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Weak Type Estimates of the Maximal
Quasiradial Bochner-Riesz Operator
On Certain Hardy Spaces

Yong-Cheol Kim

Abstract. Let {A; }+>0 be the dilation group in R” generated by the infinitesimal generator M where
Ar = exp(Mlogt), and let o € C>°(R" \ {0}) be a A;-homogeneous distance function defined on
R". For f € S(IR"), we define the maximal quasiradial Bochner-Riesz operator ‘Jﬁz of index d > 0 by

MO f(x) = sup| T~ (1 — o/0) f1().
t>0

IfA; = tIand {£ € R" | p(§) = 1} is a smooth convex hypersurface of finite type, then we
prove in an extremely easy way that 9)?‘2; is well defined on H? (R") when § = n(1/p —1/2) —1/2 and
0 < p < 1; moreover, it is a bounded operator from H? (R") into LP*° (R").

IfA; = tland o € C(R" \ {0}), we also prove that MY is a bounded operator from H? (R")
into LP(R") when § > n(1/p —1/2) —1/2and0 < p < 1.

1 Introduction

Let S(R") be the Schwartz space on R". For f € S(R"), we denote the Fourier
transform of f by

FIF160) = flx) = / 5 £(6) de.

R
Then the inverse Fourier transform of f is given by

1
2m)"

F ) = o) = / ¢ f(¢) d.
Rn

Let M be a real-valued n x n matrix whose eigenvalues have positive real parts. Then
we consider the dilation group {A; }+~o in R” generated by the infinitesimal generator
M, where A, = exp(Mlogt) for t+ > 0. We introduce A,-homogeneous distance
functions g defined on R"; that is, o: R” — [0, 00) is a continuous function satisfying
0(A:§) = to(€) for all £ € R". One can refer to [3] and [11] for its fundamental
properties.

In what follows we shall denote by X, = {£ € R" | o({) = 1} the unit sphere of
o0 and denote by Rj = R" \ {0}. We use polar coordinates; given x € R", we write

Received by the editors October 19, 2001.

The author was supported in part by Korea Research Foundation Proj. No. 2000-003-D00011 and
KOSEEF Proj. No. 2000-1-10100-001-3.

AMS subject classification: 42B15, 42B25.

(©Canadian Mathematical Society 2003.

191

https://doi.org/10.4153/CMB-2003-020-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2003-020-9

192 Yong-Cheol Kim

x = rf where r = |x| and 0 = (0,6, ...,6,) € S""'. Given two quantities A and B,
we write A < Bor B 2 A if there is a positive constant ¢ (possibly depending on the
dimension 7 and the index p to be given) such that A < ¢B. We also write A ~ B if
A < Band B < A.

For f € S(R"), we consider quasiradial Bochner-Riesz means of index § > 0
defined by

RO fx) = F (1 - o/0)] fl(x),

and the corresponding maximal operator
W F(x) = sup R, Fx).
t>0

In the special case that o(§) = [£|* and A; = tI, Stein, Taibleson, and Weiss [10]
proved that if 0 < p < 1, then im‘; is bounded from H?(R") into L?"*°(R") at the
critical index 6 = 6(p) = n(1/p — 1/2) — 1/2, where H?(R") is the standard real
Hardy space defined in Stein [9] and LP°°(IR") is one of the Lorentz spaces (which is
called weak-L? space) defined in Stein and Weiss [12]. Furthermore Stein obtained
the exceptional result that there is f € H'(R") such that a.e. convergence of the
Bochner-Riesz means fails for p = 1 and §(1) = (n — 1) /2.

In our first result we shall assume that p € C*°(R}), A; = tI and X, is a smooth
convex hypersurface of R” which is of finite type, i.e., every tangent line makes finite
order of contact with ¥,. We say that X, is of finite type k > 2 if k is the maximal
order of contact on X,,.

