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1. Introduction. In this paper we consider differential equations of the form
Woyo +A1(Z, 2)W,, + Ax(24, 22)W,, + A3(21,2)Ww = 0, (1)
where the coefficients A; are holomorphic functions in a domain G, x G,cC x C. We

restrict our attention to those equations for which it is possible to represent the solutions in
the form

ny na
w(zy,2,) = Z al,k(zpzz)g(xk)(zx)+ Z az.k(zl922)g(2k)(22)a @)
k=0 k=0

where g,(z,) and g,(z,) are arbitrary holomorphic functions in G, and G, respectively. The

coefficients a, , and a, , depend on the given differential equation. Within the last ten years

a number of publications have been devoted to this kind of representation of solutions.
When a representation (2) has the property,

Ay, #0 and a,,,#0 in G, xG,, 3)

we give relations between the associated functions g, and g, in (2) and the associated functions
of Vekua’s integral operators (Lemmas 1 and 2). We should note here that the functions g,
and g, are called “ erzeugende Funktionen ” in German papers; this notation has been
introduced by K. W. Bauer. In order to avoid confusion with the * generating function ” in
S. Bergman’s sense, we use here the term * associated function ”.

From Lemmas 1 and 2 we deduce that (3) is a sufficient condition on (2) for all solutions
of the considered equation to be representable in this form. (It should be mentioned that the
set of equations (1), for which representations (2) with the property (3) exist, is not empty and
indeed contains important cases.) Finally, as an example, we consider a special differential
equation, for which a representation (2) is given by K. W. Bauer and H. Florian in [1].

2. Vekua’s representation theorem. We now consider the general equation (1), where
the coefficients A4;, i = 1, 2, 3, are holomorphic functions in the bicylinder G, x G,. By G,
and G, we denote simply connected domains of the complex plane. We define integral
operators I, and I, by,

(I fXz4,22) =J;0' R(ty, 23,24, 2,)f(t,) dt,,

(sz)(zl’ 22) =J;: R(Z?, 32, 2y, zl)f(tZ) dtz;
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where R(z, z,, t;, t,) is the Riemann function of (1) as defined on p. 16 of [3]; here and in
the following z%€ G, and zJ e G, are arbitrary, but fixed points and the paths of integration are
piecewise smooth curves in G, and G, respectively. The following theorem is well known,
see [3, p. 23].

THEOREM 1 (Vekua).

(a) For every solution w of equation (1), holomorphic in G, x G,, there exist two associated
unctions f,(z,) and f,(z,), holomorphic in G, and G, respectively, and an associated constant
1\2y 2022 P 2 resp Y
ceC, such that

w(zy,2,) = cR(2, 29, 2y, 25) + I, fy + L, f. 4)

(b) Conversely, for arbitrary functions fi(z\) and f,(z;), holomorphic in G, and G,
respectively, and arbitrary ce C, (4) represents solutions w of (1), holomorphic in G, x G,.

(c) For a given solution w of (1), f1(2,), fa(2,) and c are uniquely determined by
f1(21) = w, (21, 29) + Ay(zy, 23)W(zy, 23), ]
fiz)) = W:Z(z?, 2;)+ A,(29, z,)W(2}, 2,), (5)
¢ = w(z%,29). J

3. Relations between Vekua and Bauer operators. In order to formulate Lemma 1, we
give the following definitions, in which N, denotes Nu {0}.

DerINITION 1. H; denotes the set of all functions f{(z;), holomorphic in the domain G;,
and Hs, z?) is the set of all functions fe H,, such that f®(z?) =0forallk =0, 1,2, ..., s—1,
where seN and i =1, 2.

DeFiNiTION 2. Let T, i = 1 or i = 2, be a differential operator of the form

) ’
Ti = a;, (Z »Z )_—‘ ’
k=0 wepn az}
where r;eNy, a; ; is holomorphic in G; x G, forall k=0,1,2,...,r;and a; ,, #0. If Tig,
is a solution of equation (1) for all g;€ H;, then T; will be termed a Bauer operator of equation (1)
and r; the order of this operator.

