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Quotient Hereditarily Indecomposable
Banach Spaces

V. Ferenczi

Abstract. A Banach space X is said to be quotient hereditarily indecomposable if no infinite dimensional quo-
tient of a subspace of X is decomposable. We provide an example of a quotient hereditarily indecomposable
space, namely the space Xgm constructed by W. T. Gowers and B. Maurey in [GM]. Then we provide an
example of a reflexive hereditarily indecomposable space X whose dual is not hereditarily indecomposable; so
X is not quotient hereditarily indecomposable. We also show that every operator on X* is a strictly singular
perturbation of an homothetic map.

1 Introduction
1.1 General Setting

In [GM], W. T. Gowers and B. Maurey gave the first known example of a space Xy that
contains no unconditional basic sequence. Their space has even the stronger property of
being hereditarily indecomposable, that is, no subspace of Xgu is decomposable (can be
written as a direct sum of two infinite-dimensional subspaces). Afterwards, Gowers proved
the following dichotomy theorem: every Banach space contains either a hereditarily inde-
composable subspace or a subspace with an unconditional basis [G1], [G2]. This theorem
is a motivation for finding general properties of hereditarily indecomposable spaces. Some
were proved in [F1], [F2]. In this paper, we are interested in the properties of X* when X is
hereditarily indecomposable.

Is the hereditarily indecomposable property self-dual? A weaker question is the follow-
ing: a fundamental property of a complex hereditarily indecomposable space X is that X
has few operators in the sense that every operator on X is a strictly singular perturbation of
an homothetic map (the A Id +S-property); when does this property pass to the dual? This
last question is of interest in relation to the still open A Id +K-conjecture (does there exist a
Banach space X such that every operator on X is of the form A Id +K, K compact?). Indeed
if a space X gives a positive answer to this conjecture then both X and X* must satisfy the
Ald +S-property (this comes from the fact that the A Id +K-property is self-dual).

In the first part of this article we prove that Xy is quotient hereditarily indecomposable
(no subspace of a quotient is decomposable), so that X§,, is hereditarily indecomposable:
the techniques used by Gowers and Maurey imply the property for the dual. In particu-
lar, all consequences of the hereditarily indecomposable property, as the A Id +S-property,
pass to the dual. The crucial point in showing this is the following: Gowers and Maurey
showed that any Z C Xgum contains arbitrarily many I{*-vectors; we improve the result
finding I*-vectors in an arbitrary quotient of subspace Z/W of Xgy—actually we find

Received by the editors December 11, 1997; revised November 6, 1998.
AMS subject classification: 46B20, 47B99.
(©Canadian Mathematical Society 1999.

566

https://doi.org/10.4153/CJM-1999-026-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-026-4

Quotient Hereditarily Indecomposable Banach Spaces 567

I"* -vectors in Z whose classes in Z/W have a controled norm (Lemma 11). The proof that
the space is quotient hereditarily indecomposable then follows more or less from the proof
that X is hereditarily indecomposable. For this reason, we will only sketch some parts of
the proof. However, constants are different and we state the result in a more general setting
(Proposition 20).

In the second part of the article, we use Proposition 20 to show by a counter-example
that the hereditarily indecomposable property does not necessarily pass to the dual, even
when the space is reflexive. However in this example, the A Id +S-property does pass to the
dual. As a consequence, we find the first known example of a non hereditarily indecom-
posable space with the A Id +S-property. The construction of the space is rather technical
(Proposition 25), however the proof of its properties above is based on general methods
useful in the hereditarily indecomposable context (Proposition 23 and 24).

It should be mentioned that recently [AF], S. Argyros and V. Felouzis improved our
duality result showing that the dual of a H.I. space may be far from being H.I.: such a dual
may contain [, for 1 < p < +00 and other classical spaces. Their method is quite different
from ours.

1.2 Notation

In the following, by space (resp. subspace), we shall always mean infinite dimensional Ba-
nach space (resp. closed subspace). We shall write Y Co, Z to mean that Y is a subspace of
Z of infinite codimension. By QS-space of X we shall mean infinite dimensional quotient of
a subspace of X, that is, of the form Z/Y, where Z, Y are subspaces of X such that Y Co, Z.
We recall that two Banach spaces X and X' are totally incomparable if no subspace of X is
isomorphic to a subspace of X.

We now give some notation that is useful for the construction of Gowers-Maurey’s space
and similar spaces. Let ¢y be the space of sequences of scalars all but finitely many of which
are zero. Let ey, e, . .. be its unit vector basis. If E C N, then we shall also use the letter E
for the projection from ¢y to ¢po defined by E(Z?:ol ae;) = ZieE a;e;. If E,F C N, then
we write E < F to mean that sup E < infF. An interval of integers is a subset of N of the
form {a,a+1,...,b} forsome a,b € N. For N in N, Ey denotes the interval {1,... , N}.
The range of a vector x in cog, written ran(x), is the smallest interval E such that Ex = x. We
shall write x < y to mean ran(x) < ran(y); notice that this is only defined on cy. A finite
or infinite sequence of vectors (x;) is called successive if x; < x;4; for all i. If x;, y1, X2, ¥>
are in ¢y, we shall also write (x, y1) < (X2, ¥2) to mean that there exist intervals F; < F,
such that for i = 1,2, ran(x;) Uran(y;) C F;.

Let X be the class of Banach sequence spaces such that (e;){°; is a normalized bimono-
tone basis. We denote by B(l;) the unit ball of [; N ¢yg. By a block basis in a space X € X we
mean a sequence xi, X, . . . of successive non-zero vectors in X and by a block subspace of a
space X € X we mean a subspace generated by a block basis.

Let f be the function log,(x + 1). If X € X, and all successive vectors xi, ..., x, in X
satisfy the inequality f(n)~' >0, ||xi|| < || 2oi, xi]|, then we say that X satisfies an lower
f-estimate. We denote by X( f) the set of such spaces.

Given X in X, given g: [1,+00) — [1,400), a functional x* in X* is an (M, g)-form if
[x*[[* < Tandx* = }7,", x7 for a sequence x] < - -+ < xj of successive functionals such
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that [|x}||* < g(M)~" for each j.

