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SOME INEQUALITIES INVOLVING
THE SYMMETRIC FUNCTIONS

by V. J. BASTON
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1. Introduction

We firstly introduce some notation. Let a” € R” then we denote by a®a
rearrangement of ¢ in non-decreasing order. We write a'” < a® if

k k
SaP<> a® for k=1,2,...,n—1
i=1 i=1

and
Sa=3 o
i=1 i=1 )
If the second condition is replaced by 3, o\’ <=, a® we write ¢’ <a
We shall also use E, to denote the r™ elementary symmetric function and
C, the r'" completely symmetric function. In (3) Daykin proved the following
result.

?)

Theorem 1. Letaand b be n-tuples of non-negative real numbers and S
an integer such that 2<S=<n. If a<b then

Es(a) < Es(b) a.n
but
Cs(b)g Cs(a). (1.2)

Equality holds in (1.1) if and only if either both sides are zero or a is a
rearrangement of b whilst equality holds in (1.2) if and only if a is a
rearrangement of b.

Over the years there has been considerable interest in inequalities
involving E, and C, (see (7), pp. 95-107) and the referee has pointed out that
the above theorem can be obtained from known results as follows. If a <b
there is a doubly stochastic matrix M with b = Ma ((4), Theorem 46). Further
the set of (n X n) doubly stochastic matrices is a convex polyhedron with
permutation matrices as vertices (1). But E!"is concave (5) and C"" is convex
(13) so, when they are defined on a convex polyhedron, min EY and max C'"
are realised at vertices of the polyhedron. Hence

E;"(b) = E;"(Ma)> E,"(P a) = E,"(a)
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and
C(b) = CV"(Ma) < C'(P,a) = C!'(a)

where P, and P, are suitable permutation matrices.

In this note we investigate how the theorem can be generalised and obtain
simple proofs for generalisations of inequalities by Daykin, Minc and
Oppenheim.

2. Generalisation of Theorem 1

When the condition a < b of Theorem 1 is replaced by a < b, (1.2) will
clearly not hold in general; on the other hand (1.1) will continue to hold, for let
¢=a,i=1,...,n—1and ¢, =a, +2_, b, — =], a; then clearly Es(a)=<
Eq(c) and, since ¢ < b, Es(¢) < Es(b)by Theorem 1. When we have a < b in
place of a < b however, the following theorem shows that we can obtain an
inequality corresponding to (1.2) and a sharper inequality than (1.1).

Theorem 2. Let a and b be n-tuples of non-negative real numbers,
a=3{_,a;, b=2{_,b;, and S an integer such that 2<S<n. If a< b then

() bEs(a) =< aEs(b),

(ii) a"Cs(b) < b™Cs(a).

In both cases there is equality if and only if both sides are zero or a is a
rearrangement of b.

Proof. We may clearly suppose by=<b,=<---=<b,. Let ¢,=0 and for
r=0,1,...,n—1 define

C,.1 = Min {b,+,,(a —é‘a c,-)/(n - r)}

then (¢;) is a non-decreasing sequence such that =!_, ¢; =a. Let x; =¢;,
i=1,...,n—1 and x,=c,+b—a. Since a<c¢ and x<b we have by
Theorem 1
Es(a)=Es(c)  Es(x)<Es(b), 2.1
Cs(a) = Cs(c) Cs(x) = Cs(b). (2.2)
(i) Let x' = (x4, ..., x,_;) then, with the convention that E,(x") =0, we have
aEs(x)— bEs(c)=(a — b)Es(x')+ a(b —a + c,)Es_{(x") — bc,Es_(x')
=(b—al(x;+ - -+ x,))Es_(x) — Es(x)}=0 (2.3)
Thus bEg(a) < bEgs(c) < aEq(x) < aEg(b) as required.

Suppose bEg(a) = aEg(b) # 0 then equalities hold in (2.1) and we must
have that a is a rearrangement of ¢ and b a rearrangement of x. Now
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Es(c)= Eg(a) >0 so Eg_(x')>0 and, from (2.3), bEg(c) = aEs(x) can hold
only if b = a, i.e. x =¢ and the equality condition for (i) is established.
(ii) Now b"c;=a"x; fori=1,...,n—1. Further

b"c,—a"x,=b"c,—a"b +a""' —a’c,
=(b-afb" ' +b"a+---+a"c,—a"}
=(b—a)na"'c,—a"}=0

since ¢, = a/n because (c,) is a non-decreasing sequence.

Thus b"c;=a"x; (i=1,...,n) so Cs(b"c)=Cs(a"x) ie. b™Cs(c)=
a"Cy(x) so from (2.2) b"Cs(a) = a"Cs(b).

The equality condition for (ii) can now be checked in a similar way
to (i).

Remarks on Theorem 2. (1) (i) is a generalisation of a result of
Oppenheim (8).

(2) The conclusion of (i) cannot be improved to b'*’Eg(a) < a'"Eg(b)
where § > 0,forleta;,=1=b;i=1,...,n—1,a,=1and b, = 1+ X, where X
is large, then a'*’Es(b)/b'**Eg(a) = 0((1/X)8).

(3) The conclusion of (ii) can almost certainly be strengthened to
a'Cs(b) < b'Cs(a) where r < Sn and it would be of some interest to know
the best possible value for r.

(4) The referee has pointed out that (i) follows from the fact that E/E,_, is
concave (5) and a result in (2).

3. An inequality of Oppenheim

Oppenheim (9) has shown that Theorem 2 (i) can be improved in the
special case S =n =3 and max; b; < max; a;. His result is a special case of
the following theorem.

