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Abstract

We consider a multiserver queue in the Halfin—Whitt regime: as the number of servers n
grows without a bound, the utilization approaches 1 from below at the rate @ (1/4/n).
Assuming that the service time distribution is lattice valued with a finite support, we
characterize the limiting scaled stationary queue length distribution in terms of the
stationary distribution of an explicitly constructed Markov chain. Furthermore, we
obtain an explicit expression for the critical exponent for the moment generating function
of a limiting stationary queue length. This exponent has a compact representation
in terms of three parameters: the amount of spare capacity and the coefficients of
variation of interarrival and service times. Interestingly, it matches an analogous exponent
corresponding to a single-server queue in the conventional heavy-traffic regime.
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1. Introduction

In their seminal paper Halfin and Whitt [22] formally introduced an unconventional heavy-
traffic regime for queueing models (dubbed thereafter the Halfin—Whitt regime). Unlike in the
traditional heavy-traffic approach, in their regime high utilization is achieved by simultaneously
increasing the arrival rate and the number of servers. This regime is also referred to as the
quality- and efficiency-driven (QED) regime, since it balances between the system utilization
and quality of service perceived by customers. Moreover, the QED regime can be understood
as critical with respect to the delay probability, i.e. the limiting delay probability is strictly in
(0, 1) in QED systems (the delay probabilities 0 and 1 correspond to the quality-driven and
efficiency-driven regimes, respectively). It should be noted that the QED regime was considered
by Erlang [15] in the context of numerical steady-state analysis of M/M/n and M/M/n/n systems.
An asymptotic analysis of the closely related Erlang loss function was carried out in [24]. A
formal analysis of a queue with exponential service times in the QED regime was completed
by Halfin and Whitt [22]. They established the criticality of the delay probability in terms of
the square root spare capacity rule, both in steady-state and transient regimes.

Queueing models in the QED regime have found applications primarily in the area of large-
scale call and customer contact centers [1], [18]. Hence, a number of related models have
been considered in the literature. Models with customer impatience relevant to call center
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management were studied in [16], [19], and [41]. Approximations that take into account
finiteness of buffers were introduced in [39] and [40]. Revenue maximization and constraint
satisfaction were considered in [2], [3], [11], [30], and [32]. Optimal stochastic control of QED
queues in various settings was examined in [5], [6], [23], and [37]; the problem of joint control
and staffing was studied in [7] and [20]. Most of the aforementioned results assume exponential
service times. This assumption significantly simplifies the analysis as we do not need to keep
a track of residual service times. The literature on QED systems with nonexponential service
time distribution is limited. Phase-type service time distribution in the transient regime was
considered in [35]. The case of deterministic service times in the steady-state regime was
examined in [25]. A more recent work [31] dealt with the transient distribution of the virtual
waiting time in the case of discrete service times with a finite support. A process-level limit for
the G/GI/n QED queue with general service time distributions was recently obtained in [36].

In this paper we examine the stationary behavior of a GI/GI/n system in the Halfin—Whitt
regime when service times are lattice valued with a finite support. More specifically, we consider
a sequence of first-come—first-served queues indexed by the number of servers n — oo. The
utilization in the nth system is 1 — 8/4/n + o(1/4/n) for some parameter 8 > 0; equivalently,
the number of servers n is given by R, + B+/R, + o(s/R;,), where R, is the offered load
of the nth system. The service distribution does not change with n. The stationary number
of customers and waiting time in the nth system are denoted by Q" and W", respectively.
The first main result of the paper states the existence of limiting random variables 0 and W
such that Q" /\/n 2 Q and /nW" 2 Wasn — o0, where 2 denotes convergence in
distribution. The distribution of Q is shown to correspond to the unique stationary distribution
of some underlying continuous-state Markov chain {(Q,, i,), t € Z4+}, where {it, teZy}
is a limiting process corresponding to the vector of customers in different stages of service.
Our second main result identifies the exact exponential decay rate of the limiting variable
Q. Informally, we show that P[Q > x|~ exp(—Zﬂx/(cﬁ + cf)) for large x, where ¢, is the
(limiting) coefficient of variation of interarrival times and ¢ is the coefficient of variation of
service times. Our analysis uses quadratic and geometric Lyapunov functions to establish the
tightness of the sequences {Q"/+/n, n > 1} and {/nW", n > 1}.

Next we list some notational conventions used throughout the paper. For two vectors x
and y with elements x; and y;, respectively, x - y denotes the dot product ), x;y;. All
considered vectors are row vectors, and transposition of a vector x is denoted by xT. Let
K :=(1,2,...,K). Forx € R™, |x|| denotes the L-norm, i.e. |x|| = Y /., |x;|. Denote by
7 : RE — RX alinear operator defined by

T{(x1,...,xx)} = (x2, ..., xK,0).

Given a random variable (RV) X € R, its moment generating function is My (0) := E[e?X].

For every 6 > 0, we denote by My the family of sequences of RVs {X,,, n > 1} such that
lim sup,,_, . Mx, (6) < 00; let Moo =()yoo Me. Given an RV X, we write X € My or
X € Mo if E[e?%] < 0o or E[e?X] < oo for every 6 > 0. We denote by E [-] the expectation
operator with respect to a probability measure 7 ; similarly, we use P, [-] when the probability
measure 7 is not clear from the context. For two reals x, y, we set x A y = min{x, y},
x Vy =max{x, y},x" =xVv0,and x~ = (—x)T; when the argument of a unary operation is
a vector or matrix, it is understood that the operator is applied elementwise. The symbols Z
and R, denote nonnegative integers and reals, respectively.

The paper is organized as follows. In Section 2 we describe the considered model and
formally introduce the Halfin—Whitt (QED) regime. Our main results are stated in Section 3.
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Section 4 contains preliminary results. The proofs of the main results can be found in Sections 5,
6, and 7.

2. Model

2.1. Queueing system description

We consider a sequence of first-come—first-served queues indexed by the number of servers n.
Details of our model are as follows.

2.1.1. Service times. Service times are independent and identically distributed (i.i.d.) RVs,
equal in distribution to an RV § that does not depend on n and takes values in a finite set
{s1,...,sx} C Ry. Itis assumed that the set of service time values has a common divisor
s > 0,1.e.s; = kjs forsome k; € N, 1 < i < K. Under this assumption, without loss of
generality, we adopt s = 1 to be the largest common divisor of service time values. Let

pi '=P[§S =i], 0<i=<K,

where K is the largest index such that px > 0. We assume that pg = 0, that is, no instantaneous
service is possible. Then the expected service time is /fl = E[S] = Zlel ip;; the variance
of S is denoted by o, and the coefficient of variation by ¢; = po;. The steady-state behavior
of the system with deterministic service times (S = 1) has been characterized in [25] and,
thus, we consider o, > 0. In this case there exist two values of the service time that are
relatively prime, i.e. p; p; > 0 for some relatively prime i # j; otherwise a simple time change

argument can be applied to rescale the service times. For convenience, let p = (p1, ..., px)
and p = (p1,..., px), where p; = P[S > i] = iji p; describes the tail of the service time
distribution.

2.1.2. Arrival times. Customers arrive to the nth system according to a stationary renewal
process with interarrival times equal in distribution to t,. The arrival rate A,, := 1/E[7,] is
such that A, — oo as n — oo, while the coefficient of variation of interarrival times, ¢4,
satisfies ¢,, — ¢4 asn — oo for some 0 < ¢, < oo. In view of the assumption that
S € N (s = 1), it is convenient to define A}, ¢ € R, as the number of arrivals in the time
interval (t — 1, t] in the nth system. In addition, let a; denote the backward recurrence time
of the arrival process at time ¢, i.e. ;' :=inf{u > 0: A7_, , > 0}, where A, is the number
of arrivals in the time interval (s, ] for two reals s < ¢. Our proving method is based on an
analysis of a time-embedded process that has the Markov property. Hence, we require that
the arrival process has limited dependency in its structure. To this end, it is assumed that the
appropriately scaled number of arrivals, conditioned on the particular value of the backward
recurrence time a, converges to a Gaussian distribution uniformly in a, i.e. for every t € R,

o[ Ar = _
—— X
Nz

sup — 0 asn — oo, (1)

a>0

ay | = ai| —P[A < x]

where A is normally distributed with zero mean and variance cg. We assume additionally (since
convergence in distribution does not necessarily imply the convergence of moments) that

E[A? A } 0 )
SupE| ———|a,_=a| — asn — o0
a>0 \/)”_n =1
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and

n 2
lim supsupE[<u> a —ai| < 00 3)
n—-o00 a>0 A =1 ’
There exists a broad class of arrival processes that satisfy these assumptions. The simplest one
is the class of renewal processes with interarrival times that have bounded conditional second
moments uniformly in ¢/ = a. For example, let {¢;, i € Z}be ani.i.d. sequence of nonnegative
RVs with unit mean and a finite second moment. By setting ¢; /A, to be the ith interarrival time
in the nth process we obtain a process that satisfies the aforementioned assumptions due to the
central limit theorem for renewal processes [14, p. 114] when A,, — oo asn — oo.