Theorem 1.1 Suppose that A, = tI, o € C*(Ry) is a A;-homogeneous distance func-
tion defined on R", and ¥, is a smooth convex hypersurface of finite type. Then fmg(l) Vs
well defined on HP (R") when 0 < p < 1; moreover, ‘JJ’E‘E,(" Vis a bounded operator from
HP(R") into LP*°(R"). That is, there is a constant C = C(n, p,3,) > 0 such that for
any f € HP(R"),

" C
[{x e R [ DD f(0) > A < Sl F ey A >0,

where |E| denotes the Lebesgue measure of the set E C R".

Remark As a matter of fact, we prove this result under more general surface condi-
tion than the finite type condition on ¥, which is to be called a spherically integrable
condition of order < 1 in Section 3.

Our second result is to obtain thatif § > n(1/p —1/2) —1/2and 0 < p < 1 then
fmg admits (H?, L?)-estimate under no surface condition on X,,.

Theorem 1.2 Suppose that A, = tl and o € C*°(RY) is a A;-homogeneous distance
function defined on R™. If § > &(p) for 0 < p < 1, then MY, is a bounded operator
from HP (R") into LP (R"); that is, there is a constant C = C(n, i)) > 0 such that for any
f € HP(R"), _

9% £l ey < Cl f Nl

provided that § > n(1/p —1/2) —1/2and 0 < p < 1.
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Remark This problem is still left open at the critical index d = n(1/p —1/2) —1/2
and0 < p < 1.

2 (H?,LP)-Estimate For the Case that o € C*(R}) and § > 4(p)

We shall employ a decomposition of the Bochner-Riesz multiplier (1 — )J as in
A. Cordoba [2]. Let ¢ € C5°(1/2,2) satisfy ) ., o(2%t) = 1forallt > 0. Fork € N,
let @) = qb(Zk”(l — g)) (1—0)) and ®) = (1 — )] — > ken ®?. For each k € 7, we
now introduce a partition of unity Zgs, £ = 1,2, ..., Ni, on the unit sphere >, which
we extend to R" by way of 11 (A:() = Ex((), t > 0, ( € X,, and which satisfies the
following properties; there are a finite number of points (i1, (i2, - - - , Gk, € 2, such
thatfor{ =1,2,...,Ng,

() 0% M(¢) = 1forall¢ € 3,

(i) Ex(¢) = 1forall ¢ € 3, N B(Gs 27%/2),

(iii) Sy is supported in X, N B(Ckes 2 K2y,

(iv) | DM (&) < ,21¢1%/2 for any multiindex o, if1/2 < p(&) <2,
(v)  Ni < 2= D2 for fixed k,

where B((p;s) denotes the ball in R” with center (, € X, and radius s > 0 and
the positive constants ¢, ¢, c3 do not depend upon k. For each k € Z, let TJ{‘;M =
FPy] and Hy = F~1[DJ].

Next we invoke a simple observation used in [8] to obtain decay estimate for ker-
nels Hyy, Hy corresponding to the decomposition of the Bochner-Riesz multiplier
defined in the above. Without loss of generality, we can assume that o € C*(R")
because we can replace g by ¢V for sufficiently large N > 0 by a subordination ar-
gument in [3]. Then we easily see that the kernel J{; has a nice decay, and so its
corresponding maximal operator admits (HP, L?*°)-estimate for the critical index
0(p) =n(1/p—1/2) —1/2and 0 < p < 1 as in that of Stein, Taibleson, and Weiss
[10]. Thus we concentrate upon obtaining the decay estimate for the kernels ﬂ{gu.

Lemma 2.1 Forfixedk € Nandforl =1,2,..., Ny, let T.,(¥,) be the tangent space

of ¥y at Qu € Xy, {eif};’;f be an orthonormal basis of T, (,), and €}, be the outer
unit normal vector to X, at (i € 3,. Then we have the following estimate

Cp 2~ ko+1+(n=1)/2)

IHZkAx)IS J— i\ N
(142750, ) " T (142792 (x, ef)])

forany N € N.

