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Abstract. It is an open question whether every strongly locally ¢-symmetric
contact metric space is a («, u)-space. We show that the answer is positive for locally
homogeneous contact metric manifolds.
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1. Introduction. In K-contact and Sasakian geometry, local symmetry is a very
strong condition: a locally K-contact manifold is necessarily a space of constant
curvature equal to 1 ([16], [19]). So, there is a need for a new kind of symmetry, better
adapted to the additional structure of Sasakian and K-contact spaces. T. Takahashi
introduced the appropriate notion in [18]: a Sasakian space is (locally) ¢-symmetric if
its Riemann curvature tensor R satisfies

for all vector fields X, Y, Z, VV and W orthogonal to the characteristic vector field &,
where V denotes the Levi Civita connection. Geometrically, this corresponds to the
fact that the characteristic reflections (i.e., reflections with respect to the integral curves
of &) are local automorphisms of the Sasakian structure. In fact, it is already sufficient
that the reflections are local isometries ([S]). A K-contact manifold whose characteristic
reflections are local isometries is necessarily a (locally) ¢-symmetric Sasakian space
(1.

At least two generalizations of the notion of local ¢-symmetry to the class of
contact metric spaces have appeared in the literature. The first one, in [4], defines a
locally p-symmetric contact metric space to be one for which the curvature property (1)
holds. It is as yet unclear what this means geometrically in the contact metric setting.
A second generalization was proposed by the author and L. Vanhecke in [10]: a
contact metric space is called locally ¢-symmetric if its characteristic reflections are
local isometries. This gives rise to an infinite number of curvature restrictions (see
further), including (1). Hence, this second generalization is a priori more restrictive
than the first. To distinguish between the two, we speak about weak local ¢-symmetry
(for the first one) and strong local p-symmetry (for the second). That the two classes
do not agree was shown explicitly in [9]: there, left-invariant contact metric structures
on three-dimensional non-unimodular Lie groups were constructed which are weakly,
but not strongly locally g-symmetric. In [17], D. Perrone has presented another three-
dimensional contact metric space with this property, but which is moreover not locally
homogeneous.
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The first examples of strongly locally ¢-symmetric contact metric spaces (which
are not Sasakian) were found in [10]: these are the unit tangent sphere bundles of
spaces of constant curvature ¢, ¢ # 1, equipped with their natural contact metric
structure. Later, this family of examples was extended further to include all (non-
Sasakian) contact metric (k, n)-spaces. These are contact metric manifolds for which
the Riemann curvature tensor R satisfies

R(X, V)¢ = k(m(Y)X —n(X)Y) + um(Y)hX — n(X)hY) (@)

for some real numbers « and x and for all vector fields X and Y. Here / denotes,
up to a scaling factor, the Lie derivative of the structure tensor ¢ in the direction
of &. For convenience, we will call such contact metric spaces (k, u)-spaces. Note
that Sasakian spaces also satisfy (2) (¢« = 1 and & = 0). The class of («k, u)-spaces was
introduced in [3], and there it was shown that the only unit tangent sphere bundles
with this curvature property are precisely those of spaces of constant curvature ¢ (with
Kk =c(2—c¢)and u = —2¢). All (non-Sasakian) (k, u)-spaces are strongly locally ¢-
symmetric and locally contact-homogeneous, as shown by the present author in [6].
Finally, a full local classification of («, )-spaces was realized in [7].

Apart from the (non-Sasakian) contact metric (k, 1)-spaces, not a single example is
known of a non-Sasakian strongly locally ¢-symmetric space. This raises the question
whether any actually exist. In dimension three, the answer is known: G. Calvaruso,
D. Perrone and L. Vanhecke have shown in [12] that the two classes agree. In previous
work, the present author studied left-invariant contact metric structures on Lie groups
and showed that, also here, strong local g-symmetry forces the Lie group to be a
(i, j1)-space ([8]).

Now, we consider the broader class of (locally) contact-homogeneous contact
metric spaces. By using the theory of homogeneous structures ([20], [14]), one can
make pointwise calculations while still taking the local homogeneity into account.
(This situation is quite similar to the study of Lie groups via computations only
involving their Lie algebras.) If we require the homogeneous contact metric manifold
to be moreover strongly ¢-symmetric, this severely restricts the possible homogeneous
structures and the form of the Riemann curvature tensor. Indeed, we prove the
following.

