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CHANGES OF VARIABLES PRESERVING
FOURIER-STIELTJES TRANSFORMS ON
SIMPLY CONNECTED NILPOTENT LIE GROUPS

S. W. DRURY

1. Introduction. In [1] Beurling and Helson prove the following theorem:.
THEOREM. Let ¢: R — R be a continuous map such that

(1.1) sup [[e™]|zm) <
u€R

Then ¢ is affine. (Here B(R) = fﬂf(fl) denotes the space of Fourier-Stieltjes
transforms on R.)

The hypothesis (1.1) of this theorem is equivalent to the statement that ¢
is a change of variables for Fourier-Stieltjes transforms. Explicitly this means
that there is a constant C(¢) such that

[lfoellswm = Cl@)||fllew forall f € B(R).

In this article we undertake the same question for simply connected nilpotent
lie groups. The definition and elementary properties of Fourier-Stieltjes trans-
forms on general locally compact groups may be found in [2] (Fourier-Stieltjes
transforms are taken to be the coefficient functions of strongly continuous
unitary representations of the group on Hilbert space.). In view of the trans-
lation invariance of Fourier-Stieltjes transforms we need only look at changes
of variable which preserve identities.

Definition. Let G and H be SNL (simply-connected nilpotent lie) groups
and ¢: G — H a continuous map such that ¢(¢) = e. We say that ¢ is a
NCV (normalized change of variables) map if there is a constant C(¢) such that

Ifoellscer = C@|fllsan for all f € B(H).

The goal of this article is the following result.

THEOREM. Let G and H be SNL groups and ¢: G — H a NCV map. Then either
¢ 15 a group homomorphism or ¢ is a group anti-homomorphism.

Since group homomorphisms and anti-homomorphisms are NCV maps this
theorem characterizes NCV maps.
We shall use the notation G for the lie algebra of a lie group G and ¢ for

the lie algebra homomorphism ¢: G — H induced from a group homomorphism
v:. G— H.
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2. Preliminary remarks and results. We start by indicating the main
tools we shall need. All groups should be assumed locally compact.

(2.1) If ¢; and ¢y are NCV maps
nLS8 3 H,
S0 1S @2 O ¢1.

We shall apply this often when one of ¢; and ¢, is a group homomorphism
or anti-homomorphism. One special case is where H; is a direct product and ¢,
a canonical projection.

(2.2) LEMMA. Let

¢ mlSH
where G, Hy and H are SNL groups, and j is the inclusion of the subgroup H, into
H. Thenif jo ¢isa NCV map, so s ¢.

Proof. Let f € B(H,) with ||f|[z £ 1. By the amenability of H, there exist
fo € A(Hy) with |If,]lz £ 1 and f, — f uniformly on compacta. Now the 4-
functions (unlike the B-functions) extend (Note: 4(G) = L2*(G) x L*(G)).
Thus there are functions fn € A(H) with |[f]ls £ 1 and f,|g, = f.. Then by
hypothesis ||f, 0 ¢|ls = [[fn0jo ¢|lz £ C(e) for all » and f, 0 ¢ — f 0 ¢ uni-
formly on compacta. It follows that [|f o ¢|lz £ C(¢) as desired.

(2.3) LEMMA. Let
¢cSo5H
where Q is some quotient group of G and w the canonical projection. Then if p 0 7
15 a NCV map, so s .
This follows easily from [2, (2.26)].

(2.4) LEMMA. Let G be a SNL group and let ¢: R — G be a« NCV map. Then ¢
is a group homomorphism.

Proof. We use induction on dim(G). If dim(G) = 1, the result follows from
the work of Beurling and Helson [1]. Also observe that if G is abelian it is a
finite direct product of copies of R so that the result will follow by (2.1).

Now assume that dim(G) > 1 and that the result holds true of all groups of
lower dimension. Let Z be the (non-trivial) centre of G and =: G — G/Z the
canonical projection. By (2.1) and the induction hypothesis there exists Q €
G/ Z with

w0 ¢(t) = exp (1Q).