Proof We need the following simple observation:
Let o € CN(R") and F € CN(R,). Fore € S"7!, let D,.f be the directional
derivative (e, V f). Then one can have the formula (see [8])

N v
(2.1) @5(1’709) :ZF(V)OQ Z ZCNﬂmeQ
v=1 peYN m=1
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where

- N
= {5 ’ Zﬂm =N, atleastv — 5 of the numbers [3,, are equal to 1},

m=1
B = (B1,...,03,) is a multiindex, and cy g, s are some constants. For k € N, let
F () = (b(zk“(l - t)) (1-— t)i. Then it follows from simple computation that
(v) (1 . . \rikH1) 1) (k1 6~
22) FX@) =(-1) ZC(V,I)C(§,Z/ )2/ D@ (2511 — 1)) (1 — 1)
i=0

whereC(v,i) = v(v—1)(v—2) - - - (v—i+1) for positive integers v, i, and C(v, 0) =
1. For fixed k, ¢, we have the estimate

(2.3) DY [D§TTy] || < c2 K5 pkiphN
kt

for any N € N. Since we have the better estimate |D ; o| < c27%/2 on the support of
kt
F [J{gke] for fixed j, k, ¢, it follows from (2.1) and Taylor’s theorem that

(2.4) IDN [®YTL] [l < 27K 27k
kt

for any N € N. Using integration by parts, it follows from (2.3) and (2.4) that
Cy2~ (O+1+(n=1)/2)k
1+2k 0 N o1 14+ 2-k/2 j N
( + |<x,eky>|) H]‘:l ( + |<x,eke>|)

forany N € N. ]

(2.5) |HO ()] <

We now introduce the real Hardy space H”(R") defined in terms of atomic de-
compositions along the pattern of Stein [9]. For 0 < p < 1, a function a € L>°(R")
is called a (p, p)-atom centered at x, € R" if it satisfies

(i) thereis a ball B(xg; s) with supp(a) C B(xp; s),
(ii) flaflze < |B(xo;s)|~"/?, and
(iii) [ a(x)x® dx = 0 for || < pu,

where @ = (ay, a,...,q,) is an n-tuple of nonnegative integers and |o| = a; +

ay+ -+ ay I f =37 ckoy where the ais are (p, p1)-atoms and {c;} € ¢?, then

f € HP(R") and | f||5;, < -4 lek|?, and the converse inequality also holds. Here we

note thatif§ > n(1/p—1/2)—1/2 then u = n(1/p’—1) is enough for our oncoming

estimates where p’ < p is a positive number satisfying § = n(1/p’ — 1/2) — 1/2.
For f € S(R"),d >0,k e N,and ¢ =1,2,..., Ny, let

Vi f(x) = sup F, « £
>
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where J—Cg}ié(x) = t”fH‘ZM(A;*x), and let Smgkf(x) = Ié\]:kl im‘z)kéf(x).
Lemma2.2 If§6 >n(l/p —1/2) — 1/2 for 0 < p < 1, let a positive number p’ < p
be chosen so that 6 = n(1/p' —1/2) — 1/2. For fixed k € Nand for £ = 1,2,..., N,
let Tg,, (X,) be the tangent space of ¥, at G € X,, {e],}}} be an orthonormal basis of

T, (E,), and €}, be the outer unit normal vector to 33, at (i € X,. Then we have the
following estimate

Ca )
p
[T (1 + [ (x el )1/’

Proof This can easily be obtained by choosing § = n(1/p’ —1/2) —1/2and N =
1/p’ in Lemma 2.1. We also observe that Vf}{gke = @ x* i}{gkf for some ¢ € G(R").
|

|H ()] + [VH ()] < = Cp2 "5 Py (x).