MAIN THEOREM. Let (M,&,n, ¢, g) be a locally contact-homogeneous contact
metric space. If it is strongly locally g-symmetric, then it is a (k, p)-space.

So, in order to prove that every strongly locally ¢-symmetric contact metric space
is actually a («, p)-space, it suffices to show that strong local ¢p-symmetry implies local
contact-homogeneity.

2. Strongly locally g-symmetric contact metric spaces. In this section we collect
the formulas and results we need on contact metric manifolds. We refer to [2] for a
more detailed treatment. All manifolds in this note are assumed to be connected and
smooth.

An odd-dimensional differentiable manifold M1 has an almost contact structure
if it admits a vector field &, a one-form n and a (1, 1)-tensor field ¢ satisfying

nE)=1 and ¢*>=—-id+nQE.
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In that case, one can always find a compatible Riemannian metric g, i.e., such that

glpX,0Y) =g(X, Y)—n(X)n(Y)

for all vector fields X and Y on M. (M, &, n, ¢, g) is an almost contact metric manifold.
If the additional property dn(X, Y) = g(X, ¢ Y) holds, then (M, &, n, ¢, g) is called a
contact metric manifold. As a consequence, the characteristic curves (i.e., the integral
curves of the characteristic vector field &) are geodesics.

On a contact metric manifold M, we define the (1, 1)-tensor /4 by

1
hX = 3 (Lep)(X)

where L; denotes Lie differentiation in the direction of &. The tensor # is self-adjoint,
hé =0, trh = 0 and hp = —ph. The covariant derivative of & is given explicitly by

Vxé = —pX — phX. (3)

If the vector field £ on a contact metric manifold (M, &, n, ¢, g) is a Killing vector
field, then the manifold is called a K-contact manifold. This is the case if and only if
h = 0. Finally, if the Riemann curvature tensor satisfies

R(X, Y)§ = VyVyt —VyVyt —Vix r§ =n(Y)X —n(X)Y 4)

for all vector fields X and Y on M, then the contact metric manifold is Sasakian. In
that case, & is a Killing vector field, hence every Sasakian manifold is K-contact.

Recall that a contact metric space (M, &, n, ¢, g) is called a (strongly) locally ¢-
symmetric space if the local reflections with respect to the integral curves of & are
local isometries. This geometric property is reflected in an infinite list of curvature
conditions (see also [13]):

PROPOSITION. Let (M, &, n, ¢, g) be a contact metric manifold. If it is a (strongly)
locally p-symmetric space, then the following infinite list of curvature conditions hold.

2((VEXR)(X, V)X, £) =0, (5)
g((V¥HR)(X, V)X, Z) = 0, (6)
g((Vi’fT}R)(X LE)X,E) =0, 7

for all vectors X, Y and Z orthogonal to & and k =0, 1,2, .... Moreover, if (M, g) is
analytic, these conditions are also sufficient for the contact metric manifold to be a locally
-symmetric space.

Note that (6) for £ = 0 is precisely the condition (1), implying that any strongly
locally gp-symmetric space is also weakly locally p-symmetric.

3. Contact-homogeneous structures. Let (M>"! £ 1, ¢, g) be a contact metric
space which is (locally) contact-homogeneous, i.e.,, the pseudo-group of local
automorphisms of the contact metric structure (£, 1, ¢, g) acts transitively on M. The
theory of homogeneous structures ([1], [20]) and its generalization by V. F. KiriCenko
in [14] allow to describe local homogeneity in an infinitesimal way, which is very
convenient for calculations. Namely, the contact metric space (M, &, 1, ¢, g) is locally
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homogeneous if and only if there exists a (1, 2)-tensor field 7', the homogeneous
structure, such that

Vg=0, VR=0, VI'=0, VE=0, Vp=0, Vgp=0 (8)

where V is the connection determined by V.=V — T.

The existence of the tensor field 7" makes it possible to calculate pointwise while
still taking the local homogeneity into account. So, for all further calculations, we
implicitly assume we are working at a fixed point p € M. For the simplicity of the
notation, however, we do not mention p in our formulas.

