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Introduction

Let G be a finite group. A section of G is a group of the form H/K, where K < H < G.
Given a positive integer n, write .S,, for the symmetric group on a set of order n. The
group G is Sy,-free if G has no section isomorphic to S,.

One of the striking results in finite group theory from the decade before the classifica-
tion of the finite simple groups was the classification of the Sy-free finite simple groups.
The first result in this direction was Thompson’s proof (cf. [17]) that the Suzuki groups
Sz(22™*1) are the only non-abelian finite simple groups of order prime to 3. This problem
was a natural first place for Thompson to test how well the methods he had developed
in the N-group paper extend to groups with non-solvable local subgroups, since the only
non-abelian composition factors in locals of a minimal counter-example to his theorem
are Suzuki groups.

Next, in [9], Glauberman proved a triple factorization theorem for constrained Sy-free
groups, and used this result to show that each Sy-free group has a non-trivial strongly
closed abelian 2-subgroup. As a corollary to this result and Goldschmidt’s Theorem
in [10] classifying finite groups with such a subgroup, Glauberman classified the Sy-free
and S3-free non-abelian finite simple groups. Later, in [16], Stellmacher showed that in
a constrained Sy-free group G there is a non-trivial characteristic subgroup of a Sylow
2-subgroup of G normal in G; this theorem can be used to give an alternate treatment
of Sy-free groups.

Attempts to extend the Glauberman triple factorization to more general 2-constrained
groups have to date been unsuccessful. On the other hand, other extensions of Thomp-
son factorization (such as the so-called amalgam method) have proved effective; see, for
example, [5].
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In this paper we give yet another treatment of Sy-free groups, this time from the
point of view of 2-fusion. Actually, we consider 2-fusion systems rather than groups,
and prove that all saturated Ss-free 2-fusion systems are constrained. Then we derive
our theorems about groups from this theorem about fusion systems and Goldschmidt’s
Theorem. Indeed, from our point of view, the main object of the paper is to put in place
machinery to study fusion systems of even characteristic, building on earlier results in [3].
Given this machinery, the proof of the theorem on Ss-free fusion systems takes only a few
paragraphs, making possible a very elegant treatment of Sy-free groups. We regard this
work as a test case to evaluate the efficacy of our machinery to, first, analyse 2-fusion
systems of even characteristic and, second, to use the theorems on fusion systems to
prove results about finite groups.

One of the main tools in our approach is the use of the extensions of Thompson fac-
torization mentioned above. But it also seems to be true that local analysis is sometimes
easier in the category of saturated fusion systems than in the category of groups; deriving
the S4-Free Group Theorem from a result on fusion systems provides an example of this
phenomenon.

It should be pointed out that, in [13], Onofrei and Stancu use Stellmacher’s Theorem on
Sy-free groups to prove a stronger result on S3-free fusion systems than our main theorem.
The virtue of our approach is that, once the general machinery on fusion systems is in
place, a simple proof of the weaker theorem on fusion systems is possible, which, given
Goldschmidt’s Theorem, immediately leads to the theorems on groups. That is to say,
we are using results on fusion systems to prove theorems about groups, rather than vice
versa.

Fusion systems were defined and first studied by L. Puig, although Puig calls these
objects Frobenius categories rather than fusion systems; see in particular [14,15]. Our
introduction to the subject was from [8], and we adopt the notation and terminology
found there.

The reader is directed to [1] for notation and terminology involving finite groups, and
to [8, § 1 and Appendix A] or to [6] for notation and terminology involving fusion systems.
Section 1 of this paper also contains some background on fusion systems.

Let F be a saturated fusion system on a finite 2-group S. We say that F is Ss-free
if, for each subgroup U of S, the group Autz(U) is Ss-free. Our result on Sz-free fusion
systems is as follows.

Theorem 1. Let F be a saturated Ss-free fusion system on a finite 2-group S. Then
F is constrained.

The result on fusion systems, together with Goldschmidt’s Theorem, leads almost
immediately to the following corollaries for groups.

Corollary 2. Assume that G is a finite S4-free non-abelian finite simple group. Then
G is a Goldschmidt group.

A finite simple group G is a Goldschmidt group if either G is a group of Lie type of Lie
rank 1 in characteristic 2 or GG has abelian Sylow 2-subgroups. The groups of the first
type are the groups Lo(2"), Sz(2") and Us(2™), n > 1. The non-abelian simple groups
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with abelian Sylow 2-subgroups (other than the groups L,(2")) are the groups La(q),
¢ = £3mod 4, 2G5 (3*™*+1), m > 1 and J;.

Corollary 3. Assume that G is a finite S3-free non-abelian finite simple group. Then
G is Sz(22mF1) or Ly(3?™+1), with m > 1.

Corollary 4. Assume that G is a finite non-abelian simple group of order prime to 3.
Then G =2 Sz(22"+1) for some m > 1.

Section 1 contains a brief discussion of fusion systems. In §§ 2—4 we put in place machin-
ery for studying saturated fusions systems F on finite 2-groups S with F of even char-
acteristic (as defined in §1). Then in §5, we use this machinery to prove a version of
Stellmacher’s qrc-Lemma for fusion systems, together with a few supporting lemmas
which make the qrc-Lemma more effective. Section 6 contains some lemmas on repre-
sentations of finite groups over fields of even characteristic that are needed to apply the
qre-Lemma. Finally, the main theorem and its corollaries are proved in § 7.

1. Fusion systems

In this section p is a prime, S is a finite p-group and F is a saturated fusion system on S.

The definition of a fusion system appears in [8, Definition 1.1] and [6, Definition
1.2.1]. The definition of a saturated fusion system appears in [8, Definition 1.2] and [6,
Definition 1.2.2]. Roughly speaking, a fusion system on S is a category whose objects are
the subgroups of S, and such that the set homz (P, Q) of morphisms between subgroups
P and @ of S is a set of injective group homomorphisms from P into @ satisfying some
weak axioms. If G is a finite group and S € Syl,(G), then Fs(G) is the fusion system
on F such that homg ) (P, Q) consists of the conjugation maps cy: z — z9 for g € G
with PY < @Q. Again, roughly speaking, F is saturated if it satisfies some axioms that
are easily verified for Fg(G) using Sylow’s Theorem.

The reader is referred to [8, § 1 and Appendix A] or [6, Part I] for notation, terminology
and basic results about fusion systems. However, we also record some of this notation
and terminology in this section, as well as introducing some new notation.

Let P < S, and let P¥ = {P¢: ¢ € homz(P,S)} be the set of F-conjugates of P.
Recall that P is fully normalized, centric if, for all Q € P7, |Ng(P)| = |Ns(Q)], Cs(Q) <
Q, respectively. Write Ff for the set of non-trivial fully normalized subgroups of S.

Let S = {F;: i € I} be a set of subcategories F; of F. Define the subsystem of F
generated by S to be the smallest fusion system contained in F and containing each
member of §. Write (S) for this subsystem. Thus, (S) is the intersection of all fusion
subsystems of F containing each member of S.

Recall that, for P € F¥, Nz(P), Cx(P) is the fusion system 7 on T = Ng(P), Cs(P)
such that, for Q < T, homy(Q,T) consists of those ¢ € homx(Q,T) such that ¢ extends
to ¢ € homz(PQ,T) normalizing and centralizing P, respectively. By a result of Puig
(appearing as [8, Proposition A.6] or [6, Theorem I1.2.1]), T is a saturated fusion system
onT.