Finally, since we consider multiserver queues in their steady states, the distribution of
interarrival times should be such that the stationary distributions of all considered quantities
exist and are unique (for all finite n). See the comments at the beginning of Section 3 and
[4, Chapter XII] for details.

2.1.3. Quantities of interest. The number of customers awaiting service in the nth queue at
time ¢ is denoted by Q7, and the fotal number of customers in the system is denoted by Y.
The fact that Y" = n + Q} when all servers are busy, while O} = 0 when at least one server
is idle renders

P=r—mt “
for every time instant 7. Let Lf v k=1,..., K, be the number of customers in service with
remaining service times in the interval (k — 1, k] at time . The notation L} = (L}, ..., L} x)

renders ||L}|| < n, with strict equality corresponding to the case when at least one server is
idle. The following identity then holds for all € R.:

Qf (n — |ILY|)) = 0. (5)
Let J',, k = 1,..., K, be the number of customers with service requirement k that enter
service during the time interval (r — 1, ¢]; set J' = (J";, ..., J/'x). Thus, || J/"| is the total

number of customers that enter service during the time interval (r — 1, 7] and
Qi = 0F + Ary — 21 Q)

2.2. QED regime and scaling

The offered load in the nth system is A,/ and, hence, the utilization is given by p, =
An/nu. In the Halfin—Whitt (QED) regime the relationship between the utilization and number
of servers satisfies

V(1= py) > B asn— 0o )

for some 8 > 0, or, equivalently, n = A,/ + B/An/pt + 0(J/Ay/p) as n — oo. For
notational simplicity, we let B, be a quantity satisfying n = A, /u + B, /7, i.€.

n—a
,3,1:=—"/M—>ﬂ asn — oo.

Jn
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Under such a scaling, the following centered and scaled versions of RVs indexed by ¢ € R
are of interest:

A Al — A
A;l _ M n ’
Jn
~ or
no._ t
0 : N
in — L;l — )\nﬁ
t - \/ﬁ ’
5 I —
JI' = —, 8
t \/ﬁ ( )
s =P

U )

Given these definitions, the counterparts of (4), (5), and (6) are

~

0f =¥ - BT, (10)
K A
WAL

and
Qt+l = Q) +Az+1 Jzn+1a (11)

respectively.

3. Main results

A multiserver queue can be described by the standard Kiefer—Wolfowitz vector [26] of
residual workloads; see, e.g. [4, Section 2.3] and [8, Chapter XII]. Provided that the stability
condition p, = A, /nu < 1 is satisfied and the arrival process is renewal, in [26] it was estab-
lished that all relevant stationary measures exist when the system is observed just before arrivals,
i.e. stationary measures exist for this particular time-embedded process. In order to ensure the
existence of stationary probabilities for continuous-time processes {(Q}, L}), t € R;} and
{W, t € R,}, additional conditions are needed [4, p. 348]. We assume that these stationary
distributions exist and are unique. Let i, be the stationary distribution of {(Q?, i;’), te Ry},
i.e. m, is time invariant with respect to z. We characterize the limit of 7, as n — o0
in terms of the stationary probability of a certain discrete-time process {(Q,, L), te Zy}.
Although the processes {(Q;’, I:;’), t € R} are inherently continuous time, for the purposes
of characterizing their stationary distributions, it is sufficient to consider their time-embedded
versions (¢t € Z4 due to the lattice-valued nature of service times, S € N). Such an approach
has an advantage since these discrete-time processes have a tractable Markovian structure that
is amenable to the Lyapunov function method [33].

Next we construct the Markov chain {( Q t L 1), t € 7} with state space RX +l To this end,
let (A, 1€ 74} be an i.i.d. sequence of zero mean normal RVs with variance uc Also, let
{Jt, t € Z4}be ani.i.d. sequence of normal random vectors with the zero mean and covariance

https://doi.org/10.1239/aap/1214950216 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1214950216

Steady-state analysis of a multiserver queue 553

matrix puX, where the elements of ¥ are defined by

1—p)pi, 1<i=j<ZK,
E,] _ ( Di) Di = l ]. = (12)
—DiPj l<i#j=K;
the sequences {A;, t € Zyand {J;, 1 € Z} are mutually independent. The process
(O, L), 1 € Zy)
is defined by the following three recursions:
Ly = T{L) + Jiv1 + Jiap, (13)
K +
Q1 = (Q, + A1+ Lk —ﬂ) : (14)
k=2
K
Jopr = Qs + A1) A (ﬁ -> Lt,k), (15)
k=2

and an initial condmon (Qo, Lo) that is 1ndependent of {A,, te Z+} and {Jt, t € Z4}; the
random vector (Qg, Lo) satisfies Zk 1 Lo ¥ < B and Qo(Zk 1 Lo tr — B) = 0 by definition.
It is straightforward to verify that the preceding defines a continuous-state Markov chain due
to the i.i.d. nature of {At, t € Z4+}) and {J,, t € Z4}. Observe that (13), (14), and (15) imply
that, forall r € N, Zk 1Ltk < B and

~ K A
Qt(Z Lt,k - ﬂ) =
k=1

We define a process {1?,, t € Z4+} by 1?, = Z,le I:,,k 4 Q, and note that it satisfies Q, =
Y, — BT, t € Z,; we refer to this process as the limiting number of customers in the queue.

Our first main result states the existence of a distributional limit of (Q", i") asn — oo,
where the pair (0", L") is distributed according to 7r,,. In particular, we relate the sequence of
stationary distributions {m,, n > 1} of {(Q;’, i;‘), t € R4} to the stationary distribution of the
discrete-time chain {(Q Ly, te Z4}. The proof is based on a tightness argument and can be
found in Section 5.

D . . . ST
Theorem 1. We have m,, — m, as n — 00, where 1 is the unique stationary distribution of
the Markov chain {(Qy, L), t € Z4}.

Outline of the proof. The proof consists of three parts: (i) demonstrating that the sequence
{(Qt , L”) n > 1} is tight with respect to the sequence of d1str1but10ns {m,, n > 1} (as
n — 00), (ii) showing that the stationary distribution of {(Q”, L”) t e Ry} converges to a sta-
tionary distribution of{(Q,, L,) t € Z4}asn — 00, and (iii) proving that {(Q,, L,) t e’}
has a unique stationary distribution ... We briefly outline the main argument for part (i), as the
proofs of parts (ii) and (iii) follow more or less a standard argument.

A polynomial function Wy(y,z) =(p-y+ o - z)? is defined, with a € RK? being fixed
(see Section 4. 3) the function W can take negative values. For notational simplicity, let

—( sy Y g ) and Z" = (Z Z[ x+1)» Where Z” ft" +pA;’. Based on
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preliminary results (see Sections 4.1 and 4.2), the following is derived (see Section 4.3) for an
explicitly constructed set R":

EML (Y, ZH WY, ¢ R") WYL, Zi ) | YLy, 23 ] < —8Wi (VL Z0 ) + v
for some § > 0, ¢ < oo, and all large enough n (see Proposition 2, below), and

lim sup B, [Wa (Y], ZH H{Y" |, Z" | € R"}] < o0
n—od
(see Lemma 4, below). These two relationships can be combined (see Theorem 4, below) to
obtain
lim sup E, [¥ (Y}, Z")] < oo.
n—0o0

On the other hand, the expectation of the negative part of W (Y, Zt") is also bounded in the
limit (see Lemma 6, below):

limsup B, [—W (Y, Z") 1{¥ (Y, Z"") < 0}] < oo.

n— oo
Finally, the tightness of{f’”, n > 1} (and hence of{Q, n > 1}, since Q, = (Y” ,3,,)+)w1th
respect to stationary {m,, n > 1} is due to E,, [V (Y], Z”)] Eq,[p-Y'] =Egl Y” 1/ .

Let (Q, i) be distributed according to 7y, i.e. if Q" is the stationary number of customers in
the nth queue then Q" //n LY Q asn — oo. Itis immediate that P[Q = 0] € (0, 1), since the
dlstrlbutlon of the Gaussian term A +in (13) (14), and (15) has infinite support. The convergence
T, 2 7, implies that P[Q” =0] - P[Q =0] € (0, 1) as n — o0, and, thus, the system is
indeed in the QED regime.

Our second result establishes the critical exponent for the moment generating function of Q
The proof can be found in Section 6. The theorem is stated for the limiting queue length 0.
With additional conditions on the arrival processes, a weaker result can be obtained for the
prelimit variables Q” by slightly modifying the proof of Theorem 2.