Consider the operator i = %Eg(/). Since it is symmetric with respect to the
metric g and since hp = —@h, we can find an orthonormal basis of 7, M of the form
{(X1,..., Xy, Y1, ..., Y,, £} satisfying

X)) =rXi, WY)=-7Y, eX)=Y, o)=-X

fori=1,...,nand suchthat Ay > A, > ... > A, > 0. In this basis, we can express the
tensor 7 explicitly in the form:

n
TX:A/] = Z (Alz(]A//c + al;j Yk) + )C_iif,
n

Y= (BXe + BY Vi) + 2t
k=1

Ty,

i

n

Tk = 30 (Ao + ¥ + .

k=1

Ty X =Y (ChXi+ & Y0) + wié,
k=1

Ty,Y; =Y (diXi + DS Yi) + yié. )
k=1

n

Ty =Y (dfXi + D Yi) + yit,
k=1
n

TeX; =) («f Xi + B Vi) + X%,
k=1
n

T Yy =) (v Xe+ € Vi) + ¢,
k=1

Tes =Y (X +3Y) + 2.
k=1

From the properties (8), we can immediately reduce the number of coefficients
in (9). Condition (8)4 implies Tyé = Vy& = —pX — phX. Therefore, T¢& = 0, Tx,& =
—(1+2x)Y;and Ty,§ = (1 — A)X;. So, we find

¥=p=2=A=x,=Df=y,=0,
df = —(1+ )8, df = (1= 1)8i.

https://doi.org/10.1017/50017089505002909 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002909

LOCALLY ¢-SYMMETRIC MANIFOLDS 97
Next, we derive from (8);:
(Tz- )X, Y) = (Vzg)(X, Y) — (Vzg)(X, Y) = 0.
On the other hand, it holds by definition:
(Tz- (X, Y)=—g(TzX,Y) —g(X, T2 Y).

Hence, T is a skew-symmetric operator for each Z € T,M. Putting Z = X;, Y;, &, it
follows

AIEJ‘WLA];/C =0, Blicj+ng =0, a];j+b'£k =0,
xj=0, zj=(14+xr)s,
Ch+Cl =0, D+D) =0 &+d) =0, (10)
yi=0, wy=—(1-21)3
af+a, =0, &+el=0 gty =0,
x;=0, y =0
Finally, we use the equality V:¢ = 0, which holds for every contact metric space
([2]), together with (8)s to obtain
0=(Vep)Z =(T; - 9)Z = Te(9Z) — o(T: 2).
Substituting Z = X;, Y;, we find

k k _ k_ k _
Bi+v; =0, € —a=0. (11)
In particular, combining (10) and (11), we have /3;“ = —yjk = /3; .

Combining all these conditions on the coefficients, the expressions (9) for T
simplify to

n
T = 3 (A5 + i),
k=1

n
Yy = (—eiXe+ By Yi) + (1 + )k,
k=1
Ty§ = —(1+ 1),

Ty,

i

n

Ty X =) (CliXi = Ye) = 85(1 — 8.

k=1
n
Ty,Y; =Y (f5X+ DY), (12)
k=1
Tyé =(1-21)X,
n
TeX; =) (of Xi + B} Vi),
k=1

n

T Y; = Z (_ 'Bijk +a]k Yk)’
k=1

Tet =0
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where A’Z‘], B’z‘], Cf], Dk and a]’-‘ are skew-symmetric in j and k£ and ﬂ;‘ is symmetric in j
and k.

4. The first curvature condition. Recall that we are looking for locally
homogeneous contact metric spaces which are strongly locally ¢-symmetric. The first
necessary condition on the curvature tensor is given by (5) for k =0: R(X, Y)§ =0
for all vector fields X and Y orthogonal to &. On the other hand, since V& = 0, also
R(X, Y)& = 0. Because the two connections V and V are related via 7', we will use this
to obtain additional restrictions on the coefficients of 7.

First, we need the precise relation between R and R, which is given in [20]. For
arbitrary vector fields X, Y and Z, it holds

RX,VZ=RX,Y)Z+ TryyZ— TryxZ — TxTyZ + TyTxZ. (13)
In particular

RX,Y)t =[Tx, Tyl — (Tryy — Tryx)§ (14)

for all vector fields X and Y on M. If we express the condition R(X, Y)&é = 0 for strong
local gp-symmetry for vector fields X and Y orthogonal to &, we obtain a system of

linear equations in the coefficients A’jj, B’jj, C’;j, D’Z‘], ef; and % which can be solved

explicitly. We give some more details now, giving the exphclt solutlons

4.1. One index. Using (14) and (12), we compute

Hence,
e ifx;>0: e;iz lll =0;
e if ; = 0: ¢} and f} are arbitrary.