We say P is normal in F if F = Nx(P). There is a largest subgroup O,(F) of S

normal in F.
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Furthermore, F is constrained if F has a normal centric subgroup. If F is constrained,
then, by [7, Proposition C] (or [6, Theorem III.5.10]), there is a finite group G with S €
SylL,(G), F*(G) = Op(G) and F = Fs(G). Moreover, G is unique up to an isomorphism
extending the identity map on S, and we refer to any such group as a model for F. In
particular, if U € F/ with Nx(U) constrained, then there exists a model for Nz(U),
which we denote by G(U).

The system F is of characteristic p-type if, for each 1 # U € Ff, N(U) is constrained.
When p = 2, F is of even characteristic if Nx(U) is constrained for each 1 # U < S.
Finally, F is a local CK-system if, for each U € F/, Autz(U) is a K-group; here, a finite
group H is a IC-group if each simple section of H is on the list K of ‘known’ simple groups
appearing in the statement of the theorem classifying the finite simple groups.

Lemma 1.1. Let F be a saturated constrained fusion system on a finite p-group S,
and G a model for F. Assume £ is a saturated subsystem of F on S. Then there exists
a unique overgroup H of S in G with & = Fg(H). Indeed for any normal subgroup @ of
G with Ce(Q) < Q, H={g€G: CqlQ € Autg(Q)}.

Proof. Pick Q 9 G with C(Q) < Q; for example, we could choose Q = O,(G). Set
H = {g € G:cyg € Autg(Q)}. We claim that Fs(H) < €. Let g € H and P < §
with P9 < S. As g € H, c; = ¢* for some ¢ € Autg(Q). As P9 < S, P < Ny ={z €
S: g™ € Autg(Q)}. Therefore, as &€ is saturated, ¢ extends to ¢ € homg(P,S). As
& < Fs(G), ¢ = ¢p, for some h € G. Now cp,-1, = (c) "teg = ¢~ ¢y is the identity on
Q, so as Cq(Q) = Z(Q), g = hz for some z € Z(Q). Then ¢4 = cpc. € homg(P,S), so
hom gz (g (P, S) € homg (P, S), proving the claim. |

Conversely, let ¢ € homg(P,S). As @ < G, it follows from [4, Theorem 14.1] that
Q < E. Therefore, as £ is saturated, ¢ extends to ¥ € homg(PQ, S). Next, ¥ = ¢, for
some y € Gand y € H, so £ < Fs(H). Hence, £ = Fs(H).

Finally, suppose K < G is a model for £. Then Autg(Q) = Autg(Q) = Auty(Q), so
K/Z(Q) = H/Z(Q), and hence K = H, establishing the uniqueness of H.

Lemma 1.2. Let F be a saturated fusion system on a finite p-group S, and set

Q = Op(F). Then
(i) if Q < Z(F), F/Q is saturated and O,(F/Q) =1,

(ii) Cx(Q) is a saturated fusion system on Cg(Q), and if Cx(Q) is constrained, then
F is constrained.

Proof. Assume Q < Z(F). The fusion system F/Q on S/Q is defined in [2, § 8] and,
by [2, 8.10], F/Q is saturated and, writing P for the preimage of O,(F/Q)in S, P < F.
Thus, P < Q = Op(F), so O,(F/Q) = P/Q = 1, establishing (i).

Set C = C#(Q). Recall that C is a saturated system on T = Cg(Q). By [4, 10.2.1],
C < F. Then, by [4, 7.4 and 7.10], Z = O,(C) < F, so Z < Q. Therefore, Z=QNT =
Z(Q). Assume that C is constrained. Then Cr(Z) < Q. But Cr(Z) = T,s0 T < Q.
Thus, Cs(Q) < Q, so F is constrained, completing the proof of (ii). O

https://doi.org/10.1017/50013091512000235 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000235

Ss-free 2-fusion systems 31

2. An equivalence relation and ordering
In this section we assume the following.

Hypothesis 2.1. p is a prime, and F is a saturated fusion system on a finite p-group
S. Write U for the set of non-trivial normal subgroups of S, and assume for each U € U
that Nz(U) is constrained.

Notation 2.2. If G is a group and H < G, we write Og(H) for the set of overgroups
of H in G. Let ¢ be the identity map on S. Write H for the set of pairs (H,U) such that
U cUand H € Ogu)(S). Denote by Ns(H ) the set of non-trivial H-invariant subgroups
of S. Write € for the set of constrained, saturated fusion subsystems of F on S.

Lemma 2.3. Fori=1,2, let U; € U and set G; = G(U;). Then
(1) ¢ extends to an isomorphism t12: Ng, (Uz) = Ng,(U1),

(ii) ¢t1,2 is determined up to conjugacy by an element of Z(S), so, for each H €
OnNg, () (S), the image Huy 5 of H in G is independent of the choice of i1,

Proof. Observe that, for i = 1,2, Us_; < S = Ng(U;), so (i) follows from [3, 2.2.4].
Furthermore, by [6, I1.4.3], if 1 and v are two isomorphisms extending ¢, then v = ¢,
for some z € Z(S). Thus, Hv = He,pu = Hpas z € S < H, so H = He,. Thus, (ii)
holds. g

Lemma 2.4. Let I = {1,2,3}, and for i € I let U; € U; and set G; = G(U;). For
o € Sym(I), set Gis,20,30 = Na,, (U2s) N Na,, (Uss). Then

(i) Gizat12 = G213,

(i) Gi2,3t1,2t2,3 = G312,
(iil) (t1,202.3)|G105 = (C201,3)|G, 4.5 fOr some z € Z(S),
(iv) for each H € Og, , ,(S), Ht12t23 = Ht1 3.

Proof. Set X = G123. As 12 extends ¢, Xty 2 < Gg,1,3. By symmetry, Ga.1,3t2.1 < X,
so (1) follows. Then by two applications of (i), Xt1 2t23 = Ga,1,3t2.3 = G31,2, establish-

ing (ii).
Set £ = 11,2¢2,3. By (i) and (ii), le_é is an automorphism of G 2 3 extending ¢, so (iii)
follows from [6, 11.4.3]. Then (iii) implies (iv), as in the proof of Lemma 2.3 (ii). O

Definition 2.5. Define a relation = on H by (Hy,Uy) = (Hs,Us) if Us € Ng(Hy)
and Hyty o = Ho. By Lemma 2.3 (ii), this definition is independent of the choice of ¢; .
We find in the next lemma that = is an equivalence relation on H. Write ) for the set
of equivalence classes of =, and write [(H,U)] for the equivalence class of (H,U) € H.
Sometimes we write H for [(H, U)], since the group H is determined up to an isomorphism
extending ¢, and, by Lemma 2.6 (iii), the class [H,U] is independent of the choice of
Ue Ms(H).
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Lemma 2.6.
@

)
(11) If(Hl,Ul) = (HQ,UQ) then MS(Hl) = Ms(HQ).
)
)

The relation = is an equivalence relation.

(Hl,Ul) = (}127 UQ) if and only lffs(Hl) = fs(Hg)

(ii

(iv) The map H — Fg(H) is a bijection between $) and €.

Proof. Suppose that (Hy,U;) = (Hz,Us). Then Hyiy o = Ha, so, as t1,2 extends ¢,
(ii) follows and Fs(Hy) = Fs(Hz).

Assume next that Fg(H1) = Fg(H2) = &, and set Uz = O,(€). Then Uz € Vg(H;), so
(H;,U;) = (H;ti,3,Us), and hence, replacing H; by H;t; 3, we may assume that Uy = Uy =
Us. Next, Auty, (Us) = Autg(Us) = Auty,(Us), so H; and Hy are each the preimages
in G(Us) of Autg(Us). This completes the proof of (iii).