Let C > 0. An If*-vector with constant C in X is a vector x of the form ) " | x; such
that the sequence (x;) is successive and for all 4, ||x;|| < C||x||/n. An I]"-average in X is an
It*-vector of norm 1 in X.

Notation We shall often refer to lemmas of [GM] (resp. [F2]), using the notation GM and
F (i.e. “Lemma GM7” for “Lemma 7 in [GM]”,. . .).

1.3 Some Basic Properties of Quotient Hereditarily Indecomposable Spaces

Definition 1 A Banach space X is quotient hereditarily indecomposable (or Q.H.I.) if no
infinite dimensional QS-space of X is decomposable.

Remark 1 If X is quotient hereditarily indecomposable then X is hereditarily indecom-
posable. Indeed a subspace of X is a QS-space of X.

Proposition 2 Let X be a Banach space. Assume that for every infinite dimensional sub-
space Y such that X /Y is infinite dimensional, X /Y is hereditarily indecomposable. Then X is
quotient hereditarily indecomposable.

Proof It is enough to prove that X is H.I. (then X/Y is H.L. for any finite-dimensional Y).
Assume X is not H.I. Then X contains a direct sum W @ Z. Let Y be an infinite dimensional
subspace of W such that W /Y is infinite dimensional (for example the space generated by
the even vectors of a basic sequence in W). Then X/Y contains a space isomorphic to the
sum W /Y @ Z, so X/Y is not H.L [ |

Proposition 3 Let X be a Banach space. If X* is quotient hereditarily indecomposable, then
X is quotient hereditarily indecomposable.

Proof If X is not Q.H.I., then some QS-space Y /Z of X is decomposable. Then the QS-
space Z1 /YL ~ (Y/Z)* of X* is decomposable, so X* is not Q.H.I. [ |

Corollary 4 Let X be a reflexive Banach space. Then X is quotient hereditarily indecompos-
able iff X* is quotient hereditarily indecomposable.

2 There Exists a Quotient Hereditarily Indecomposable Space

2.1 Approximating Sequences

Definition 2 Let W be a Banach space. Let (w,),en and (w),),en be two non-zero se-
quences in W. We say that (w/),cn approximates (w,),en if

Tim = wp /vl = 0.
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Note that approximation is an equivalence relation.

Lemma 5 Let W be a Banach space in X. Let (w;);cn be a successive sequence in W and let
(W])ien approximate (w;)ien. Let n € N. Then for every € > 0 there exists N such that for all
subset I of N such that Card(I) = nand 1 > Ey then

!
[ >_w
iel I

Proof For N bigenough, || > 7., wi|| < || >0;c; will +2,c; €/nllwill, and the result follows
because the basis in W is bimonotone. [ |

<(1+¢)

Definition 3 Let W be a Banach space, V be a subset of W. A sequence (w,),cn in W is
said to be almost in V if it approximates a sequence of vectors in V.

Let W be a space with a basis. A sequence (w,,),en in W is said to be almost successive if
it approximates a sequence of successive vectors in W.

Corollary 6 Let X be a Banach space in X(f). Let (x])ien be an almost successive sequence
in X*. Let n € N. Then for every € > 0 there exists N such that for all subset I of N such that
Card(I) = nand I > Ey then

*
|
i€l

Lemma 7 Let W be a space in X. Let (w,)nen be a non-zero sequence in W such that
Wo/||wal| 0. Then (wy)pen has an almost successive subsequence.

< (1+ O f(mysup x|
i€l

Proof We may assume that (w,),en is @ norm 1 sequence. Assume we have already se-
lected wy,, ..., w,,_, and a successive sequence v, ..., v—; such thatfori =1,...,k— 1,
|lvi — wy,|| < 1/i. Let E be an interval containing e; and the range of v; + - -+ + v_,.
There exists n; such that |[Ew,, || < 1/2k. Let v[ = w,, — Ew,,. There exists an interval
F such that Fv] is equal to v; up to 1/2k. If we let vy = Fv;, we have that vy > v;_;, and
[lvk — wi, || < 1/k. Finally, (w,, )ken approximates (vk)ren. [ |

2.2 Norming Sequences

Definition 4 Let W be a Banach space, W* its dual. We shall say that two unit se-
quences (Wy)nen in W and (w))),en in W* are A-norming (or that (w)) A-norms (w,))

if lim infwj (w,,) > 1/X and for n # g, |wj;(wy)| < €min(n,q) With lim ¢ = 0.
1—+00

Two non-zero sequences (wy),en and (w}),en are A-norming if the unit sequences
(Wi /||Wall)uen and (W) /||w ) nen are A-norming.

Notice that if (w}}),en A-norms (w,).en, then it also A-norms any sequence that ap-
proximates (wy,),en-

Lemma 8 Let X be in X(f), Y Coo X. Let (z4)uen in X/Y be A-normed by an almost
successive sequence in Y. Then for every € > 0, every n, there exists N such that if I > Ey
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and Card(I) = n

>zl < i+ orfo| Y=
i=1 i=1

Proof Let (z}),en be an almost successive sequence in B(Y ) that A\-norms (z,),en. Let €’
be such that 1 + ¢/ < (1+€)(1 — (n — 1)e’A). By Corollary 6, there is an N such that if
€ < €' fori > N and I > Ey, then

*
|-
iel

< (1+€)f(n).

It follows that

>

icl

> ((1+e)fm) " S (@),
i,jel

S22 = (€)™ (/= 6= 1) S . .

i=1 i€l

Lemma 9 Let X bein X, Y Co X. Let (z,)nen be a non-zero sequence in X/Y such that
2,/ 124 tends weakly to 0. Then some subsequence of (z,)nen has an almost successive 2-
norming sequence in Y .

Proof We may assume that (z,),en is @ norm 1 sequence. Let (x*),cn be a dual sequence
in B(Y"1) such that for all #, x*(z,) = 1. Passing to a subsequence, we may assume that
x5 x* (clearly x* isin Y1), Let x* = 1/2(x"* — x*). Asx* = 0,and z* 2 0, passing to
a subsequence, we may choose (x;;) and (z,) such thatforg =1,...,n — 1, |x;(z,)| < 1/q
and \x;k (z4)] < 1/q. By Lemma 7, we may also assume that (x}),en is almost successive.
Furthermore, we have that x* € B(Y') and

x5 (z) = 1/2(1 — x*(24)) — 1/2. -

Let Xbein X, Y Co X. Given x in X, we denote by £ its class in X/Y. We shall say that
(xn)nen in X is a lifting for (%,)nen- Let A > 1. We shall say that (x,,),en in X is a A-lifting
for (%) nen if lim sup x| /(15[ < A

Lemma 10 Let X bein X, Y Coo X. Let (z4)nen be a non-zero sequence in X/Y such
that z,/||z,| tends weakly to 0. Then some subsequence of (z,)nen has an almost successive

2-lifting.

