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In the c o u r s e of work on factor groups of the modu la r 
group, A . O. L . Atkin (pr ivate commu ni cation) ob aine d the 
p e r m u t a t i o n s 

S: (0) (1 2 3 4 5 6 7 8 9 10 11), 
T i : (0 1) (2 11) (3 «•) (5 10) (6 7) (8 9), 
T 2 : (0 1) (2 11) (4 13) (6 9) (3) (5) (7) (8), 

which sat isfy the r e l a t i ons 

(1) S11 = T 2 = (ST)3 = (S h ST)6 = (S 2 T S 2 T ) 5 = E 

for T = T i , T 2 . It was evident that ne i ther pa i r S, 7 genera tes 
e i the r A12 or LF(2 , 11), so he sugges ted tha t they probably 
g e n e r a t e the Mathieu group Ts/< 2 . 

To see tha t they do so, e can check tha t each pa i r S, T 
is t r a n s i t i v e on the 132 hexads of the Ste iner s y s t e m S(5, 6, 12) 
c o m p r i s i n g the p a i r s of compL m e n t a r y hexads 

0 1 2 3 4 6, 
0 1 2 3 7 10, 
0 1 2 3 8 9, 
0 1 2 4 5 8, 
0 1 2 4 7 9, 
0 1 2 6 8 10, 

5 7 8 9 10 I 
4 5 6 8 9 1 
4 5 6 7 10 1 
3 6 7 9 10 I 
3 5 6 8 10 I 
3 4 5 7 9 i : 

and t he i r t r a n s f o r m s under the « yclic pe rmu ta t i on 

S: (0) (1 2 3 4 5 6 7 8 9 10 11). 

Thus each of the p a i r s S, T gene a t e s M12 which i s the group 
of a u t o m o r p h i s m s of th i s S te iner s y s t e m . 

Having found t h e s e g e n e r a t o r s for M12, we m a y enqui re 
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what fu r the r r e l a t i o n s they sat isfy, and whe the r t h e s e l ead to 
a conc i se p r e s e n t a t i o n for M12 . We note f i r s t tha t al though 
S, T i and S, T2 sat isfy the s a m e r e l a t i o n s (1), they a r e not 
au tomorphs , a s they sat isfy the different r e l a t i o n s 

(S~3TiS3T1)5 = E , ( S " 3 T 2 S 3 T 2 ) 6 = E*. 

In fact , in t e r m s of e i the r pa i r of g e n e r a t o r s S, T, the outer 
a u t o m o r p h i s m of M12 m a y be t aken as fixing T and exchanging 
ST with i t s i n v e r s e . So in looking for p r e s e n t a t i o n s of M12 
we cannot cons ide r both p a i r s S, T t o g e t h e r . 

The following me thod was adopted to obtain a specif ic 
p r e s e n t a t i o n . P a i r s of e l e m e n t s w e r e examined , looking for 
a pa i r which (a) g e n e r a t e s a subgroup wi th a known s m a l l se t 
of defining r e l a t i o n s , and (b) a d m i t s e n u m e r a t i o n of the cos et s 
of the subgroup us ing only a s m a l l s e t of fu r ther r e l a t i o n s . 
The following i s the m o s t conc i se p r e s e n t a t i o n found. 

We w r i t e U = TiS T i S - 1 ; then T i , U g e n e r a t e the g roup 
PGL(2, 32) of o r d e r 720 defined by the r e l a t i o n s 

(2) U10 = T i 2 = (UTX)3 = (U" 1T 1UT 1 ) 4 = ( U ^ T ! U 4 T i ) 2 = E , 

and i t s 132 c o s e t s in Mis can be e n u m e r a t e d us ing only the 
r e l a t i ons 

(3) S1 1 = T i 2 = (STi) 3 = (S _ 1 TiSTi) 6 = ( S 3 T i S 6 T i ) 3 = E . 

Since T i = E i s c o m m o n to (2) and (3), and UTi is a conjugate 
of STi , t h e r e a r e only eight d i s t inc t r e l a t i o n s in t h i s p r e s e n 
t a t ion . In fact e i the r of the l a s t two r e l a t i o n s of (2) m a y be 
omi t ted a l s o , a s we can see t h u s . If e i t he r of t h e s e r e l a t i o n s 
is omi t ted , it can be shown tha t the r e m a i n i n g four r e l a t i o n s 
(2) define groups of o r d e r 2160 = 3 . 7 2 0 . * So toge the r with the 
r e l a t i o n s (3) they define e i the r M12 or a group t h r e e t i m e s 
g r e a t e r with M12 a-s a fac tor g r o u p . If they defined a group 
t h r e e t i m e s g r e a t e r , it would have to have a r e p r e s e n t a t i o n by 
t r a n s i t i v e p e r m u t a t i o n s 

* T h e s e g roups a r e not i s o m o r p h i c . Tha t wi th the l a s t r e l a t i o n 
omi t t ed has no subgroup of index 3, whi le tha t with the o ther 
r e l a t i o n omi t ted has a subgroup of index 3 g e n e r a t e d by U , T i , 
which t u r n s out to be P G L (2, 32) aga in . 
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S': (0) (1 2 3 4 5 6 7 8 9 10 11) (0») (1« 2« 3' 4' 5' 
6' 7» 8' 9' 10' 11») (0") (1" 2M 3" 4" 5M 6" 7" 
8" 9" 10M 11"), 

Tf including (0 1) (0' 1») (0" 1"), 

reducing by identification of corresponding numbers to S, Ti 
for M12 . But it is not difficult to show that there are no such 
permutations S \ T' compatible with the relations (3). 

We have thus reduced the presentation to the following 
seven relat ions , in which U has been expressed in t erms of 
S, T i , and some later relations have been simplified by use 
of the relation (STi)3 = E: 

S11 = T i 2 = (STi)3 = (S^Ti)6 = ( S ^ ^ T i ) 3 

= (S4Ti)10 = (S2T1S~2T1S3Ti)4 = E . 

It i s not known whether this set i s irreducible . The presen
tations of Moser [ l , 3 ] and Garbe and Mennicke [ 2 ] comprise 
more relat ions, as they are based on presentations of M n 
extended by adjunction of a further generator, and no known 
presentation of Mn i s as concise as (2). The work of Atkin 
shows that M n is not a factor group of the modular group, so it 
cannot be generated by a pair of e lements of periods 2 and 3 . 
He has a lso shown that, up to automorphisms, the generators 
T i , STi and T2, ST2 are the only poss ibi l i t ies for M12, so any 
such generators for M12 satisfy the relations (1). 

REFERENCES 

1. H. S. M. Coxeter and W. O. J. Moser: Generators and 
Relations for Discrete Groups (Springer, Berlin 1965), 
p . 100. (Not in 1957 edit ion.) 

2 . D. Garbe and J. L. Mennicke: Some remarks on the 
Mathieu groups. Can. Math. Bull. 7 (1964) 201-212. 

3 . W. O. J. Moser: Abstract definitions for the Mathieu 
groups M n a n d M a . Can. Math. Bull. 2 (1959) 9-13. 

University of Stirling, 
Scotland. 

43 

https://doi.org/10.4153/CMB-1969-005-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-005-8