Theorem 2. Let 0* = 28/(c2 + c2). Then E[e?] < 00 if6 < 6* and E[e?9] = 00 if 6 > 6%,

Outline of the proof. Here we outline just the proof of the statement E[e??] < o0 if § < 6*.
The key idea is to define a geometric Lyapunov function ®g(y, z) = exp(@p -y + 6o - Z) (see
Section 4.4) with & € R¥ ’ being fixed. Based on the rules according to which the number of
customers in the system evolves (see Section 4.2), itis possible to define a set R (see Section 4.4)
such that

E[®o(Yi, Z)UY,—1 ¢ R} | Yio1, Zio1] < (1 = 8) Do (Y1, Zi—1)

for all & < 6*/u and some § < 1 (see Proposition 3, below), and E, [Py (17,, Z[) 1{)7,_1 €
R} < oo for 6 > 0 (see Lemma 7, below). The preceding two inequalities are combined to
conclude that E;_[®g (Y;, Z;)] < oo for 6 < 6*/u (see Theorem 3, below), and

E; [exp(0p - ¥;)] < oo

follows since J; and A, are normally distributed by definition. Finally, the proof is concluded
by showing that

Y, _
En*|:exp<9‘—t —p-Y; >] < oo foralld > 0.
"w
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We remark that the criticality of the exponent 6* = 28/ (cg + c%) is consistent with the
results obtained earlier in [22] and [25]. Namely, in the GI/M/n queue in the QED regime the
conditional limited scaled steady-state number of customers is exponentially distributed [22]:

28

—1 A A
logP 0] = ———, 0,
x " logP[Q >x| Q> 0] c(%—i—l X >

while, for the QED GI/D/n queue [25], we have, as x — 00,
28

-
Ca

xillogP[Q>x | Q>0]—>—

recall that in both cases P[Q > 0] € (0, 1) for each 8 > 0.

Furthermore, we point out that the same exponent 6* appears in the Kingman approxima-
tion [27], [28] for a single-server queue in the conventional heavy-traffic regime. Moreover,
the same exponent was established in analyses of queues with a fixed number of servers in the
same heavy-traffic regime. In particular, consider a sequence of single-server queues indexed
by n. The arrival rate to the nth system is A, — 0o, with the arrival process being renewal,
satisfying the central limit theorem and ¢, , — ¢, as n — 00. The service times of customers
are i.i.d. and equal in distribution to S/n (equivalently, the service capacity grows linearly
in n), and, thus, the utilization is given by p, = A, /nu. Let Q” be the stationary number of
customers awaiting service in the system indexed by n; Q" and the total number of customers
in the system dlffer by at most one at any point in time. If Jn(l—p,) — B>0asn — oo
then Q" / f = Qasn — oo, where Q is exponentially distributed [38, Section 9.6] (see also
[38, Section 5.7]):

x 'ogP[Q > x] = —6*, x>0,

where 0™ is as given in Theorem 2. The agreement of the critical exponent 6* in the correspond-
ing single- and n-server (n — 00) systems is interesting since the two evolve under different
rules. Observe that, as n — oo, the total number of customers in the single-server system is
O (4/n) as n — oo, while, for the n-server system, that quantity is ®(n) as n — oo.

In conclusion of this section we state an analogue of Theorem 2 for stationary waiting times
using the distributional Little’s law [21] applied to the waiting room.

Corollary 1. We have \/nW" 2 W= Q/u as n — oo. Consequently, E[eew] <o0iff <
ub* and E[e?V] = oo if 0 > ub*.

Proof. See Section 7.

4. Preliminary results

This section contains four subsections. In the first subsection we consider a time-embedded
version of {(Q;’, L}), t € Ry}. The number of customers in the finite-n and limiting systems
is considered in the second subsection. Quadratic and geometric Lyapunov functions are
introduced and analyzed in the last two subsections.

4.1. Time-embedded process

In this subsection we examine the triple (Q}, L}, a;) € Zf‘“ x Ry and the laws governing
its evolution in time. The continuous-time process {(Q}, L}, a}'), t € Ry} is not Markovian
due to the nonexponential nature of service times. Hence, in order to avoid enlarging the state
space, we consider its time-embedded version {(Q}, L}, a;'), t € 7.}, i.e. the original process
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observed at discrete-time instances ¢ € Z (recall from Section 2.2.1 that § € N). As seen in
the following proposition, the evolution of the latter process is determined by the number of
arrivals (A}) and customers that enter service (J;') during a unit time interval.

Proposition 1. The process {(Q}, L}, a}'), t € Zy} is a Markov chain. For everyt € Z, the
value of (Q} |, L}, ) satisfies

Ly, =T{L Y+ Iy (16)
Ol = (O + Al + L} —n—L} DT, (17)

where J | € Z is a multinomially distributed random vector that obeys

I = (QF + Af ) A (= LYl + LY ) (18)
and
ELJ . LI = 12 D ps (19)
given |[J[' |I, vector J | is conditionally independent of {(Qf, L}, a), t € Z4}.

Proof. 1t is sufficient to demonstrate (16), (17), and (18); equality (19) is a straightforward
consequence of the i.i.d. nature of service times. The Markov property follows from these
relationships and the renewal structure of the arrival process.

Consider the number of customers that enter service in the time interval (¢, t + 1]. At time ¢
there are ||L}| customers in service, by the definition of L}. Out of these ||L}|| customers,
L7 | depart from the system not later than time (¢ + 1), since their residual service requirements
at time ¢ are at most 1 (by the definition of L7 - This yields n — [|L} || + L} | customers that
can potentially enter service in the time mterval (t,t + 1]; recall that n — ||L” || is the number
of idle servers at time #. On the other hand, the number of customers that can enter service in
the time interval (¢, t 4+ 1] is at most QF + A;’ 1 Thus, the number of customers that do enter
service in the time interval (¢, ¢t + 1] is

I = (QF + AL D) A (= ILTII + L7 ), (20)

rendering (18). Now, customers in service at time (¢ + 1) with residual service requirements
in (i — 1, {] are of two types: (i) customers already in service at time ¢ and (ii) customers that
enter service in the time interval (¢, # + 1]. Thus, formally

+ L i=1,...,K—1,
lt1+1,i — J:llJrl t+11 ik (21)
t+1,i° —

The multinomial distribution of J, ; follows from the assumption that customers’ service
requirements are i.i.d. RVs, independent from the arrival processes. Rewriting (21) in a vector
form renders (16).

In order to establish the value of Q? e it is sufficient to consider the difference between the
number of customers that could start receiving service in the time interval (¢, ¢ + 1] and the
actual number of customers that enter service, i.e. (6) and (20) yield

t+1 - Qt + At+1 l ter”
= (O] + Al + LY =L} =7,

and (17) holds. This concludes the proof.
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An analogue of Proposition 1 for scaled processes is stated next.

Corollary 2. The process {(Q”, if ay), t € Z4} is a Markov chain and it satisfies

A?H {Ln} +J +1 + Jtn+1p’ (22)

+
Q?—H = (Qz +At+l + ZLI:,I‘ - /311) )
i=2
K
n = (00 AT ) A </3n - ZL;*,,-),
i=2

conditional on J".,, is independent of{(Q” L” a), t € Z4}.

where J R

t+1’

Proof. The Markov property follows from Proposition 1 and the fact that there exists a
one-to-one mapping between ( L”) and (QF, L}). Now, (16) implies that

Liyy = dp=T{L{} + J/yy — AP
= (T{L{} = (P — P) + (1 — 12 1P + (L I = 2n)

This equality and the observation that 7{L} — X, p} = T{L}} — X,(p — p) (owing to the
definition of p) yield (22). The remaining relationships are obtained similarly from their
counterparts (17) and (18).

Properties of the vector f,” are summarized in the following lemma.
Lemma 1. The vector fl” satisfies, for everyk =0, 1,...,nand 0 > 0,

2

E[(K - J? | 1JM = k] =

B 110 = k= 2P,

j S—1 n
Elexp@K - J) [ I/ = k] = (E[exp<9 \/ﬁm)D '

Proof. Let{S; }le be a sequence of i.i.d. RVs equal in distribution to S. Then, the definition
of J;' renders

A 1 k2
BI(K - J)% | 1 =kl = [(Z /M”— -

The other two equalities are obtained in a similar straightforward fashion. The last inequality is
due to E[eg(s_l/")/‘/ﬁ] > 1. This follows from the convexity of efO—=1/W/¥n in x and Jensen’s
inequality.

4.2. Number in system

This subsection is devoted to a detailed analysis of the rescaled number of customers in the
system {Y/', t € Z,} and its limiting counterpart. The dynamics of {Y}", t € Z,} are related
to a newly introduced process {Z?, t e’}

= (2, ... 2 = J" + pAl, (23)
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and in particular to

K
VI9= Y U AT ) (24)
i=1 j=i
K K
=2 Zhii (25)
i=1 j=i

as stated in the next lemma. Informally, for large n, the process {\7,", t € Z4} serves as a proxy
for a scaled infinite-server process. We remark that the lemma is a discrete-time analogue of
Equation (1.1) of [36].