Finally, (iii) implies (i), and says that ¢: H — Fg(H) is a well-defined injection of
$ into €. Suppose D € €. Then U = O,(D) € U, and D < Nx(U), so D has a model
H < G(U) by Lemma 1.1. Then D = Fg(H) = Hep, so ¢: $§ — € is a surjection,
completing the proof of (iv) and the lemma. O

Definition 2.7. Define a relation < on ) by [(H1,Ur)] < [(Hz,Us)] if U € Ng(Hy)
and Hity o < Ho. By Lemma 2.3 (ii), this definition is independent of the choice of ¢4 5.
Furthermore, the proof of part (i) of the next lemma shows that Us € Ng(H;) and
Hit1 9 < Hy if and only if Fs(H;) < Fg(Hz); hence, by Lemma 2.6 (iii), the definition of
the relation < is independent of the choice of representatives for the equivalence classes.

Lemma 2.8.
(1) For H; € 9,i=1,2, H, < Hs if and OH]y Iffs(Hl) < fS(HQ)
(ii) The relation < is a partial ordering of 9.

(iii) The map H — Fg(H) is an isomorphism of the poset $) with € partially ordered
by inclusion.

Proof. Assume [(Hy,U1)] < [(Hz2,Us2)]. Then Us € Ug(H;) and Hyip o < Hy. Hence,
by Lemma 2.6 (111), fS(Hl) = fS(Hll/l’Q) < fS(HQ)

Next suppose instead that Fs(H1) < Fg(Ha). As Uy 9 Ho, we also have Uy < Fg(Hy),
so Uy € g(Hy). By Lemma 2.6 (iii), Fg(Hit1,2) = Fs(H1) < Fs(Hz). Hence,

AutHlLl,z (UQ) = Autfs(Hl)(UQ) < Autfs(Hz)(UQ) = AutH2 (UQ)v
so the preimage Hitip in G(Uz) of Autpy,,, ,(Usz) is contained in the preimage Hy of
Autgy, (Uz). This establishes (i).

Observe that part (i) and Lemma 2.6 (iii) imply part (i), while (i), (ii) and
Lemma 2.6 (iv) imply (iii). O
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Definition 2.9. For [(H;,U;)] € $, i = 1,2, define [(Hy,Uy)] N [(Hz,Usz)] (or just
Hl n Hg) to be [(NHl (Ug)bl)g n Hg, UQ)}

Define Fg(Hy) A Fs(Hz) to be the subfusion system of F on S generated by the
maps in Auty, () (P)N AutNHQ(Ul)(P), as P varies over the subgroups of S containing
Cs(P). By the next lemma and Lemma 2.6 (iii), the definition of [(Hy,U1)] N [(Hz, Us)]
is independent of the choice of representatives of the classes.

Lemma 2.10. For [(Hl, Ul)} €N, i=12, fS(NHl (UQ)LLQQHQ) = fs(Hl)/\fs(HQ).

Proof. Set .7:7, = fs(HZ‘), E = fl N .7:2, and D = fS(NHl (Ug)l,l,z n Hg). Let P § S
with Cs(P) < P and a € Autp(P). Then o = cp|p for some h € Ny, (Uz)t1,2 N Ny, (P).
By Lemma 2.6 (ii), h acts on Uy and Us, so a € Auty, (v,)(P) and

(S AUtNHlLLQ(UQ)(P) = Aut]:S(NHl (Uz)bl,z)(P) = Aut}-s(NHl (Uz))(P) = AUtNHl(Uz)(P)a
by Lemma 2.6 (iii). Therefore,
Autp (P) < AAH'LNH1 (Uz) (P) n AutNHz(Ul) (P)

Furthermore, as D is saturated, Alperin’s Fusion Theorem (cf. [8, A.10] or [6, I1.3.5])
says that D is generated by the subcategories Autp(P), as P varies over the subgroups
of S containing Cg(P). Therefore, D < €.

Conversely, assume 3 € AutNHl(Uz)(P) N AutNH2(U1)(P). Then, as above, 8= cp,|p
for some hy € NHl(UQ)LLQ and hy € NHQ(U1>, SO h1h2_1 € OG(UQ)(P) :Z(P), as
F*(Ng(Uz)(P)) = Op(Ng(Uz)(P)) and Os(P) < P. Thus, hy = ¢, hs for some z € Z(]D)7
80 h1 € Ny, (U2)t1,2 N N, (Ur). Therefore, 8 € Autp(P), so € < D. O

Lemma 2.11. Let H; € $, 1 < i < n, for somen > 2. Then

(i) Hy N Hy = Hs N Hy is the greatest lower bound for Hy and Hy in the poset $),
(ii) there exists a greatest lower bound Hy N ---N H,, for {Hy,...,H,} in 9,
(iii) (Hy N He) N Hs=H,NHyNHs =H;N(HyN Hs),
(iv) for £,D € €, EAD is the greatest lower bound for £ and D in €.

Proof. Set F; = Fs(H;). By definition, F1 AFe < F; for i = 1,2, so by Lemmas 2.8 (i)
and 2.10, Hy N Hy < H;. Suppose H3 < H; for i = 1,2. Then, by Lemma 2.8 (i),
Fs(Hs) < Fs(H;), so, using Alperin’s Fusion Theorem (cf. [8, A.10] or [6, I1.3.5]),
Fs(Hsz) < Fy AF. Then, by Lemmas 2.8 (i) and 2.10, H3 < Hy N Hs. Therefore, H; N Hy
is the greatest lower bound for H; and Hs in $). By symmetry, HoN H7 is also the greatest
lower bound, so Hy N Hy = Hy N Hy, establishing (i). Then (i) and elementary lattice
theory imply (ii) and (iii). Finally, Lemma 2.8 (iii) and (i) imply (iv). O

Lemma 2.12. Let H; = [(H;,U;)] € 9, for i = 1,2, and assume that Us € Ng(Hy) N
WNs(Hsz). Set G3 = G(Us). Then we have the following.
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(1) Hz < [(Gg, Ug)] for i = 1,2

(ii) Set H3 = (Hyt1,3,Hata3). Then Fs(Hs) is the smallest member Fg(Hy) V Fs(Ho)
of € containing Fs(H;) fori=1,2.

(iii) Hy V He = [(Hs,Us)| is the least upper bound for Hy and Hs in $).

(iv) If £,D € € have a common non-trivial normal subgroup, then £V D is the least
upper bound for £ and D in €.

(v) If (K,U)] € 9 and K; € Og(S) for 1 < i < n with K = (Ky,...,K,), then

[(K,U)] is the least upper bound K1 V ---V K, for [(K1,U)],...,[(Ky,U)] in the
poset §. In particular, if H € $ with [(K;,U)] < H for each 1 < i < n, then
[(K,U) < H.

Proof. By hypothesis, Us € Ug(H;) for i = 1,2, so (i) follows. By construction,
H; < Hs for i = 1,2, s0o F; = Fs(H;) < F3 = Fs(Hs) by Lemma 2.8 (i). Thus, F3 is an
upper bound for F; and F in €.

Suppose that Fy is an upper bound for F; and F; in €. By Lemma 2.8 (iii), Fy =
fs(H4> for some H4 S f_), and HiLiA < H4. ThU.S, H5 = <H1L1)4,H2L2’4> < H4 and,
by Lemma 2.8(iii), Fi < .7:5(H5) = Fs < Fu. As Us € Ms(Hi), also Uz € |/|5(H5)
by Lemma 2.6 (ii). By Lemma 2.4 (iv), H;t; 4ta 3 = H;ti 3, so Hsea 3 = Hs, and hence
F3 = F5 by Lemma 2.6 (iii). Thus, F3 = F5 < Fy, completing the proof of (ii). Then,
applying the isomorphism of Lemma 2.8 (iii), (ii) implies (iii) and (iv).