4.2. Two different indices. This time we look at the conditions of the form
gR(X, V)¢, Z) =0where X, Y, Z € {X;, Y;, X}, Y;},i < j, with bothindices occurring.
This gives rise to a list of linear equations in the coefficients of 7" with two different
indices. However, this system subdivides into systems of five equations for only five
coefﬁ01ents Slnce all the subsystems are similar, we treat only the one involving CZ],

D’1 i» ek, e”and e'.. This subsystem corresponds to the conditions

0 = g(R(X;, X))€, X)),
0 = g(R(X;, Y)), Y)),
0 = g(R(X;, Y))E, Y)),
0 = g(R(X;, Yi)§, Y)),
0 = g(R(Y;, Y))€, X)).
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After some calculations, using (14) and (12), this system can be written as

Cy; 0
Dy 0
M|eil=1|0 (15)
eéj 0
i 0
where

0 0 1+ —(1—1) =24
I+x —(1+2x) 1—x —(1+2) 0
M=] o0 0 1+x —(1=2) 0
I+x —(1+21) 0 0 2
1—% —(1—=1x) 0 0 0

The determinant of the matrix M is given by 84,2(A; + A;)(A; — A;). Keeping in mind
that ; > A; > 0, we have the following solutions for the system (15):

L 1f)\>)\,>0 Ci —Di :eljizei.:e]’:l.:();

o ifa=2>0 C’ =D e,, = = ei =0, ng is arbitrary;

ij> if
e ifA=2=0: C’ = D’U, e,, = elj, D’zj, el and e’ are arbitrary

Working s1m11ar1y for the other subsystems{C/,, DJJI, ej/, eﬂ, ey} {Aw’ B’l',j,f;{, i"j,.j".}
and {A/j,,Bjj,,f’ i j},we find
e ifA;> 2> 0:

i i 7 i
A = B ” = 1,/. i = =0,
J i J
A_/i f' jl =/fi=0

C/J D/_eﬂ_e/j_e~ 0;

i lf)\., >)\.j=O:

Al _Bl = u_ iljzjli:O’
A(: “= = /=O /is arbitrary,
C’—D’—e/—eA]—e =0,

C]fl = D]].i = ejj = eﬁ =0, eij is arbitrary;

i lf)»IZ)\,] > 0:

A, =By, fi= U =/;=0, Al isarbitrary,
A’ Bj’,, fi=f= 7; =0, A’ is arbitrary,
C’~ = D’VA, el = eij = eﬁ =0, Dj;isarbitrary,
Jj_ i) J 55 arbitrary:
G ﬂ, ey =¢;=e; =0, Djisarbitrary;
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b if)u[:)LJ‘:OZ

A, =B, fi=f. Al [} andf} arearbitrary,
A’ Bj]l, fi= j{ , A]]l, 7 and '.j. are arbitrary,
C’. = D’U, ef = eu, D’U, e ~and e are arbitrary,
C - D,J,, e§- ;= eJJl, D/lu / and e are arbitrary.

4.3. Three different indices. As in the previous case, the conditions

gRX, V), Z)=0where X, Y, Z € {X;, Y}, X}, Y}, X, Yi}, i <j < k, and with three
different 1ndlces occurring, lead to subsystems of twelve equations in twelve coef-
ficients: {AU, /k, A,Ja, B’z‘,, lek, B,il, i i ,fl f/mf/g} and { ij, s C,ﬁl, D’;J, D]’k,
D,/a, el el j’j €t el e 1)~ Again, both cases are quite similar. We do not give the
explicit equations here. It suffices to say that the rank of the system is equal to
° 6lf)\j—)\,j—)\,k—0,
91f)\l=)\,j=)\,k >0;
11 in all other cases.
The corresponding solutions are given by
b lf)\,l :)\,j =1 =0:

k __ i _ pi J _ J
A“—B]i(p e = Bj, Ay, Bkz’

k __ nk i i J
C D’Lj’ jk — ik Ckz kl’
ko J ik _
€ij = %k Gk = G eki = ek;"

k _ ¢J ik J o g
Jij =ik Jik = Jjis Jii _fkj’

Ak, A 4], DY, D!