Lemma 2.3 If§ > n(l/p —1/2) — 1/2 for 0 < p < 1, let a positive number p’ < p
be chosen so that § = n(1/p’ —1/2) —1/2. Suppose that aisa (p,n(1/p’ — 1)) -atom
on R" which is supported in the ball B(xy;s) with center xo € R" and radius s > 0.
Then there is a constant C = C(n, p) > 0 such that

(@) M a(0)] < Cs~/P2 57 P (322) for any x € Blxp; 25)°,

s

—k(2=t
(b) ([ )Xo e < C275,

where Pyy(x) is the function given in Lemma 2.2.

Proof (a) We first assume that a is a (p, n(1/p’ — 1)) -atom which is supported
in the unit ball B(0; 1) centered at the origin and let N € N be an integer satisfying
N<n(l/p’—1) < N+1l,ie,n/(n+N+1) < p’ <n/(n+N).Ifx € B(0;2)  and
t > 1, then it easily follows from Lemma 2.2 that

’ _p(n=1
|fH2}f€ xa(x)| < Cr1=1/p")p =57 )Pkg(x).
Since n(1 — 1/p’) < 0, we have that

. n—1
(2.6) sup [F04, + a(x)] < C27 5 Py ().
t>1

If x € B(0;2)°and 0 < t < 1, let Q; () be the N-th order Taylor polynomial of

the function y J—Cg,((’g) (A;(x — y)) expanded near the origin. Using the moment
conditions on the atom a and Taylor’s theorem, we obtain the estimate

D+ ax)| = 1"

/R 13 (A G~ ) — Quaty) ]

1
5 tn+(N+l)/ / |VN“9{gM(Aj‘(x _ T}/)) ’ dy dr
0 B(0;1)

< t”*‘N“)*”/P'z’k(';P;’I)sz(x)
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because n+ (N + 1) — n/p’ > 0. Thus we have that

. n—1
(2.7) sup |5—CZ;:[ * a(x)] < 27k(2p_’)Pkg(x).
0<t<

By (2.6) and (2.7) we have that M, ,a(x) < 2757 Py ().

Finally, let abe a (p,n(1/p’ — 1)) -atom which is supported in that ball B(xo; s).
Without loss of generality, we assume that xo = 0. Let b(x) = s"/?a(Asx). Then b is
clearlya (p,n(1/p’ — 1)) -atom supported in the unit ball B(0;1). We also observe
that

2.8)  HOY waw) = [ O (Ayx — y)a(Ay) dy
R~

= R j{gk!(AS/tAl/sx = 7)b(Assy) dy
R”
= s7PFC (A ).

Therefore, combining this with the above estimate, we complete the part (a).
(b) We observe that there is a constant C = C(#n, p) > 0 such that for any xo € R”
and foranyk e N,/ =1,2,... N,

(2.9) || Pre(- — x0)||r < C.

Then it easily follows from the change of variable and (2.9) that

n—1 n—1
1 < C2 M Py = xo/9) || < C27HET), m

| (Wikea)XB(xo;zsr

Proof of Theorem 1.2 First of all, we prove that if § > n(1/p — 1/2) — 1/2 for
0 < p < 1,thenMa € LP(R") forany (p,n(1/p’ — 1)) -atom on R" where p’ < p
is a positive number satisfying 6 = n(1/p’ — 1/2) — 1/2, and moreover there is a
constant C > 0 independent of such atoms such that ||9Jiga|| w < C. Fort >0
and 6 > 0, let .‘J{g’,(x) =9J (1 - g/t)‘i](x) and let 9{271(96) = U{g(x). Let abea
( p,n(l/p’ — 1)) -atom supported in the ball B(xg; s) with center xy € R" and radius
s > 0. Then we see that ‘R‘Z),ta(x) = J—C‘;’t * a(x). Since 9—(‘; € L'(R") by Lemma 2.2, if
x € B(0;2s) is given then we have that

[9,,0(0)] < 136, Il llallz= < 19C1z Blxos 9|7,

and so
Max) S [Blxoss)| "1/,
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Since 0 < p < 1, it easily follows from (b) of Lemma 2.3 that