Assume the hypothesis of (v). Proceeding by induction on n, we may take n = 2. Then,
by (iii), K = K; V K. Hence, if K; < H for i = 1,2, then K < H, completing the proof
of (v). O

3. Another partial ordering of $)

In this section we continue to assume Hypothesis 2.1, and adopt the notation established
in §2, such as Notation 2.2, and Definitions 2.5, 2.7 and 2.9.

Definition 3.1. Let Z = 2,(Z(S)) and pick 1 # E < Z. Given Hy = [(H1,U1)] € 9,
define
V(H,) = Vg(H,) = (Ef) < 8.

Observe that as F*(Hy) = Op(H1), V(H1) < Z(0O,(Hy)), so indeed V(H7) < S. Also, if
(I’Il7 Ul) = (HQ, UQ), then
V(Hy) = V(Hi)uz = (B™ ), = (Byy"?) = (B™) = V(Hy),

so the definition of V(H;) is independent of the choice of representative for the equiva-
lence class.

In addition, Us = V(Hy) € Wg(H1) and (Hy,U1) = (Hit1 3, Us). Therefore, our con-
vention in this section will be that our canonical representative for h € § will be (H,U),
where U = V(h) and H is the unique subgroup of G(U) such that (H,U) € b.
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Write $g for the set of H € § such that H = G(V(H)).

Define a relation < = <, on $ by Hy < Hy if Hy = (Ny,(U1)e21 N H1)Cx, (Ur).

For H € 9, let O(H) = {K € $: H < K} and denote by M(H) the set of maximal
members of O(H) under the partial ordering < on § in Definition 2.7. Note that M(H) C
HE. Also, S < H for each H € §, 50 O(S) = $, and M(S) is the set of maximal members
of the poset $ under the ordering <.

We find in Lemma 3.6 that the new relation < is a partial ordering of . On the other
hand, the set O(H) of ‘overgroups’ of H and the set M(H) of ‘maximal overgroups’ of
H are defined with respect to the old partial ordering < on $ from Definition 2.7. If
F = Fs(G) is the fusion system of some group G, then the ordering < corresponds to
the inclusion relation on 2-local subgroups of G containing S, while < corresponds to
the relation < on such subgroups appearing in [5, Definition A.5.2]. Lemma 3.8 records
some useful relationships between the two partial orders.

Lemma 3.2. Let H; € §, for i = 1,2. Then H; < Hy if and only if
Autrg (m,)aFs () (V(H)) = Autzg ) (V(Hi)).

Proof. Let V = V(H;), and recall from Definition 3.1 that, by convention, V' = Uj.
Set H = ]VH2 (Ul)LQJ ﬂHl and, for i = 1, 2, set fz = fs(HZ) By Lemma 2107 .7:1 /\fg =
Fs(H), so Auty (V) = Autg, sz, (V). Therefore, as Auty, (V) = Autg, (V), it follows
that

Aut g ax, (V) = Autr, (V) <= Auty(V) = Auty, (V)
— H, = HCHI(V)
— H; 5 H>.

Lemma 3.3. Suppose H; € 9, for i = 1,2, with Hy € Hg. Then
(i) N, (Ur)iz N Hy = Np, (U2),
(ii) Hy < Hs if and only if Hy = Ny, (U2)Ch, (Uy).

Proof. As Hy € g, Hy = G(Us), so Ny, (Ur)ia1 = Ngu,)(Uz) by Lemma 2.3 (i).
Thus, (i) follows, and (i) implies (ii). O

Lemma 3.4. If H; € §, for i = 1,2, with Hy < Hs, then
(i) Uy =V(Hy) < V(H3) = Us,
(ii) Cu, (U2) < Cu, (Un),

(iii) if Hy € g, then CHQ(Ul)L271 NH, = ]\IH1 (Ug) n CH1 (Ul), SO CH2(U2)L2,1 NH; <
Cut, (U).
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Proof. As Hy < Hy, Hy = (Ny,(U1)t21 N H1)Cx, (Uzr). Thus,
= ()
= (ENu2(UDaNH1y o (pNuy Uiz
=

ENH2 U1)> 21

)

_ <ENH2(U1)> < <EH2>
= U27

establishing (i). Then (i) implies (ii).

Assume Hj € $g. By Lemma 3.3 (i), Ny, (U1)te,1 N H1 = Ny, (Uz), so, as 12,1 extends
t, the first statement in (iii) follows. The second statement of (iii) follows from the first
statement and (ii). O

Lemma 3.5. Assume H; € $Hg for i = 1,2. Then the following are equivalent:
(i) Hy = Hoy;

(ii) V(H1) = V(Hz);

(iii) Hy S He S Hi.

Proof. Trivially, (i) implies (iii). As H; € Hg, H; = G(U;), so (ii) implies (i). Finally,
by Lemma 3.4 (i), (iii) implies (ii). O

Lemma 3.6. < is a partial ordering of .

Proof. Trivially, < is reflexive. By Lemma 3.5, < is antisymmetric. Assume that
H, < Hy < Hs. By Lemma 3.3 (i), Ha = Np,(Us)Ch,(Usz), and by Lemma 3.4 (iii),
CHZ(UQ) g NHQ(Ul). Then

N, (Ur) = N, (Ur) N N, (Us)Ch, (Uz) = (N, (Ur) N N, (Us))Ca, (Ua),
so, by Lemma 2.3 (i),
Ny, (U2) = N, (U1)t2,1 = (Nu,(U1) N Nu,(Us))t2,1Ch, (Uz)t21 < Ng, (Us)Cr, (Ur),
and hence Hy < Hs, so that < is transitive. d
Lemma 3.7. Let H; € § fori=1,2. Then
(i) If Hy < Ho, H; < H,,
(ii) If H; S H3_; fori=1 and 2, V(H;) = V(H>).

Proof. Part (i) is immediate from the definitions, while part (ii) follows from
Lemma 3.4 (i). O

Lemma 3.8. Let M be maximal in M(S) with respect to <. Then we have the
following.
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(i) {M} = M(X) for each X € § with X < M and M = XCp(V(M)).

(ii) Let R = Cs(V(M)). Then R = Op(N(R)), Autar(V(M)) = Auty,, g (V(M))
and M(Ny(R)) = {M}.

(iii) Let H € 9. Then H is maximal in $)p with respect to < if and only if H is
maximal in M(S) with respect to <.

Proof. Assume that H is maximal in either g or M(S) with respect to <, and
set U = V(H). Suppose X € $ with X < H and H = XCy(U). Then U =
(EM)y = (EX) = V(X). Suppose My € M(X). Then X < M, by Lemma 3.7 (i), so

X = Nx(V(Ms))Cx(V(X)) by Lemma 3.3 (ii). Hence,
H=XCy(U) = Nx(V(M2))Cx(V(X))Cu(U) = Nu(V(M2))Cu (U),

so H < My by Lemma 3.3 (ii). Therefore, H = M5 by maximality of H and Lemma 3.6.
This proves (i), and shows that if H is maximal in g with respect to <, then, for
M; € M(H), H = Mj;. Thus, the implication H maximal in $g with respect to <
implies H maximal in M(S) with respect to < of (iii) is also established.

Let V = V(M). By a Frattini argument, M = Ny (R)Cp(V), so Autpy (V) =
Auty,, (r) (V). Now V = (EM) s0 as M = Ny (R)Cpy(V), V = (ENv(B) Hence, it
follows from [5, B.2.14] that O2(Npy(R)) < Cs(V) = R, so R = O3(Nps(R)). Then, by
(i), {M} = M(Np(R)), which completes the proof of (ii).

