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ON BMOA FOR RIEMANN SURFACES 

THOMAS A. METZGER 

1. Introduction. Let A denote the unit disk in the complex plane C. 
The space BMO has been extensively studied by many authors (see [3] 
for a good exposition of this topic). Recently, the subspace BMOA (A) 
has become a topic of interest. An analytic function/, in the Hardy class 
H2(A)} belongs to BMOA (A) if 

(1) sup 
«SA 

U + Zû) • / ( « - ) 
< 00 

where 

||A||, = Iim (±- f^ \h(reie)\2deY'2. 
r^l \Z7T t / o / 

It is known (see [3, p. 96]) that (1) is equivalent to 

(2) sup / / . l / ' (2 ) | 2 log 
1 — zœ 
z — co 

dxdy < oo. 

Using (2), we can define BMOA(W) for Riemann surfaces W, when W 
possesses a Green's function G(p, q). It will be proved that AD(W), the 
space of Dirichlet finite functions on the surface, is in BMOA (IF) and 
thus as a corollary one gets AD (IF) Ç HP(W) for all p < oo . This latter 
result seems to be new, the fact that it holds for p = 2 seems to be the 
only previous result in this direction (see [2]). These results show that 
the case for an arbitrary Riemann surface is analogous to that of the 
unit disk. 

An important ingredient of the proof is the following striking result 
due to Hayman and Pommerenke [1], which is 

THEOREM A. The domain G Ç C has the property that every function f(z) 
analytic in A with values in G belongs to BMOA (A), if and only if there 
exist constants R and 8 > 0 such that for all co0 in G 

(3) cap (E C\ {co: |co - co0| ^ R}) ^ <5, 

where E = C — G and cap denotes logarithmic capacity. 

In the last section we shall note some correlations between the con
dition (3) and BMOA(G), with G considered as a planar Riemann 
surface. 
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The author wishes to thank Professors A. Baernstein II, Ch. Pommer-
enke and K. Stephenson for their helpful comments on the first draft of 
this paper. 

2. The main result. Let W be an arbitrary Riemann surface and 
assume that W has a Green's function G(p, q). In this case, as is well-
known, the universal covering surface of W is A and if w: A —> W denotes 
the universal covering map then the group of deck transformations is a 
Fuchsian group T. Let 12 be the Ford fundamental polygon for V so that 
7r: 12 —> W is a one to one into map, ir: 12 —> W is onto and the area 
measure of d!2 is zero. 

In analogy with (2), the space BMOA(IF) is defined to be the space 
of analytic functions on W for which 

(4) sup f f \F'(p)\2G(p,g)dpdp 

is finite. The space of Dirichlet finite analytic functions, denoted by 
AD (IF), is defined by requiring that 

(5) f f \F'(p)\2dpdp 

be finite. We now assert 

THEOREM 1. AD (IF) C BMOA(IF). 

The fact that the containment is strict follows immediately from the 
fact that H°°(W), the space of bounded analytic functions on IF, is 
contained in BMOA(IF). 

The proof of the inclusion is based on the fact that F can be "pulled 
back" to a function/acting on A by the following method: if F is analytic 
on IF, define/(z) by/(;s) = F(jz) for all z in A. It follows immediately 
that / is an analytic function on A which satisfies 

(6) f(yz) = f(z) for all 7 in T and z in A. 

Functions satisfying (6) are called automorphic functions with respect to 
T. Define the spaces AD(A/T) and BMOA(A/T) as the pull backs of 
the spaces AD (IF) and BMOA(IF), respectively. It is clear that these 
spaces are isometrically isomorphic. 

If T is not the identity and / satisfies (6) then each fundamental 
polygon 12 contributes the same amount (5) to 

f f \f(z)\2dzdz= £ f f \f(z)\2dzdz 

so t h a t / cannot belong to AD (A). Nevertheless we have: 
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PROPOSITION 2. B M O A ( A / r ) ç BMOA(A) . 

Proof. If g(z, œ; V) = J^jyçr gà(z, 7«) , where g& is the Green's function 
for A, it follows immediately from the result of M y r berg (see [6], p. 522) 
tha t 

G(p,q) = g(T-i(p),T-i(q);T). 

T h u s / is in BMOA(A/ r ) if and only if 

/ / . 
(7) sup I I \f'(z)\zg(z,o>;r)dxdy<co. 

Since g(z, ya>; T) = g(z, co; T) for all 7 in T and U 7 ç r 7 ^ = A, it follows 
tha t the sup in (7) can be taken over all w in A. Moreover 

J I \f'(z)\2T,&(*,y<*)dxdy= E if \f'(z)\ig*(y-1z,u)dxdy. 

However, (6) implies t ha t \f'(z)\2 dxdy is invariant under a change of 
variables by 7 in r . Hence (4) reduces to 

(8) sup I I \f'(z)\2g&(z, o))dxdy < co, 
wÇA J J A 

and this yields Proposition 2. 

Remark. I t follows from Proposition 2 tha t one could have defined 
B M O A ( A / r ) as those automorphic functions in BMOA(A) and 
BMOA(W0 as the projections of functions in B M O A ( A / T ) and then 
proved tha t this latter definition was intrinsic to the surface. 

Theorem 1 is now proved as follows: if g (A) satisfies (3) then g is in 
BMOA(A) . S ince / (A) = F(W), which has finite area, it follows tha t the 
projection of the surface / (A) on the plane has finite area. T h u s by 
taking TTR2 = 2a reaF(W) , one gets tha t / ( A ) satisfies (3) and / is in 
B M O A ( A / T ) and Proposition 2 completes the proof. 