(2.10) ||‘mf)a||fp = H(gﬁga)XB(xo;ZS)HIL)P + ||(9R2Q)XB(xo;25)fH€P
oo Ni
< 2"
k=1 (=1

Finally, if f = Z]Oil cja; where the ajs are (p,n(1/p’ — 1)) -atoms and {c;} € ¢7,
then by (2.10) we have the estimate

IO F12 < > lej PIMalIEs < D el
j J
Hence this completes the proof. ]

3 (H?,LP™)-Estimate For the Case that X, is a Smooth Convex
Hypersurface of Finite Type

In this section we shall focus upon obtaining (H?, LP*°)-mapping properties of the
maximal operator *mi“’ ) p < 1, under the condition that ¥, is a smooth convex
hypersurface of finite type.

Let 3 be a smooth convex hypersurface of R" and let do be the induced surface
area measure on Y. Let £(X) be the set of points of ¥ at which the Gaussian curvature
k vanishes, and let N(X) = {n(§) | £ € &(X)} where n(£) denotes the outer unit
normal to ¥ at { € X. For x € R", denote by d(x/|x|,N(X)) the geodesic distance
on $"~! between x/|x| and N(X), and by B({(x), s) the spherical cap near {(x) €
cut off from X by a plane parallel to T¢(,)(2) (the affine tangent plane to X at £(x))
at distance s > 0 from it; that is,

B(&(x),5) = {€ e |d(& Tew (X)) <s},
where £(x) is the point of ¥ whose outer unit normal is in the direction x. These

spherical caps play an important role in furnishing the decay of the Fourier transform
of the measure do. It is well known [7,9] that the function

(3.1) 0) = supo [B(E(r0),1/r) ] (1 +1)'T

r>0
is bounded on $"~! provided that . has nonvanishing Gaussian curvature.

Definition 3.1 ¥ be a smooth convex hypersurface of R”. Then we say that 3 satis-
fies a spherically integrable condition of order < 1if Q2 € LP(S"~!) forany p < 1.
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Remark (i) B. Randol [7] proved that if ¥ is a real analytic convex hypersurface of
R then 2 € LP(S"~!) for some p > 2. Thus any real analytic convex hypersurface
satisfies a spherically integrable condition of order < 1.

(ii) Let X be a smooth convex hypersurface of finite type k > 2 and suppose
that N(X) is a m-dimensional submanifold of R"” which is on §"~!, where m <
[k(n — 1)]/[2(k — 1)]. Then we see (refer to [4]) that X satisfies a spherically in-
tegrable condition of order < 1. Moreover, it is not hard to see that X satisfies a
spherically integrable condition even for m < n — 2. We mention for reader that it
can be shown by [4, Lemma 2.8] and the fact X is of finite type P(k); i.e., there is
some constant C = C(¥) > 0 such that for any § € $"~1,

C
1‘*_2(,1_1)'
d(6,N(%)) 7

Q(0) <

Since ¥ is smooth and of finite type, it is absolutely impossible that N(X) isa (n—1)-
dimensional submanifold of R” which is on §" .

(iii) More generally, it was shown by I. Svensson [13] that if ¥ is a smooth convex
hypersurface of finite type k > 2 then € LP(S"!) for some p > 2.

Thus, by the above remark (iii), it is natural for us to obtain the following lemma.

Lemma 3.2 Any smooth convex hypersurface of finite type always satisfies a spherically
integrable condition of order < 1.