ook i Ll sk gi J : .
i Ajge> ii» Digs Dii» €5 € € [ 11 and fy;; are arbitrary;

o if}\.jz)\,j:)\,k>0:
Ak = Bl{p ]i'k = ;k A] = Bljcz’
Ck = le]» /lk = ;kv C/{i = Dii’
ell-‘j:e'ik: ;k: jl-‘i:eki:e};j:(),
Fh=rh=ri=1f = =1y =0,
A’;/, A;k, A,ﬁl, D’l‘j, D’ and D,{I. are arbitrary;

hd if)\.,'>)»j=)xk=01
k __ i __ ]_ J
A_B]z(j’ jk — /k_Akz Bkz_o
k_ k i /_ J
C Dy’ jk — /k_Ckz Dkz_o
A__ ik _ —
€ij = Ciks Cx = ji_eki_ekj_o’

k ' j k ' j
Jij = e S =Jji kajiszlj:o’

k pk k
A”,DU,e andf are arbitrary;
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e otherwise:

Al = Bl = (ki + 2y + M) + Ak — Ak — A1) aie,
Ay = By = (i + 10 + )Mk + 1) (hi — Ay — ),
Al = Bl = i + 10y + M0k + 20 — M)k — 1)
Cy; = Dy = (M + )0y + M) + A (i = A) (e — A7) e,
e = Dl = O+ 1)y + M) + 1) — )0y — A)di,
Clo = D}, = (i + 10y + MG + 2)0y — A (hic — 1) die
6’/{, = el = (M + )0 + 20 — A0y — M)k — Ai) i,
el = & = (i + )0 + L) (i = 40 — L) — Ai) i,
ef; = iy = (& + 1) 0 + 2 = Ay — M)k — &) die.
FE == 0+ )0k + 1) — )Ry — A0 — 29) ajic,
S =15 = Qi + )05 + k)i — )y — M)k — &) djc

1 = fi; = O + M)k + 2) (i = A0y — M) (he — Ai)
ajx and dj are arbitrary.

5. Curvature components. The results in the previous section have already greatly
reduced the number of independent coefficients for the homogeneous structure 7 of a
strongly locally ¢-symmetric contact metric space. In this section, we obtain even more
information as a consequence of the conditions (8). The operator /4 plays a crucial role
here. Recall that the vanishing of % is equivalent to the contact metric structure being
K-contact. Since a locally ¢-symmetric K-contact manifold is always Sasakian (hence
also a (k, u)-space), we may suppose that z # 0 or, equivalently, A; > 0. First, we show
that also / is parallel for the connection V.

LEMMA. VA = 0.

Proof. In the following calculation, we use the definition of /4, the properties (8)
and in particular the equalities:
(6, Z] = VeZ — V2t =V Z + T: Z — VzE — Tz6 = Ve Z + T Z — T4,
O:Vg(p:%;’:g0+Tg~(p=TgO(p—gong.

We compute
2AVyh)Y =2Vy(hY) = 2h(VxY) = V((Lep)Y) — (L:@)(Vx Y)
= Vx([5. o Y] — ¢, Y]) = [£. (VX V)] + ¢[&. Vi Y]
= Vx(Ve(@Y) + Te(9Y) — Tyvé) — Vx(o(Ve Y + Tc Y — Ty£))
—Ve(pVx Y) = Te(pVx Y) + T 5, v&
+o(VeVx Y) + o(Te Ve Y) — 9(Tg, v§)
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= (VxVe Y) + Te(pVx Y) = Ty5, v — 0(Vy Ve Y)
—o(TeVx Y) + ¢(Tg, vE) — o(V:Vy Y)
—Te(pVy Y) + T,5, vE. +9(VeVx Y)
+o(T:Vy Y) — o(Tg, y§)
=0. O

As a consequence, we have R(X, Y)-h = VyVyh — VyVyh — ﬁ[x, y1h = 0 for all
vector fields X and Y by the Ricci identity. From (13), we then get

R(X, Y)hZ([Tx, Ty]— TTxy—f-TTy)()'h
or
R(X,Y)oh—hoR(X,Y)
=(Tx, Tyl = (Tryy — Tryx))oh—ho([Tx, Ty] = (Tryy — Tryx)). (16)

