
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This d e p a r t m e n t w e l c o m e s s h o r t no tes and p r o b l e m s b e 
l ieved to be new. C o n t r i b u t o r s should inc lude so lu t ions w h e r e 
known, or b a c k g r o u n d m a t e r i a l in c a s e the p r o b l e m is unso lved , 
Send al l c o m m u n i c a t i o n s conce rn ing this d e p a r t m e n t to 
I. G. Connel l , D e p a r t m e n t of M a t h e m a t i c s , McGi l l U n i v e r s i t y , 
M o n t r e a l , P . Q. 

A COMBINATORIAL T H E O R E M 

P a u l G. B a s s e t t 

Le t n be an a r b i t r a r y but fixed p o s i t i v e i n t e g e r . Le t T 
n 

be the s e t of a l l m o n o t o n e - i n c r e a s i n g n - t u p l e s of p o s i t i v e i n t e g e r s : 

(1) (k k , . . . , k ), 1 < k < k < . . . < k . 
1 2 n — 1 2 n 

Define 
n / k . - l \ 

(2) 6 ( k , . . . , k ) = 1 + Z { \ I 
1 n • j 1 ' 

In th is note we p r o v e tha t <p is a 1-1 m a p p i n g f r o m T 

onto { 1 , 2 , 3, . . . } . 

The following f o r m u l a i s wel l known: 

n 
^ / m - l + i\ /m-fn\ . Tr 

(3) 2 . = ( I ; V n > 0 , V m > 1 . 
. „ l i ' \ m / "~ "~ 
i=0 

It can be ve r i f i ed on two l ines if we note that the c a s e n = 0 i s 
t r i v i a l for a l l m > 1 . A s s u m e (3) holds for n - k . Then for 
a l l m > 1 : 

k+1 
2 

i = 0 

/ m - l + i\ / m + k\ , /m+k\ ;m+k+l | 
( i / = ! k ) + i k + i) = ( k + i . ' • 

The au thor i s a second y e a r u n d e r g r a d u a t e at the U n i v e r s i t y of 
T o r o n t o . (Ed i to r ) 
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Formula (3) readily implies: 

1 + 1 n J < 4>(k k )< 4>(k - n + l , k -n+2 k - l , k ) 
' n ' — 1 n — n n n n 

(4) /k -n\ ,k -n+i\ /k -2 \ /k -1 

k 
n 
n 

We wri te , as usual, (k . . . . , k ) < (q , . . . , q ) provided 
1 n 1 n 

there is an integer t (1 < t < n) with 

i = t+1, (5) k t < q t , k. = q i ; i 

If (k , . . . , k )< (q . . ., q ) , then by (4) and (5) 
1 n 1 n 

M .. . fv1 
t>{ki,...,kt)<{ t ) < l + \ t J < ^(q± qt) 

and hence ch(kj, . . . , k ) < è(q j , . . . , q ) . T 1 n 1 n 

For fixed k , there a re 1 t j n- tuples (1), since the 
n v n-1 ' 

k. k t are chosen from l , 2 , . . . , k -1 . Also, from (4), 
1 n-1 n 

è (k , . . . , k ) is one of the , / in tegers in the interval 
Y 1 n v• n-1 ' 

k - 1 \ /k \ / k - 1 \ /k -1 
(6) 1 + \ n < x < n = n J+

 n 

Hence for fixed k , è is a 1-1 mapping from the subset of T 
n n 

with k fixed onto the interval (6). Since any positive integer is 
n 

contained in exactly one interval (6) for some k , our main r e -
n 

suit follows. 
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