interchanged.

Case (). Otherwise, no R, requires attention for i < s. Define
AGTY = 4G) BG*H = B
F(j,s +1)=7(j,s) forall j,

s+

x}*1=x; forall j (end of construction).

LEMMA. For every e < w, requirement R, receives attention at most finitely often
and is eventually satisfied.

PROOF. The proof is by induction on e.
Fix i and assume by induction that the Lemma holds for all j < i. Then we
can choose § such that

§=pus [(Vj < i)(Vt> s5)(R, does not recieve attention at stage t)]
Then
Vi>sxi=x{=x&x, & (AOUBD)NnS,,

where x; = lim, x}.
Case (1). i = 2e.

Subcase (i). R,, never receives attention after 5. Then {/(e)}? "% (x,,) # 0
since 7(2e, s) # —1 for sufficiently large s. Hence x,, € {I(e)}®" %, But x3, is
never put into A®) for s > §, and therefore x,, € 4 N §,,,. Hence

8’(
AN, * {I(e)) .

Subcase (ii). R,, receives attention at some stage ¢ + 1 > s. Then
{I(e)}B" "% (x,,) =0, and

BN 80y N {x: x < u(B(') N 8r(e);l(e)’x2€’t)}

=BNn§,,nN {x: x < u(B(’) al 8,(6);l(e),x28,t)},

s0
{1(e)} "™ (x5,) = 0.
But
Xy, € (A"D —AD) NG, CANS,,,
that is,

ANS,,# (1(e)} 0.
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Case (ii). i = 2e + 1. This is similar to Case (i).

6. An everywhere splitting theorem

THEOREM 6.1. For every r.e. nonrecursive set C there is an everywhere simple set
Asuchthat Vi(8,+ & = C£,ANSE,).

PRroOF. It suffices to construct an A to satisfy, for all e, the requirements

N2 C# {I(e)} Mo,
N 8, —-A+ o,
P, W, isinfinite = W, N4 # @,

where, by Lemma 1.5(2) we may assume (Vi) 8, # @). The order of priorities is
Ny Ny, Py, N, N, P, Ny,....Let {C,}, <, be a recursive enumeration of C.

SE€Ew

Construction of A. Stage 0. A9 = &.

Stage s + 1. Given A", define, for all e, recursive functions /, 7, and 7, as
follows:

I(e,s)= max{x: (Vy < x[Cs(y) = {l(e)}:mm"‘”(}’)])}’
Fi(e,s)= max{u(A“) N 8,0y l(e),x,s): x < i(e,s)},
7,(e,s) = min(3, — 4¥),

where {e}#(x) =y means x, y,e <s & {e}4(x) is defined and equals y in
strictly less than s steps. Foreach i < s if W, , N A = @ and

3x)[x e W,, & (Ve<i)[F(e,s)+rle,s)<x]],

then put the least such x into A, otherwise do nothing (end of construction).

LeEMMA 1. For every e, the injury set
1,={x: (As)[x € 45"V - 4® & x < F(e,s) + 7(e,s)]}

is a finite set.

ProoF. Each positive requirement P; contributes at most one element to 4 4
by the construction. But N, or N,” can be injured by P, only if i < e.

LEMMA 2. (We)[8, — A + @).
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PROOF. Assume for a contradiction that §, — 4 = @. By Lemma 1, choose s”
such that N, is never injured after stage s”. Then Vs > s”(#,(e, s) = £, (e, s”)),
so 7,(e, s”") = min(8, — A), contrary to hypothesis.

LemMa 3. (Ve)[C # {I(e)}*"%w].

PROOF. Assume for a contradiction that C = {/(e)}*"?r(e). Then
(6.1) lim /(e,s) = o
By Lemma 1, choose s’ such that N, is never injured after stage s’. For any

n € w, by (6.1) find s > s’ such that i(e, s) > n. It follows by induction on ¢ < s
that

(6.2)
(Vi > s)[i(e,t) >n & (e, ) > max { ( A9 NS, l(e),x,s): x < n}],
and hence that

{l(e)}A“)nsr(e)(n) = {l(e)}"m”s""(n) _ {l(e)}Ans"')(") = C(n),

that is, C is a recursive set, contrary to hypothesis.
Now we show (6.2) by induction on ¢ < s. Since /(e, s) > n, (6.2) holds for
t < 5. Assume it holds for ¢. Then 7,(e, t) and s > s’ ensure that

Vx < n, Vz<u(A(’)08,(e), I(e), x, t)(A(’“)r\S(e)ﬂ{x x<z)
=AYNE ,N{x:x< z})

Thus {l(e)}f‘“’”srm(x)L {l(e)}"““)“‘sfw(x)l converges and equals
{I(e))*" 8o (x) for x < n. So (e, t + 1) > n unless Fx < i(e, 1)[C,, (%) #
C,(x)]. Assume there is such an x. Define x’, ¢’ as follows:

x'=px{x<n@t> >s)[x <i(e,t) & C (x) # C(x)]}
v =pr{t>s:Cy(x) # C(x')}.
By the definition of r(e, s),
Colx') # ()} "o (x)
contrary to C = {(e)}*" %<, It remains to show
(6.3) Fle,t+1)>m { (A()OS,(E),l(e),x,s): xsn}.

In fact, 7i(e,t + 1) = max{u(AY*V N8, ,;l(e), x,t + 1): x < I(e,t + 1)}, and
l(e,t + 1)>n,and t > 5 > s5’, 50

{ (A( YN8, l(e), x, s) x<n}
< max{u(A(’“) N8, 1(e), x, t + 1): x<l(e,t+ 1)}
and hence (6.3) holds.
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LEMMA 4. (Ve)[lim 7,(e, s) exists and is finite].