Now we can establish the lemma.

LEMMA 1. Let

ng 6k
Ti=Y a,,7=,i=lori=2,
k=0 0z;

be a given Bauer operator of order n; of equation (1), such that a; ,, #0 in G; x G,. Then
the following statements hold.

(a) For every given function g;e Hin;+ 1, z°) there exists a uniquely determined function
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fi€ Hy, such that T\g, = 1,f,. This function f; is given by
m+1

) a
f(z) = Z g§k)(zi)|:ai,k—1(z1,22)+_ai,k(21,22)+A3—i(zlaZz)ai,k(zl,zz):l
k=0

9z, > ©

0
3-i=23-;

where a; _, =0and a; ,,+, =0.

(b) Conversely, for every given function f;€ H; there exists a uniquely determined function
gi€H(n,+1,2°), such that 1,f, = T\g;. This function g, is the uniquely determined solution of
the ordinary differential equation (6) with the initial conditions g*(z?) =0 for all k =0,
L,2,...,n

Proof. We give the proof for i = 1. For i = 2 the proof is completely analogous.

(a) Every solution w of the form w=T,g,, g,€ H,(n, +1, z9), of equation (1) can be
represented (see Theorem 1) by w = cR(2?, 2, z,, z,)+ 1, f, + 1, f,, where c, f; and f, are given
by (5). Since zJ is a zero of order (at least) n, 4+ 1 of g, it follows that ¢ = 0, f, = 0 and that

m+1

. a
filz) = Z g(lk)(zl)lial,k-l(zla Zg)'*‘a_z’al,k(zls 2(2))+A2(Z1,Z(2))al,k(zu 2(2))] > )
k=0 1

where the coefficients a,, _, and a, , ., are defined bya; _, =0and a, ., =0. All other
coefficients a, 4, k=0, 1, 2, ..., n,, are determined by the form of the given Bauer operator

ny ak

T, ,an’-"az;“
A, is given by the differential equation (1). Since g, € H,(n,+1, z)) < H,, A,(z,, z3)e H, and
ay (21, 29)€Hy, k=0,1,2, ..., n, it is obvious that f,(z,) e H,.

(b) Tt only remains to show that there exists one and only one solution g, € H,(n, +1, z9)
of (7) for every fie H,. This actually follows from the theory of linear ordinary differential
equations with complex variables. Let us divide equation (7) by a, ,(z,, z9). Then we find
an equation of the form

gt o (29U + -+ ag(21)91(21) = f1(z0)/a1, 0, (21, 29)- 8)

Let us assume that U(z])<G, is an e-neighbourhood of 29, such that a, ,(z;, 23) # 0 in
U,(z?). Then all coefficients in (8) are holomorphic in U,(z9). So the initial value problem (8)
with g®(z9) =0 for k=0,1,2,...,n, certainly has a uniquely determined solution g,,
holomorphic in U(z)); see [2, p. 20]. If a, ,, # 0in G, x G, this solution can be extended
by unrestricted analytic continuation to the whole domain G,. As G, is simply connected,
it follows from the Monodromy Theorem that, for every f; € H,, there exists one and only
one solution g, € H,(n, +1, z9) of equation (7).

LEMMA 2. Let

ny ak "2 ak

Ti=Ya—=> T=Y a3:—
1 1,k k 2 2,k ~ k
k=0 azl k=0 022

be given Bauer operators of order n, and n, respectively of equation (1), such that a, , # 0 and

https://doi.org/10.1017/50017089500002779 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500002779

86 RUDOLF HEERSINK

ay, ., #0 in Gy x G,. Then, for every constant ceC there exist two functions §, € H,(n,,z?)
and §, € Hy(n,, z3), such that cR(z23, 29, z,, 2,) = T\§, + T»d,.

