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Absolute Riesz summability of
Fourier series and their

conjugate series

Masako Izumi and Shin-ichi Izumi

This paper contains two theorems. The first theorem treats the

|i?, r, l| summability of Fourier series and their associated

series of functions of bounded variation. The second concerns

the \R, r, l| summability of Fourier series of functions /

such that ip(i)m(l/t) is of bounded variation where m{u)

increases to infinity as u •+• °° . These theorems generalize

Mohanty's theorems.

1. Introduction and theorems

1.1. Suppose that r(x) is defined on the interval x > 0 ,

r(x) > 0 , r(x)+°° as x + °° and r(a;) is differentiable continuously.

We write r(n) = r for integral n . The series £ a is said to be

\R, r, l|

< °° for aB > 0 .(i) ^ e < f c 2 '.«.

By |i?, r, l| we denote the class of all |fl, r, l| summable series, so

that (1) is equivalent to I a € \R, r, l| . It is known that

\R, x, l| = \C, l| and |i?, e X, l| is the class of all absolutely

convergent Fourier series. The following classes, each containing the
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the next, are usually treated:

\R, (logx)a, l| , (a > 0) /

|i?, xa, i| , (a > 0) ,

\E, e (
l o g < i| , (a > 1) ,

|i?, e , l| , (0 < a < 1) ,

I / (logx)a |
|fl, e , 1| , (0 < a < 1) ,

, 1 , (a > 0) .

1.2. Let / be an integrable function periodic with period 2ir and

its Fourier series and its conjugate series be

OO OO

— a + i (a cosnx+b sinnx) = J A (x)
2 o Z-, n n =0

and

00 00

y (b cosnx-a sinnx) = J B (x) ,
=-. n n -i n

respectively. We write

cp (t) = cp(£) = f(x+t) + f(x-t) , i> (t) = tp(t) = f(x+t) - f(x-t) .
X X

If a function g is of bounded variation on the interval (0, TT) , then

we write g € BV .

1.3. R. Mohanty [7] proved the following

xa

THEOREM I . cp € BV = [ A [x)/Xogn € i? , e , 1 (0 < a < l ) .

n

We shall prove the following generalization.

THEOREM 1. (i) The case xr' (x)/r(x) 5 A . If

(2) r(x)/x + and r'(x)/r(x) + 0 as x + °°

and
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E r' (x) r>' (i )
) { ax 5 A ,j' for all u > 0 ,

I*.

then

cp 6 BV => A (x) f \R, r, l| ,

iiy) The ease

BV => B («) e |i?, r,

(1+) lim sup [xr'(x)/r{x)) = «= , lim inf [xr' (x)/r(x)) > 0 .
x •*• °° x •*• °°

(5) w(x) 4- 0 , m(x)r(x)/x + and r'(x)/r(x) + 0 as x + » ,

(x)r' (x) ̂  5 r (u) j.op all M > 0

and further if

! °
(7) (m(x)/x)dx s A for all t > 0

xQ(t)

w?zere x (£) is the root > 1/t of the equation r' (x)/r(x) = t , then

(p 6 BV =» I m A (x) € |i?, r , l | ,

w/zere m(n) = m / o r integer n .

We shall consider special cases of Theorem 1. We take first

gives

r(x) = xa (a > 1) ; then r'(x)/r(x) = a/x . Therefore, Theorem 1 (i)

COROLLARY 1. <p 6 BV = £ ̂ (x) € |fl, xa, l| (a > 1) . The

corresponding result holds for conjugate series.

We shall next take r(x) = e ^ 1 0 ^ (a > l) , then
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, , a-1
r'(x)/r(x) = a(logx)a V x and xQ(t) = j (logj) , and then (7) gives

m(x) = I/log logx . Therefore, Theorem 1 (ii) gives

COROLLARY 2. cp € BV => \ ̂ (x)/log logn i \R, e(l o s x > , l| (a > l)

The corresponding result holds for conjugate series.

In the case r{x) = eX (0 < a < l) , we have r'(x)/r(x) = a/x ~a

xQ{t) = l/t
1'^1"0^ and then m(x) = 1/loga . Therefore, Theorem 1 (ii)

gives

a
COROLLARY 3. cp € BV =» ̂  A (a;)/logn € R, e , 1 (0 < a < l) .

corresponding result holds for conjugate series.

The first part of this corollary is Theorem I.

