AN INTEGRAL INVOLVING A MODIFIED BESSEL
FUNCTION OF THE SECOND KIND AND AN
E-FUNCTION
by FOUAD M. RAGAB
(Received 30th April, 1951)
§ 1. Introductory. The formula to be established is

2m+1 mrm‘lf:Km@mA)/\'"k—lE’ (p ;% iq; pst Xg’;) AA=E(p+2m; a,:¢; ps: ), ...(1)
where m is a positive integer,
i =bh i+
, v=0,1,2,...,m-1, . (1)
tp a2 =tk —3n+ m
and the constants are such that the integral converges.

This formula was proved by induction for the case m=2%,1=1,2,3, ..., (1).
The following formulae are required in the proof :

® - x
4J~0 K, 2\ A1 g (p ;o iq pst }‘—é) dA=E(p +2,; O G} Py everirenennns (2)
where oy =}k + 31, apry =3k —3n, Bk+7)>0 (2) ;
m—1 oo 2b 2\ m—1 -
Im| K,@2t)t»m1d; K, (———) = (-—) Koo CmbY™), iiininns (3)
v=1J0 bty oot

where b>0, (8).

§ 2. Proof of the Integral. Apply formula (2) repeatedly to itself, taking for k the values
k+2v/m,v=1,2,...,m-1: then
@™ m—1 (o z
4m [ K, 20)A*-1dXIT | K,(2t)tF+2m-1ds B <p ;A iq; Pt ——)

J 0 v=1J 0 /\2t12 e t2m—1

=E(p+2m; a,:q; ps: ),
where the «’s after «, are given by (V’).

Here, on the left, put the first integral last and then put A=pg/ (¢, ... %,,—) ; the expression
becomes

m—1 fo ® 2”, x
an Il | K, (28,) 8% m1 dt,f K, (———) prt B (p; % :iq; ps: _5) dpe.
p=1 0 0 t1t2 sen tm—l I P’

Now change the order of integration so that the last integral becomes the first integral, and
apply (3) ; this gives

' ®
2mHl pm-1 fO K (2mptim) p*-1 B (p 3 %p g Pst {:_;) dye.

On putting p =A™, formula (1) is obtained.
Corollary. On replacing A by A/i and z by xe~#*" in (1) and making use of the formula

Ko(8) =i Gp(if), woereerreerveeeereereenrennnan, oo 4)
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it is found that

2m+1 ypm—1 N G (CmA)APLE (D o, :1q; ps: % dA
0 A

= gmik—n) E(p +92m P B P xe_im"), ............ (5)

where k £n>0, m (20, —k)> ~2 ,r=1,2,...,p.
Similarly, on replacing A by"A and by wei, it is found that
om+L gy m—1 f  Gn (2mdeir) Y1 B (p i qips /\2—’5,—”) dx
where k4+2>0, m(2e, - k)> -2 ,r=1,2, ..., p.
From (5) and (6), and making use of the formula

7, (x) =G, (x) —1* @, (™), .eveirernenn..

it follows that

o+l e f * T (22) X1 B (p; % iq; Pyt 5\%) dA
0

=imEn E(p+2m; o, :q; ps: weimm)
—i & E(p+2m; a,:q; pg: xeimm),

where the o’s are given by‘(l’) and k+n>0, m (e, —k)>-%,7r=1,2,...
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