Proposition 2 also implies 

COROLLARY 3. Let F be an analytic function on W with values in a 
domain G which satisfies (3): then F Ç BMOA(W /) . 

3. Appl i ca t ions . As a first application of Theorem 1 one gets the 

following, seemingly new, corollary about the Hardy spaces HP(W) and 

AD (WO. 

COROLLARY 4. AD(W) C no<P<œH^(W). 

Proof. If F is in AD (WO t h e n / , its pull back, belongs to B M O A ( A / T ) 
and the re fo re / belongs to Ocx^Kœ HP(A). M o r e o v e r , / is an automorphic 
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function so tha t the least harmonic majorant of \f\p is also an au to-
morphic function. Thus , by projecting back down to the surface, we see 
tha t F is in r\o<j,<a>H*(W). 

Remark. T h e classical result in this direction is t ha t AD(W) Q H2(W) 
but no results seem to be known for p > 2. T h e result of Corollary 4 is 
t ha t the case for the disk A and arb i t rary Riemann surfaces are entirely 
analogous. 

In the language of classification theory for Riemann surfaces one has 
(see [2] for the appropr ia te definitions) 

op co B M O A coABco AD-

Next, an application to automorphic forms is catalogued. If f(z) 
satisfies (6) then 

(9) f'(yz)y'{z) = ff{z) for all y in T and z in A. 

Such functions are called automorphic forms of weight 1. T h e finiteness 
of the Dirichlet integral becomes 

(10) J J o\f'(z)\2dxdy< co. 

We shall s a y / is in D(T) i f / ' satisfies (9) and (10). Note t ha t the fact 
/ belongs to -D(T) does not imply t h a t / is an automorphic function. In 
fact (9) is equivalent to 

(11) f(yz) = f(z) + C ( T ) for all y in Y and z in A, 

where C(y) is an addit ive constant . 
Let Se denote the space of Bloch functions and recall t h a t / belongs to 

Se if and only if \f'{z)\ = 0 ( ( 1 — l ^ 2 ) - 1 ) . A question which occupied 
various authors was the Bers space conjecture which in this case becomes: 
Is D(Y)Ç_S§"? Ch. Pommerenke [4] disproved this conjecture by 
exhibiting a surface W and the associated Fuchsian group T such t ha t 
D(T) - 38 j£ 0. In his example the functions in D(T) - Se had non
zero addit ive periods C(y), i.e., they were not automorphic functions. In 
response to a question by A. M. Macbea th we note t h a t C(y) ^ 0 is 
characterist ic of functions in D(T) —Se by asserting 

COROLLARY 5. / / / belongs to D(T) —Se then f is not an automorphic 
function. 

Proof. If / is an automorphic function in D(T) then / belongs to 
A D ( A / T ) and thus to BMOA (A/T) by Theorem 1. Proposit ion 2 implies 
t h a t / i s in BMOA (A) which is a subspace of S§ and the proof is complete. 
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In view of Theorem 1 it would seem to be of interest to know for 
which groups T,D(T) - B M O A ( A / T ) = 0. This si tuation can actually 
occur and the author hopes to give a description of such groups in the 
near future. 

4. On t h e c o n d i t i o n (3). I t should be noted t ha t the condition (3) 
does not characterize the range of functions in BMOA(A) . To see this 
one merely constructs a finitely valent Bloch function whose projection 
covers all of C. Since for finitely valent functions Se = BMOA(A) it 
follows tha t (3) does not hold. A. Baernstein II has noted tha t if one 
takes f{z) = Y$=oakz

nk with nk+1/nk è + > 1 with ]£*Lo \ak\
2 < oo 

and ]^£Lo \cik\ = °° then, for a sufficiently large q, f(z) covers the plane 
infinitely often. Moreover, / (2) is in Hl(A) and since it has a gap series 
representation it follows t h a t / must belong to BMOA(A) . 

In contrast to the negative results above we shall give a condition 
which is equivalent to (3). As before we write E = C — G and note tha t 
if G satisfies (3) then cap (E) > 0 and thus G has a Green's function 
which we denote by g(p, q). 

T H E O R E M 6. Given a plane domain G, (3) holds if and only if 

(12) sup I I g(p,q)dpdp < oo. 
q£G u u G 

Remark. One can interpret (12) as asserting tha t the identi ty function 
f(p) = p belongs to BMOA(G) . 

Proof. Let (3) hold and suppose tha t Gœ is the universal (infinite) 
covering surface of G. If F: A —> Gœ is the Riemann mapping function 
then F is in BMOA(A) by Theorem A. Consider G as a Riemann surface 
and let T be the associated Fuchsian group and let w: A —> G be the 
projection map. I t follows tha t T(Z) = F{z) for all s in A and thus 7r 
belongs to BMOA(A) . Thus , by (2), 

oo > sup I I \-n-'(z)\2gA(z, oi)dxdy 

= sup 22 I I \Tf(z)\2gA(z,a))dxdy 

I I k'WI2
 Z)£A(TS, u)dxdy. sup 

co£à ^ *J A 7GT 

Since gA^yz, co) = gà(z, 7-1co) one can subst i tute 12 for A in the sup and 
upon recalling tha t g(p,q) = X/yer g&(z,yw) whenever w(z) =p and 
TT(U) = °J it follows tha t (12) holds. T o see tha t the converse holds we 
note t ha t if (12) holds then ir belongs to BMOA(A) and therefore, F 
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belongs to BMOA(A). However, F in BMOA(A) implies that (3) holds 
as a careful reading of the proof of Theorem A in [1] shows and the proof 
is complete. 
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