Let M < K with K maximal in $ g with respect to <. By the first paragraph of
the proof, K € M(S), so M = K as M is maximal in M(S) with respect to <. This
completes the proof of (iii). O

4. Further results on 9

If G is a finite group with Sylow p-subgroup T', a minimal parabolic of G over T is an
overgroup H of T in G such that T is not normal in H, and T is contained in a unique
maximal subgroup of H.

In this section we assume the following hypothesis.

Hypothesis 4.1. Assume Hypothesis 2.1, and in addition assume F = (Nx(U): U €
U) and F is not constrained. For H € 9, let X(H) be the set of minimal parabolics of
H over S. We say that H is a uniqueness group if |[M(H)| = 1.

Lemma 4.2. Oy(F) =1.

Proof. If U = O,(F) # 1 then U € U, so by Hypothesis 2.1, F = Nz(U) is con-
strained, contrary to Hypothesis 4.1. O

Lemma 4.3. Let M € M(S) and H € $. Then

(i) there exists K € $) with K £ M,

(ii) either Nk (S) £ M or there exists X € X(K) with X < M,
(iil) H < M if and only if Ng(M) NWNg(H) # &.
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Proof. Assume (i) fails. Then, by Lemma 2.8 (iii), for each U € U, Nx(U) < Fs(M).
But then by Hypothesis 4.1, F = (Nz(U): U € U) < Fs(M), so 1 # O,(M) < F,
contrary to Lemma 4.2. This establishes (i).

By McBride’s Lemma (cf. [5, B.6.3]), K = (Ng(95),X(K)), so (ii) follows from
Lemma 2.12 (v).

If H < M then O,(M) € Ng(M) NWNg(H). Conversely, if g(M) NVg(H) # @, then
by Lemma 2.12 (i) there exists K € $ with M, H < K. But then H < K = M by
maximality of M. O

Lemma 4.4. Let M € M(S),and let H € §). Then we have the following.

(i) AssumeY < M is a uniqueness group. Then H < M if and only ifs(Y)NNs(H) #
J.

(il) Set R = Cs(V(M)). Then R = O(Ny(R)).

Proof. Assume the hypothesis of (i) holds. One implication in (i) follows from
Lemma 4.3 (iii). Suppose Ng(Y) NNg(H) # @. Then, by Lemma 2.12 (i), there exists
M’ e M(S) with Y, H < M’. Then M’ = M, as Y is a uniqueness group, completing
the proof of (i).

By [5, B.2.14], O2(Nu(R)) < Cs(V) = R, so (ii) holds. O

Lemma 4.5. Let M be maximal in M(S) with respect to <
R=Cs(V(M)) andY = Np(R). Then

and let H € $. Set

~o?

(i) M(Y)={M} and R = 0,(Y),
(i) H < M if and only if Ng(Y) NUg(H) # @.
Proof. Part (i) follows from Lemma 3.8 (ii). Then (i) and Lemma 4.4 (i) imply (ii). O

See [5, B.2.2] for the definition of the Thompson subgroup J(S) and the Baumann
subgroup Baum(S) of a p-group S.

Lemma 4.6. Let H € $. Then the following are equivalent:

@

) J(S) centralizes V (H);

(i) Baum(S) centralizes V (H);
)
v)

(iii) H = Ny (Baum(S))Cy(V(H));

(iv) H < G(Baum(9)).

Proof. Set V = V(H), D = 4(Z(J(S))), B = Baum(S) and K = G(B). If J(5)
centralizes V, then V < D, so B = Cg(D) < Cs(V). Thus, (i) implies (ii).

Next, as B is weakly closed in S, (ii) implies (iii) by a Frattini argument.

Assume (iii). By Lemma 2.3 (i), there exists an isomorphism &: Ngw (k) (V) —
Negv)(V(K)) extending t. We may take K = Ng(v (k) (B), so Nxg(V) = New (k) (V)N
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New (k) (B), and hence Ng (V)¢ = Ngu)(V(K)) N Ngwy(B). Then Ny(B) <
Ng(V)Y¢N H, so H < K; that is (iii) implies (iv).

Finally, assume (iv) and set H* = H/Cy (V). Then H = (Ng (V)¢ N H)Cx(V) and
B 4 Ng(V)ENH, so B* < Op(H*) =1 as E < Z. Therefore, J(S) < B < Cy(V), so
(iv) implies (i). O

Lemma 4.7. Assume J(S) centralizes each member of {V(H): H € $}. Then
(i) M(GBaum(S))) = {M}, where M = G(V(G(Baum(S)))),
(ii) M is the unique maximal member of M(S) under <.

Proof. Set B = Baum(S) and K = G(B). By Lemma 4.6, for each H € $, H < K.
On the other hand, for M’ € M(K), Lemma 3.7 says that K < M’ and V(K) = V(M').
Thus, (i) follows from Lemma 3.5. Furthermore, for M"” € M(S), M" < K < M, so if
M" # M, then M" is not maximal in M(.S) with respect to < by Lemma 3.6, establishing
(ii). O

5. Systems of even characteristic
In this section we assume one of the following two hypotheses.

Hypothesis 5.1. Assume Hypothesis 4.1 with p = 2.

Hypothesis 5.2. Assume Hypothesis 2.1 with p = 2. Assume (H;,V;) € H fori=1,2
and set R; = Oo(H;). Assume in addition that

(i) 2(V1) =1, Oz(Auty, (V1)) =1 and Ry € Syly(Ch, (V1)),
(ii) Hy is a minimal parabolic over S,
(iii) Ns(Hy) NNg(Hs) = @.

Lemma 5.3. Assume Hypothesis 5.1 holds. Assume M € M(S) and G(S) < M. Let
O ={H € 9: H &« M}, and for H € H let Xy (H) = {X € X(H): X £ M} and
X3 (H) be the minimal members of Xy (H) under inclusion. Then we have the following.

(i) $Ha # @ and for each H € Hpy, Xy (H) # 2.

(ii) Let H € 9 and X € Xy (H). Set R = Cs(V(M)) and Y = Ny(R). IfY is a
uniqueness group, then the pair (Y,V(M)), (X, V(X)) satisfies Hypothesis 5.2.

(iii) Let H € 5 and X € X, (H). Then Nx(V(M)) is the unique maximal overgroup
of S'in X.

Proof. Part (i) is a consequence of parts (i) and (ii) of Lemma 4.3.

Assume the hypothesis of (ii) with Y a uniqueness group. Then the pair (Y, V(M)),
(X, V(X)) satisfies conditions (i) and (iii) of Hypothesis 5.2 by Lemma 4.4 and, as X is
a minimal parabolic, the pair satisfies condition (ii) of Hypothesis 5.2. Thus, (ii) holds.
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Assume that X € X5, (H) and set V = V(M). Then S < Nx(V) < X, so Nx(V) <
Y, the unique maximal overgroup of S in X . Suppose Nx (V) # Yx. Then as M = G(V),
Yx € $Hu, so by (i) there exists X' € Xp(Yx). Then X’ < Yx < X, contrary to the
minimality of X. This establishes (iii). O

If G is a finite group and V is a faithful FoG-module then the parameters ¢(G, V') and
4(G, V) are defined in [5, Definitions B.1.1 and B.4.1].

Lemma 5.4 (Stellmacher grc-Lemma for fusion systems). Assume Hypothe-
sis 5.2 holds, and set q¢ = q(H,/Cg, (V1),V1) and U = (V;2). Then one of the following
holds.

(i) Vi £ Ro.
(i) ¢ < 1.
(iii) The dual of Vy is an FF-module for Hy /Cy, (V).

(iv) ¢ < 2, U is abelian and Hy has ¢ > 2 non-central chief factors on U. If ¢ = 2, then
¢ = 2 and, for each non-central Hy-chief factor W on U, q(H2/Cp,(W),W) = 1.

