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ON THE MONOTONICITY PROPERTIES OF ADDITIVE
REPRESENTATION FUNCTIONS

YonG-GAO CHEN, ANDRAS SARKOzY, VERA T. S6s AND MIN TANG

If A is a set of positive integers, let R;(n) be the number of solutions of a +a' = n, a,
a' € A, and let Ry(n) and R3(n) denote the number of solutions with the additional
restrictions a < @', and e < a' respectively. The monotonicity properties of the three
functions R)(n), Ra(n), and R3(n) are studied and compared. ‘

1. INTRODUCTION

Let N denote the set of positive integers, let A C N be an infinite set, and put
A(n) = I{a:a <n,a EA}'. Forn=0,1,2,..,let

Ry(n) = Ri(A,n), Ry(n) = Rz(A, n), R3(n)= R;3(A, n)
denote the number of solutions of

a+a =n, a, a €A,
a+ad =n, a, a' € A, a<a

a+ad =n, a, d € A, a<gd,

respectively.

Erdés, Sarkézy and Sés [3, 4] and Balasubramanian {2] studied the monotonic-
ity properties of the functions R;(n), Ry(n) and R3(n). Somewhat unexpectedly, it
turned out that the monotonicity properties of the three representation functions dif-
fer significantly. In particular, Erdés, Sdrkozy and Sés proved in [3] that R,(n) can be
monotonically increasing from a certain point on only in the trivial way:

THEOREM A. The function R,(n) is eventually increasing; that is, there exists an
integer ng with

Ri(n+1) 2 Ri(n) forn=ng
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if and only if N\ A is finite; that is, there exists an integer n, with
Aﬁ{nl, m+1,n +2, } = {nl, n+1, ng+2 }

In (3] the following was also proved.
THEOREM B. If A C N is an infinite set such that

e Am) = o =),

logn

then the function Ry(n) cannot be eventually increasing.
In [3] they also claimed the following result:
THEOREM C. Let B be a set of positive integers such that
(i) B is a “Sidon set”, that is,

by + by = b3 + by, by, ba, b3, by € B, by < by, b3 < by

imply that by = by and by = by,
(ii) all the elements of B are even, and
(ili) b, ¥ € B implies that (b+V)/2 ¢ B.
Then the complement of B, that is, the set

(2) . A=N\B

is such that the function Ry(n) = Re(A,n) is monotonically increasing.

However, this theorem is false in its original form stated above: it is easy to check
that the set B= {2, 22,..., 2",...} satisfies conditions (i), (i) and (iii) in the theorem;
but defining A by (2), we have

Ry(A, 2")=2"1—n+1
and
Ry(A, 2" +1)=2""1—n

so that
Ry(A, 2°) > Ry(A, 2"+ 1)

and thus R»(A, n) is not eventually increasing. The error in the theorem is due to
the fact that a computational error was made in the last line of (28) in [3] and thus the
formula stated there is wrong.

In [4] Erdés, Sarkozy and Sés proved:

THEOREM D. If A C N is an infinite set such that

(3)
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then we have

(4) hmsupz Ra(2k) — Rs(2k + 1)) +00.

N-o4oc k=1

It was also shown in [4] that this result is near the best possible:
THEOREM E . There exists an infinite sequence A C N such that there are ¢(> 0),nq

so that

(5) n— A(n) > clogn (for n > nyg)
and

(6) llmsupz R3(2k) — R3(2k + 1)) < +oo.

N-o+oo k=1
Indeed, they proved this by showing that the set
(7) A=N\{17,64,...,4% + 1,4%+  }

satisfies (5) and (6).
In [6], Tang and Chen generalised Theorem D and gave a quantitative form of it.
As a corollary, we have '

THEOREM F. If A C N is an infinite set such that

(8) lim sup E—_L(n) = 400,
n—+00 logn

then we have

(9) lim supZ(Ra (2k) — R3(2k + 1)) =

N—o+oo k=1

(9) implies that R3(2k) > R3{(2k + 1) infinitely often, thus it follows from Theorem
F that

THEOREM G. If A C N is an infinite set such that (8) holds, then the function
R3(n) cannot be eventually increasing, that is, there is nony € N with

Ry(n+1) > Ry(n)  forn>ng,

Theorem G with (8) replacing by (3) has also been proved simultaneously and inde-
pendently by Balasubramanian [2]. However, the following problem has not been-solved
yet (see [5, Problem 4]).
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PROBLEM 1. Does there exist an infinite set A C N such that N\ A is infinite and R3(n)
is eventually increasing?

By Theorem E, the set A in (7) seems to be a good candidate for being a set possess-
ing the properties described in Problem 1, thus one might like to study the monotonicity
of R3(A,n) for this set .A. But for this set and ! > 2, we have

Ry(A, 4% + 4777+ 2) = Ry(A, 4% + 472+ 3) + 1.

So the function R3(.4,n) cannot be eventually increasing.