We can use this formula to compute some curvature components g(R(X, Y)Z, W).
Indeed, if nZ = AZ and hW = u W with A # u, then we have

g(R(X, YhZ — hR(X, Y)Z, W) = (A — w)g(R(X, )Z, W),
while

&[Ty, TylhZ — (Tryy — Tryx)hZ — h([Tx, Ty]lZ — (Tryy — T1yx)Z))
= ()\, — pl,)g([TX, Ty]Z — (TTXY — TTyX)Z’ W)

From (16), we then conclude
g(R(Xa Y)Za W) = g([TXa TY]Z - (TT)(Y - TTyX)Za W) (17)

Note that this equality only holds for eigenvectors Z and W of h with different
eigenvalues! In the rest of this section, we use (17) to compute certain curvature
components and then use the symmetries of the curvature tensor to derive information
on the eigenvalues A; of 4 and their multiplicities. We perform one such calculation
in detail, and afterwards only provide the resulting expressions for the curvature
components.

In order to take the multiplicities of the eigenvalues of 4 into account, we
now change the notation slightly and work with an orthonormal basis {Xi,...,
Xik,» X1, - -5 Xokys ...,X,l,...,X,k,, Yoo s Y oo Y, oo Y,kI,E}suChthat

h(Xy) = A X5, W(Yy) = =AY, (X)) = Y, o(Yy) = —Xj
fors=1,...,t,i=1,...,k; and such that A; > Ay > --- > A, = 0. The indexing of
the coefficients in (12) will be changed accordingly.

5.1. The zero eigenvalue. Suppose first that 4 has a zero eigenvalue on &£, With
the notation above, this means &, > 0. From (17), we have

gRX 11, X)) Y, Yu) = g([Tx,» Txa Y11 — (Try, x0 — Tr, x0) Yirs Yar).

https://doi.org/10.1017/50017089505002909 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089505002909

LOCALLY ¢-SYMMETRIC MANIFOLDS 103

We calculate the right-hand side term by term, using the results from the previous
section:

Tx, Y = _Zzezlew"‘ZszmYsi

s=1 i=1 s=1 i=1

S
_
= —¢; X — ZetllzXll Zzetlsz

s=2 i=1

tl thl‘l E etl nXl‘l

t—1 ks
+ Byl Y+ 2311 n Y+ ZZ Biin Y
s=2 i=1
ki
+ B;} 11 Ytl + ZB;ZI 11 Yti
i=2
t—1 kg
=D Y MM — A dinin Xy
s=2 i=1
ki -1k
+ ZA,H nYi— Z ZK%)&%(M +As) aisin Y,
i=2 5=2 i=1
e(Tx, Tx, Y, Yn) = Z Z)\%AE(M — A dirsinel
s=2 i=1
—1 k
+ ZAtl n Bl Z ZA%)\%(/\I + A ansin Bl
s=2 i=1
=1 ky
== D A0 = AP+ A0
s=2 i=1
t—1 ks
D0 D MR = A + Al
s=2 i=1
t—1 kg
= Z Z)‘4)‘3()‘2 )‘2)(()‘1 + )‘S)allszrl (r = )‘S)dlzl sitl)’
s=2 i=1
t ks
Ty, Y11 =— Z 29115,st + Z Z il1 11 Yo+ + 1)
s=1 i=1 s=1 i=1
ki
= Al Y+ L+ )8,
i=2
ki
8(Tx, Tx, Y11, Yu) = ZAm 1 — (L4 2) = =(1+ 1),
i=2
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t ks
Tx, Xa =ZZ 11:1st+zzenr1Ysz

s=1 i=1 s=1 i=1
.V kr
_ZZAZ allsanw‘FZA X
s=2 i=I i=2
ky ki
- ZZA A(M = A3 disin Y +Ze11,l Yii,
s=2 i=1 i=1
.\ k[
2(Try, x, Y11, Ya) ZZAZ )anmlBJ,n+ZA111131111
s=2 i=1 i=2
=1 ky ki
=YD k(A = A diaa Dy + Y el 1Dy
s=2 i=1 i=1
-1k
3
——ZZK)\ s) @ gint
s=2 i=1
— ,/(}r
3,352
+ ZZMAS(}LI ) dllylll
s=2 i=1
t—1  ky
343042 2
= ZZMM(M ) (s — @)
s=2 i=1
t s
o= 3 A XY et
s=1 i=1 s=1 i=1
t—1 kg
= ZA 111X1, szzkz(kl + )Ls)allstthsz
s=2 i=1
t—1 ky
— Z Z)\,%)\,%(A‘l - )hs)dll‘\'itl YYiv
s=2 i=l1
—1 ky
g(TTX,lel Yi, Ya) = ZAtl n B — ZZ)‘%)\%(’\I +A)asin By
s=2 i=I
- ks‘
- szgm = k)dianDyjyy
s=2 i=1
—1 ky
= Z Z)\'%)&?(Al + )\vs)z()‘-l - )"s)a%lsitl
s=2 i=I
t—1 kg
+ Z Z)»?)»?()Ll - )»5)2()\1 + )“s)dlzl sitl
s=2 i=1
—1 ky
3,402 2 2 2
= ZZ}»I)\S ()\1 - )\S)(()ul + A)ai i + (A — )“S)dllxitl)'
s=2 i=I
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Bringing all this together, we find