Lemma 2. The process {f’t”, t € 74} satisfies, forallt > K,

—V"+Zpl< — Bt

Proof. Equalities (11) and (22) yield the following expression for the K'th element of the
vector L},

~

Ly g =Tk + A5+ 08— O Dk

Furthermore, using (22) iteratively, it is straightforward to obtain the remaining elements
of L" To thisend, for j =0,..., K — 1,

t+1°
z+1+, K—j Z( i K—i T (A 1+ O — O )P0,
which after a change of time indices renders, forr > K and j =1, ..., K,
K+1—j
Z (] t+1—i, j+i— ]+(At+l -t Qt i Q:lfiJrl)pjﬂ'*])' (26)

Summing both sides of (26) over j = 1, ..., K and using (24) results in

K
ZL?,]' Z(Z 1—i,j T (Ar+1 L+ 0 Q?—i+1)ﬁi)
Jj=1

K
=V =0+ ) pi0
i=1
The statement of the lemma follows from the preceding equality, (9), and (10).

The following corollary establishes a lower bound and upper bound on the value of )A’t" in
terms of the past values of {IA/t”, t € Zy} and {Vt”, t € Zy}.

Corollary 3. (i) Foreveryk € Zy andt > k + K,

k k+K
VT DY pik (Y = BT
i=0 i=k+1
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(ii) For 1 <iy,...,ix < K, let pgy = ]_[];:1 pi; and sy = Z’;Zl ij with sy = 0. Then, for
= Sk,

= pao ¥ s Z('B iz ém

Proof. The proofs of the two parts follow by induction on k.

(i) The base of the induction (k = 0) is due to Lemma 2 and p; > p; fori =1, ..., K. Then
the bound follows from the inductive assumption, Lemma 2, and p; = p; + pi+1 < L:

k k+K
ARSI\ AR A M N VI ARy
i = i=k+2
k+1 k+1+K
<Z<V,",>++ > B =B’
i=k+2

(ii) By Lemma 2 we have )A’,” > \7t” + pi, ()A’t”_,.1 — B)*, which implies that

4 >P11,” B-V"H
> pi ¥y, — (B—VHT. 27

The preceding inequality provides the base of the induction (k = 1). Now suppose that the
statement of the corollary holds for some k > 1. Then combining (27), the inductive assumption,
and p; < 1 yields

k—1

Y= pag ¥y, = B =Viesi)T = parn ¥y, Z(ﬁ Vies) ™
j=0

where the second inequality is also due to sk 41) = Sy + ik+1-

In the rest of this subsection we state the limiting counterparts of the results derived for
(Y], t € Z1}. We start by introducing the limiting analogs of Z}' and V/". Define

Z=J + PAt
and

K K K K
=YY Urri-ij+pjAii-d =YY Ziviij, (28)
i=1 j=i i=1 j=i

where the Zt,is are the elements of Z. Since j, and A, are normal RVs by definition, Z, is
normally distributed as well, and, for all ¢ and i, we have

1Z1.i] € Moo (29)

The properties of {¥;, ¢ € Z, } are summarized in the following lemma, including limiting
counterparts of Lemma 2 and Corollary 3.
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Lemma 3. (i) The process (Y, te 7.4} satisfies, forallt > K,

K
f}t = ‘7: + Zpi(?z—i -t

i=1

(i) For every t € Z.,

(—Y)) € Mwo.
(iii) For everyk € Z4 andt > k + K,
k+K
Y, < Z(VZ DT+ Y i — Bt
i=k+1

(iv) For 1 <iy,...,ix < K, let pgy = nj:l pi; and sy = 21;21 ij with sy = 0. Then, for
= Sk,

?I Z p(k) },}Z—S(/\v) - Z(ﬂ - VI—S(_j))+'

Proof. (i) The proof is  analogous to the proof of Lemma 2. Part (ii) follows from Y > V,,
part (i), and the fact that A, and J, have normal distributions. The proofs of parts (iii) and (iv)
are analogous to the proof of Corollary 3.

4.3. Quadratic Lyapunov function
Here we introduce a quadratic Lyapunov function and prove some of its properties. To this

end, we define K vectors ay, ..., ek, where elements of the vector ey = (o 1, ..., g, k) are
defined by
a =0 -k (30)
leta = (a1,...,0g) € RKZ. A function Wy (y, z): RK+K? _, R is defined by
Yo (y,2) == (p-y+a-2) (31)
and a set Ry by
Ry = {yeRK: y; < x for some i}. 32)
The case in which & = 2 is of particular importance since it corresponds to a quadratic
Lyapunov function (see Appendix B for the definition) as established below. Finally, we
introduce Y," : (Y”, .. Y” x+1) and Z” = (Z” .. Z" x+1)s the ‘bar’ notation in Y,"

and Z” indicates that elements of these vectors refer to dlfferent time indices.

Proposition 2. There exist 6 > 0, ¥ < oo, and ng such that, for all n > ny,
E[WY, ZH WY ¢ Rp,} — VoY) |, Z ) | Y] | Z" 1< —=8W (Y], Z! ) + ¥

Proof. On the event { T ngn} Lemma 2 renders in a vector form_ Y” = V” Bn +
P Y" 1» and, since p; + p,H = p; by definition, it implies that p - Y” V —Bu+p- Y"
Thus the linear combination of Y" and Z" that appears in the deﬁmtlon of Wy can be expressed
as

pY'+a-Z'=V'—B,+p-Y" |, +a- 2"

=p-Y'  +a-Z"  —B,+K-Z (33)
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where the second equality follows from (25) and (30). Then, based on (33), we obtain
Bl (Y), ZH Yy ¢ R} | Yy, Z7 1 = Wa (YL, Z) )
<2W (¥, Z )BI-Bu+ K- 2] | ¥, 2]
+E[(—Bu+ K- Z))* | Y] . Z] 1. (34)

Now, by (23), the sum in (34) can be expressed in terms of A;’ and jt” as follows:

A An sl en 5
E[K-Z | Y|, Z] |] :E|:7t +K-J' YL, ?1]
A
:E[It Ytnfl’ ?1i|
An
< supOE[j ay_, = ai|, (35)
az=

where the last inequality is due to the fact that A;’ is conditionally independent of f,” and
(l_/t’l], Zt”fl) given a;_1 (the arrival process is renewal). The second expectation on the right-
hand side of (34) can be upper bounded by utilizing the same fact in addition to the observation
that f{’ is conditionally independent of A;’ and (I_’t"_l, Zt”_l) given f,” (see Corollary 2). These
two facts yield
V7 7n j|
t—1° “t—1

@, = } + max E[(K - J")? |17l = i]

<i<n

E[(—B.+ K -Z"? | Y |, Z" |]

_ A? _ g N2
nw
<supE|| — — B,
a>0 123

YRR
=< SUPE|:<—t - IBn)
a>0 1%

where the last inequality follows from Lemma 1 and || J;*|| < n. The limit (as n — o0) of the

right-hand side of the preceding inequality remains bounded owing to assumption (3) on the

arrival process (see Section 2.1.2) and the fact that service times are bounded (S < K).
Combining (34) with (2), (35), and (36) yields the statement of the proposition.

ar | = a:| + 02, (36)

Lemma 4. The following inequality holds:

limsup B, [Wa (Y, Z) 1{Y]" | € Rp,}] < 0.
n—oo
In the proof of Lemma 4 the following number-theoretic fact will be utilized. For complete-
ness, we provide its proof.

Lemma 5. Let p and q be two relatively prime numbers. For any K € N, there exists k € N
such that anyl € {k + 1, ...,k + K} can be represented as | = i;p + jiq for some ij, j; € N.

Proof. Since p and ¢q are relatively prime, then any m € {1,2, ..., K} can be represented
as m = i/ p + jlq for some possibly negative integers i/, and j; see, e.g. [29, p. 104]. Let
t = max,{i,, ji}+1and k = tp +tq. Thenevery/ € {k + 1,...,k + K} is given by
I =iip+ jig,where iy = (t +i;_,) and j; = (t + j;_;).
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Proof of Lemma 4. Let{Rk (yeRK:y1>x,...,1>x, ik <x}, 1l <k < K. It
is sufficient to prove the statement of the lemma with Rg, replaced with JRZ for an arbitrary
k € {l,...,K} since Rg, =, R B The proof is based on demonstrating the following
bound for some positive integer m and constants {¢;, i = 0,...,m +k + K} and {d;, i =
0,....m+k+K}:

m+k+K R 2
(V) Z) UYL, e R ) << 3 (ci+di|Vt"_i|)> for all n, . 37)