Similarly,

COROLLARY 4. cp € BV => T 4 (ar)/lognlog logn € fl, e x / e , 1
b n

(0 < a < l) . r?ie corresponding result holds for conjugate series.

Finally, consider the case r{x) = e O g (a > 0) . Then

r'(x)/r(x) = l/(logx)a , xQ(t) = e ' and m(x) = l/logx(log logx)

{b > 1) . Therefore

COROLLARY 5. 9 f BV => I Ajx)/logn(log logn)2' € i?,

(a > 0, b > 1) . The corresponding result holds for conjugate series.

1.4. We know the following theorem due to R. Mohanty [/].

THEOREM II.

(i) <p(*)log log ^ € SK - I A Car) € |i?, e
( l o s x ) , i | (a > l )

a
f i i ; cp(t)log S I € BV =, J 4 (x) € /?, e

x , 1 (0 < a < l ) .
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(Hi) L(0, u) = £ B (x) Z \R, eX ,
It

(0 < a <

(iv) <?{t)t a i BV ̂  I An(x) R, e
x/(loSx)

1+1/a

, 1 (a > 0)

We prove the following generalization.

THEOREM 2. If (2), (3) and (h) hold and

(8) - 1 kic < » ,,

(9) m(a;) + as a; + °° and (l/m{l/x)) ' •)• as a; + ,

and further if

(10) t"1 < xo(t) 5 t"
1eA n ( l /* ) /or all t > 0

where ^QM is ihe root of the equation r' (x)/r(x) = t , then

i BV ~ I Bn(x) € \R, r, l| .

Theorem II, (i) and Cii,) are deduced from Theorem 2 and (Hi) is

also, without the second assumption. Further we have

COROLLARY 6.

(i) ip(t)(log2TT/t)1/a i BV = I A {x) € R, e"

(0 < a < l) .

(ii) v(t)t~1/a i BV ~ I AAx) I R,

, 1

(ail).

The corresponding result holds for conjugate series.

Corollary 6, (ii) is an improvement of Theorem II, (iv).

1.5. For the proof of the above theorems, we use the following known

lemma. (See [2].)
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LEMMA. If p(x) + as x \ , then

rx
p(n)sinn£ - p(w)sinwtdw 5 4p(x)

for any x > 1 cmd any t € (0, ir) .

2. Proof of the theorems

2.1. Proof of Theorem 1. We shall prove the theorem for Fourier

series only, since our method of proof is also applicable to conjugate

series.

We shall take B = X in (l). By assumption and integration by parts,

i r -i r
4 (x) = — (p(t)cosntdt = — sin IT I im I

sinntdp(t) ,

and then we have to prove, by (l), that

r {x) dc I -S-2- sirmtdvit)
^ (r(x))2 nzx n >o

We suppose <p is of bounded variation, so that i t is sufficient to prove

that

dx
V n n . ,I —— sinnt

nix
S A for al l t > 0 .

By (2), (3), (5), (6) and the lemma, this is equivalent to

sinutdu ^A f o r a l lr *•'(») dx I r m(u)H.
Jl (r(x)j2 U l u(r(x)j

The left side integral is

0 _

dx c& 5 dx dw + dx du + dx
J l U i J l U i J i / t I J 1 J l / t I J l

= P + Q + R

where
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P 5 t
ti

h
ilt ,

r dx

and

s t

tx

(r(x))2 h
t±/v flit „,

= t m(u)r(u)du
'1 'u

fUt

)du

tilt
5 At

(r(x))2 Ji r ^ / ^ Ji

X/t

m(u)r(u)du £ A .

We shall now estimate R . The inner integral of R is

J l / t M
f ^ 1 r(u)/U*

Since

(12) {r{u)eiut}' = r{u)eiut[r'{u)/r{u)Ht) ,

we have, using integration by parts,

— r\u)e du = ) (i \ . ,—N '.. i du
u jl/t u{r'(u)/v{u)Ht)

m{u)r{u)eiut \x

m(u)r(u)eiut
it\du+ud

= S{x) - T - U{x) + V(x) ,

where

x{(r'{x)/rlx))2+t2)

i
„ _ t

In case f i j , m(x) = 1 and r'(x)/r(x) - A/x and then
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by (3). In ease (ii),

r O r00

W 5 dx + die
hit >xAt)

*•'(*)

x/t (Hx))2 x[ dx + if ' (a;) m(a:)r(a;) die

XAt)
ao(t)

+ A 5
'l/t

by (6) ana ( 7 ) .