Proof We may assume that (z,),ecn is @ norm 1 sequence. Let (x)),en be a lifting for
(zu)nen such that ||x)|| — 1. The sequence (x),en is bounded, so, passing to a subse-
quence, we may assume that x, converges weakly. Let y be the weak limit of (x). The
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vector y has norm 1, and belongs to Y, because for every y* in Y1, y*(y) = lim y*(x) =
lim y*(z,) = 0.

Let x, = x/ — y. Then x, 2> 0 so passing to a further subsequence, we may assume
by Lemma 7 that (x,),en is almost successive; clearly X, = z,, and lim sup ||x,||/||z.|| =
lim sup ||x,|| < 2. [ |

2.3 Norming of I* Vectors

Lemma 11 Let X be reflexive in X(f), Y, Z be subspaces of X such thatY Co, Z. Let N € N.
Let € > 0. Then there is a successive sequence of I\ -averages with constant 2 + € almost in Z
that is 4 + e-normed by a successive sequence almost in Y .

Proof Lete’ > 0besuch that2(1+€’)* < 2+e. Let C be such that (1+¢')¢ > (2+¢’) f(N©).

As Z Y is reflexive, there exists a basic sequence (z,),¢cn of unit vectors in Z/Y such that

z, — 0. By Lemma 7 and Lemma 9, we may assume that (z,),cy is 2-normed by some

almost successive sequence in Y. We shall denote (z,),en by (z,,(O))
Now consider the sequence

neN’

(1) e = (Z ZNn+1)

obtained by making packs of N z;’s. The sequence (zn(l)) ey converges weakly to 0 and by
Lemma 8, it is bounded below for # large enough, so by Lemma 7 and Lemma 9, passing
to a subsequence, we may assume that it is 2-normed by some almost successive sequence
iny+t.

We now repeat the procedure above for j = 2,...,C defining

(20(1) e = (ZZNnﬂ(] ) .

Passing to a subsequence at each step, we may assume that for every j € [0,C], (zn( j )) eN
is 2-normed by some almost successive sequence in Y 1.

We now prove that there exists a sequence (#;)iey in Z/Y such that (U,),en =
(Zﬁ\;l UNn+i)nen is 2-normed by an almost successive sequence (U;),en in Y+, and
SUPy<; < [nnsill < (1+€")/NIU,]| for all n.

Indeed, otherwise, for n large enough, and j € [0, C], we have the inequality ||z,(j)| <
N/ +€")supye;c,—; llznnsi(j — 1)|; it follows by induction that

Iz, < (N/(1+ €D,
so that

12.(C)]| < (N/(1+€)) .
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But on the other hand,
||Zn(C)H = ||ZNCn teeet ZNCn+NC—1H > NC/(2 + el)f(Nc)7

by Lemma 8, a contradiction by choice of N.

We now deduce the existence of successive IN*-vectors almost in Z, well-normed in Y.
Applying Lemma 10, passing to a subsequence at each step of the previous induction, we
may assume that the sequence (1;);en we obtained has an almost successive 2-lifting (x/)ien
in Z. Let (x;);en be a successive sequence approximating (x/);en. Then (x;);ien is almost
inZ. Let X, = Zﬁigl Xnn+i and let X! = Zﬁigl Xipeie Clearly (X))nen is a lifting for
(Un)uen> (Xu)nen approximates (X)) uen, (Xu)nen is successive, and (X)) ,en in Z.

All the following estimates are for n large enough. For such n’s,and i in [0, N — 1],

IN+
ll

ksl < 201+ €| < 201+ €)?/NI|ULI| < 21+ €)? /N X

It follows that
[Jnmil| < 201+ €)*/N[IXll < 2+ €) /N X,

and so X,, is a ' -vector with constant 2 + ¢. Now

N—1 N—1
Xl <> il < 200+ €D D Mlunmeill < 201+ €)?[[UL],
i=0 i=0
)
(U] 1X0] < 41 + €U (U,) < 4(1+ €)Y’ ULX)),

and so (X)) ,en is 4 + e-normed by some almost successive sequence in Y-L. It follows that
it is also 4 + e-normed by some successive sequence almost in Y, and that (X,,),ex shares
the same property. ]

2.4 Rapidly Increasing Sequences

Following Gowers and Maurey, we now define R.L.S.-vectors in a Banach space X in X(f).
In fact, the properties of R.LS. are not interesting in all spaces in X(f), but they are in
spaces that have, in a sense, Gowers-Maurey’s type; we give a meaning to this expression in
Definition 6, and then state several lemmas true in those spaces.

Let J be a set of integers {j,,n € N}, such that f(j;) > 256 and such that for all n,
logloglog ju+1 > 4j2. Let K = {j1, js, js, ...y and let L = {ja, ja, jo, - - - }-

Definition 5 An L-sequence is a successive sequence x{ < --- < xi with k € K, such that
for all i, x}" is a (M, f)-form where M; is an element in L greater than jy;. An L-sum is a

vector of the form 1/4/ f(k) Zle x7, where x7, ..., x} is an L-sequence.
In the same way, one can define L’-sequences and L’-sums for any subset L’ of L.

Definition 6 A space X in X has pre GM-type if there is a set § of L-sums such that X is the
completion of ¢yp under a norm || - || satisfying the following equation for all x € ¢yo:

n>2,F;<---<F, x*€8,ECN

- .
x| = [|xlloc V' sup WZIIFJ%HV sup  [(x", Ex)|,
j=1
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where E and the F}’s are intervals of integers. Notice that a space of pre GM-type belongs
to X(f).