g(R(X11, Xn) Y11, Ya)
t—1 kg

= A+ +2) > ARG =) (On + 2 — O = A)di i)-
s=2 i=1

Similarly, we compute

g(R(Y11, Y)Xu1, X))
t—1 kg

= (1 =a)+2) Y M3 = A1) (G + Ay iy = O = Aodaiy ).
s=2 i=1

Since both expressions must agree because of the symmetries of the curvature tensor,
we find the following equality:

t—1 kg

A= 22 ZA?A?(X% - Ag)(dlzlsitl - a%lsitl)‘ (18)

s=2 i=1
On the other hand, working in a similar way, we find

gR(Xy, Y1)Xi1, Yn)
t—1 kg

=1 -2)+2 Z Z)‘?)‘g()‘% - )‘%) (()‘1 + )‘.Y)a%lsirl — (A - )‘.Y)dlzl Sitl)’
s=2 i=I
gR(X11, Yi)Xu, Y1)
t—1 kg

=1+xr)+2 Z Z)‘?)\?()‘% = M) (1 4+ 2945y 0 — i = 2t )
s=2 i=I

Again, both expressions must agree and we get

t—1 kg

A= 22 Z)‘?Ai()‘% - )\%)(a%lsirl - d121m1)- (19)

s=2 i=1

Comparing (18) and (19), we see that A; = 0, which is contrary to our assumption.
Hence, k, = 0 and zero is not an eigenvalue of 4 on &,

5.2. The number of eigenvalues. Suppose next that 4 has at least two different
positive eigenvalues on £+, i.e., k, > 0. Calculating as before, we get first

ks
gR(X11, Xo) Vit Yo) = (L+ (L +20) +2 )Y (33 = 33)° (02 —22) (32 - 33)

s>3 i=l

(2 + 2O + 2T 31 — (2 = A)Chs = AT 21 )
ks
gR(Y11, Ya)Xup, Xa1) = (1= a1 = 22)+2) D (A — B3 =22)(2 =)

s>3 i=1

(2 + Ay + A 1 — (2 = A) (g — A)aiy a1 )
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These two expressions must agree because of the symmetries of the Riemann curvature
tensor. This gives

kS
At =2 Z Z ()‘% o kg)z()‘% - )‘3) ()‘5 - )‘%))‘s()‘l + )‘2)(‘11212131' - a%lzm)
>3 i=1
or
b 2
I= 22 Z ()‘% - )‘5) ()‘% - )‘f) ()‘5 - )‘%))‘S(dlzlzni - a%lZISi)‘ (20)
s>3 i=1

On the other hand, we also have

ky
g(R(X11, Ya) Y11, Xo1) = —(L+A)(1 — )»2)+2Z Z (A - /\%)2()‘3 —35) (A7 = A7)

s>3 i=l

. (()"2 - )\s)()kv + kl)dlzl 21si ()‘2 + )\s)()\s - A‘l)a%lzlxi)a

kg
gR(Y11, Xo)Xi1, Ya) = —(1 = A1+ 1) +2) ) (A1 — B3 =222 =)

s>3 i=1

(2 = 2O 4+ 20T 51 — (a2 + A — 2D 1 )

and hence
kS
A=y =2 Z Z ()”% - )‘5)2()‘% - )‘5)()‘5 - )‘%))‘S()‘l - )‘2)("%12151‘ - d121215i)
>3 i=1
or
& 2
I= 22 Z ()‘% - )‘%) ()‘% - )‘5) ()‘5 - )‘%))‘S(a%l 215 — di) 2si) (21)
s>3 i=1