5§00

PrOOF. By Lemma 3, choose n = (ux)[C(x) # {/(e)}* "% (x)]. Choose s’
sufficiently large such that, for all s > s’,

(6.4) (Vx < m)[{1(e)} 17" (x), = {1(e)}* " (x)],
(6.5) (Vx < n)[C,(x) = C(x)], and
(6.6) N, is not injured at stage s.

Case (i). (Vs = s)[{I(e)}" "% (n)"]. Then C,(n) # {I(e)}4” "%« (n) for
all s > s". Hence (Vs > s')[7,(e, s) = Fi(e, 5")].

Case (ii). (A1 > s")[{l(e)#""*=(n),] Take such a r. By (6.4) and the
definition of n, (Vs = t)[I(e, s) = n], so

(Vs > t)[fl(e,s) > u(A(” N8,y 1(e), n,s)].
Hence, by induction on s > ¢ from (6.6) we have
(Vs > D[ {1(e)} 270 (n) = (1(e)} £ (n)].
Thus,

(Vs > )] {1(e))* ¥ (n) = {1(e)} 4" ¥(n)].

But C(n) # {I(e)}‘”sfm(n). Therefore (Vs > t)[7 (e, s) = F/(e, t)]. Hence
r(e,t) = lim 7 (e,s).

LEMMA 5. (Ve)[W, infinite = W, N A # 2]

PrOOF. By Lemma 4, let 7(e)=lim,_ 7 (e,s) and R(e)= max{r(i):
i < e}. Now if W, is infinite then (Ax)[x € W, & x > R(e)}. But then W, N 4
+ .

Finally, note that 4 N§, is infinite since (Ve)[§, — 4 # @], and hence 4 is
everywhere simple. This completes the proof of Theorem 6.1.

THEOREM 6.2. For every everywhere nonrecursive r.e. set C there is an everywhere
simple set A such that Vi(8,+ @ = CN 8§, £ r4 N SJ).
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Proor. It suffices to construct A4 to satisfy, for all e, the requirements
’. ANS,,
N/: CN 8+ {l(e)})” ",
N/:8,— A+ &,
P,: W, is infinite implies W, — 4 + &.

The order of priorities is Ny, Ny’, Py, N/, N/’, Py, N;,.... Without loss of general-
ity we may assume all §, # @.

Construction of A. Stage 0. A = &.

Stage s + 1. Given A, define, for all e, recursive functions
i(e,s) = max{x: (Vy < x)[min{ C,(»),8,0(»)} = {1(e)} 1" (»)]},
F(e,s) = max{u(A(‘) N8,y l(e),x,s): x < i(e,s)},
7,(e,s) = min(8, — 4¥).
Foreachi <sif W, ;N A% = & and
Ax)[xe W, & (Ve < i)[Fle,s) + e, s) < x]]

then enumerate the least such x into A; otherwise do nothing (end of construc-
tion).
The proof is similar to the proof of Theorem 6.1.

THEOREM 6.3. Let B and C be r.e. sets such that C is non-recursive. Then there
exist r.e. sets A, and A, such that

(i) AyV A =BandA,N A, = Dand

)(Vi)s,# 8 =[CkrA, N8 &C L4, NG

ProoF. If B is a finite set, then Theorem 6.3 holds. So we can assume B is an
infinite set.

Let {B,},c., {C}se. be recursive enumerations of B and C such that B, is
empty and B, ; contains exactly one more element than B,. It suffices to
construct r.e. sets A, and A, to satisfy the single positive requirement

P:x€B, ., — B =[xeAf*Vorxe APV,
and the negative requirements for all e
NJ: C# {I(e)} ",
N/ C# {1(e)} Mo,
The ordering of priorities is Ny, Ny’, Py, N/, N/, P, N;, ...
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Construction of Ay and A,. Stage 0. AD = &, AV = ¢
Stage s + 1. Given A4 (s), and A{*, define recursive functions
1%(e,5) = max{x: (Vy < x)[C(y) = ((e)} ()]},
*e,s)= max{x: (Vy< X)[CS()’) = {l(e)}f{”na"”(Y)D,
Fo(e,s) = max{u(Aff’ N8, l(e),x,s): x < io(e,s)},
(e, s) = max{u(A}s) N ¢d,; l(e),x,s): x < l_l(e,s)},

where u is the use function. Let x be the unique element in BS +1 — B,
Case (i). 3e < s[x < 7%(e, s) or x < F'(e, 5)]. Set e,,; = pe[x < FO(e,s) or
51
F (e, s)].
Subcase (. x<r (eHl,s) Define A§*Y = AP, 48+ = 4D U {x).
Subcase (ii). x > F%e,,,,5), x < F'(e,.,,s). Define A(”” =AY U {x},
A(S+l) = A(s)
Case (ii). Ve < s[x > 7%e,s) & x > F'(e,s)]. Define A5*D = A U {x),
APFTY = A9, (end of construction).
Now we can define the injury sets

19={x: (Ax)[x € 4™V — 4P & x < 7%(e,s)]},
I = {x: (Ax)[x € 4F*V - AP & x < F(e,5)]).

It follows by induction on e that

(1) 12, I} are finite,

(2) C # {I(e)}*" ¥, C # {I(e)}"1 "%, and

(e) ¥°(e) = lim, (e, 5), F'(e) = lim, 7'(e, 5) exist and are finite.
The proof is similar to ther proof of Theorem 6.1.

We can strengthen Theorem 6.3 as follows.

THEOREM 6.4. Let B, C be r.e. sets such that C is everywhere nonrecursive. Then
there exist r.e. sets A,, A, such that

() AgU A =B, A NA = O, and

@ Vi)(§,+ F=CNs&rA4;NE&CNS L4, N3)
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