Definition 7 We recall that a R.LS. of length N with constant C in X is a successive se-
quence (x;)N, of [{'" -averages with constant C in X such that n; > 4(1 + e)M¢(N/€') /€
and €’ /2f(n;)"/? > |ran(x;_y)| for i = 2,...,N, where ¢’ = min{e, 1} and M(x) =
f~1(36x%). A R.LS.-vector is a non-zero multiple of the sum of a R.L.S.

We now show some lemmas very similar to those of [GM]; we have to state them because
we shall use different constants, and because they can be applied to any pre GM-type space,
which will be useful in the last part of the article. From now on we set €, = 1/40.

Lemma 12 Let X have pre GM-type. Lete > 0, let ¢/ = min{e, 1}. Let N be in L, let n be in
[log N, exp N1, let (x;)!_, be a R.LS. of length n with constant 1 + € in X. Then

n
[
i=1

Proof Apply Lemma GM7 and Lemma GMO9. ]

Lemma 13 Let X have pre GM-type. Let N € L. Let M = N°. Let x;,...,xy be a R.LS. in
X with constant 2 + €y. Then > ;_, x; is an I} -vector with constant 4.

<(I+e+enf(m)™'.

Proof Follow the proof of Lemma GM11 using Lemma 12 instead of Lemma GM10. H
Lemma 14 Every pre GM-type space is reflexive.

Proof Follow the proof that Gowers-Maurey’s space is reflexive (end of Part GM3), using
Lemma 12 instead of Lemma GM10. ]

Definition 8 Let X have pre GM-type. Let xi, ..., x{ be an L-sequence of length k, and
fori =1,...,k let M; be the element of L greater than jj; such that x7 is an (M;, f)-form.
A sequence of successive vectors x; < --- < x; in X is said to be a R.LS. associated to
x},...,x; if for every i, x; is a normalized R.I.S. of length M; and constant 2 + €, and for
i>2, 1/2f((M,~)1/4°)1/2 > |ran(x;_1)|.

Because of the choice of the increasing condition in Definition 8 and by Lemma 13, a
R.LS. associated to an L-sequence of length k is a R.I.S. with constant 4.

Lemma 15 Let X have pre GM-type. Let x be a norm 1 R.1.S.-vector in X of length N; € L
and constant 2 + €y and let x* be an (N, f)-form in X* with N, € L, and assume N, # N,.
Let k € K be such that Ny > jor, Ny > jor. Then for every interval E, |x* (Ex)| < 1/k%

. . N/ .
Proof First, by Lemma 13, xisa ]| 1+-average with constant 4, where N| = Nl1 /0, Just as

in the middle of Lemma GM12, we then apply Lemma GM4 if N, < N; and Lemma GM5
if N, > N to obtain the result. [ |

Lemma 16 Let X have pre GM-type. Letk € K. Letx; < --- < x¢ in X be a R.L.S. associated

to some L-sequence. Let x = Ek

i1 Xi. Assume that for every L-sum z* in 8, every interval E,
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|z*(Ex)| < 1/4. Then
[[xll < 5k/f(k).

Proof As in the end of Lemma GM12, apply Lemma GM9 to Ky = K \ {k} and
Lemma GM?7. ]

Lemma 17 Let X have pre GM-type. Let L' and L'’ be subsets of L such that L' NL" = @.
Let x7,...,x{ be an L'-sequence in X*. Let x; < --- < xi in X be a R.IS. associated to
x{,...,x;. Letx = x; + - - - + xi. Then for every L''-sum z* of length k in X*, every interval
E |z*(Ex)| < 1/4.

Proof Letz* be an L''-sum, E be an interval. Then there are (J;, f)-forms z}, with /; in L"/,

such that z* = 1/4/f(k) E:;l z;. For every j, x;j has lengthin L', and L' NL"" = @ are
disjoint, so it follows from Lemma 15 that |z} (Ex;)| < 1/k. Finally,

k
|2 (Ex)| < 1//f(k) > |27 (Ex))| < 1/+/f(k) < 1/4. n

inj=1

Definition 9 A pre GM-type space has GM-fype if there are subsets L’ and L"’ of L with
L’ infiniteand L’ N L = &, and an injection o from the collection of finite sequences of
vectors in Q into L such that the set 8 in the definition of the pre GM-type space is of the
form 8’ U 8" where 8’/ is some set of L’’-sums and 8’ is the set of L’-sums of the form
1/+/f(k) ZLI x;', where the L’-sequence x| < --- < xj satisfies the additional condition
that M; = o(x{,...,x/_ ;) fori =2,... k.

Here we added a set 8’/ in the definition of Gowers-Maurey’s space. As in [GM], the
elements of 8 are called special functionals. The condition L’ N L' = & makes sure that
the action of elements of 8’/ is small on the R.LS. used in Gowers-Maurey’s construction
(see Lemma 17), so in a GM-type space, one can more or less repeat Gowers-Maurey’s
proofs. In Part 3, we will carefully choose 8’/ to get additional properties. Of course, we
have in particular:

Remark 18 Gowers-Maurey’s space has GM-type (with L = L', 8’' = &, and 8’ the set of
special sums).

2.5 GM-Type Spaces are Quotient Hereditarily Indecomposable
We first show a lemma similar to Lemma GM12.

Lemma 19 Let X have GM-type. Let x{, ..., x; be a special sequence in X. Let x; < --- <
x; be a RS associated to x7,...,x;. Letx = Z:;l xi. Assume that for every interval E,
(5, %) (Ex)| < 2, then

x| < 5k/f(k).
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Proof By Lemma 16, it is enough to prove that for any function z* in 8, every interval E,
|z*(Ex)| < 1/4,and by Lemma 17, it is enough to prove it for z* = f(k)~!/? E - z'in8'.
Following the proof of Lemma GM12, using Lemma 15, we obtain that |( Zf L2 (Ex)| <
4, and that |z*(Ex)| < 4f(k)~'/? < 1/4. [

Proposition 20 Every GM-type space is reflexive, quotient hereditarily indecomposable.

Proof The reflexive part is Lemma 14. Let X have GM-type, let Y Co, X. Let Z/Y and
W /Y be two subspaces of X/Y. We want to prove that their sum is not direct. Let § > 0,
let k € K be such that 150/+/ f(k) < & and € > 0 be such that 182ke < 1.

First we show that given n > 0 and M € L, there is a R.I.S. z of length M and constant
2 + €y such that dist(z,Z) < 7, and an (M, f)-form z* such that dist(z*,Y+) < n with
z*(z) > 1/((4 +€9)(3 + eo)).

