
A CYCLIC INVOLUTION OF PERIOD ELEVEN 

W. R. HUTCHERSON 

IN two earlier papers* the writer discussed involutions of periods five and seven 
on certain cubic surfaces in 53. In this paper, a quartic surface containing a 
cyclic involution of period eleven is considered. 

The surface 

Fi(xiiX21xz1Xi) = ax2Xzz + bxix^x^ + cx\Xz2Xt + dx^x%x\ = 0 

is invariant under the cyclic collineation T of period eleven, 

x\\x\\x'z\x\ = xi:Ex2'.E2Xz:EzXi (En — 1). 

Points Pi(l,0,0,0), P2(0,1,0,0), P3(0,0,1,0), and P4(0,0,0,1) are all invariant 
under T and lie on the surface F4. This fact may be stated in the following 
theorem. 

THEOREM 1. Each vertex of the tetrahedron of reference not only lies on the 
surface but is a point of coincidence. 

By rewriting FA in the order 

aX2XzZ + #4(&#1#2#4 + CXiXz2 + dX22Xz) = 0 

it is easily seen that the line P1P2 (#3 = #4 = 0) lies on the surface. However, 
only the two points P i and P 2 of the line are invariant under T. In similar 
manner P1P4, P1P3, P2P4, and P3P4 lie on P4 with only two invariant points 
on each line. The line P2P3 does not lie on the surface. A second theorem 
has been proved. 

THEOREM 2. This surface includes all the six edges of the tetrahedron of 
reference, except P%Pz-

It is true that P3 is simple on F4 while P2 and P 4 are double, and P i is triple. 
In this paper only point P 3 will be investigated in detail. 

Consider a curve C, not transformed into itself by P, and passing through 
P3. Take the plane x* + Kxi = 0 of the pencil passing through P 2 and P3 , 
tangent to C. This plane is transformed into EZXA + Kxi = 0 or x4 + KE8xi 
= 0 by T and hence is non-invariant. The curve cut out on P4 by x 4 +Kx x = 0 
is therefore non-invariant. The common tangent to the two curves is not 
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transformed into itself. Thus the two curves do not touch each other at P%. 
Now, since C was a variable curve through P 3 satisfying the non-invariant 
property, it follows that P 3 is an imperfect coincidence points In similar 
manner it can be shown that Pi , P2 , and P 4 are also imperfect coincidence 
points. The following theorem has just been proved. 

THEOREM 3. 

incidence. 
The In belonging to P4 in S3 has four imperfect points of co-

Consider the complete system of curves \A | cut out on P4 by all surfaces of 
order eleven. Its dimension is 243, its genus is 243, and the number of vari
able intersections of two members of the system is 484. A curve A of this 
system is not in general transformed into itself by T. There are, however, 
eleven partial systems \At\ in \A | which are transformed into themselves. By 
use of |̂ 411 we find 

# l t f l U + # 2 # 2 U + dzXz11 + # 4 # 4 U + azXi7XzXiZ + dsXi*X22X4Z + a7Xi6X2X32X42 

+ dsXi5X2ZXzXi2 + a9Xi4X25x4
2 + aioXi6xzAXi + anXi5X22Xzdx4 + ai2*i4x2

4#3
2#4 

+ aizXizX26XzXt + anXi2X2SXi + ai5Xi5#2x3
5 + ai6x1

4X23x3
4 + anXizx2

bXzz 

+ di$Xi2X27Xz2 + ai<jXiXï>xz + a2oXi3x2x4
7 + a2xxi3x3

2x4
6 + a22X^X22XzX^ 

+ a2zXiX24X4? -f- a24Xi2x2Xzzx^ + a2Bxix2
3xs2#46 + a26x2

6x3x4
5 + a27#i2#3s#44 

+ a28xix2
2x3

4x4
4 + o29x2

4x3
3x4

4 + a30xix2x3
6x4

8 + a3ix2
3x3

5x4
3 + a32xix3

8*4
2 

+ a33x2
2x3

7x4
2 = 0. 

We refer the curves Ai projectively to the hyperplanes of a linear space of 
thirty-two dimensions. We obtain a surface <p, of order 44, as the image of In. 
The equations of the transformation for mapping In upon y? in S32 are 

pXi = Xi 1 1 p X i 2 = Xi4X2
4JC3

2X4 pX 2 3 = XiX2
4X4

6 

pX2 = x2
n pxl 3 = XiZX2*XzXt pX2 4 = X\lX2XzZXih 

pXz = Xz11 p X l 4 = #i2X2
83C4 pXi*, =: XiX 2

3X 3
2X 4

5 

PXA = x4
n pXn = Xi 5X 2X 3

5 pX26 = tf25*3*45 

pXs = # i 7 X 3 # 4
3 pXu = Xi4JC2

3X3
4 pX27 = Xi 2X 3

5X 4
4 

pX* = Xi 6X 2
2X 4

3 pXn = XiZX2*XzZ P^28 = XiX 2
2X 3

4X 4
4 

pX7 = X^X&cfX? pXis = Xi2X27Xz2 P^29 = X2
4X3

3Jt4
4 

pXB = X^xfx&f pXi$ = # i X 2
9 X 3 pXz% = Xl^2X 3

6 X 4
8 

pX9 = Xi4X2
5X4

2 
PX20 = X^X2XH pXzi = X2

3JC3
5X4

8 

pXio = Xi6X3
4X4 pX2l = # i 8 X 3

2 X 4
6 pXz2 = X\Xz*X? 

pXn = Xi6X2
2X3

3X4 PX22 = x-?x<?Xzx£ pXzz = X22Xz7XA
2 

By eliminating p, xu x*, Xz, and x4 from these thirty-three equations and 
P4(^iX2x3rc4) = 0, we get as the thirty equations defining the surface: 

