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Stochastic Analysis and Approximation of Fractional Diffusion

R. McVINISH

In the Eulerian theory of turbulent diffusion, the concentration field is commonly
assumed to satisfy the advection-diffusion equation. On the other hand, in the Lagrangian
theory, this is equivalent to assuming the particle trajectories satisfy an It stochastic
differential equation. In certain applications, such as diffusion in porous media with
fractal geometry, the data available indicates that the behaviour of the particles is very
different and the resulting process is referred to as fractional diffusion. Specifically, in this
thesis fractional diffusion is characterised by particle trajectories possessing one or more
of the following properties: (i) long-range dependence, (ii) heavy tails and non-Gaussian
behaviour and (iii) multifractal sample paths. It is the purpose of this thesis to present
some new results on fractional diffusion in the areas of stochastic analysis and numerical
approximation.

Chapter one of the thesis reviews the relevant literature on fractional diffusion.
Emphasis is placed on Lévy motion, long range dependence and their connection to the
fractional calculus. '

Chapter two considers fractional Riesz-Bessel motion and related processes. In that
Chapter it is seen that fractional Riesz-Bessel motion can arise as a limit of a normalised
convolution of a long-range dependent process with the Bessel potential. The results of
this chapter have been published in Anh et al. [2].

Chapter three studies the path behaviour and approximation of the class of linear
fractional differential equations driven by Lévy noise introduced in Anh et al. [1]. A
special case of this class is the Stokes-Boussinesq-Langevin equation that describes the
motion of a spherical particle in a viscous fluid under thermal noise. An important result
of this chapter is the refinement of a result by Hardy and Littlewood [4] regarding the
mapping property of fractional integrals on the space of Holder continuous functions. This
result allows conditions to be determined so that the solution process has a semimartin-
gale representation and for the multifractal spectrum to be determined by the driving
noise. The numerical approximation of the solution was based on the Green function
being completely monotonic for a range of its parameters. This allowed the solution to
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be written as the limit of a system of integer order differential equations with Lévy noise
which could then be approximated in a standard way. Treating the approximation as a
pathwise integral and applying the Love-Young inequality to the error proved uniform
convergence. A related model that is more suitable for non-stationary processes with
stationary increments is studied in Chapter four.

The previous chapters of the thesis have essentially looked at the Lagrangian ap-
proach to fractional diffusion. The only case where there is a clear connection between
Lagrangian and Eulerian approaches in fractional diffusion is in the description of Lévy
motion. One of the better known examples of a non-Gaussian Lévy motion is ov—stable
motion. Feller [3] was able to generate every stable density as the solution to a fractional-
in-space diffusion equation where the spatial operator was a generalisation of the inverse
of the Riesz potential. In this chapter a fractional-in-space diffusion is considered where
the spatial operator is obtained from the composition of the inverses of the Riesz and
Bessel potentials. It is proved that, under certain conditions on the parameters, this
spatial operator is the infinitesimal generator of a Lévy semigroup. The Lévy motion
behaviour varies considerably with the parameters, from a compound Poisson process to
a process with an infinite number of jumps in finite time to the sum of a Brownian motion
and a compound Poisson process. More generally, it was proved that the operator is an
infinitesimal generator of a strongly continuous holomorphic semigroup of angle 7 /2 for
a wide range of its parameters. The varying behaviour displayed by the Lévy motion can
also be related to the infinitesimal generator for this range of parameters. Numerical ap-
proximation of the fractional diffusion equation was discussed, together with applications
to certain stochastic evolution equations.

At present, the theory of fractional diffusion is considerably weaker than that of
the classical diffusion case. An important step in developing a more complete theory is
the development of fractional stochastic differential equations that can include nonlinear
behaviour. In Chapter six, the existence and uniqueness of the solution is proved under
certain conditions. A splitting-type method for the numerical approximation of the so-
lution to some simple cases is presented together with the proof of convergence. Chapter
seven briefly summarises the main results of the thesis and indicates avenues for further
research.
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