Although Theorem F is near the best possible by Theorem E, this is not so with
Theorem G which is the consequence of Theorem F, and perhaps Theorem G could be
improved upon. It is even possible that the answer to the question in Problem 1 is
negative; that is, R3(n) can be increasing from a certain point on only in the trivial way.

In this paper our goal is twofold. First we shall show that Theorem C can be
corrected by slightly modifying it. The statement of Theorem C is true if we replace
condition (iii) by

(i) b, b € B implies that (b+ V) ¢ B.
Indeed, we shall prove slightly more:

THEOREM 1. Let B C N be an infinite set all whose elements are even, and write
A = N\B. Then Ry(n) = R2(A, n) is eventually increasing, that is, there exists an
integer ngy with

(10) Ry(n+1) > Ry(n) forn 2> ny,

if and only if
(i) Rs(B, n) <1 forn 2 ng and
(if) b b €B, b+ > ng imply that (b+ V) ¢ B.
We remark that it can be shown easily by the greedy algorithm that there is an
infinite set B C {2, 4, 6, ...} such that it satisfies (i) and (ii) in Theorem 1 and we have

B(n) = |BN[0, n}| > n'/?

(and by using a result of Ajtai, Komlés and Szemerédi (1), with a little work this lower
bound could be improved to > (nlogn)'/3). Then the complement A = N\B of B
satisfies

A(n) = |AN[0, n]| =n - B(n) < n - cn!/? (for large n).

Thus by Theorem 1 it follows:
COROLLARY 1. There is an infinite set A C N and ¢ > 0, ng, n; such that

(11) An)<n-cn'®  for n>mng
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and R,( A, n) is monotonically increasing for n 2 n,.

We remark that there is a big gap between the lower and upper bounds given for
A(n) in (1) and (11). Unfortunately, we have not been able to tighten this gap and, in
particular, we have not been able to answer the following question.

PROBLEM 2. Is it true that if A C N is an infinite set such that Ry(n) is monotonically
increasing from a certain point on, then we must have

limsup Aln) =1
n—+00 n
or, perhaps, even
lim ﬁ(__n_). =17

n—+00 n
In the second half of this paper we shall prove a further partial result on R3(n) which
seems to indicate that, perhaps, the answer to the question in Problem 1 is negative, that
is, R3(n) can be monotonically increasing only in the trivial way. We show if A is infinite
and R3(n) is eventually increasing, then writing B = {b, < b2 < -- -} = N\ 4, by Theorem
G there is a C(= C(B)) > 1 so that

b, > C"

for all large n. Now we shall show that if the elements of B grow quickly, then again
R3{n) cannot be eventually increasing:

THEOREM 2. Assume that B = {b; < b, < ...} C N is an infinite sequence and
define A by A =N\B. If
(12) lim {(bay1 — b,) = +o0,

n—+400

then the function R3(n) = R3(.A, n) is not eventually increasing; that is, there is no ny
with

(13) R3(n+1) 2 Rs(n) for n 2 ny.

We could prove other similar sufficient criteria. For example, we can prove that if
all sufficiently large b € B have the same parity, then R3(n) is not eventually increasing.
However, we have not been able to settle Problem 1.

The results above reflect a striking and quite unexpected contrast between the mono-
tonicity properties of the three representation functions: while R;(n) can be monotoni-
cally increasing only in the trivial way, by Theorem 1 there are many sets A satisfying
(11) so that Ry(n) is monotonically increasing. Finally, R3(n) is closer to R;(n), than
to Rp(n): either it is monotonically increasing only in the trivial way or if there is a
non-trivial A with this property then it must be such that it can be obtained from N by
dropping only < clogn integers up to n (for infinitely many n).
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2. PROOF OF THEOREM 1

Write
B(n) =|{b:b<n,be B},
) 1 ifieB
(i) = o
0 ifi¢B
and .
R(n) = Ry(B, n) = l{(b, V)b b €B b, b b = n}l.
Then

Ry(n) = i{(a, d):a,d € A a<d, a+a’=n}i

= 3 (-n@)@a- n(n ~ )

1<i<n/2

= Yy 1—l{z':lsisn—l,ieB}I+‘{(b,b’):b,b’eB,bgb’,b+b’=n}‘
1€i<n/2 :

= Z 1- B(n -1) + R(n).
1gi<n/2

Since the elements of B are even, thus it follows that

Ry(2k) = (k — 1) — B(2k — 2) + R(2k)

and
Ry(2k + 1) = k — B(2k)
then
Ry(2k + 1) — Ry(2k) = 1 — (B(2k) — B(2k — 2)) — R(2k)
(14) = 1-1n(2k) — R(2k)
and

R2(2k) — Ry(2k — 1) = R(2k).