In each case (i) and (£•£,',

'lit

r —
by (6). Finally,

\T\dx 5 m(l/t)r(l/t) r
Ji/t

• dx •s A

<f f du S

'i/t

Jl/t (r(W))
2

m(u)r{u)

= A •*• AZ' .

In case Ci,',

7' < 5L
l / t

r'{u)
Hu)

In case

5' S A f

x (t)
m(.u)

l/t u(r'(u)/r(M))2 KM)
r'(u)
Hu)

'(•ô tf + _ i . '{x At))

( t )
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(5), since (l/t)r'(l/t)/r(l/t) > A > 0 as t •* 0 by (U),

r1 (xo(t))/r(xQ(t)) = t and

* -> 0 .

= xQ(t)r' [xQ{t))/r(xQ{t)) ± A > 0 a s

Thus we get RiW+X+Y+Z , where R is bounded uniformly in t

and then the required inequality (ll) is proved. This completes the proof

of the theorem.

2.2. Proof of Theorem 2. We put m(l/t)<p(t) = g{t) and we can

suppose cp(ir) = g(v) = 0 without loss of generality. Then

-, (••"• i (••"• t

n(x) = i- y(t)cosntdt = - 7 d?(t)
* n * n *

COSWM

where

cosrcu , s i n w t 1
du = -

sinnwdw .

It is sufficient to prove that

coswu
l'n}Q m ( l / u )

du 5 A for all t > 0 ,

since g{t) is of bounded variation. The left side integral is not

greater than

dx
v sinnt

nix

r sinrzw
= M + N .

>1 {r(x))z I J o v - - ' - - w vn £ a .

M can be e s t i m a t e d s i m i l a r l y t o t h e proof of Theorem 1 and we g e t , by (2 )

and ( 3 ) ,

U
~ m(l/t) \ 1 / t

 d x + A =
A X o U )

by ( 1 0 ) . Using t h e lemma and ( 2 ) , ( 3 ) ,
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+ A

ri/*
s

Joo
 I J o J

+ dr
ri/
J l

dv

r
+ da

J

+ A

where

P 2

( 9 ) , and

rl/t
du

>1

At
rl/t

J l
r(v)dv

We shall now estimate R . The inner integral of R is

rX

and, fcy (12),

r ) l / t V2(r> i v )

dv

l/t u(r'

= S(x) - T

Now
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•r
/n(l/w)J

lS{x)du

r' Ix)- -T-T- dx
l / t x r ( x ) "o

O -

sinux
(r'(x)/r(x))2+M

2

—r^v dx
. XTKX)

du

hit
ucosua:

where

r i {1/x r
Vx < dx du +

0

1/x

1/x

udu + c t1

xdx I I sinwxdw

J l /

and

( x ) (m(x))

rhit (m(u))2

(H). Further we have

ftr'U) I! ITdu C
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CO

"1 /•/-

r'{x) dx
(rU))2

(r(.))2

1

|.m(l/w)J
x r{v

lit V2

W(x)dx

Jo *•

1
W(1/M)J

(v) /r{v))sinuv-ucosuv

(r'(v)/r(v))2+u2
du

r
(r(x))

i/y

o

uv du

i l/w
m{X/u)

fr' (iJ)/r(D))sirm^

(r'(u)/r(v))2+w2

•p(y)/r(v)

dv
•'o

1

(r'(u)/r(v))2

WCOSMU

{r'(v)/r(v))2+u2
du

T 2 + Y3

where

dv
vr'(v)/r(v)

dw_
w

dw £ A

by (1*). By (9) and the fact that w/((r' (u)/r(u)) 2+u2) + as u + ,

(l/u < u < r'(v)/r{v)) , and using the second mean value theorem for the

integral concerning u , we get

y dy

h I

m-lv dv S A .

On the other hand, by (9) and the fact that w/((r' (v)/r{v)) 2+u2) + as

u + , (r'(u)/r(u) < u < t] , and again using the second mean value theorem

for the integral concerning u , then

•••

Since r'{v)/r(v) > A/v ,

= A

and then
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5 A r m' {Av)

(m(Av))2

Thus ve have proved that Y 5 A . Finally

ft

do S A .

=
/t (r(x))2

r
Ji/t

l/t y(2>'

1 {r"{v)i

/t v{v'{v)/r{v))2
r'(v)

.Hv)

- 1\dv < A ,

by (8). Since R-W

proved.

Y+Z, R is bounded and then the theorem is
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