Then the statement of the lemma follows from the definition of \7[’ , Lemma 1, and (3) applied
in the unconditioned case; thus, we focus on demonstratlng 37).
On the event {¥;" | € 52 1, applying Lemma 2 to Y ' yields

k— K
=V'+ Z pi(Y]L; — Bo) + Z pz( i~ Bn)*
= i=k+1
k—1 K+k—1
=V sV =B+ Y = BT (38)
i= i=k+1

where the constants g; and h; can be computed in a recursive fashion; i.e. go = 1, g =
S iogjpi-jfori=1, .. k—landh; =3\ . g;pijfori=k+1, ... K+k—1.
Hence, based on (38), there exist finite g and 4 such that

k—1 K+k—1
BP-Y' gy (VE)THR Y ()t (39)
= i=k+1
Next, on the event of interest, { L€ Rk £ }, we upper bound the second sum in (39) in two

steps: (i) bound values of {Y/", ¢ e 7.} on atime interval of length K prior to time (¢ — k) based
on {Y "« < Bu}and (i) obtaln a desired bound based on (i). First, consider arbitrary i1, i» < K
such that p;, p;, > 0; such a pair of indices exists since o, > 0 (see Section2.1.1). By Lemma 5,
there exists a sufficiently large m such that every element of {m + 1,m +2,...,m + K} can
be represented as ryi 1 + roip for some nonnegative integers r; and r». Invoking the second part
of Corollary 3 and {Y/" , < B,} yields the existence of finite r, ¢, and m > K such that

m—+k+K

()}[nfkfi)—'— =r-+gq Z |‘A/tn—

foralli e {m+1,...,m+ K}; we alsoused |x + y| < |x| 4+ |y| and the fact that the elements
of the sum are nonnegative. The preceding inequality and the first part of Corollary 3 assure
the existence of finite »’ and ¢’ such that

K+k—1 m+k+K
¢ 7 M-S A S L A (40)
i=k+1 i=

since each summand on the left-hand side is upper bounded by an expression that appears on
the right-hand side with r” and ¢’ replaced by some other finite constants.
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_ Next, combining (39) and (40) provides the following bound on p - Y/ in terms of \7[’, e
Vn

t—m—k—K*
k—1 m+k+K m—+k+K
~ v 2 : % + / / z : 3 / / z : 3
thn Sg (th_l) +r +q |th_l| Sr +g |th_l|’
i=0 i=k i=0

where g’ is finite. Finally, from (25) we know that the absolute value of e - Zl” is upper
bounded by a linear combination of |V/" ;|s. Then, (37) follows from the preceding bound.
This completes the proof.

Lemma 6. The following inequality holds:
limsup B, [—W (Y, Z") 1{¥ (Y", Z"") < 0}] < oo.

n—oo

A

Proof. Lemma 2 renders )?t" > Vt”,which leads to Wy (Y, Z;’) > Zl’<=1 piVi i ta- Z,".

The statement follows from the preceding relationship, (3), (24), the Cauchy—Schwarz inequal-
ity, and Lemma 1.
4.4. Geometric Lyapunov function

In this subsection we introduce a family of Lyapunov functions parameterized by 6 > 0 and
prove some of its properties. Given a parameter 6 > 0, consider a function

Dy(y. z): RETK? S R,

defined by

Dy (y,2) :=exp(@p -y +0a - z). 41)
We consAider ®p as a function of the limiting pair (Y;, Z;), where Y; := (1?,, A l?,_K_H) and
Z, = (Z,...,Z;,_k+1). Proposition 3, below, establishes a negative drift of the Lyapunov

function ®y under an assumption that 6 < 6*/u. Moreover, 6*/u is the critical exponent
under which &y is a geometric Lyapunov function (see Appendix B for the definition). Recall
the definition of R, from (32).

Proposition 3. For every 6 < 0%/ u, there exists § = 89 > 0 such that
E[®y (Y, Z) WY,y ¢ Rp} | Yier Zia] < (1= )Py (Yi—1, Zi—1), (42)
and, for every 6 > 6%/, there exists § = 89 > 0 such that
E[®o (Y, Z) | Y1, Zi—1] = (1 + 8) g (Y1, Z-1). (43)

_ Proof. The proof is similar to that of Proposition 2. From Lemma 3(i) we have, on the event
{¥io1 ¢ Rp). ) ) ) ) )
p-Yta-Zi=p-Y, 1 ta-Z,_ 1 —B+K-Z.

This results in
E[®o(Y,, Z) WY1 ¢ R} | Vi1, Zi1]
=e P Elexp(@0K - Z)UY,1 ¢ Rp)} | Yi1. Zi 11 (Yi—1, Zy—1)
< e P Elexp0K - Z) | Yi—1. Zi11®o(Yi—1, Zi—1)

Y A, . o
=e "E|exp o Elexp(0K - J)1Pg(Yi-1, Z;—1), (44)
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where the last equality follows from the definition of Z,, and the mutual independence of A,
and J; as well as their independence of (Y;_1, Z;_1). By definition, the RV A, is normally
distributed with zero mean and variance ,ucg and, hence,

A 2.2
E[exp(%>] = exp<9 C“). 45)
H 2p

On the other hand, j, is normal with covariance matrix ©X = u(diag(p) — p' p) (see (12)),
where diag(p) is the diagonal matrix defined by p. Thus,

K
E[(K - J)’] = uK " (diag(p) — p" p)K = Y _ j*p;j — (K - p)* = poy,
j=1

which in turn implies that E[exp(§ K - J;)] = exp(62c2/21). This equality, (44), and (45) result
in

2.2 2.2
_ _ _ _ —0B 0<c; c; _ _
E[®e(Y;, Z)1{Y, | ¢ ﬁﬂ} | Y1, Z, 1] <e €Xp 2 exp 2 Do(Yi-1,Z;1),

and then (42) follows provided that —f+62%c2 /21 +6%c2 /211 < 0, or, equivalently, § < 6% /.
Therefore, the first part of the proposition is established.

The proof of (43) is very similar. We observe from Lemma 3(i) that Yt > V, B+p-Yi_i1,
regardless of whether Y;_| € R g or Y1 R g- Repeating the analysis for the previous case
(6 < 6*/u), we obtain

E[®g(V:, Z:) | Y1, Zi—1] = e P Elexp0K - Z)) | Yio1, Ze 1199 (Yio1, Zi1)
92 2 92 2
=exp| =08+ —* + = | Dy (Y11, Z,_1);
21 ZpL
thus, (43) holds provided that 6 > 6*/u. This concludes the proof of the proposition.

The analogue of Lemma 4 for the geometric function applied to the limiting processes is
stated next. The proof is very similar to that of Lemma 4, except that the fact that A, and J,
are normally distributed is utilized.

Lemma 7. We have B, [®g(Y;, Z,) 1{Y,_1 € Rg}] < oo for every 6 > 0.

Proof. As in the proof of Lemma 4, it is sufficient to prove the statement of the lemma with
Rp replaced with JR}’; for an arbitrary k € {1, ..., K}. Repeating the steps of the proof of
Lemma 4 yields the existence of some positive 1nteger m and constants ¢; and d; such that

o B m+k+K
o (¥, Z0) 1{Fi- eﬂﬁ}sexp( 3 (c,»+d,-|v,_l-|)>.

Then the statement of the lemma follows from the definition of 17,, the Gaussian distribution of
its components, and Proposition 6 given in Appendix A.
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5. Proof of Theorem 1

The convergence in the statement of the theorem is established by proving the tightness of
all relevant RVs. Recall that a sequence of RVs {X,,, n > 1} is tight [14, p. 87] if, forall ¢ > 0,
there exists an x, such that

sup P[X, & (—x¢, xe]] < e.

n—o0
Proposition 4. Forafixedt > 0, the sequence (Y, /', n > 1} is tight with respect to the sequence
of probability measures {m,, n > 1}.

Proof. Theorem 4, given in Appendix B, can be used to bound the sequence {f/l”, n > 1}
away from +-o00. In order to obtain uniform boundedness away from —oo, we utilize the fact
that the negative part of I?," can be upper bounded by (\A/t")_ according to Lemma 3(i).

From Proposition 2, Lemma 4, Lemma 6, and Theorem 4, it follows that

lim sup E, [¥1 (Y, Z")] < oo.

n—o00

Applying (3), (25), and Lemma 1, from (31) in the case in which 6§ = 1, we obtain

limsupE,, [p - Y/'] < oo. (46)
n—od
Next, Lemma 2 implies that Y > \7,”, leading to (l? )T < |Vt"| = (\7,”)2, which, combined
with (3), (24), and Lemma 1, yields
lim sup E, [(¥/")™] < oo. (47)
n—0oo

Now, in view of p; = 1 wehave ¥/ = p - ¥/' — S8, gy ¥ < p- ¥/ + 30, pe(¥ )™,
and it then follows, from (46) and (47), that

limsup Ey, [I?,"] < o0.
n—oo
This bound together with (47) and the Markov inequality implies the tightness of the sequence
{Y", n > 1} with respect to the sequence of distributions {r,,, n > 1}.

For the purposes of the proof of Theorem 1, it is convenient to define the following sequence
of stationary random processes:

(X" = (Q", L A", Jr, Jr ¥ a"), t € Ry}

indexed by n. Assume that (Q", L”, a’') (or, equivalently, the extended process ’f,") is dis-
tributed according to m, for all # € R4 (see Section 3).