Theorem 3. Let a and b be n-tuples of non-negative real numbers,
a=2X_,a; and b =3, b,. If a <b and max; b; < max; a;, then

b’E,(a) < a’E,(b).

Equality holds if and only if either both sides are zero or a is a rear-
rangement of b.

Proof. We may clearly suppose that a and b are arranged in non-
decreasing order. Let u€R""? and v €R"*’ be non-decreasing rear-
rangements of (a, 3b, 1b) and (b, 1a, 1a) respectively. Clearly 227 u; = 2727 v,
Since a,_,<a,, 2a,_,<a<b so a,_;<3band uy=a; (i=1,...,n—1).

For A=0,1,2 let G(AM)=a,+---+a,.,—~b,—b,—*--b,_,_, —Aa/2,
then,fork=1,...,n— 1,25, (4; — v;) = G,_,(A) for some A =0, 1 or 2. For
r=1 we clearly have G,(A)<0 for A =0, 1 or 2 so 2t u; <3, v; for
k=1,...,n—1.
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(i) Suppose v,,,=1a then v, <3b<u,., and v, +v,p=a<bs<
Upyy + Ups-

(i) Suppose v,.,=b, then v, n<a,<uU,,;, and v, +tV=
bn + max (bn—l’ il’a) = a, +%b = Upia + Up -

Thus in both cases u <v. Hence, by Theorem 1, E,,,(u) < E, ,(v) i.e.
b’E,(a) < a’E,(b) as required.

Suppose E,.)(u) = E,,;(v) #0 then, by Theorem 1, u;=v,#0 i=
1,...,n+2. Thus v,_,=u,_;=a,.;<lasobj=u;=a; fori=1,...,n—1.
But u;=v;, (i=n, n+1, n+2) now gives 3a = }b and the theorem follows.

Remarks on Theorem 3. (1) The conclusion of Theorem 3 cannot be
improved to b*"°E,(a)<a’*’E,(b) where §>0, for let a;=b;=1 i=
1,...,n—-2, a,.,=X-1and a,=X =b,_,=b,, where X is large, then

b*’E,(a) & +0< 1 )
g —ZHo =1 =
EIVE.(b) 2X

X/
(2) Under the conditions of Theorem 3 we do not in general have
b*Es(a) < a’Eg(b) when 2<S=<n, forlet a,=b,=1, a,=3, a;=4=b,=
b; then b2E,(a) = 1539 but a’E,(b) = 1536.

4. Inequalities of Ruderman, Minc and Daykin

We remind the reader that a® denotes a rearrangement of a in
non-decreasing order.

Theorem 4. If a® (t=1,...,m) are n-tuples of non-negative real
numbers, a; = 2%, a{’, a;=Z27_, &’ and S an integer satisfying 2<S <n,
then

Es(a)=< Es(a)

where & = (a;) and a = (a;). Equality holds if and only if either both sides
are zero or a+- - - +a"™ is a rearrangement of "+ - - + a'™.

Proof. Without loss of generality we may suppose that a;<a,<---<=
a,. Clearly a{’+- - - +a®=<a®+---+aPfor 1<t<m and 1 <r =<n. Thus
2l a; <2, a and hence a <a. The result now follows by Theorem 1.

Remarks on Theorem 4. (1) When S =n we have an inequality of
Ruderman (10). Minc (6) later re-proved the inequality and obtained the
conditions for equality.

(2) Daykin’s Theorem 2 in (3) is a special case of this theorem with the
a® (t=1,...,m) just rearrangements of a single n-tuple a, since Hall’s
Theorem on distinct representatives (see (11)) ensures that his result can be
put in this form.

We now require:
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Lemma. If a and b are n-tuples such that a,=a,=---=a,>0 and
b,=a,, bb,=a,a, ..., bib,...b,=a,a,...a, then for p>0 and r =
L...,n, by +b5+---+b2=a¥+a%+---+a’.

Equality holds if and only if a;=b; (i=1,...,n).

Proof. The lemma clearly follows from the special case p=1, r=n
which is well-known (see (12) pp. 145-146).

Theorem 5. If a“ (t=1,...,m) are n-tuples of non-negative real
numbers, a; =17, a”, a; =11, a{” and p >0 then

n n
>at< ol
i=1 i=1

Equality holds if and only if (a;) is a rearrangement of («;).

Proof. Without loss of generality we may suppose that @, <a,<---=<
a, For 1<t=sm and O0s<r<n a%’,...a",=2a%a?,...a¥, so
UpQy_y e oo Cyey = Ay, - . . G, Let a, be the first non-zero a; (i=1,...,n)
then, by the lemma, a} ta;_+---+af=ar+---+aj;=2_,af and the
required inequality follows.

Suppose Zi_, af =Z[_, af then, for g as defined above, we must have
a;=0for i<q and af +:--+af=ab+---+a} which implies «; = a; for
q <i<n by the lemma and the theorem follows.

Remark on Theorem 5. When p =1 we have an inequality of Ruder-
man (10). Minc (6) later re-proved the inequality and obtained the con-
ditions for equality.

From the following theorem we can deduce immediately Theorems 3, 4
and 5 of Minc (6).

Theorem 6. If a”€R" (t=1,...,m) and (m;) and (M,) are rear-
rangements in non-decreasing order of (min, a\”’) and (max, a"’) respectively

then m; <min, a2 and M, = max,a” (i=1,...,n).

Proof. Suppose there is a k with 1 <k < n such that m, > min, o). Let
o{” = min, a{’ so that m, > a{”. Since a\” < a” for 1 <i <k at least k of the
m; must be less than or equal to a)’ so there is a j>k such that
m; < a” < m, and we have a contradiction.

The inequality M; = max, a\” follows by a similar argument.
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