Indeed, adding [}'"-averages given by Lemma 11, we may obtain a successive sequence
of R.I.S. vectors almost in Z, of length M and constant 2 + €. Write z = Zﬁl z; a RLS.
vector in this sequence. Then by Lemma 12, ||z|| < (3+€p)M/ f(M). Let y; be a successive
norm 1 sequence close to Y1 satisfying y?(z;) > 1/(4 +¢) and let y* = f(M)~! Zfil ¥
then y* is an (M, f)-form arbitrarily close to Y+ when min(ran(z)) increases and

M
Y@ = M) yi(z) = M/ ((4+€) f(M) > 2]l /(B + e0)(4 + o).

i=1

Then starting from M; = ja, and repeating by induction as in Gowers-Maurey’s con-
struction, build fori = 1,.. ., k, vectors z; such that z; isin Z up to e if i is odd, in W up to €
if i is even, and (M;, f)-forms z in Y up to €, such that 1/2 f ((M;)"/*) 12 > |ran(z;_1)|,
|z (zi) — 1/13| < €, (2i,2]) > (zi—1,2/_1),and M; = o(z],...,z/ ) fori > 2;2},..., 2}
is a special sequence, and zy, . . ., zx is a R.LS. associated to 2, . . ., z;. Let y],..., i bean
e-perturbation of z{, ..., z} in YL

It follows that that || 35| y7|| < /F(k) + ke < 2,/F(k), so

sz, > (1/2)f (b~ I/Z(Zy,)(Zz,),

i=1

DIE

>(1/2)f Vz(Zz (z;) —

T2 (k(1/13 =€) — K€) > (1/30)kf (k)2

k
e
i=1

On the other hand, we have |(Zl s (Zle(—l)izi)| < 2 for all interval E, so by
Lemma 19,

< Skf(k)~"

k
> vz
i=1
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If z denotes the sum of the odd vectors, w the sum of the even vectors, we have that
2€Z/Y,weW/Y,and

2 — || < 150 (k)" |2+ w

<4

Z+w|.

As ¢ is arbitrary, it follows that the sum of Z/Y and W /Y is not direct, and finally, that
X/Y is H.L, so by Proposition 2, X is Q.H.L. [

Corollary 21 By Remark 18, Xgm is quotient hereditarily indecomposable.

Corollary 22 By Remark 1 and Corollary 4, if X has GM-type then X* is hereditarily inde-
composable. In particular, X§\ is hereditarily indecomposable.

3 There Exists a Hereditarily Indecomposable Space Which is Not Quotient
Hereditarily Indecomposable

In this section, we build a H.L. space X which is not Q.H.L as a quotient of a direct sum of
two GM-type spaces X; and X,. The space X is reflexive, and we show that the space X*
contains a direct sum of two subspaces, which means that X* is not H.I., and implies that
Xisnot QH.IL (Corollary 4). The result stated clearly follows from Propositions 23 and 25
below.

Proposition 23 Fori = 1,2, let X; be a hereditarily indecomposable Banach space, let Z; be
a subspace of X;. Assume that Z, and Z, are isometric, and that X, /Z, and X,/ Z, are infinite
dimensional and totally incomparable. By abuse of notation, we identify both Z, and Z, with a
same space Z. Let X be the quotient space (X, ® X;)/{(z, —2),z € Z}. Then X is hereditarily
indecomposable and X* is not hereditarily indecomposable.

In fact, it is possible to prove that in the complex case, every operator on X* is a strictly
singular perturbation of an homothetic map, which proves that this property does not
characterize H.I. spaces. This result clearly follows from Proposition 24 and Proposition 25
below.

Proposition 24 Fori = 1,2, let X;, Z; and X be complex spaces as in Proposition 23. Assume
furthermore that X{ and X3 are totally incomparable hereditarily indecomposable Banach
space. Then every operator on X* is a strictly singular perturbation of an homothetic map.

Proposition 25 Fori = 1,2, there exist X; complex reflexive quotient hereditarily indecom-
posable Banach space, Z; subspace of X;, such that Z, and Z, are isometric, X, /Z, and X,/ Z,
are totally incomparable, and X{ and X5 are totally incomparable.

By a simple generalization explained in the Appendix, it is even possible to build for any
n a H.1. space X such that X* contains a direct sum of n subspaces, and every operator on
X* is a strictly singular perturbation of an homothetic map.
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3.1 Proof of Proposition 23

Some Definitions Let X be a Banach space. Let Y be a subspace of X. We shall denote by
iy (resp. Ix) the identity map from Y (resp. X) to X. Following [GM], we will say that an
operator from Y to X is infinitely singular if its restriction to a finite codimensional subspace
is never an isomorphism into. An operator S from Y to X is said to be strictly singular if
the restriction of S to a subspace is never an isomorphism into (see [LT, 75-80]). This is
equivalent to saying that for any € > 0, any Z, there exists z in Z such that ||S(z)|| < €||z]|.
We denote by 8(Y, X) the space of strictly singular operators from Y to X.

Two subspaces Y and Z of X are said to be Id +S-isomorphic if there exists an isomor-
phism of the form Iy + S from Y onto Z, with § € 8(Y, X). It is proved easily that this is an
equivalence relation.

The subspace Y is said to be quasi-maximal if Y and any subspace W of X have Id +S-
isomorphic subspaces. By Corollary F1, X is hereditarily indecomposable if and only if
every subspace of X is quasi-maximal; it follows easily that if X has a quasi-maximal hered-
itarily indecomposable subspace then X is hereditarily indecomposable. By Lemma F2, if
the restriction of S € L(X) to some quasi-maximal subspace of X is strictly singular, then
S is strictly singular.