Corollary 4. For afixedt > 0, the sequence {YA'I”, n > 1} is tight with respect to the sequence
of probability measures {m,, n > 1}.

Proof. The tightness of the RVs {A;’, n > 1} follows from (3) and the tightness of {1? on >
1} is due to Proposition 4. The tightness of {Q?, n > 1} then follows from (10), and, thus,
(11) implies the tightness of {f,”, n > 1}. The tightness of {f”, n > 1} implies, via (8), that
lJ/'II/un — 1 with probability 1. Recalling that f,” conditional on f,” is independent of all
the other RVs (see Corollary 2), we obtain the tightness of the sequence {f ", n > 1}. Finally,
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iteratively applying (22), we obtain the tightness of Lt K> Lt x_1» and i?] The tightness
of af' follows from the equilibrium assumption of the arrival processes, which implies that
Elal]l = (ca o+ 1)/2x, = O(1/n) as n — oo, owing to the assumption that ¢, , — ¢4 < 00
as n — 0o. This completes the proof of the corollary.

The preceding result implies the weak convergence of 7, along some subsequence {ny, k >
1} to some limiting probability measure . [10, p. 59]. For now, let 7, be any such limiting
measure. Later in this section we establish the uniqueness of . Observe that the tightness of
{Y/', n > 1} implies the tightness of {(Y/', Y;' ), n > 1}.

Proposition 5. Let {Y]', t € Z} be in stationarity, and suppose that

(@ ¢ Y| 2 (T,, TH]) asn — oo
for some Y,, 'VTH]), where Y; = (04, Ly, Ay, Jo, 1o, Yy, &), Then the RVs AH] and Y, are
independent.

Proof. By (1) and (7), it follows that A,H is equal in distribution to A,H. We need to show
that, for every real a and b,

P[A11 <a, X, <b] =P[A41 < a]P[Y; < b, (48)

where, for the vector case, ‘<’ is interpreted coordinatewise. Given a multidimensional RV X,
recall that a vector x is defined to be a continuity point if P[X; = x;] = 0 for every coordinate i;
it is known that the set of continuity points is a dense uncountable set (see [14, Section 2.9]).
Since distribution functions are right continuous, it suffices to establish the identity (48) for
the case when a and b are continuity points of AH_ 1 and Y, respectively, as in this case, by
the density property, we can find a sequence of continuity points (a,, b,) | (a, b) asn — oo.
Thus, we need to establish (48) with a and b being continuity points.

The key to the proof is the observation that, conditional on the backward recurrence time a;',
the RVs A” 1 and T" are independent, i.e.

o
P, [Al,| <a. Tfsb]zf PIA",| <a|a = 2Py ¥ <b|a =z]dPla] <z].
0

By assumption (1) we have

sup |P[A?, | <a|a'=z]—PlA41 <all <e
>0

for all sufficiently large n. Therefore, for all such n, the following holds:
~ A v o0 A
PrlAl,, <a. X7 < b < PlAg <al+e) / P (T <b | a = 2] dPla} <]
<PlAi+1 < alPy, [T} < bl +e.

Recall that b is a continuity point of T” Then the weak convergence, T" > Y, implies that
P, [T” <b] — P[Tl < b] as n — o0, resulting in

lim sup Py, [A" | < a, Y <b] <P[A;41 <alP[Y; <b]l+e

n—o00
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Similarly, we establish

liminf Py, [A”, | < a, X! <b] > P[A,11 < alP[Y, <b] —e.

n—o00

On the other hand, by the assumed weak convergence we have
P A%, <a, X! <b] — P[A41 <a, Y < b

as n — oo since (a, b) is a continuity point of the vector (A,H, Y‘,). Parameter ¢ is arbitrary
and, hence, the assertion of the proposition follows.

We have now developed the necessary tools for proving Theorem 1. In the first part of
the proof we show the existence of a weak subsequential limit of Y”, as n — 0o, that must
correspond to the stationary distribution of the Markov chain defined by (13), (14), and (15)
(see Section 3). In the second part of the proof we argue that a stationary distribution of this
Markov chain is unique.

Part 1. By Corollary 4 there exists a subsequence {ny, k > 1} along which a weak
convergence (Tt , Tz+1) 2 (Tt, :T,_H) as k — 00 takes place [14, Section 2.2] for a fixed
t and a pair of random vectors Y. = (Q.,L.,A.,J,J.,Y.,a4). The continuous mapping

theorem [10, Section 2] yields the following two weak limits along {ny, k > 1}:

+ K +
( t+]+ZL ,Bnk> 3><Q1+At+1+214[,j_ﬂ> s
j=2
K

K
O+ &gt (B -y §) > @+ Ao a (8- X L),
j=2

Then, from the preceding and Corollary 2, the following relations follow for the elements of
Yl and T[+] .

I:t+1 = T{I:t} + jt+l + Jvt+1P7

K +
Or+1 = (Qt + A1 + ZLt,j —,3> )

j=2
K

Jit1 = (Qr + Ar ) A (/3 - ZLI»J')'
=2

Now, note that A > A; and J! 2 Jyasn — oo for every ¢ € Zy. These weak limits are
due to central limit theorems for renewal processes [10, p. 154] and vectors in RX |9, p- 385],
respectively. Moreover, A, and J, are mutually independent in addition to the independence
of f{,+ 1 and ’i‘, (see Proposition 5). Since 7, is the stationary distribution of {’f‘,”, t ey},
we find that the distribution of Y, coincides with a stationary distribution of the Markov chain
specified by (13), (14), and (15).

Part 2. We established in part 1 that every weak subsequential limit T, of T" is a stationary
distribution of the Markov chain {T,, t € Z4} defined by (13), (14), and (15). It remains to
establish the uniqueness of the stationary measure 1 of (X;, t € Z4}. The uniqueness of this
measure also implies the convergence 7, L 7y, using standard results of weak convergence
theory [10, p. 59].
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The proof of uniqueness uses the framework of Harris chains and Harris recurrence. All
of the definitions and results are adopted from [14, Chapter 5]. Recall that the Markov chain
{(Qt, i,,), t € Z.} is a Harris chain if there exist two (measurable) sets 4, 8 C R€+! and a
probability measure v concentrated on 8B such that, for every x € RK+!,

D PL(Q:, Li) € A | (Qo, Lo) =x] >0

t>0

and there exists € > 0 such that, for every C C 8B,

inf Pl(Qr+1, Lit1) € C | (Or, Ly) = x] > £v(C). (49)

Moreover, if these conditions hold for some 8 = #, and the Markov chain admits a stationary
distribution, then the Markov chain is also mixing and, as a result, the stationary distribution
is unique (see [14, Theorem 6.8] and the comment on aperiodicity just preceding it). Note that
if 7 is a stationary distribution of {(Q,, i,), t € Z4+} then 7 is also a stationary distribution of
{(QZK,, iZK,), t € Z4+}. In view of this, (49) can be replaced by

inf P[(Qs42k, Lit2k) € C | (Q4, L) = x] > £v(C). (50)

Thus, our task of proving the uniqueness of the stationary distribution , is reduced to con-
structing the set A = B satisfying the assumptions above. For this purpose, we set

B .
A:{ e RK+L: x1_0|x]|<ﬁ,j=2,...,K+1.

Namely, (Q,, L) e A implies that the queue length Q, isequal to 0 and each i,,j, 1<j<K,
is upper bounded by 8/K? in absolute value. We set B = A and claim that 4 satisfies the
requirements when v is the uniform distribution on 4. For a pair of positive constants ¢ and
C, define an event U by

U={Ai<—C,i=1,....,K}N{lAyil <c,i=K+1,...,2K},

and note that P[U] > 0, owmg to the Gaussian nature of A,
First, we show that P[ (Q,+2K, Lt+21<) € A | (Q,, Lt) = x] > 0 for every x. To this end,
given (13), (14), (15), and (Q,, L,) = x, there exists large enough C so that

K
P[Q,+K =0, \/ Liski < -8B ) u} > 0. (51)
i=1

To verify this claim, note that (13) implies that

K
Livki=Y (Jriksivjj+ PiJivksij) (52)
j=i

and that P[\/l =l |J,+l Jl =€l > 0forany ¢ > 0, owing to the normal distribution. Then, by
selectmg C > (Q, + ||L[|| +p+ e¢K)/pk and small enough ¢, recursions (14) and(lS) render
Q41 =0and Jiy1 = Oy + Ay < —(B +eK)/px on the event U N {\/} j=1 |t ] < ek
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this leads to lA,t_H,K < ¢—p —¢eK by (52). Next, on the same event Q,+2 =0, f,+2 = A,H <
—(B+¢K)/pk, £,+2,K < —B—¢e(K—1),and lA,,+2,K_1 < —B —¢e(K —2). Further iteration
over the time index and (52) yield (51).