Proof. Every solution w of equation (1) of the form w = cR(z?, 29, z,, 2,), ceC, can be
represented by w = 7,§, + T,§,, where §,(z,) and §,(z,) have the form:

§1(z)) = ky(z,— 2" — g,(z)), 6]
G2(22) = ka(z2~23)"— g2(2,). (10)

Here k,, k,€C are numbers which satisfy the equation
¢ =kyay, (2%, 2n, ! +kya; (22, 29)n,! 1)

and g;, i = 1, 2, are the uniquely determined solutions of the initial value problems (6) with
gz =0fork=0,1,2, ..., n; and f(z,) given by

0
f(z) = 2. [Tiky(z, "2(1))"l + Trky(z, _Zg)nz] |z,_i=z';_. +
4

+[As-iz 1, 2){Tiky (2, — 29" + Thko(z, — 25)}]| 23-i=2g-1°

All these results can be derived immediately from Theorem 1(c) (if we first only consider a
solution w of the form w = Tk (z;—z))"+ T,k,(z,~22)") and from Lemma 1. As
g,€H,(ny, 2% and §, e H,(n,,z3), Lemma 2 follows.

RemARK 1. Let w be a solution of equation (1) of the form w = cR(z%,2%,z,, z,), ceC.
Then k,eC and k,eC in cR(z%,29,z,,2,) = T\§,+ T>§,, where §,eH,(n,,z%) and
§2€ Hy(n,, 29) are determined by (9) and (10) respectively, are not uniquely determined, but
related by formula (11). Contrarily, g, € H,(n,+1, zJ) and g, € Hy(n,+1, z3) in (9) and (10)
respectively are uniquely determined by a pair (k,, k).

From these results, we can easily deduce the following theorem. In relation to
fundamental systems in the theory of partial differential equations, see [4, 5], an equivalent
result has been given by W. Watzlawek in [5, p. 203].

THEOREM 2. Let
ny ak n2 ak
T, = a,,—, TI,= a, ., —
! kgo 1* ozt z kgo 2k oz
be given Bauer operators of order n, and n, respectively of equation (1), such that a, , #0
and a, ,, #0in G; x G,. Then for every solution w of equation (1), holomorphic in G, x G,,
there exist two associated functions g, € H,(n,, z%) and g, € H,(n,, 23), such that w(z,, z;) =
Ti9,+T59,.

Proof. This result follows immediately from Theorem 1(a), Lemma 1(b) and Lemma 2.

ExampLE. K. W. Bauer and H. Florian gave a representation of solutions of a certain
differential equation in [1]. Theorem 2 enables us to state that all solutions of this equation
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can be represented in the given form. In [1] the following equation is considered:

@*S,S,w+(n—nMwS,w—n(n*+1w=0 (n,n*eN,), (12)
where
o(z,,2,) = ¢(z,)+¥(z,) (e H,, ¥ € H,) such that w¢'y’ #0in G, x G,, )
1 4
Si=——r,
LT WGz, LW
1 9
S, = —
27 Y(z,) 02,
It is shown that for all g, € H, and g,€ H,,
T (=DKnEnr—R) B (=Dfnnr—k)!
= 14
V=L m—pert 9t L e —piert 59 (4

represents solutions of (12), holomorphic in G, x G,. If we arrange the right hand side of (14)
as the sum of two series

n n*
k k
2 a9 and Y a;,9%)
k=0 k=0

we see that (14) is of the form T,g,+ T,g,, where T, and T, are Bauer operators of order n
and n* respectively. The coefficients a,, , and a, . of T, and T, respectively are of the form

(—1)"n*! )
ay,p=—7——=—#0 in G, xG,,
BT CIER) T

(=D)™n!

Ay o= — .70 in G, xG,.

2,n n* 1" " [l//I(ZZ)]" 1 2
From Theorem 2 it follows that (14) represents all solutions of (12), holomorphic in G; x G,,
if g, € H,(n, 2) and g, € H,(n*, 29).
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