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THE FIXED POINT SET OF REAL
MULTI-VALUED CONTRACTION MAPPINGS

BY
ARTHUR S. FINBOW()

1. Introduction. Let (X, d;) and (Y, d,) be metric spaces. A mapping f:X—Y
is said to be a Lipschitz mapping if there exists a real number A such that

do(f(x), f () < Ady(x, y)

for each x, y € X. We call A a Lipschitz constant for f. If A € [0, 1), fis called a
contraction mapping. Throughout this note CB(Y) denotes the set of closed and
bounded subsets of Y equipped with the Hausdorff metric induced by ds. Letting
R be the set of real numbers and

N(x, A) = {y € Y:dy(y, a) < o for some a € 4}

for each o € R and each 4 € CB(Y), we recall that this metric, say D, is defined
as follows:
D(A4, B) = inf{a € R': A = N(a, B) and B < N(a, 4)}

for each 4, B € CB(Y). A mapping g:X—CB(Y)is called a multi-valued mapping
from X to Y, and if X=1Y, x € X is called a fixed point of g provided x € g(x). If f
and g are multi-valued mappings from X to Y, it is clear that f U g: X—~CB(Y)
defined by f U g(x)=f(x) U g(x) for all x € X is also a multi-valued mapping from
Xto?Y.

In this note, we show that if X is a connected subset of R! and Y is R, then a
multi-valued Lipschitz mapping f from X to Y, with the property that f(x) has n
components for each x € X, can be characterized as the union of » connected-
valued Lipschitz mappings. Thence we deduce that if fis a multi-valued contraction
mapping from R! to R!, with the property that f(x) has » components for each
x € R?, then its set of fixed points has exactly n components. At the same time we
answer in the affirmative the following question of Helga Schirmer [2, p. 170]:

“If the image of the contractive function ¢:R*-—R? consists of exactly »n points
for all x € R*, does the fixed point set of ¢ consist of n points ?”” (where “contractive
function’” means multi-valued contraction mapping in our terminology).
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2. Results.

DErFINITION. Let (X, d,) and (Y, dy) be metric spaces. We say that a mapping
f:X—Y is a local radial Lipschitz mapping with Lipschitz constant 4 (>0) if for
each x € X there exists ¢(x) >0 such that

dy(x, y) < &(x) = do(f(x), f() < 2di(x, ¥)

LeMMA 1. Let X be a connected subset of R* and (Y, d) be a metric space. The
Sfunction f:X—CB(Y) is a local radial Lipschitz mapping with Lipschitz constant .
if and only if f is a Lipschitz mapping with Lipschitz constant .

Proof. Suppose f'is a local radial Lipschitz mapping with Lipschitz constant 4,
and let D be the Hausdorff metric for CB(Y) induced by d.

To show that fis a Lipschitz mapping with Lipschitz constant 4, let x'<x" be
arbitrary elements of X and /=[x’, x"]. Since X is connected, / = X. For each
x €1, let &(x) be such that

Ix—yl <e(x)=d(f(x),f(») < A]|x—y]|

and then set O,={y:|x—y|<e(x)}. Since {O,:x €I} is an open cover of the
compact set I, there is a finite subset of I, say {x;, X5, ..., X,}, such that
{0.;:i€{l,2,...,n}}is a cover of /. We may assume:

X < X <0 < Xy

x" € Oy, x" € 0g,,
and

Oz, N Oy, #¢ foriefl,2,...,n—1}
Now we define yo,=x", y,,=x" and y,; y=x; for ie{1,2,...,n}. Finally, for

each ie{l,2,...,n—1}, we choose y,; € 0,, N OM1 satisfying x; <y, <x;41.
Then it is clear that we have

Vo< n< < Yo

and
D(f(y)s f(¥i+1)) < A|y;—pial foreachie{0,1,...,2n—1}.
Hence ont
D(f(x"), f(x") < go D(f (¥, f(yir1)
2n—1 2n—1
< Z‘; 2yi—=Yil = 32(:) YVirr—2)

= MYen—Yo) = A [x'—x"|.

The proof is thus completed since the converse follows directly from the definitions.
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The following lemma, stated previously by S. B. Nadler, Jr. [1, Theorem 3], is an
immediate consequence of the definitions:

LeMMA 2. Let X and Y be metric spaces. If f: X—CB(Y) is a Lipschitz mapping
with Lipschitz constant o and g:X—CB(Y) is a Lipschitz mapping with Lipschitz
constant 8, then f U g is a multi-valued Lipschitz mapping with Lipschitz constant
max{a, £}.

THEOREM. Let A be a connected subset of R'. Then a necessary and sufficient
condition for a multi-valued function f: A—CB(R") to be a Lipschitz mapping with
Lipschitz constant A>0 and to be such that f (x) has n components for each x € A is
that there exist n connected-valued Lipschitz mappings

fiid—CBRY, iefl,2,...,n},

with nonintersecting graphs such that 2 is a Lipschitz constant for each f; and

f= ULlfz

Proof. Necessity follows directly from Lemma 2 and the hypothesis that the
graphs of the f; are nonintersecting. To prove sufficiency, let x € 4. By hypothesis,

J (%) = [ax(x), by(x)] U [ay(x), b(x)] U -+ * U [a,(x), bu(x)]
where
a;3(x) < by(x) < ay(x) < bo(x) <+ + < ay(x) < by(x).
We set f;(x)=1[a;(x), b;(x)] for each x € 4 and each i€ {1, 2, ..., n}. The proof
is finished by showing that {f;:i e {1, 2, . .., n}} forms the desired decomposition
of f.