In addition, for small enough c in the definition of U, on the event {QH_K =0, V; I:I+K,l- <
—pB}, we have Q4 x+i = 0 and f,+1<+,- = AHKH fori =1,..., K by a similar argument as
above. Then the components 2, ..., K + 1 of (Q,+2K, I:t+2 k) are bounded in absolute value
by B/K? provided that

K K
N R B B A ;
Ji/z E Jl+2K+i—j,j (S {|: — E ijt+2K+i—j for i =],...,K. (53)

e
j=i j=i

We denote by & the conjunction of U and the event described by (53). Recall that {f,, teZyi}is
ani.i.d. sequence of multivariate Gaussian random vectors, independent from all other RVs, with
the covariance rr}atrix uX (see (12)). Thus, (fl’ beeey J j() is a zero-mean multivariate Gaussian
vector with B[J21 = Y5_,(1 = p;)p; and ELJ/J{1 = = Y4 pryi—jp, i < j. In
particular, it has a continuous positive density everywhere on RX. To this end, assume that
(fi’ , fi/ FRTRETY J [/<) has a continuous positive densAity evizrywherg on RE+1=1: this assumption
holds for i = K because px > 0. Then, (J/_,,J/,..., Ji) has a continuous density
everywhere on RX+2~7 since

K-1

., . .

Jio1 = Jitk+i-1,k + Z Jit2Kk+i—1—j,js
j=i—1

f,+K+i_1,K is independent of {f,+K+j, j=1i,...,K}and (‘ii/’;ii/-',-l’ e f;() is a determin-

istic function of {J;4 x4, j =1, ..., K}. Then, clearly, P[& | (Q;, L;) = x] > Oforevery x.
Second, as in the preceding, by continuity and strict positivity of the density of A; and J/,
there exists & > 0 such that, for every set C C 4,

inf PL(Qri2k, Lisax) € € | (Qr, L) = x] 2 av(©@),

and requirement (50) holds. Thus, {(Qt, I:,), t € Z4} is indeed a Harris chain that admits a
unique stationary distribution. This completes the proof.
6. Proof of Theorem 2

This section is devoted to proving our second main result, Theorem 2. The approach is
based on the results of Section 4.4 for the limiting Markov chain (Y, 1€ Z4+} in steady state.
The proof utilizes the following preparatory lemma. The operators ‘<’ and ‘>’ are interpreted
elementwise.

Lemma 8. Let
T_| P
=[]

where I is the (K — 1) x (K — 1) identity matrix and 0 is a (K — 1)-dimensional vector of Os.
Then, fort > K — l and k > 0,

~Visk — BB < Yipp — (Y)TTF < Vi,
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where By = (k, (k — DF, ..., (k— K + D) and

_ t ) t—1 R t—K+1 R
V,=< oWl YD Wil Y |%|).

i=t—K+1 i=t—K+1 i=t—K+1
Remark 1. Note that I'T is an irreducible, aperiodic stochastic matrix since || p|| = 1, px > 0,
and there exist relatively prime 7 and j such that p; p; > 0 (see Section 2.1.1). Therefore,
r“— (¢T7,...,¥")ask — oo for some unique probability vector ¥.

Proof of Lemma 8. The proof is by induction over k. First, we claim that the statement holds
fork = 0: ) ) _
— BBy <Y, — (YT <V,

or in the scalar form

1=j 1=j
- > Wit =Tt > il
i=t—K+1 i=t—K+1
where j = 0, 1, — 1. The upper bound is trivial owing to the nonnegativity of Vil

for all i; the same holds for the lower bound when Y —j = 0. The case in which Yt i <0
is covered by Lemma 3(i) since it implies that Y _j = Vi_j. Now, assume that the statement
holds for some k and note that

K
(¥)'r = <Z piY:Ll—w v Yz+1’ ""YttK+2>’

i=1
t t t—1 t—K+2
Vil < ( ST DD Wil YD Wil Y |V,~|).
i=t—K+1 i=t—K+1 i=t—K+1 i=t—K+1
Consider the upper bound first. The preceding two relationships, Lemma 3(i), and the inductive
assumption yield
Yiphr1 < (YT + (|‘>t+k+1 [,O,...,0)
< @) T 4 Vil T + (Vit11,0, ..., 0)
= (Yt)+rk+l + Vitk+1,
where (x — )T < xT is also used. As far as the lower bound is concerned, the same arguments
and (x — B)T > xT — B resultin
Yiskr1 = V)T = (Vigaral + 8.0,....0)
> (F) T — Vik T = BBiT — (Vigks1| + 8,0, ..., 0)
> (YD) T — Vi1 — BBir.
We now proceed with the proof of Theorem 2.

_Proposition 3, Lemma 7, and Theorem 3 of Appendix B (where each E" is identified with
(Y, t € Z}, m, = 74, and Rg, = Rp) yield

E, [®o(Y;, Z,)] < 0o forevery 8 < 6*/u. (54)
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On the other hand, taking the expectation (with respect to i) of both sides of (43) implies that
En, [®9(Y;, Z,)] = 0o forevery 6 > 6*/u. (55)

Next, definition (41) of &y rendegs p- Y, =01 log &Yy, Z;) — o - Z;. This equality,
(54), (55), the normal distribution of Z;, and Proposition 7 of Appendix A result in

E [exp(@p - Y,)] < oo forevery§ < 6*/pu, (56)

while ]
E, [exp(0p - Y)] =oco foreveryd > 0*/pu. (57)

Given (56) and (57), in order to complete the proof of the theorem it is sufficient to prove that,
for every 6 > 0, A )
Er,[exp@|u~" Y — p - Yi])] < oo, (58)

or, equivalently, Iu_lYt p - Y| € Mo, assuming the stationarity of {Yt, t € 7Z}. Informally,
(58) implies that the stationary RVs p ~1¥, and p - Y, have the same exponential decay rate.

The rest of the proof is devoted to establishing (58). Given that u -1y, = Dok ka,, by
Proposition 6 of Appendix A it suffices to show that |Y; — Yi_i| € Mo for everyk =1,...,
K — 1 and stationary {Y,, t € 7Z}. Consider an arbitrary such k and note that Lemma 8 renders,
forj>1landt > K — 1,

—Vt+j —BBj < YH—j —(¥)tr/ < ‘_/H-j-

Rewriting the preceding relationship in a scalar form renders

t+j—k K-1 t+j—k
- > Wil=G =B <Y — Y eV, < Y Vil
i=t—K+1 i=0 i=t—K+1
and, hence,
K—1 1+j
Ve =Yerjil < Y 1D =gl V42 Y IVil+2G+K+DB. (59)
i=0 i=t—K+1

In view of Remark 1, the speed of convergence of T'* in k is exponential [12, p. 211], i.e. there
exist constants C and y < 1 such that

sup |([9);1 — (T xq1] < CyY.
1<i<K

Then, (59) and the preceding inequality yield

K—1 t+j

Visj = Yerjokl SCY Y ¥V 42 Y7 Vil +2(G + K + DB (60)
i=0 i=t—K+1

Now, observe that the last two terms on the right-hand side of the preceding inequality are
elements of My, owing to (28), (29), and Proposition 6 of Appendix A. In addition, from
I?t =p- Y, — Zlez Di IA/I_Z-H (Lemma 3(i)), (56), Lemma 3(ii), and Proposition 6, it follows
that ¥, € My for some sufficiently small ' > 0. By stationarity of (Y, 1€ 74}, this applies to
every term in the first sum on the right-hand side of (60). It then follows that |)A’[ —Y, —k| € Mgr
with 0” =y ~/6'/CK. Since j is arbitrary, by taking it sufficiently large, we establish that
|Yt Y k| € Moso. This concludes the proof of (58) and the proof of the theorem.
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7. Proof of Corollary 1

First, we note that, for x > 0, as n — 00,

An
Oj%ﬁ — Ux (61)

in probability. Let {7, ;, i > 1} be interarrival times in the nth system, with 7, | being the
time of the first arrival after time = 0. The limit is based on the following: (i) {Ao; > k} =
{Zle Ty,; < t}fort > 0and k > 1; (ii) for large enough n, Markov’s inequality yields, for
e >0,

L(ux+e)/n] ¥ L(nx+e)y/n) 1 2¢
P < — | <P =) < =
5 e ) )]

i=2 i=2

2,312 var(t,2) - 0 asn — oo,

< nP(ux + e)e
and, similarly,
[(nx—e)/n] N
P[ Z t,,,i>ﬁ]—>0 asn — oo;
i=2
and (iii) the arrival processes are in stationarity and, thus, 7, 1 has the equilibrium distribution
and does not impact (61).