If we compare the right-hand sides of (20) and (21), we see that they are each other’s
negative. Hence, we obtain a contradiction once more. Consequently, k, must be zero
and / has only one positive eigenvalue on &+

5.3. (x, u)-spaces. Since there is now only one positive eigenvalue A = Ay > 0
left for i, we can revert to our original notation. So, we have an orthonormal basis
{Xi,..., X, Y1,..., Y,, &} such that

X)) =AXi, h(Y)=-1Y:, @X)=Y. o)=-X

for i =1,...,n Furthermore, based on Section 4, the homogeneous structure 7 is
given in this basis as

Ty X; =) AfX.
k=1

Ty, Yy =) ASYi+8;(1+ ME,
k=1
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Tx§ = —(1 + 1Y,

Ty X; = ZD" X; — 8;(1 — M)E,

ZD" Y, (22)
k=1
Tyé = (1-21)X,

n
TeX; =) (of X+ Bf Vo),
k=1

T:Y; = Z B Xy + of Yo),
ng_o

where A/;, Dk and oz] are skew-symmetric in j and k£ and ,Bk is symmetric in j and k.

Let us ﬁrst investigate under which conditions on the coefficients the curvature
tensor R satisfies

RX, Y)§ = (V)X —n(X)Y) + u((Y)hX — n(X)hY).

For X and Y both orthogonal to &, this is already the case (see Section 4). This leaves
only the case R(X, &)& for X orthogonal to &. Using (14) and the expressions (22), we
compute

R(X;. )% = (1= 2% = 248))X; = 20. ) B Xi
k#i

R(Y:,6) = (1 =22 +228])Y; + 22 Zﬂf Y.
ki

On the other hand, for a (k, @)-contact metric structure, we have

R(X;, §)§ = (k + M) X, R(Yi, §)5 = (k — Ap)Yi.

So, we need
Bl=--=8, B =0 itk
Then k = 1 — 22 and 1 = —2B8]. We show now that () is indeed a multiple of the
identity.
We do this in a similar way as before, by calculating curvature components in the
basis { X1, ..., Xy, Y1,..., Yy, &} starting from (17). For i # j, we easily compute

g(R(X;, Y)X;, Y) = =28},  g(R(X;, Y)X;, ¥) =0
and hence ﬁ,—j = 0 for i # j. Further, still for i # j, we get

g(R(X;, Y)X;, V) = 2.
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So,

; 1 1 ,
B/ = =3 8(R(X;. Y)X;. Y) = =3 g(R(X,, Y) X0, Y)) = B.
Summarizing, we have shown that the Riemann curvature tensor of a locally
contact-homogeneous strongly locally ¢-symmetric space satisfies

RX, Y)§ =k (V)X —n(X)Y) + pn(n(Y)hX — n(X)hY). (23)

This does not quite prove the main theorem yet! Indeed, since all calculations were made
at a fixed point p € M, we only know that the x and u in (23) are functions on M, and
not necessarily constants, i.e., we have a generalized (k, n)-space. These were introduced
in [15]. It was shown in that paper that non-Sasakian spaces in this class with non-
constant k and p are necessarily three-dimensional. However, as we mentioned in the
introduction, it was proved by G. Calvaruso, D. Perrone and L. Vanhecke in [12] that
three-dimensional strongly locally gp-symmetric spaces are always (k, u)-spaces, i.e.,
with constant « and p. These remarks complete the proof of the main theorem.

Note that we have only used the very first curvature condition to prove the main
result. We could therefore strengthen it as follows:

PROPOSITION. Let (M, &, 1, ¢, g) be a locally contact-homogeneous contact metric
space satisfying R(X, Y)§ = 0 for all vector fields X and Y orthogonal to &. Then the
manifold is a (x, w)-space.

Proof. Since we used A; > 0 to prove the main theorem, we still have to consider
the case when the contact structure is actually K-contact. Then = 0 or, equivalently,
ri=0fori=1,...,n By (14) and (12), we easily calculate

RX;, £ =Xi, R(Yi,§)E =17,

Together with the condition R(X, Y)& = 0 for all vector fields X and Y orthogonal
to &, it follows

R(X, Y)§ =n(Y)X —n(X)Y

for arbitrary vector fields X and Y and the structure is Sasakian, hence («, 1). Il
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