—

Proof For x; in X;, 1 = 1,2, we denote by X; the class of x; in X;/Z;, by (x1, x,) the class of
(x1,%) in X. By definition,

[(x1, ) || = inf([lx + 2[| + [|x2 — 2[)).
zeZ

It follows that the space )/(T = {m,xl € X} is isometric to X;, the space 5(; =
{(0,x,),x, € X5} is isometric to X, and the space Z = {(z,0),z€ Z} = {(0,2),z € Z} is
isometric to Z. As an easy consequence, we have the relation

X/2=X)2®X:/2 ~X,)Z, ® X3/ 25,
SO

. =1 =1 " "

7' =X e Xy ~(X/2)" e (X%,

and this proves that X* is not H.I. Now for i = 1,2, we define a linear operator ¢;: X —
X;/Z; by (bi((x/l,x\z)) = X;. It is easy to check that ¢, is well defined. Now let W be
a subspace of X. There exists an i such that ¢; sw is infinitely singular: indeed, if ¢, w
and ¢, are both not infinitely singular, then there exists a subspace V of W on which
¢1 and ¢, are isomorphisms into, so that X;/Z; and X,/Z, have isomorphic subspaces, a
contradiction.

Now assume for example that ¢y, is infinitely singular. Then there exists a norm 1
basic sequence (w,),en in W such that ¢, (w,,) X4 0. By definition of ¢, this means that
d(w,, )/(\2 ) 295 0. It follows easily that W and )/(; have Id +S-isomorphic subspaces. As )/(;
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is isometric to X, it is H.L; it follows that Zis quasi-maximal in )/(\2, so W and Z also have

Id +S-isomorphic subspaces.
We have now proved that for every subspace W of X, W and Z have Id +S-isomorphic
subspaces. This means that Z is quasi-maximal in X. As Z is H.L, this implies that X is H.I.
|

3.2 Proof of Proposition 24

More definitions An operator on X is Fredholm if TX is closed, and the kernel and cok-
ernel of T are finite dimensional. According to [GM], every operator on a hereditarily
indecomposable space is either Fredholm or strictly singular. Also, if T is Fredholm then
T* is Fredholm.

We also recall a definition and some results from [F2]: a Banach space is said to be HD,,
if the maximum number of subspaces in a direct sum is finite and equal to n. Clearly, any
subspace of a HD,, space is HD,, for some m < n. By Corollary F1, every direct sum of
n subspaces is quasi-maximal in a HD,, space. By Corollary F2, the direct sum of n H.I.
spaces is HD,,. Finally if Y is complex HD,,, included in X complex HD,,, the dimension
of L(Y,X)/8(Y,X) is finite and there exists an upper estimate (smaller than mn) for it
(Proposition F4).

Proof If T* € L(X*) then there exists some scalar A such that T — Al = §, strictly
singular, and T* — M. = S*, so it is enough to prove that if S € £(X) is strictly singular,
then §* € L(X*) is strictly singular.

So assume S* € L(X*) is not strictly singular. First notice that 5(\1l is H.I., since
)/(T + ~ Z2L C X;. Likewise, )/(;L is H.L. It follows that X* is HD,: indeed it is included in
the HD, space X; @ X5 and contains the HD; space X, - o X, L. It follows that X; - eX, -
is quasi-maximal in X*, and so that the restriction of S* to )/(T + @ XAz + is not strictly sin-

—L
gular (Lemma F2). So the restriction of S* to say X; is not strictly singular. Now by
Proposition F4,

— A —1 . —1 1 —~_L —1 —~1 —~_L
dm LG, X9)/8( LX) <dmL( L X aX )/8XK LK eX ),
and this last dimension is equal to
—~ —~1 —~1 —~1 —~1 —~1
dim LG )80 ) +dim LXK, X )/8(0 X ) =140 =1,

—1 . —1 — .

because X; is HI and X; — Xj and X, < XJ are totally incomparable. So for

some non zero scalar A, Sr)? 1 — Aig o is strictly singular. This means that the restriction
1 1

—1
of §* — M. to X; is strictly singular. So $* — Al;. is not Fredholm, and S — Al is not
Fredholm. As A # 0, it follows that S is not strictly singular. ]
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3.3 Construction of Spaces Satisfying Proposition 25

Following the Gowers-Maurey’s method, we shall equip ¢y with two different norms || - ||
and || - ||, forcing however these norms to be equal on Zy, the algebraic subspace of ¢y
generated by {ey,+1, 7 € N}. Then we shall take the completions of ¢yy under these norms
to obtain the Banach spaces X; and X, in Proposition 25 (and the closure of Zy in those
spaces to obtain their subspaces Z; and Z,).

Let Q be the set of sequences with finite range, rational coordinates and maximum at
most one in modulus. We recall that ] is a set of integers { j,,, n € N}, such that f(j;) > 256
and for all n, logloglog j,+1 > 472, that K = {1, j3, js,--- }>»and L = {j, ja, je,-- - -
Furthermore, we let L1 = {3, js, j10,--- }» Lo = {Jja, Js;.-.}. Fori = 1,2, let o; be an
injection from the collection of finite sequences of successive elements of Q to L;. We now
need some definitions.

Definition 10 A dual couple is a couple (G, H) of balanced bounded convex subsets of cg.

Let (G, H) be a dual couple. A vector in ¢y is an N-Schlumprecht sum in G if it is of
the form 1/f(N) Zil yi, where the y/’s are in G and y{ < --- < y§. A Schlumprecht
sum in G is a N-Schlumprecht sum in G for some N. The set of Schlumprecht sums in G is
denoted by £(G). In the same way, we define Schlumprecht sums in H.

A special sequence in G is a sequence of successive vectors x{ < --- < xj, with k € K,
such that fori = 1,...,k, x7 is an M;-Schlumprecht sum in G with M; > jy, and M; =
or(xf, ..., x5 ) fori =2,... k. Aspecial sumin Gis asum of the form 1/+/ f (k) 25:1 x5,
where x] < --- < x{ is a special sequence in G. The set of special sums in G is denoted by
S(G). We similarly define special sequences in H and special sums in H replacing o, by o5 in
the above definitions.

So far, we just defined the notions needed for a usual Gowers-Maurey procedure in G
and in H separately. We now need to add elements to link the two procedures. To do
this, we define an associated dual couple as a dual couple (G, H) such that there exist two
multivalued functions a: G — H and b: H — G satistying the following four properties.

(a) forallx* € G,all y* € a(x*), y* — x* isin Zy5;

(b) forallx* € G,all y* € a(x*), ran(y*) C ran(x*);

(c) forallx* € GN Zy, alx*) = {0};

(d) for all N-Schlumprecht sum x* in G with x* in G, a(x*) contains an N-Schlumprecht
sum in H,

and the similar four properties for b.

