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§ 1. Introductory. The formula to be established is

^ ; «r : q ; Ps: ^j dX=E(p+2m ; ar : q ; ,>,:*), ...(1)

where »n is a positive integer,

, , , , , (1')
a3>+2v+2 = •£*• ~ 2 W + ~~

and the constants are such that the integral converges.
This formula was proved by induction for the case m = 2l,l = l, 2, 3, ... , (1).
The following formulae are required in the proof:

; ar:q; Ps: ^ )dX=E(p+2 ; ar : q ; ps:x), (2)

where aj,+ 1=P+£w, as+2 = P - | w , i?(A;±?i)>0 (2);
m - i /•<»m-i /•<» / 26 \
77 Kn(2t)t*>l«>-idtpKn(

 Z° ) (3)

where 6>0 , (3).
§ 2. Proof of the Integral. Apply formula (2) repeatedly to itself, taking for k the values

k + 2vjm, v = l,2,... , m - l : t h e n

*»• Kn(2X)X^d\n Kn(2tv)tW™-idtpE(p; «r:q; Ps: ,

where the a's after aP are given by (1').
Here, on the left, put the first integral last and then put A = /x/ {tfa... V- j ) ; the expression

becomes

4 * J 7 f °°Zn(2O e ' " 1 " 1 ^ f00^™ L ^ ) ^ ^ (p; «r:q; p.: ^
v=i J o Jo Wa-'W i V /*

Now change the order of integration so that the last integral becomes the first integral, and
apply (3) ; this gives

-1 E [p ; ar : q ; Ps: £

On putting /u=Am, formula (1) is obtained.
Corollary. On replacing A by X/i and a; by xe~im" in (1) and making use of the formula

Kn(t)=i«Gn(it) (4)
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it is found that

2m+i TO7rm-i J " Omn (2mA) A»»-i E (p ; ocr : q ; Ps: ^ ) dA

= im(*-n)JS'(p+2m; a r : g ; />,: «e-'mir), (5)

where k±n>0, m(2ccr -k)> - f , r = 1, 2 , . . . , p .
Similarly, on replacing A by*Ai and a; by xeimn, it is found that

2-H-I m 7 r»-i j " 0m n (2mAe") A™*"1 ^ (p ; a r : 9 ;Ps: ^ ) rfA

V =i-m(ic+n)E(p + 2 m ; ccr:q; p s : x t i m v ) , (6)

where k±n>0, m(2ocr-k)> - f , r = l, 2, ... ,p.
From (5) and (6), and making use of the formula

7riJn(x)=Gn(x)-i*»Gn(xei"), (7)
it follows that

2m+i mnm i J " j m n (2mA) A«*-i ̂  ^ ; a r : g ; P l : ^ dA

= i»»<*-») E (p + 2m ; ar : ? ; /J3 : a;e-'m")
_j-m(*:-«)^(:p+2m; ar ; q ; p8 : xetmn) (8)

where the a's are given by (1') and k+n>0, m(2ar-k)> - f , r = l, 2 , . . . , p .
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