The latter is always non-negative, thus (10) holds if and only if (14) is non-negative for
2k 2 ny:

(15) 1-7(2k) — R(2k) 20 (for 2k > ny).
Assume first that (10) holds. Since n(k) > 0, it follows from (15) that

(16) R(2k) = R3(B,2k) < 1 for 2k > ng
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The elements of B are even, thus
(17) R3(B,2k+1)=0 forallkeN.

(i) in the theorem follows from (16) and (17). Moreover, if b, ¥ € B and b+ b > ny,
then writing b + &' = 2k, we have R3(B, 2k) = R(2k) > 1, thus it follows from (15) that
n(2k) = n(b+ &) = 0 so that b+ b’ ¢ B which proves (ii) in the theorem.

Assume now that (i) and (ii) in the theorem hold. If 2k > ng, then by (i) we have
R(2k) = Rs(B, 2k) < 1 so that R(2k) = 0 or 1. If R(2k) = 0, then by n(2k) < 1
(15) holds trivially. Finally, if R(2k) = R3(B, 2k) = 1, then there are b, b € B with
b+ = 2k. By (ii), it follows that 2k ¢ B then n(2k) = 0 and thus (15) follows. This
completes the proof of Theorem 1. 0

3. PROOF OF THEOREM 2

We shall use proof by contradiction: assume that B C N satisfies (12), however, (13)
holds for some ng,
Define B(n), 7(3) and R(n) = R3(B, n) as in the proof of Theorem 1. Then we have

B = Y (1=n@) (1= n(n-9)

1€ign/2

Z 1 - B(n-1) —n(n/2) + R(n)

1<ign/2

(here we have n(n/2) = 0 if n is odd). It follows that
R3(2k) = k — B(2k — 1) — n(k) + R(2k)

and
R3(2k+1) =k — B(2k) + R(2k + 1)
then
Ra(2k + 1) — Ry(2k) = —(B(2k) — B(2 - 1)) +n(k) + (B(2k + 1) — R(2k))

(18) = —n(2k) + n(k) + (Rs(B, 2k + 1) — R3(B, 2k)).
Clearly we have R3(B, 2k + 1) = R,(B, 2k + 1), and R3(B, 2k) — n(k) = Ry(B, 2k) (if
keB,then b=k, ¥ = kisasolutionof b+ b =2k, b, ¥ € B, b < V) thus (18) can be
rewritten as

R3(2k + 1) — R3(2k) = —n(2k) + (R2(B, 2k + 1) — Ry(B, 2k))
(19) < Ry(B, 2k + 1) — Ry(B, 2k).
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It follows from (13) and (19) that

(20) 0 < —n(2k) + (R2(B, 2k + 1) — Ry(B, 2k))

<
< Ry(B, 2k + 1) — Ry(B, 2k) for k > ny/2.

Write By ={b: beB,b+1¢ B,2|b},Bi={b: beB,b+1¢B,21{b}. ForasetS,
define S(m,n) = {b: m < b < n,b € S} and S(n) = S(1,n). By (12) we have at least
one of By and B, is an infinite set. Write

maxbh if |By| < 00
beBo

M = ¢ maxb if |By] < o0
beB,
1 others.

By Theorem G, there exists a constant C = C(A) such that
B(n)< Clogn

for infinitely many positive integers n. By the bipartite method, there are infinitely many
positive integers n with
|B(n,2n)| < 2C.

For such an integer n, let b, be the least b € B with b > 2n. Then

()

for large n. Thus, there are infinitely many b, € B with (21). Let b, be such one with
b, > M 4+ ng and b, — b, > 1, and let i =0 or 1 with b, € B;. Let

(21) <20 +1.

v=u(u) = ngfglgbu_l){bm = b} -2

and
Bi(v) = {by<by <---<b;}.

By the definition of M and (12), we have |B,-(v)| —o0asu— 00 Sox >2C+1 for
large u. Since u = B(b,) 2 B(by, — by_1), we have

bj<v<b,.—b,,_1$bu.

So
Ry(B,by +b;)>1  forj=1,2,...,z.

Noting that by, b; € B;, we have 2 | b, + ;. By b, +b; > b, > no and (20), we have

Ry(B,b, +b; +1) > 1 forj=1,2,...,z.
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Let
(22) by +bj+1=bs +by, by, <by, j=12,...,z.
Then ] 1 1
bgj > §(b3j+b¢j)= E(bu+bj+1) > Ebu
and
by <bu+bj+1<by+v+1<by+buyy — by =buyr.
So

by, € B(%b,,,bu).

By (21) and = > 2C + 1, there exist 1 < p < ¢ € z with ¢, = t,. Hence, by (22), we have
0<b,, —bs, =5q—5p<v.
So
(23) bsp41 — by, < v.
If by, = by, then b,, = b, + 1, a contradiction with b, € B;. Thus, by, < b, and
by, = by + by + 1~ by, > by — by_y,

then s, > B(b, — b,—1), a contradiction with (23) and the definition of v. This completes
the proof of Theorem 2. 0
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