(v) R1N Ry 4 Hy, U is abelian, Hy has one non-central chief factor W,
Q(H2/CH2 (W)a W) = 17
[U,0%(H,)] < Z(Ry), O*(Hs) = [0*(H3), J(Ry)] and J(Ry) = J(S).

Proof. This follows from the qre-Lemma for groups, which appears in [5, D.1.5]. For
example, set H1 o = N, (Vo) N Ny, (Vi)ez,1, and form the amalgam o = (a;: Hi 2 —
H;: i1 = 1,2), where oy is the inclusion map, and as = t12: H1 2 — Hs. Then we
can form the free amalgamated product G of « and identify Hy, J C {1,2}, with the
corresponding subgroups of G to obtain [5, Hypothesis D.1.1], the hypothesis of D.1.5
in [5].

Note the second statement in (iv) appears in [5, D.1.3]; more precisely, the fact that
q(H2/Cu,(W),W) = 1 appears in the last paragraph of the proof of that lemma. Simi-
larly, the corresponding statement in (v) appears in [5, D.1.4]. O

Lemma 5.5. Assume Hypothesis 5.2 holds, with V; f_ Rs. Assume in addition that
Ny, (V1) is the unique maximal overgroup of S in Hy and q(H,/Cp,(V1),V1) > 1. Let
I' = I'(Hs, V1) be the set of subgroups (V1,V{) of Hy that are not 2-groups, and let
I'. = I'.(H>, V1) be the set of minimal members of I

(i) I' # @. Pick X € I, and set U; = V1 N Ra.

(ii) Nx (Vi) is the unique maximal overgroup M of Vi in X, and V4 is weakly closed in
M with respect to X. Pick g € X — M and set U = U U{, and I = U, NUY.

(iii) X = (W1, V), I < Z(X)and U < X. Set X = X/I and m = m(Uy).
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(iv) U = Uy @ U is elementary abelian of rank 2m, for some positive integer m.

(v) Let Wy = VlDOQ(X), W = V~V1W19~and J=Vin V. Then J < Z(X) and
W < X. Set )N( = X/J. Thel} w = Wi @ ng is elementary abelian of rank 2k,
where k = m(W1) > m, and Wy = [W,Vi] = Cy;,(v) for each v € Vi — W;.

(vi) Set e = mo(Vy/W1). Then either e = 1 and X/W = D, for some odd integer n,
ore>1and X/W = Ly(2°) or Sz(2°).

(vii) If e > k, then we have that e = k, ¢(H1/Cn,(V1),V1) < 2, X/W = Ly(2°) and

(vil) Ife < k, then ¢(H,/Cy,(V1), V1) < 2.

Proof. As Vi £ R», (i) follows from the Baer—Suzuki Theorem (cf. [1, 39.6]). Pick
X € I'.. Applying the Baer-Suzuki Theorem again, there exists g € X with (V3, V{?) not
a 2-group and, by minimality of X, X = (V;, V).

As Vj is abelian, I < Z(X). As Ry and V; are normal in S, [V;, Re] < U;. Then, as
Ry < H,, also [V, Ro] < Uy. Hence, U < X, completing the proof of (iii), modulo (ii),
which shows that, for each g € X — M, (V4,V?) = X.

If Uy =1, then X < Cy,(R2/Uz)NCh,(Us) < Ra: a contradiction. Therefore, Uy # 1,
so m = m(U,) is positive. Now (iv) follows.

By minimality of X,

(a) for each x € X, either X = (V;,V/*) or (V4,V{®) is a 2-group.
Then it follows from (a) and Baer—Suzuki that
(b) f V1 <Y < X, then V; < Oz(Y).
For Vi <Y < X, set P(Y) = (VX nY). It follows from (b) that
(¢) P(Y) is a normal 2-subgroup of Y.
Let V1 < T € Syly,(X) and M = Nx(P(T)). We claim that
(d) M is the unique maximal overgroup of V7 in X.

If not, choose V; < Y < X with Y £ M and P = P(Y N M) maximal subject to this
constraint. If P(T') = P, then also P = P(Y),s0 Y < Nx(P(Y)) < M: a contradiction.
Thus, P < P(Np(r)(P)) and as Vi < P but Vi £ O2(X), Nx(P) < X, so by maximality
of P, Nx(P) < M. Then Np(y)(P) < M, so Np(y)(P) = P, and hence P(Y) = P. But
then Y < Nx(P) < M, for our final contradiction establishing (d).

Next,

(e) for each involution t € X — M, Cp, (t) = 1, so mo(Cy(t)) = m.

Namely, by (d), X = (Vi,t), so X centralizes Cp, (t), and hence its preimage Uz in X

is normal in X. Thus, Uy, < U1 N Ulg = I, so Uy = I. Then, as my(U) = 2m and
ma(Cp(t)) = ma(U)/2, (e) follows.
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(f) For each v € Vi — 02(X), Cy(v) = Uy.

Again by the Baer—Suzuki Theorem there exists € X with (v,v") not a 2-group, so, as
Vi < P(T) < O3(M), v® ¢ M. Hence, by (e), ma(Cg(v)) = ma(Cq(v*®)) = m = mo(Uy),
so, as v centralizes Uy, (f) follows.

(g) M = Nx (V1) and V; is weakly closed in M with respect to X.

If V1 is weakly closed in M, then P(T) = Vi, so M = Nx (V7). Thus, we may assume
that V; is not weakly closed in M, so, as (V;X N M) = P(T), V; is not weakly closed in
P(T). Then, by Alperin’s Fusion Theorem (cf. [8, A.10]), there is an overgroup @ of V;
in P(T) such that V; < @, and h € Nx(Q) such that V; # V", Suppose 1 # [V4, V).
Then, replacing h by h~! if necessary, we may assume m(Vlh/Cvlh (V) = m(Vi/Cy(V])),
contradicting ¢(H;/Ch, (V1), V1) > 1.

Therefore, [Vi, V] = 1. But, by (f), Cg(V{*) = U}, so Uy = UM As Uy # I, Uy is
not normal in Ha, so, as U; < S and, by hypothesis, Ng, (V1) is the unique maximal
overgroup of S in Ha, it follows that Ny, (U;) < Ng,(V1). Thus, V3 = V| contrary to
the choice of h. This completes the proof of (g).

Note that (d) and (g) prove (ii), and hence complete the proof of (iii).

As M =Nx(V1), Wi =V1NO03(X) I M, s0o M = Nx(Wy) or X by (d). However, if
W1 Q X, then as Uy < Wy; also, U < Wi < Vi, 80 U < Vi N Ry = Uy, contrary to (iv).
Thus, M = Nx(W;). Then we can apply various arguments above to W in place of Uy,
to establish (v).

Set X* = X/W.If W, <U; < Vj and o € X with Uy < M, then, as C,(Usz) = Wi
by (v), and as Cy, (Uy) # 1, it follows that x € M. Therefore, Vi* is a strongly closed
elementary abelian TI-subgroup of M*. Then, as X* = (V;*, V;"9), (vi) follows (cf. [5,
1.8.3]).

Let A =W/. Then A < M = Nx (Vi) and, by (v), [A, V1] = W and [A, W] < J <
Cv,(A), so A is cubic on Vj. Furthermore, by (v), m(A/Ca(V1)) = m(A/J) = k and
m(V1/Cv,(A)) < m(Vy/J) =k +e, so if k > e, then §(H,/Cpy, (V1),V1) < 2. So (viii)
holds. On the other hand, if k = e, then §(H1/Cy, (V1), V1) < 2.

