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SOME THEOREMS ON STRONG NORLUND
SUMMABILITY

BY
FRANK P. CASS

1. Preliminaries. Throughout this paper H, H;, etc. will denote positive con-
stants which will not necessarily be the same at different occurrences.
If 32 a, is a series, we shall use the notation s,=>7"_, a,. For o real, define

o (oc+l)(a+nZ!). N A

e =1,
Let {p,} be a sequence with p,>0 and p,>0 for n>0. Define
n
pi= 2 &Iip.
r=0
The following identities are immediate:

n

-1 — +8.
> €hZipf = pite,
r=0

n
Py =pitl= 3 p
r=0
where

P, = 'Zopr-

DErFINITION 1. Nérlund summability (N, p%).
For o> —1 and a series > a,, let

1.y e = (1/P5) Zop%-'sr.
r=
If £ — 5 as n —> 00, we write

> a, =38(N,p%) or s,—>s(N,pd.

n=0

DEFINITION 2. Strong Nérlund summability [N, pg+1],.
For «>—1 and A>0, we say that the series >3-¢a, is strongly summable
(N, p&+Y) with index X to s if

(1.2 > pEHHi® —s|* = o(PgtY) asn—o0;
r=0
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and we write

Z a, = S[N,Pg“]z\ or Sn*S[N,]#H]A-
n=0

This definition of strong N6rlund summability was first given by Borwein and
Cass [2], where it is investigated in some detail.

If we take p,=1 and p,=0 for n>0, then Definition 1 yields the standard
definition of Cesaro summability of order «; while Definition 2 yields a definition
of strong Cesaro summability of order «+1 and index A. That this definition is
equivalent to the standard definition of strong Cesaro summability of order «+ 1
is proved in Borwein and Cass [2, p. 99]. We denote strong Cesaro summability
of order «+1 and index A by [C, «+1],.

2. Known results and statement of new theorems. The following three theorems
concerning strong Cesaro summability have been established by Flett [S, see
Theorems 2 and 3]. See also Borwein [1, Theorems 10, 11, and Corollary (V)].

M) If e>—1,A>1 and 6> 1/A, then 337-¢ a,=s[C, a+ 1], implies that

Ms

a, = 5(C, a+9).

n=0

(D) If > —1, p>A=1 and 8> 1/A—1/u, then 33-o a,=s[C, a+ 11, implies that

NMs

a, = s[C, a+8+1],.

n=0

(M) Ife>—1,p>2>1and §=1/A—1/p, then 3°_, a,=s[C, «+ 1], implies that

Ms

a, = s[C, «+3+1],.

n=0

]

The purpose of this paper is to extend these theorems to include certain other
families of Norlund summability methods. We establish three theorems which
include as special cases the above theorems concerning Cesaro summability.

The technique employed in the proofs of our theorems requires some restriction
on the sequence {Pj}. We shall impose the following condition:

For each {> —1 there are positive constants H; and H, (which may depend on
{ but not on #n) such that

.1 H.n* < P§JP, < H i,
for n sufficiently large. In case of (2.1) we see that for {> —1 and §>0
2.2 H,n® < Pi*9/PE < H,nd,

for n sufficiently large. We make frequent but tacit use of inequality (2.2) in the
proofs of our theorems.
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That (2.1) does not hold in general can be seen by taking P,=¢""; for in this

case P1~2vn '™, so P&/Pn~2\/ﬁ. It is satisfied, however, by a reasonably large
class of sequences; in fact if the sequence {P,} satisfies P,,=O(P,) and p,/P,
= 0(1/n), it also satisfies (2.1) for {> —1.