The multifunction a from G to H allows us to define so-called “shadows” in H of ele-
ments in G (and likewise for b). Actually, we will only define shadows in G (resp. H) of
special sequences in H (resp. G).

Definition 11 Let (G, H) be an associated dual couple.

A shadow sequence in G is a sequence of successive vectors x{ < --- < x} such that there
exists a special sequence yj < --- < y; in H such that for all £, x is an M;-Schlumprecht
sum in G belonging to b(y;), where M; is the integer associated to y; in the definition of

the special sequence. A shadow sum in G is a sum of the form 1/+/ f (k) Zle X7, where
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xj < --+ < x{ is a shadow sequence in G. The set of shadow sums in G is denoted by
s(G, H).

We similarly define shadow sequences and shadow sums in H, and denote the set of
shadow sums in H by s(H, G).

To define the norms, we shall now build by induction an associated dual couple (C, D)
where C (resp. D) is meant to be almost the dual unit ball of X; (resp. X;). We shall build
C as |J,,cn Cn» building the increasing sequence C,, by induction. We shall also build a by
induction, defining a function a, from C, to D,, at each step n; but to simplify the notation,
we shall denote all the terms of the sequence by a (and we shall do symmetrically the same
for D and b).

In this situation, Property (a) ensures that the subspaces Z; and Z, are isometric. Prop-
erties (b) and (d) allow us to give convenient properties to the images by a of the special
sequences, that is the shadow sequences. Property (c) allows the quotient spaces X; /Z; and
X,/Z, (resp. the dual spaces X} and X5) to be totally incomparable. As pointed out at
the end of 2.4, the action of shadow sums will be small, so that adding them allows new
properties but doesn’t prevent the Q.H.I. property for X; or X,.

Construction At the first step, we define C;, = B(l;) and Dy = B(l;), a and b by
a(dien Ni€f) = b ey Ai€f) = D ioqq Ai€f . It is easy to check that (Co, D) is an as-
sociated dual couple.

Now assume we are given an associated dual couple (C,_1,D,_), with functions a:
Cy—1 — Dy and b: D,_; — C,_;. We define C,_, to be X(C,_;) U S(C,—;) U
s(Cn_1,D,_1), and C,, to be the set of elements of the form E(Z?il Aix}), where E is an
interval projection, Efil |Ail = 1, and for all 4, x} is in C,,_,. We define D,, in a similar
way.

We now extend a to C,.. If x* € C, N Zg;, then we let a(x*) = {0}. We now define a
construction if x* is in C,, and not in Zg;.

The set a(x*) may be already defined or not (it is when x* is in C,_;); if not we may
assume a(x*) = @. Then we add new values to the set a(x*) in each of the following cases
(notice that at least one of the possibilities happens, so that a is well defined on the whole
of C,,, but that the possibilities are not exclusive).

- If x* is a Schlumprecht sum of the form f(N)™' >
to a(x*) the set f(N)~! 25\1:1 a(xr).

- If x* is a special sum of the form f(k)~!/2 Zf:l x} where x} is an (M;, f)-formin C,_,
then we add to the set a(x*) the set of all sums of the form f(k)_l/2 Zi;l yi, where y} is
an (M;, f)-form in a(x}).

- If x* is a shadow sum of the form f(k)~'/? Zi;l xf with x} € b(yF) and yf,...,y}
is a special sum in D,,_j, then we add to the set a(x*) the singleton { f(k)~'/? Zf;l Ey*},
where E = ran(x™).

- If x* is the projection of a convex combination of elements of the three previous forms,
that is, x* = ran(x*)(3_; Aix}), then we add to the set a(x*) the set ran(x*) (Zl )\ia(x;*)) ,
a(x}) being defined as above whether x is a Schlumprecht sum, a special sum, or a shadow
sum in C,_;. It is important to remember that we only use this construction when x* is
not in Zg;.

N

i % with xj € C,_; then we add
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It is then easy to check that a (resp. b) takes its values in D, (resp. in C,) and that it
still satisfies the four properties (a)—(d), so (C,,, D,) is an associated dual couple. Define
C as UneN C,and D as UneN D,;; the multifunction a (resp. b) is defined on C (resp. D),
so (C, D) is an associated dual couple as well. Then define || - ||} = sup,.o(x*, -) (resp.
| -l = sup,ep(y™, -)), X1 (resp. X;) as the completion of coo under || - [|; (resp. || - [|2)
and Z; (resp. Z,) as the closure of Zyy in X; (resp. X3).

Remark 26 With Definition 5, a special sequence in X; is an L;-sequence, a shadow se-
quence in X is an L,-sequence. It follows that the space X; has GM-type, the set 8’ being
the set of special sequences in X} and the set 8’’ being the set of shadow sums in X;. The
symmetric facts are of course true for X;.

Lemma 27 The spaces Z, and Z, are isometric.

Proof Let z be an element of Zy,. Then

lzly = sup ((x",2)) = sup  ((x*" = y",2) + (¥, 2)).

x*eC x*eC,y*€a(x*)

Now by definition of a, for x* € C and y* € a(x*), x* — y* is in Zg;, so {x* — y*, z) = 0; and
as y*isin D, ((y*,2)) < ||z||>. It follows that ||z||; < ||z||2, and by symmetry, ||z]|; = ||z]|>-
|

Lemma28 Lety;,...,y; beaspecial sequencein Z;-. Let x; < - -+ < xi in X; be associated
toyy,...,y; Letx = Zi;l x;. Then

[[x[| < 5k/ £ (k).

Proof The space X; has GM-type, so it is enough to prove the hypothesis of Lemma 16. By
Lemma 17, it is true for every special sum, so now consider z* be a shadow sum in X} and
E an interval.

For every i, let M; be such that y; is an (M;, f)-form. There exists a special sequence
v, ..., v} in X5 such that z* = 1/4/f(k) Zle z} with for every i, z; € b(v}); let N; be
such that v} is an (Nj, f)-form; by definition of a shadow sum, z;" is also an (Nj, f)-form.
Let I = sup{i/M; = N;}, or 0 if no such I exists. For i < I, because o is injective, we have
that v = y?. It follows that v} is in Z;", so b(v¥) = {0}, and z = 0. For i > I, the now
usual application of Lemma 15 shows that |z} (Ex;)| < 1/k*. Finally,

|2 (Ex)| < 1/v/f(K) (0 + |27 (x)| + K*.k72) < 2/+/ f(k) < 1/4. n
Lemma 29 The spaces X, /Z, and X, /Z, are totally incomparable.