Suppose e > k. As X* is faithful on W of rank 2k, it follows from (v) and the repre-
sentation theory of X* (cf. [5, B.4.2]) that e = k, X* = Ly(2¢), and W is the natural
module for X*. In particular, (vii) holds. O

Lemma 5.6. Assume Hypothesis 5.1 holds, and in addition assume that
(i) M e M(S), R=Cs(V(M)), Ny(R) is a uniqueness group and
(i) q(M/Cp(V(M)), V(M) > 1.
Then Baum(S) = Baum(R) and we have the following.
(1) {M} = M(G(Baum(5))).

(2) G(S) < M.
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(3) Suppose H € $ with H/Oz(H) Ss-free. Then one of the following holds:

(a) H < M;
(b) ¢(M/Crn(V(M)),V(M)) < 2;
(c) V(M) is a dual FF-module for M /Cp (V(M)).

Proof. Let V =V (M) and B = Baum(M). By (ii), J(S) centralizes V, so B < R by
Lemma 4.6. Set Y = Np(R). Then Y < G(B) and M(Y) = {M} by (i), so (1) follows.
Then, as G(S) < G(B), (1) implies (2).

Assume the hypothesis of (3) and assume H £ M. Then by (2) and Lemma 5.3 (i),
there exists H' € X3, (H) and, replacing H by H', we may assume H € X;;(H). Hence,
by (1) and Lemma 5.3 (ii), the pair Y, H satisfies Hypothesis 5.2, and by Lemma 5.3 (iii)
Ny (V) is the unique maximal overgroup of S in H.

Suppose V' & Oz(H). Then Y,H satisfies the hypothesis of Lemma 5.5, so by
Lemma 5.5 (i) we can pick X € I'.(H,V1). As H/Oz(H) is Ss-free, X/W is not iso-
morphic to Ly(2f) for any f, so, by Lemma 5.5 (vii), e < k. Hence, (b) holds in this case
by Lemma 5.5 (viii).

(ii)—(v) of that result hold. As H/O3(H) is Ss-free, case (v) does not hold, and in case
(iv), ¢ < 2, 80, as § = G(M/Cp (V) < g, conclusion (b) of the lemma holds.

Thus, we may assume case (ii) or (iii) of Lemma 5.4 holds. But, by (ii), ¢ > 1, so case
(3) holds. Hence, (c) holds in this case, completing the proof. O

Thus, we may assume V < Oz(H). Hence, by the qre-Lemma 5.4, one of the cases
(
vV

6. The parameter §
In this section we assume the following.
Hypothesis 6.1. G is a finite group with O2(G) = 1 and V is a faithful FoG-module.

In addition, we adopt the notation from [5, § D.2]. In particular, set § = §(G, V') and
0, =0, (G, V). The parameter ¢ is defined in [5, Definition B.4.1]. It is the minimum of
m(V/Cy(A))/m(A) as A ranges over elementary abelian 2-subgroups of G such that A is
cubic on V, i.e. such that [V, A, A, A] = 0. From [5, Definition D.2.1], Q. consists of those
non-trivial elementary abelian 2-subgroups A of G such that m(V/Cy (A))/m(A) =g, A
is cubic on V and A is minimal subject to these constraints.

For X = 0?(X) < G and Y < Ng(X), see [5, Definition A.1.40] for the definition of
Irry (X, V) and Irry (X, V,Y). Namely, Irry (X, V) consists of the X-submodules I of V
such that I = [I, X] and X is irreducible on I = I/C;(X). Furthermore, Irr (X, V,Y))
consists of those I € Irr; (X, V) such that I is an X-homogeneous component of (I").

The parameter ¢ is a variant of the parameter ¢ appearing in the qrc-Lemma 5.4.
The definition of ¢ is the same as that of §, except that it is defined with respect to
quadratic subgroups A: those with [V, A, A] = 0. In particular, § < ¢q. The parameter §
is important to us because of its appearance in Lemma 5.5 and Lemma 5.6. To apply
Lemma 5.6 to an Ss-free fusion system, we need the lower bound ¢ > 2 on FoG-modules V/
for Ss-free groups G, which is established later in Theorem 6.5. This bound is obtained
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by a reduction to the case G simple. To make that reduction we next define certain
parameters g and 7).

Definition 6.2. Given a non-abelian finite quasisimple group L and a non-trivial
irreducible Fy L-module U, define

(dimp(U) — 1) dimg, (U)
4(ma(Aut(L)) +1)

where F' = Endp, 1 (U). Define n(L,U) = ¢(Ngrw)(AutL(U)),U).

Given a non-abelian finite simple group L, define (L) and n(L) to be the minima of the
u(ﬁ, U), n(i, U), respectively, as U varies over all non-trivial irreducible Fs L-modules,
where L is the universal covering group of L.

w(L,U) =

Our next two lemmas show that bounds on u(L) and n(L) for components L of G
suffice to establish the bound ¢(G, V) > 2 in Theorem 6.5 on FoG-modules V' for Ss-free
groups G. The bounds on p and 1 can be obtained from the work of Guralnick and Malle
n [12].

Lemma 6.3. Assume that § <2, A€ Q* and L is a component of G with [A, L] # 1.
Set H = (L*), V = V/Cy(H) and pick I € Trry (H,V) with [I, L] # 0. Then, we have
the following.

(i) Replacing I by a suitable I € Irr, (H, V) with I = I, as an Fo H-module, we have
G(Autga(D), 1) < q.

(ii) Suppose V is an irreducible Fo H-module and let U € Trro (L, V). If u(L,U) > 1
then H = L.

Proof. Set K = HA, let A < S € Syly(K) and set Is = (I°). Then S = (SN H)A
S0

(a) IS’ _ I(HHS)A _ IA.

Next, by [5, A.1.42.2], replacing I by a suitable member I; of Irry (H, Is) with I; = I,
we may assume [ € Irry (H, Ig, S). Then by [5, A.1.42.3],

(b) Ig is the direct sum of the members of I4.

Next, by [5, D.2.7], Auts(ls) € Q.(Autg(Is),Is) for some r < §. In particu-
lar, q(AutK(IS) IS) < g Next, trivially, A(AutK(INS) fg) < §(Autg(Is),Is). Let
Ay € Q.(Autk(Ig),Is). Applying [5, D.2.9.1] to the direct sum decomposition of Ig
in (b), we conclude that |A;: N4, (I)] < 2. Set W = (I*1). By another applica-
tion of [5, D.2.7], G(Autxg (W), W) < G(Autg(Is),Is). Pick Ay € Q*(AutK( ), W)
If W # I, then, applying [5, D.2.9.1] to the direct sum decomposition W =1al,
t € Ay — Na,(I), we conclude that Ay acts on I. Then, by yet another application of [5,
D.2.7], G(Autg (I), 1) < G(Autg (W), W). Thus, in any event we have established (i).

So assume the hypothesis of (ii) with » = |[L4| > 1. Let LA = {Ly,...,L,} with
L = L; and set r = 2/. As H is irreducible on V, U is an irreducible FsL-module
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and V is a homogeneous semisimple FyL-module. Set F' = Endp, (U) = Fae, write Up
for U regarded as an FL-module, and set d = dimp(Up). We argue as in the proof
of [5, D.3.7]. In particular, by [1, 27.14], we may regard V' as an F'H-module Vg, and
Ve 2Uirp®---QU, p, where Uy = U fori > 1, U; = U" for a; € A with L* = L,,
regarded as an FoL;-module, and U; p = Ul‘fi is an F'L;-module.