Sharp decay estimates for the Fourier transform of surface measure on a smooth
convex hypersurface 3 of finite type k > 2 have been obtained by Bruna, Nagel,
and Wainger [1]; precisely speaking, |F[do](x)| is equivalent to o [%(f(x), 1/|x|) ] .
They define a family of anisotropic balls on X by letting

B(&,s) = {€ € T | d(& T, (D)) <5}

where £, € ¥. We now recall some properties of the anisotropic balls B(&p, s) asso-
ciated with ¥. The proof of the doubling property in [1] makes it possible to obtain
the following stronger estimate for the surface measure of these balls:

7T o[BIl 7> 1,

32 Bl 3 31 2
(32) 715029 {vkdﬁ@wm T<L

It also follows from the triangle inequality and the doubling property [1] that there
is a positive constant C > 0 independent of s > 0 such that

(3.3) éo[B(io,S)] < o[B(&,s)] <Co[B(&,s)] forany& € B(&,s).

Next we recall a useful lemma [10] due to E. M. Stein, M. H. Taibleson, and
G. Weiss on summing up weak type functions.

Lemma 3.3 Let0 < p < 1. Suppose that {h} is a sequence of measurable functions
such that for all k € N,

Dkl < 1.
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If {ck} € P, then we have the following estimate

[ e, < (32) " Iadii-
k=1

Lpsoo

We now state an elementary lemma without proof which will be useful to measure
the distance from a point of B(&y, s) to the affine tangent plane to ¥ at {;, € ¥ in
higher dimensions.

Lemma 3.4 Let X be a smooth simple closed convex curve in R* whose graph near
(0,0) is given as (t, g(t)) where g(t) = bt"™ + c is a convex function defined on [—d, d]
for some sufficiently small constant b, ¢, d > 0 and an integer m > 2. For |t| < d,
we denote by O(t) the angle between n(O, g(O)) and n( t g(t)) . For some small angle
O¢ > 0 with Oy < max{O(—d),0(d)}, let ty be chosen so that O(ty) = O, and
|to| < d. Then we have the following estimate

1 m e
|g(t0)—clr\/‘b| m—11p m—leo l.

Lemma 3.5 Let X be a smooth convex hypersurface of R" which is of finite type k > 2.
Then there is a constant C = C(X) > 0 such that for any y € B(0;s) and x € B(0;2s)",
0<s<1,

§x—y) € B(&(x),C/|x])

where &(x) is the point of ¥ whose outer unit normal is in the direction x.

Proof We observe that the following inequality always holds for any x, y € R" with
[ > 2lyl;
xX—y x Iyl

(3.4) .
||

=yl

Near {(x/|x|) € %, the hypersurface ¥ can be given as the graph of a smooth convex
function defined on D = Tg ) (X) N B(&(x/[x[); 1/2) . To be precise, let ¥ be
a smooth convex function defined on D such that (&}, ¥(§)) = &(x/[x|), and for
t] <1/2andn € T" ' = [Ty (X) — E(x/|x)] N S*,

k
(3.5) U+t =) %D;W(gg)ti + 0@,
i=0

Using (3.5), we now estimate the distance from £ = (§ N )) € X to the tangent
space Te(y/|«|) (22) as follows: since ¥ is of finite type k > 2, for each i) € T"~! there
is an integer m with 2 < m < k such that for —1/2 <t < 1/2,

W(E + ) — WE) — D UE) = - DIUEN" + O™,
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Thus by (3.4) and Lemma 3.4 we have that

<€< X) _§< x—y),jc> — WG+t — W(E) — DW(EDH

[

lx =l
m™" —wi| x—y x |71
< _'Dm\I} I :| A A
~ [ m|| n (50)' |x_y‘ |x|
<M, xX—y x < 2M,
x—yl |« x|

where £, |t;]| < 1/2, is some number so that (& + i, (&5 + 1)) = 5(%) and

DN 7. Hence we complete the proof. H

B "
My = SUPy< <y SUP, i1 [y

Lemma 3.6 Let X be a smooth convex hypersurface of R" which is of finite type k > 2.
Then there is a constant C = C(X) > 0 such that for any y € B(0;s) and x € B(0;2s)",

0<s<1,
Q<x—y> §C9<x)
x =yl x|

where () is the radial function defined as in (3.1).