Second, from the distributional Little’s law [21] it follows that Q" equals in distribution the
number of arrivals in a renewal process A} during the time interval of length W”" (recall that
{A}, 1 € R} is in stationarity), i.e. Q" = Af y in distribution. Then, for every x > 0, the
event {W" < x} implies that {Q" < Ag, .} and, therefore,

n
0" - Ao,x IR
NIV

The distribution of Q is continuous everywhere on (0, 00), as seen from the presence of A t+11n

the expression for Qz+1 in (14). Letting n — oo in the preceding inequality and applying (61)
yields

Pr [VnW" <x] < Pn,,[

lim sup Py, [aW" < x] < P[0 < px].

n—0oQ

Similarly, for every x > 0, the event {W" > x} implies that { Q" > Agﬁ . }» leading to

n Qn Agvx/ﬁ]
Py <P > —=
n [\/;W > x] = n [\/ﬁ = ﬁ

and
liminf Py, [/AW" < x] > Py, [0 < ux].
n—-oo

The preceding establishes Py, [VaW" < x] — Pﬂ*[Q < ux]asn — oo forevery x > 0. The
assertion then follows.
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8. Conclusions

We analyzed a stationary multiserver queue in the Halfin—Whitt (QED) regime when the ser-
vice times have a lattice-valued distribution with a finite support. The steady-state distribution
of the appropriately scaled queue length was described in terms of the steady-state distribution
of a continuous-state Markov chain; we can estimate the steady-state distribution of this chain
either numerically or by simulations. We also established that the large-deviations rate of the
limiting queue length in steady state is given by 6* = 28/ (cg + cf), where f is the extra
capacity parameter of the model and ¢, and ¢, are the coefficients of variation of interarrival
and service times, respectively. We conjecture that the expression for 6* remains valid for a
broad class of service time distributions.

Appendix A. Moment generating functions

Here we state some basic properties of moment generating functions. The proofs of these
facts are obvious.

Proposition 6. Any affine combination of (not necessarily independent) nonnegative elements
of Moo is an element of Meo.

Proposition 7. Suppose that {X,, n > 1} € My for some 6 > 0 and {Y,, n > 1} € M.
Then {X, +Y,, n > 1} € My forevery 9’ < 0.

Appendix B. Lyapunov functions
The following definitions play a key role in the proofs of our main results.

Definition 1. (Geometric Lyapunov function.) Let 8 = {E;, t € Z} be a discrete-time
Markov chain defined on a state space X, equipped with a o-algebra . A function ®: X —
R+ is defined to be a geometric Lyapunov function for E with a geometric drift size 0 < § < 1
and exception set R C X if, for every x € X \ R,

E[®(E1) | Eo=x] = (1 —-8)P(x).

Definition 2. (Quadratic Lyapunov function.) Under the same setting as Definition 1, a

function ¥: X — R is defined to be a quadratic Lyapunov function for E with exception
set R C X and parameters § > 0 and 0 < ¥ < oo if, for every x € X \ R,

E[V2(E)) | Bo = x] — ¥2(x) < —8W(x) + .

Informally, the following result shows that if a sequence of Markov chains admits the same
geometric Lyapunov function that is uniformly bounded in expectation in the exception region,
then this function is uniformly bounded in expectation in general. Our definition of a geometric
Lyapunov function as well as the following result is fairly standard [17], [33].

Theorem 3. Let {E", n > 1} be a sequence of discrete-time Markov chains with X, and m,
being the state space and a stationary distribution of 8", respectively. Suppose that, for every
n > 1, the function ®: U X,, — Ry is a geometric Lyapunov function for E" with drift § and
exception set R, C Xp. If

Cg :=limsupE, [®(E]) {Ej € Ry}] < o0 (62)

n—o0
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then
C
limsup B, [®(E])] < R
n—oo 8

Remark 2. Note that the uniqueness of a stationary distribution 7, is not assumed. Theorem 3
holds for every sequence of stationary distributions.

Remark 3. Our treatment of the geometric Lyapunov function is unconventional. Typically
it is assumed that in the exception region the jumps ®(E) — ®(Efj) are deterministically
bounded; see, e.g. [33]. The intuition behind our result is as follows. The expected value of
the Lyapunov function is uniformly bounded (in n) since (i) when the chain is in the exception
region, ® is bounded by assumption (in the next time step), and (ii) when the chain is outside
of the exception region, there is a downward uniform drift decreasing the expected value of ®.

Proof of Theorem 3. The proof is similar to the approach taken in [17], and it is based on
the monotone convergence theorem. Assumption (62) implies the existence of ng such that
Ez, [®(E]) I{Ef € R,}] < oo foralln > ng. Fix an arbitrary such 7, introduce the following
two conditional expectations:

G (x) := E[®(E") Ab | E} = x],
H(x) := E[®(E]) {Ej € Ry} | Ef = x],
and let G(x) = G®(x) for notational simplicity. Then, by the Lyapunov nature of &, the
difference of G(x) and @ (x) for x € X, can be bounded as
-5 (x), € Xn \ R,
G(x) — d(x) < (x) X n\ Rn
H(x) — ®(x), x € Ry,

the second case being in fact the equality. Owing to the nonnegativity of H(-) and ®(.), the
two cases in the preceding inequality can be combined into

G(x) — ®(x) < —8d(x) + H(x) forallx € Xy (63)

recall that 0 < § < 1 by Definition 1. Furthermore, the preceding inequality, G®(x) < b (by
definition) and the nonnegativity of H (-) yield

Gl(x) = ®(x) Ab < H(x), x € Xop; (64)

the validity of the inequality can be verified by considering separately the cases ®(x) < b and
@ (x) > b. Then, (64) implies that

E, [GP(Ef) — ®(E) A b] < Er, [H(E()] < oo, (65)

where the strict inequality is due to the choice of n > ng.

Now, the monotone convergence theorem renders {G b x)—DP(x)ADb} - {G(x)—P(x)} as
b — oo for every x € X,,. Using Fatou’s lemma, applicable due to (65) (see also [13, p. 44]),
we obtain

Er, [G(E() — ®(E))] = Ex, [ lim (G"(E}) — ®(E) A b |

> lim sup E, [G*(E}) — ®(Ef) A b]

b—o00

=0, (66)

where the last equality follows from the stationary nature of the distribution 7.
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Finally, (63) and (66) result in —§ E, [CD(ES)] + E, [H(Eg)] > (0, and the conclusion of
the theorem follows since this inequality holds for every n > ng.

Theorem 4. Let {E", n > 1} be a sequence of discrete-time Markov chains with X, and m,
being the state space and a stationary distribution of E", respectively. Suppose that, for every
n > 1, the function ¥ : U X, — R satisfies

E[W2(E)) 1{E] & Ry} — WA(EY) | Ef] < —SW(EY) + v (67)

for some § > 0,0 < < o0, and R, C Xop. If

Cg = limsup E,, [¥?(E) 1{E} € R,}] < 00 (68)
n—oo
and
Co := limsupE,, [-W(E() H{¥(E)) < 0}] < oo, (69)
n—oo
then
Cr+Co+ vy

lim sup E, [¥(E])] < 5

n—oo
Remark 4. A nonstandard part of our definition of the quadratic Lyapunov function is allowing
W to be negative. Our second result in this section shows that if a sequence of Markov chains
admits the same quadratic Lyapunov function that is uniformly bounded in expectation in the
exception region, then the (linear part of this) function is uniformly bounded away from +oo.

Proof of Theorem 4. The proofs of Theorems 3 and 4 are similar. Assumptions (68) and (69)
imply the existence of ng such that E;, [\IJZ(E’I’) HE[ € Ry} — W(E H{W(ER) < 0}] <0
for all n > ng. Fix an arbitrary such #n, introduce the following two conditional expectations:

G (x) ;== E[W2(EN) A b | B = x],
H(x):= E[IIIZ(E’f) HEf € Ry} | Ef = x1,

and let G(x) = G°°(x) for notational simplicity. Then, by (67), the difference of G(x) and
lIlz()c) for x € X,, can be bounded as

G(x) — U (x) < —=8W(x) + ¥ + H(x). (70

Furthermore, the preceding inequality, GP(x) < b (by definition), and the nonnegativity of
H(-) yield

Gl(x) —WP(x) Ab < —8W(x) I{W(x) < 0} + ¢ + H(x), x € Xop; (71)

the validity of the inequality can be verified by considering separately the cases W2 (x) < b and
W2(x) > b. Then, (71) implies that

E, [G"(E)) — ®(E() Ab] < 8 Ex, [-W(Ef) HW(E) < 0}+y +Eq, [H(Ep)] < 00, (72)

where the strict inequality is due to the choice of n > ng.
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Now, the monotone convergence theorem renders {Gb (x) —W2(x) Ab} — {G(x)— lIJz(x)}
as b — oo for every x € X,,. Using Fatou’s lemma, applicable due to (72), we obtain

Ex, [G(E) — W2(E})] = Ex, | lim (G (E)) — WA(E) A b

> lim sup E, [G*(E}) — W2(ER) A b]

b—o00

=0, (73)

where the last equality follows from the stationary nature of the distribution 7.
Finally, (70) and (73) result in —6 E, [V (E})] + ¥ + Ex, [H (E()] > 0, and the conclusion
of the theorem follows since this inequality holds for every n > ny.
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