In Theorem 3 we impose the further condition “(C, 1) is equivalent to (N, P%)
for —1<a<0”(*). In the presence of (2.1), it is a consequence of Hardy [7,
Theorem 14] that (C, 1) and (N, P?) are equivalent for o> 0. Under these circum-
stances

a, = s[N, pi**]x

[]

N8

if and only if
@3) S Jio—s = o(m).
n=0

This casts the condition of strong Norlund summability into a form receptive to
an application of the deep but special inequality of Hardy Littlewood and Pélya
which we state as our Lemma 2 below. In view of the standard definition of strong
Cesaro summability (see for example Borwein [1]), it may appear that (2.3) would
give an appropriate definition of strong Norlund summability; however an ex-
amination of Borwein and Cass ([2], [3]), particularly of Theorems 1 and 6 in [2],
shows that using the weighted mean in place of the arithmetic mean yields a much
more satisfactory theory.

The statements of our theorems follow.

Suppose throughout that {p,} is a sequence with p,>0 and p,>0 for n>0.

THEOREM 1. If o> —1, A>1, 8> 1/ and (2.1) holds for {> —1; then >7_,a,
=s[N, pi* ], implies that 230 a,=s(N, pi*°).

THEOREM 2. If > —1, u>A>1, §>1/A—1/u and (2.1) holds for {> —1; then
2r=0an=5[N, pi**], implies that 33, a,=s[N, p3*°*],.

THEOREM 3. If u>A>1, 8=1/A—1/u, (2.1) holds for {> —1 and either « >0, or
~1<a<0 and (C, 1) is equivalent to (N, P%); then 3.0 a,=Ss[N, pt*1], implies
that 330 ay=s[N, pi*°*1],.

3. Proofs of theorems.
Proof of Theorem 1. If 6>1 or A=1, the result follows without (2.1) from

Theorems 11 and 13 of [2]. We now suppose that 0< <1 and note that it is suffi-
cient to prove our theorem for the case s=0. We are given

n
> PP =0(P2*Y) asn-—>o0
v=0
(») Two methods of summability are equivalent if every series summable by the one method
is summable to the same sum by the other method. For the definition of the method (N, p,)

see Hardy [7, p. 57]. Necessary and sufficient conditions for inclusion or equivalence between
(N, p.) means are given by Garabedian and Randels [6].
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and are required to show that t&*®=0(1) as n —>oo.
Now

|52+ 9| < {1/P5*%} 3 Py |67
v=0
Applying Holder’s inequality, we find that
n 1A n 1/A
jiero) < ypg{ 3 pelp) {3 astyps)
v= v=

where 1/A+1/X"'=1. Now 8> 1/A yields (§—1)X' > —1, giving

(66 A’ Heﬁ’.(-dv— 1),

$O
Itﬁa+6)l — 0({1/Pg+6}{1.‘):+ 1}1/7\ i €;1"£6v—- 1)P3}1/)\,);
v=0
and finally applying (2.1) we find that
1#+9 = o(1) as n—>o0, as required.

Proof of theorem 2. If 6> 1, the result follows without (2.1) from Theorems 12,
13 and 15 in [2]. We suppose now that 0<8<1 and note that it is sufficient to
prove our theorem for the case s=0. We are given

> PEE®|N = o(PE*Y) as n—>oo,
v=0
and we must prove that
> Pte |tk = o(PEtotl) asm—>c0.
v=0
Now
{Pff*"" It;‘a-rd)l} < {i ez:ipg Itga)l}
v=0
5, @iz ey pe )}
v=0

where 1/p=1+1/u—1/A. Applying Holder’s inequality in the indicated manner
with index A we obtain

n n A-1
(prfierony < {3 @zyromps op{ 3 @zprs)
< H z (66 l)p(A/u)Pa t(a)[h}{Pa+p(6 1+ 1}7\ 1

since 8> 1/A—1/u, which is the same as p(§ —1)> —1, giving

(5237 < HeRO3m,
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Therefore

{Pff +6 I t;«” 6)] }u < H{ i (eﬂ: %)p()\/u)pg ‘ tga)l)\}(ﬂlA){Pg pG-Ty4 l}u B u/A’
v=0
Now applying Holder’s inequality with index u/A we find