Proof It easily follows from (3.2), (3.3), the definition of 2, and Lemma 3.5 that for
any y € B(0;5) and x € B(0;25)5,0 <s <1,

Q( ;:;) = supa[B(ﬂx—y),l/r)] (1 +r)y%1

>0
Ssuga[g(ﬁ(x),l/r)](l"'r)";]:Q(%>' .

Proof of Theorem 1.1 Fix0 < p < 1. Letabea (p,n(1/p — 1)) -atom supported
in the ball B(xp; s) with center x, € R" and radius s > 0. Then we see that iR‘;ta(x) =

U{g_’t % a(x). Recalling the lemma [6] about asymptotics of quasiradial Bochner-Riesz
kernel and the result of Bruna, Nagel, and Wainger [1], we get that

L o[B(ew, /)]

(3.6) |HOP ()| ~ [VHIEP ()| ~ -
(L+|xp)r™ 2

where we consider X, as 3 given in the above. Since J{g(p) € L'(R") by (3.6) and
Lemma 3.2, if x € B(0;2s) is given then we have that

o ) _
ROPa()| < |1FOL [ llallze < TP [Blxos )| /7,

and so
M alx) < [Blxoss)| /7.

https://doi.org/10.4153/CMB-2003-020-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2003-020-9

The Maximal Quasiradial Bochner-Riesz Operator 201

Thus we have that for all A > 0,

(3.7) | {x € B(xg;25) | MPa(x) > A/2}] S AP,
Next we shall obtain the following inequality

(3.8) | {x € B(xo; 25)° | M Pa(x) > A/2} SAF, A>0.

As in the argument of (2.8), without loss of generality we can assume that a
(p,n(1/p — 1)) -atom a is supported in the unit ball B(0;1) centered at the ori-
gin. We now consider the case that x € B(0;2)° and t > 1. Then it follows from
(3.1), (3.2), (3.6), and Lemma 3.6 that

96 waol e [ (900 (A )| dy

n—n/p _
st [ a0
(L+|x])? JB) lx —y|

n—n/p
1+ \ |x]

< a(z)
(1+x)?r \ ||

because n(1 — 1/p) < 0. So we have that

1
(3.9) sup |9{g(f) *a(x)] < 7(2(1) .
t>1 ' (1

+x)r \ ||
Let N € N be an integer satisfying N < n(1/p—1) < N+ 1,ie,n/(n+N+1) <
p < n/(n+N). Ifx € B(0;2)° and 0 <t <1,let Qs (y) be the N-th order Taylor
polynomial of the function y +— }Cg(p ) (A;k (x— y)) expanded near the origin, where

TH(Z,(F )(x) =F (1 - g)i(p )] (x). Then it follows from the moment condition on the
atom a, Taylor’s theorem, (3.1), (3.2), (3.6), and Lemma 3.6 that

1HOP x a(x)| = t"

[FOP (Ar(x — ) — Qx(1)] a(y) dy‘

R

1
< D / / o | VNI (A(x — 7)) | dy dr

gt (N+1)— n/p

ST W (=) L
(1+|x|)P B(0;1) lx — 7yl
tn+(N+l) n/p

<)
(1+]x)? ||

< ;Q(i)
(T+]xpr \ [
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because n+ (N + 1) — n/p > 0. Thus we have that

5 1
(3.10) sup \}C?}ftp) * a(x)] < 7Q(i> .
0<t<1 1+ ‘x b

Thus by (3.9) and (3.10) we conclude that
MPa(rh) < ——Q0).
(1+7r)e

Hence we have the following estimate

/ ‘ dx < / / M ldrdd < AP
{x€B(0:2)° | M a(x)> A} s1=1 J {r>0[2<r<A—p/nQ(9)P/"}

because 2 € LP(S"~!) for any p < 1 by Lemma 3.2. Therefore, by (3.7), (3.8), and
Lemma 3.3, we complete the proof. ]
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