Clearly f= |Ji.,f; and the f; are connected-valued and have nonintersecting
graphs. Now if A=0, then f is a constant function and thence, so is each f;,
ie{l,2,...,n}, showing that each f; is a Lipschitz mapping with Lipschitz
constant A=0. Otherwise, let &(x)=% min{|a,;(x)—b,(x)|:ie {1,2,...,n—1}}
foreach x € 4. By Lemma 1, we are done if we show that foreachie {1, 2,...,n},
f: is a local radial Lipschitz mapping with Lipschitz constant A. Therefore, we
complete the proof by showing

x—xo| < 8—(’;—"):» DU(0), i) < & lx—xo]

for each x,e 4 and each ie {1,2,...,n}.

To this end, let xo€ A and let x € A be such that |[x—x,| <e(x,)/A. Since
D(f (x0), f(x)DZA [x—x,|, it follows that f(x) = N(A |x—x,|, f(x,)) by the defini-
tion of the Hausdorff metric. Also, since 4 |x—x,| < &(x,), N(A [x—x,l, f(x,)) has
the n components N(A [x—x,|, f;(x,), i€{l,2,...,n}. Hence, for each ie
{1,2, ..., n} there exists a unique k, € {1, 2, . . . , n} such that

Jix) = N |x—xl, fr,(%0))-
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Setting I={1, 2, .. ., n}, we may thus define a mapping k:I —I by letting k(i)=k;
for eachiel.

Now if we can show that k is the identity mapping on I, then the following
argument will complete the proof: for each i € I,

Jix) = N |x—=x%ol, fi; (x0)) = N4 |x—xol, fi(xo))-

On the other hand, since A |x—x|<&(xo) and f;(x) = C(A [x—x,|, fi(xo)), it
follows that

N [x—xol, fi(x)) = N(4 [x—xol, N(4 |x—xl, £i(%0)))
< N(2e(xo), filx0))

NQ |x—xl, f(x)) N fi(x0) = ¢ fori #j.

However, since D(f(x), f(xg) <A |x—x,| implies f(x,) = N(4|x—x,|, f(x)), it
now follows that f;(xo) < N(4 |x—x,|, f;(x)) for each i € I. Thus, by the definition
of the Hausdorff metric, we have D(f;(x), f;(x¢)) <A [x—Xx,| for each i € I.

Now in order to show that k is the identity mapping on I, we first show that k
is a bijection. For this it is sufficient to show that k is a surjection because I is
finite. If k is not surjective, then there exists i € I such that

Jix) & N |x—xol, fi(x0))

for each i € I. Thus, setting I'=I~{i}, we have

1) < U NGt 1x =, fx0),

and hence

and hence

N 1x=xl,f) & N(2lx=l. U NG Ix=sl. f50)
< Li N(2e(xo), fi(%0))
since 4 |x—x,| <e(x,). However, by the definition of &(x,),
700 0 (U V@t i) = ¢
and thence f3(xo) & N(A [x—x,|, f(x)). Thus f(xy) ¢ N(A [x—x,|, f(x)) and then
by the definition of the Hausdorff metric, D(f(x),f (%)) >2 |x—Xx,|. This con-
tradicts the hypotheses and hence we deduce that k is a bijection.
Now, suppose k is not the identity, and let i be the first integer in I such that

k(i)#i. Let k(i)=i'. Since k is a bijection, i">i and there exists j € I, j>i, such
that k(j)=i. Then we have

fi(x) © N(& [x—xo|, fi(x0)) = N(&(xo), fi(X0))
and similarly

Ji(x) = N(e(x0), fi(%o))-

https://doi.org/10.4153/CMB-1972-089-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1972-089-9

1972] REAL MULTI-VALUED CONTRACTION MAPPINGS 511

Thus, a,(x) € N(e(x,), fi+(xo)) and a;(x) € N(e(x,), f:(x,)). However, sincei’ >i and
since

N(e(xq), fi(x0)) N N(e(Xo), fir(Xo)) = ¢,
it follows from the definition of the f,,, p € 1, that for each x € N(e(x,), f;(x,)) and
each y € N(e(x,), fi- (%)), x<y. Hence we have a; <a; which implies j<i by the
definition of the a,, p € I. This contradiction shows that k is the identity mapping
on I and thus completes the proof of the theorem.

Helga Schirmer has shown [2, Theorem 2] that a connected-valued contraction
mapping from R! to R! has a compact connected set of fixed points. From this
we deduce the following corollary:

COROLLARY 1. Let f: R'—>CB(R?") be a contraction mapping such that f(x) has n
components for each x € R. Then the set of fixed points of f is a compact set with
n components.

Proof. By the theorem, we have f= [Ji,f; where f; is a connected-valued
contraction mapping for each i € {1, 2, ..., n}, and the graphs of the f; are non-
intersecting. We note that the set of fixed points of f'is the union of those of the f;.
Hence, since the graphs of the f; are nonintersecting, we are done by the preceding
remark.

Finally, we answer in the affirmative the question of Helga Schirmer stated in
the introduction.

COROLLARY 2. Let f: R'—>CB(RY) be a contraction mapping such that f(x) con-
sists of exactly n points for each x € R'. Then the set of fixed points of f consists of
exactly n points.

Proof. By the theorem, f= |J;., f; where f; is a connected-valued contraction
mapping for each i€ {1,2,...,n}, and the graphs of the f; are nonintersecting.
Clearly each f; must be single-valued, and thus, by Banach’s contraction principle,
f: has a unique fixed point, i € {1, 2, .. . , n}. The corollary thus follows since the
graphs of the f; are nonintersecting.
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