{Pff“’ lts:z«l-o)l}u < H{ Z (eg:%)ppgltga)lA}
v=0

n UA-1
X z Pgltga)l)\} {P:+p(b—1)+l}u-ul)\.
v=0
Now using (2.1) and the fact that s, — O[N, p2*1], we see

n
pa+o Itsla-kb)lu = o({ zo (e;’,:},)”P{}' |t§."’)l"}n‘1‘°x’"”) = 0(95”) say.
v=

From this order relation and the Toeplitz theorem (see, for example, Hardy [7,
Theorem 2]) applied to the matrix [c,, ,] with

Cmyn = P rZO () for0<n<m

and
Cnn =0 forn > m;

then using the fact that {n® ~®®-1} js monotonic nondecreasing we obtain

m m n
ngopg-*é lt;a-i-d)lu o, o(m(l—b)(p—l) z Z Pg |t$a)l)\€$ld:v1)p)

n=0v=0

m m
— o(m(l—b)(p—l) VZO P;’ ltga)l)\ nzv Eg(f; 1))

—_ O(m(l—6)(p—1)+p(6—1)+1P:‘+1)
2

since p(8—1)+1>0. Thus
(UPEFO) 3 PE [0 = ofm=00-braa-0+i-0) — o(1)

as required.
Before proving Theorem 3, we state two lemmas.

LemMA 1. Let 0<u<l, let 5,20 for all n, t,=(n+1)"*3%_,s, and t=sup t,,
then

S 1), < He D)4,
v=0
If further, t,=o(1), then

> (w+ 174, = o(n*~*) asn—>o0.
v=0

This follows easily by partial summation.

(®) Note that if ¢, is identically zero, then so is #{**® so there is nothing to prove.
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The next lemma is due to Hardy, Littlewood, and Pélya. See [9], [8, Theorem 4],
[10, Theorems 381, 382, and 383].
LEMMA 2. If 1<A<p<oo, 8=1/A—1/p, ¢, =0, C,=3,<n (n—v)°"1c,, then
o™ < B{Z af™

Proof of Theorem 3. We may suppose as before that 0<8<1 and that s=0.
Since, when «>0 it follows from Hardy [7, Theorem 14] that (C, 1) and (N, P%)
are equivalent, it is sufficient to show that if

m

Zo |t$‘a)|)\ = O(m),
n=
then
m
2, |+0 = ofm).
n=
Now

|t(¢z+6)l < (I/Pa+6) z 1Pa lt(a)l

< (1/Pg*oy > TPy |6

0svs=n/2

+(1/P,‘f+°) z En vPa Il‘(a)|+P“ lt(a)|/}>a+a
n,

/2sv<

= Q,+R,+ S, say.

Thus, applying Minkowski’s inequality, to complete the proof we have to show
that

m 1/u
{ > W,‘:} = o(m*)
n=0
in each of the cases where W, is replaced by Q,, R,, or S,.

Qn < (H/€g+6Pn) Z En vP lt(a)l €
0svsn/2

n
= 2 el

< Hen/-z 2 e 2| <

= a+6
€n 0svsn/2
< m{wa 3 « ltw}
v=0
by Holder’s inequality. So by Hardy [7, Theorem 14], Q,=o0(1). Thus

m 1/u
5 o} = o)
n=0

Now
< (H/e&*°P,) Z en Z3€5P, |69
n/j2sv<

<H 3 (n—v)"'l(v+1)"’lt§,"’|.

0sv<n
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Now let
Cn=m+1)"° (P forn<m
and
c, =0 forn > m;
also let
C, = z (n—v)°~1c,.
osv<n

Then, by Lemma 2,

A

m R 1l/u
nZO n}

m 1/n m 1/A
{3 c:} <3 c:}
n=0

n=0
m 1/A
- #{ 3 @ ]tf."‘)]"} :

Since A8 <1 we may apply Lemma 1 to this last term to find that it is
o(m(l—)\é)(lll\)) = o(mllll) as m — 0.

Finally S, < H(n+1)~¢ [t|, so by Jensen’s inequality (see for example Wilansky
(12, p. 7)),
1/n 1/A

{257 < {3 v} < w5 @en- o}

and again applying Lemma 1 we obtain that the final term is o(m***). The desired
conclusion now follows.
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