Proof We now assume that there exists an isomorphism « between a subspace W, /Z; of
X /Z, and a subspace W, /Z, of X, /Z, and we intend to find a contradiction.
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First notice that X;/Z, has a basis (namely the basis (ej,,),cn dual to the basis (€},)nen
of ZZL). By Lemma 11, there exists a sequence (w,),en of If'" vectors almost in Wy, 4 + ;-
normed in ZIL, and up to perturbations on o and W;, we may assume that (w,),cy is
actually in W; and that the sequence (a(fv;)) is a sequence of unit vectors, successive with
respect to (e,,)-

Now let k € K. We may find a unit R.L.S vector x; = fi’l %} in Wy, and x}* in Zi- such
that x* (x}) > (4 + €9) 7!||xi ||, so that

et ] > " (6f) = " (x1) > (4 + €)™l .
For i = 1,...,M,, let y'* € Z;i be a functional that norms a(xA’i) and such that
ran(y{*) C ran(a(x})),andlet y} be the (M, f)-form f(M;)™" S yix Asyr (a(x)) =
— 1 3 - -1 1 i
FMD)T ST Gl = ((4+ eo)lla™ 1 f (M) ™ 3532, [l [, by Lemma 12,

-1
’

yi(a@) > (4+e)B+e)a™)

and by a perturbation, if we only ask that y} (a(%1)) > (13|la™"]|)~", we may assume that
yi isin Q, and that ran(y}) C ran(a(x)).

Repeating this procedure, we obtain vectors x; in W;, and y; in B(ZZJ-), such that
X1, ..., X is associated to the special sequence yf, ..., yi in Z;-. It follows that

HO‘QE’?)H 2 f<">_”2§k:y?‘ (@) > (3)a” )~ kf (k) 112,
i=1 i=1

while as (x;) is associated to (y7), by Lemma 28,

k k
|2] <X
i=1 i=1

It follows that ||a|| ||~ || > 65714/ f(k), and this for any k in K, contradicting the bound-
edness of a. ]

< 5kf(k)~".

Lemma 30 The spaces X| and X5 are totally incomparable.

Proof As they are hereditarily indecomposable, if X} and X3 had isomorphic subspaces,
passing to further subspaces which Id +S-embed in Zi- and Z;- respectively, we would find
an isomorphism 3 between a subspace W1, of Z;- and a subspace W, of Z;-.

By Lemma 11 and a perturbation on W, and (3, find a successive sequence of l;"'+ vectors
in X; 4+ ¢p-normed by (w}; ) ,en, successive in Wy, such that (ﬁ(w;" )) is a sequence of unit
vectors, successive with respect to (e3,). Applying the usual method, get for any k € K,
vectors x; in X, x} in Wi, such that x7(x;) > (13]|3]))~" and xi, . . ., xx is associated to
the special sequence B(x}), ..., 8(x}) in W,,. By Lemma 28, it follows that

K
|2
P

< skf(lk)~,

https://doi.org/10.4153/CJM-1999-026-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-026-4

Quotient Hereditarily Indecomposable Banach Spaces 583

SO

k
*
[
i=1

> k/ (13)6] szjxi
i=1

) = (651181~ f(k),

while
k

(32 = v

i=1

It follows that || 3| ||37!|| > 657!/ f(k), and this for any k in K, contradicting the bound-
edness of (3. [ |

4 Appendix

We give a sketch of the proof of the existence of a hereditarily indecomposable space X such
that X* contains a direct sum of #n subspaces, and every operator on X* is a strictly singular
perturbation of an homothetic map.

Proposition A1 Letn € N. Fori =1,...,n, let X; be a hereditarily indecomposable Banach
space, let Z; be a subspace of X;. Assume that the spaces Z; are all isometric to a same space Z,
and that for any i # j, X;/Z; and X;/Z; are infinite dimensional and totally incomparable.
Let Zjy = {(z1,...,2:) € Zy X -+ X Z,/ > " |z = 0}. Let X be the quotient space
(Xy X - -+ X X,)/Zj1 ). Then X is hereditarily indecomposable and X* contains a direct sum
of n subspaces.

Proof (sketch) We use the same notation as in the case n = 2, in particular we let 7 =

-

{(2,0,...,0),z € Z}, and we show that
Zt ~ @(Xi/zi)*-
i=1

Now we consider W a subspace of X. There exists at most one value iy of i such that
¢i/w is not infinitely singular, otherwise two quotient spaces X;/Z; and X;/Z; would have
isomorphic subspaces. It follows easily that W and X;,, have Id +S-isomorphic subspaces,
and finally that X is H.I. ]

Proposition A2 Letn € N. Fori = 1,...,n, let X;,Z; and X be complex spaces as in
Proposition Al. Assume furthermore that for any i, X} is hereditarily indecomposable, and
thut foranyi # j, X;* and X7 are tom.lly incomparable. Then every operator on X* is a strictly
singular perturbation of an homothetic map.

Proof It follows exactly the case n = 2. ]

Proposition A3 Letn € N. Fori = 1,...,n, there exists X; complex quotient hereditarily
indecomposable reflexive Banach space, Z; subspace of X;, such that all Z; are isometric, and
foranyi# j, X;/Z; and X;/Z; (resp. X;' and X ) are totally incomparable.
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Proof (sketch) We make a construction similar to the case n = 2, using a partition of L in
n subsets Ly, ..., L,. We build n balanced bounded convex subsets Cy, ..., C, of cy, and
multifunctions a;;: C; — C; fori # j, such that forall i # j, (C;, C;) is an associated dual
couple. The difference is that we have n — 1 kinds of shadow sequences in each C; (those
coming from special sequences in C; for all j # ). ]

Notice that X* is not decomposable, otherwise X reflexive would be decomposable. It
follows:

Corollary A4 Let n € N*. Then there exists a non decomposable HD, space.

Thanks The main part of this article is part of my Ph.D. thesis written under the direction
of B. Maurey. I am very grateful to him for his valuable help.
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