Let t € A— N4(L) and choose notation so that H = J x J*, where J = Ly - -- Ly and
s = r/2. Thus, Vp = Wr ® W} with We, W, F-modules for J and J*, respectively.
Moreover, Wr = U1 p ® --- ® Us p as an FJ-module, so dimp(Wp) = d°. Now, an
argument in the proof of [5, D.3.7] shows

(¢) dimp(VF/Cv,(t)) = d*(d® — 1)/2, so dimp, (V/Cy(t)) = d*(d® — 1)e/2.
Next observe that
(d) ma(A) < f+ k, where k = ma(Aut(L)).

Namely, let B be a complement to N4(L) in A. Then mq(B) = f, and (modulo Z(H))
Cr(B) is a full diagonal subgroup of H isomorphic to L with N4 (L) faithful on Cr(B),
so mo(A) = f+ma(Na(L)) < f+Ek.

Now, by (c) and (d),

m(V/Oy(A)) _ m(V/Cy (1)) _ d*(d* — e

224= =" T 4k a1k

and hence, as m(U) = de, we have
() 13 a1 (d* — ym(U)/A(f + ).

Furthermore, as f > 1,
ds=(ds - 1) < d—1
f+k T k+1

so it follows from (e) that
(f) 1> pu(L,U).
Now (ii) follows from (f), completing the proof of (ii) and the lemma. O

Lemma 6.4. Assume § < 2 and L is a component of G which is not centralized
by Q.(G,V). Assume further that p(L/Z(L)) > 1. Then ¢(G,V) > n(L/Z(L)), so in
particular n(L/Z (L)) < 2.

Proof. By hypothesis there exists A € O, with [A,L] # 1. Set H = (L*). By
Lemma 6.3 (i), we may assume V' is an irreducible Fo H A-module. Then as u(L/Z(L)) >
1, we conclude from Lemma 6.3 2 that H = L, so V is an irreducible Fs L-module. Hence,
by definition of n(L/Z(L)), ¢ = n(L/Z(L)), completing the proof of the lemma. O

The following result is probably known, but we do not have a reference, so instead we
supply a proof.
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Theorem 6.5. Let G be a finite Ss-free K-group with O2(G) = 1 and let V be a
faithful FoG-module. Then ¢(G,V) > 2.

Proof. Assume that the theorem fails and choose a counter-example of minimal order,
and, subject to that constraint, with m(V) minimal. Thus, § < 2 and we can choose
A € Q.. By parts (1) and (2) of [5, D.2.13], A centralizes F(G). Therefore, there exists
a component L of G with [L, A] # 1. Thus, to obtain a counter-example and complete
the proof, it suffices by Lemma 6.4 to show that u(L/Z(L)) > 1 and n(L/Z(L)) > 2.

As G is an S3-free K-group, it follows that L/Z(L) = Sz(2%) or L (3%) for some k > 3
odd. In particular, mq(Aut(L/Z(L))) = k,2, in the respective case. Observe from [11]
that the Schur multiplier of L/Z(L) is a 2-group, so L is simple. Pick U and F' as in
Definition 6.2, and set d = dimg(U).

Suppose first that L = Sz(2%). Then, by [12], n(L) = 2. Furthermore, d > 4 and
dim(U) > 4k, so indeed p(L) > 1.

Suppose next that L = L3(3%). By [12], n(L) > 2. Further, m(U) > m([B, U]), where
B is a Borel subgroup of L, and, as B is a Frobenius group that is the split extension of
Esk by a cyclic group of order (3* —1)/2, m([B,U]) > 3*¥ — 1 > 26. Thus,

m(U) _ 26
u(L) > 13 T3
completing the proof. O

> 1,

7. Ss-free fusion systems

We begin this section with a proof of Theorem 1. We prove the theorem via a series of
reductions. Assume the theorem is false, and choose a minimal counter-example F.

Lemma 7.1. O2(F) = 1.

Proof. Assume @ = O2(F) # 1. Suppose first that Q < Z(F). Then by Lemma 1.2 (i),
F/Q is a saturated fusion system on S/Q with Oy(F/Q) = 1. But, by the definition of
F/Q in [2, §8], for Q@ < P < S5, Autz,o(P/Q) = Autz(P/Q), so F/Q is Ss-free.
Therefore, by minimality of F, F/Q is constrained, so 1 # O2(F/Q): a contradiction.

Therefore, Q £ Z(F),soC = Cx(Q) # F. However, by Lemma 1.2 (ii), C is a saturated
fusion system on Cs(Q). As C < F and F is Ss-free, C is S3-free. Hence, as C # F, C is
constrained by minimality of F. Then F is constrained by Lemma 1.2 (ii), contrary to
the choice of F. O

Lemma 7.2.
(i) F is of characteristic 2-type.
(ii) F is a local CK-system.

Proof. Let U € F/ and N' = Nz(U). By Lemma 7.1, N' < F, while as F is S3-free,
so is . Hence, by minimality of F, A/ is constrained, establishing (i). Further, applying
Corollary 3 in an inductive context, all composition factors of Auty (U) are in K, so (ii)
also holds. |
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Lemma 7.3. F = (Nx(U): U € U).

Proof. By Lemma 7.2, F satisfies the hypotheses of [3, Theorem 1], so by that the-
orem, either the lemma holds or F is an obstruction to pushing up at the prime 2, and
we may assume the latter. However, by inspection of the list of such obstructions in [3],
none are Ss-free. O

Remark 7.4. The full strength of [3, Theorem 1] is not required in the proof of
Lemma 7.3; see the discussion in [3, Example 8.6], which shows that the weaker [3,
Theorem 7.13] suffices when F is Sz-free. Moreover, when F is Ss-free, the proof of [3,
Theorem 7.13] is fairly easy; namely in that case, Theorem 7.13 follows from [3, 6.6.3].

We are now in a position to complete the proof of Theorem 1. By choice of F, F is a
saturated fusion system on a finite 2-group S, which is not constrained. By Lemma 7.2 (i),
F is of characteristic 2-type. Thus, Hypothesis 2.1 is satisfied. Then, by Lemma 7.3,
Hypothesis 4.1, and hence also Hypothesis 5.1, is satisfied.

Choose M to be maximal in M(S) with respect to < and set V = V(M). As F is
Ss-free, so is M /Cp(V), and by Lemma 7.2 (ii), M/Cps(V) is a K-group. Therefore, by
Theorem 6.5,

AM/Cu (V),V) > 2. (+)
Thus, hypothesis (ii) of Lemma 5.6 is satisfied, while hypothesis (i) of that lemma holds
by Lemma 4.5 (i). Therefore, G(S) < M by Lemma 5.6 (2). Next, by Lemma 5.3 (i), there
exists H € 7. As F is Ss-free, so is H/Oz(H), so the hypotheses of Lemma 5.6 (3) are
satisfied, and therefore one of conclusions (a)—(c) of that lemma hold. As H € 9y,
conclusion (a) fails. Further conclusion (b) fails by (). Finally, as M/Cy; (V) is Ss-free,
condition (c) fails. This contradiction completes the proof of Theorem 1.

We next prove Corollary 2. Assume G is an Sy-free finite simple group. Let S € Syl,(G)
and F = Fs(G). As G is Sy-free, F is Ss-free. Therefore, F is constrained by Theorem 1.
Hence, there exists a non-trivial abelian subgroup of S that is strongly closed in S
with respect to G. Now, G is Goldschmidt group by a theorem of Goldschmidt in [10],
establishing Corollary 2.

Next, we observe that Corollary 3 follows from Corollary 2. Namely, assume G is a
finite non-abelian finite simple group that is S3-free. By Corollary 2, G is a Goldschmidt
group. Hence, Corollary 3 follows, as G is Ss3-free.

Finally, observe that Corollary 4 follows from Corollary 3 and the fact that 3 divides
the order of Lo(3™).
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