Xl A5 X 6 X*i A8 A9 X nX i2̂ L 16 
-X5 ^ 2 1 ^ 2 2 ^ 2 4 ^ 2 5 ^ 2 6 ^ 2 8 ^ 2 9 - ^ 3 l | 

X2 X9 XizXnXnXnXi§\ 
XizXf, Xi X% X 10^11^12 

= 0 

= 0 
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X3 Xi&X27XZQXzi-XzzXzz\ 

X4 J\ 20^22^23-^24-^251 

X21X7 XiiXnXizXul 

\Xs Xi X% X\§X\\ 

X%ZX<I'QXI§X'L%X<L§ 

= 0 

= 0 

Designate by P '3 the branch 
The coordinates of P ' 3 are 

and equation aXZ\ + 6X25 + 0X21 + dX2g = 0. 
point of (p corresponding to the point P 3 on F4. 
all zero except Xz. 

The curves ^4i on P4 pass through P 3 if #3 = 0. The tangent plane at P 3 

to F4 is X2 = 0. Now, the system of eleventh-degree surfaces passing through 
P 3 cuts X2 = 0 in the curves x2 = 0, and 

For general values of the constants this is an eleventh-degree curve with a 
triple point at P3 , two branches being tangent to the line x2 = x* = 0 and one 
to the line x2 = Xi = 0. When a5 = #10 = #21 = «27 = «32 = 0, the plane 
eleventh-degree curve breaks up into eleven lines through P3 . These are all 
distinct except when either a\ = 0 or a4 = 0, when they coincide with x2 = 
XA = 0 or X2 = xi = 0, respectively. Since P 3 is imperfect, the \AX\ through 
P 3 must have eleven distinct branches unless each branch touches one of the 
two invariant directions. In the plane x2 = 0, the involution In is generated 
by the homography 7\, which is x'im. x'z: x't — X\: £2x3: Ezx^. 

By use of the plane quadratic transformation X, yi: yz' Ji = W1W4: Wz2: WiWz 
and X"1, Wi iwz'.wt = y A2 ' yzyt '> yiyz one gets 

(wi,w8,w4)^jf-i (j42,y3^4,^13^3)^^ (£6:y4,£5;y3;y4,£23>i:y3)~x (E6wuE
bwzyE

2WA) 

or 
x 1 : # 3 : # 4 £4^i : Ezxz : x4 for TV 

Again (wi,w8,w4)~x-i W o ^ y o ^ ' ^ r , (;V42,£3;y3;y4,£
7;yi;y3)~x (wuE

3w>itE
7w4) 

or Tz is xfi :x'z :x'4 = Xi : £3x3 : E7x4. By use of XTzX~l one gets 

(wi, ?e>3, W4) ~ (EuWij EÎOWz, EzWi) 

or P4 is x ' i :x ' 3 :x\ — EnXi : E7xz '.x± — X\ :E7Xz 1x4. 
Thus, the following theorem has just been established. 

THEOREM 4. The imperfect point of coincidence P$ has an imperfect point 
in the first order neighbourhood along the xx — x2 = 0 direction. It also has an 
imperfect point in the second order neighbourhood. In the third order neighbour
hood there is a perfect point. 

Now, investigate the characteristics of the point adjacent to P 3 along the 
invariant direction XA = #2 = 0. By use of YTiY~l, where the transforma-

https://doi.org/10.4153/CJM-1951-019-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1951-019-8


158 W. R. HUTCHERSON 

tion Y is yi :yz :JA = WzW^ : w3
2 : WiWA and the inverse is Wi : w3 : Wi = 3^4 : 

yijz :yi2, we get (^1,^3,^4) ^y~1(j33;4,3'i3;3,Ji2)^r1(£53'33,4,£2^^3,Ji2)/^y(£5«;i, 
EhvzyWt). We have an imperfect point. Define r ' 2 as YT1 Y"1. ^ [Now 
apply XT'<iX~l s= r " 2 to our next order point, remembering that r ' 2 jmay 
be written x\ :x'z:x\ = E5#i :E2Xz 1x4. We obtain 

This transformation T*\ ox x'\\xfz'-x\ = #1 :.E2*3 : £7^4 gives evidence of 
another imperfect point. For the third order neighbourhood, we use 
YT"iY~l^T,ni. This becomes (wuWz,Wi)~(E9wi,E2wz,Wi), denoting an imper
fect point in the third order neighbourhood of P 3 along the x2 = X4 = 0 direction. 

Finally, by use of XT'"ÎX~1 = T1V
2 we get (wiywz,Wi) ~ {W^EHJUZ.E1^^) 

or (wuEhvzsiVi) since E11 = 1. This indicates a perfect point. We shall state 
our result in the following theorem. 

THEOREM 5. Along the invariant direction #2 = #4 = 0, there are no perfect 
points in either the first or second or third order neighbourhood of P3 . There is, 
however, a perfect point in the fourth order neighbourhood. 

The following theorem is self-evident. 

THEOREM 6. The imperfect point P 3 on F* has no perfect points in the neigh
bourhood of the first or second order. It does have one in the third order neighbour
hood and one in the fourth order neighbourhood, however. 

University of Florida 

https://doi.org/10.4153/CJM-1951-019-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1951-019-8