Now select X € G with #(X) = Q. Then one sees that there isamapd: R —» Z
such that

o(t) = 9(1) exp (1X).
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Thus ¢ takes values in the abelian subgroup H of G such that 7 = RX + Z.
The result now follows by (2.2) and the above treatment of the abelian case.

(2.5) Let G and H be SNL groups and let ¢: G — H be a NCV map. Then
by (2.1) and (2.4) the restriction of ¢ to a |l-parameter subgroup of G yields
a group homomorphism. Thus we have a map #: G — H such that

elexp (1X)) = exp (tu(X)) forallt € R, X € G.
We claim that « is a linear map.

Proof. It is clear that u is continuous and homogeneous (i.e., #(tX) = fu(X)
for all t € Rand for all X € G). Fix X € G and define ¥y : G — H by

¥x(x) = (olexp (X)))'¢ (exp (X)x) forallx € G.

By the translation invariance of Fourier-Stieltjes transforms, we see that ¥y
is again a NCV map. Let v(X, -): G — H be the mapping associated to yx.
Then we have

elexp (X) exp (V) = exp w(X)) exp (X, Y)) forall X, Y €G
or

u(B(X,Y)) = Bu(X),v(X,Y)) forall X, VEG

where B is the Baker-Campbell-Hausdorff function (satisfying exp (B (X, ¥))
= exp (X) exp (V)) which is actually a polynomial in our case. Now re-
placing X and ¥ by tX and ¢V and using the fact that v is homogeneous in the
second variable, we have

w(B(tX,tY)) = B(tu(X), tv(tX, V)) forallt € R,andforall X, ¥V € G.

Now v is clearly continuous on G X G so dividing by ¢ (for ¢t # 0) and letting
t— 0 we find

w(X +Y) =u(X) 4+ 20, V).
But»(0, ¥) = u(Y). Hence « is linear.
For later use we observe that ¢ is a group homomorphism if and only if
u[X, V] = [uX),u(Y)] forall X, VG
and that ¢ is a group anti-homomorphism if and only if
uX, V] = —[u(X),u(Y)] forall X, ¥V € G.

(2.6) LEMMA. Let G be a« SNL group and let ¢; G — R be a NCV map. Then ¢
s a group homomorphism.

Proof. We identify R to R and define a map w: G X G — R by
elexp (X) exp (V) = u(X) + u(V) +w(X,Y) forall X, Y ¢ G.
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Now v(X, -) is linear and v(X, *) = « + w(X, -) so w is linear in the second
variable. By symmetry, w is a bilinear map. Now ¢" lies in B(G) and hence is
uniformly continuous on G (for both left and right uniform structures). Thus
for all € > 0 there exists a neighbourhood V of 0 in G such that

l¢(exp (X) exp (V) — ¢lexp (X)) < e forallX € G,andforall Y € V.
Thus
[u(Y) + w(X, V)| < e torall X € G, and forall ¥ € V,

and by virtue of the bilinearity of w this is only possible if w is identically zero.
This completes the proof.

We can now use (2.1) toreplace R above by R” and have the same conclusion.

(2.7) Free lie algebras. We shall denote by g, the free lie algebra on two
generators P and (. The universal property enjoyed by g is the following.
Whenever |y is a lie algebra and whenever X, ¥ € | there is a unique lie algebra
homomorphism «, a: g, — f such that «(P) = X and «(Q) = Y. We refer the
reader to [3, p. 167 et seq.] for a discussion of this topic.

There is a natural grading of

@
0o = @ a,
n=1
where in Jacobson’s terminology, a, consists of those elements which are
homogeneous of degree n. One way of viewing this is to let @, be the unique lie
algebra homomorphism

al:gw_‘)gm

such that &,(P) = tP and &,(Q) = tQ. Then &, acts on @, by multiplication
by . It is easy to see that [a;, a,] = a,41 a fact we shall often need to use. In
fact a; is the 2-dimensional subspace spanned by P and Q, a, is 1-dimensional
being spanned by [P, Q], a; is 2-dimensional being spanned by [P, [P, Q]] and
[0, [P, Q]], asis 3-dimensional being spanned by [P, [P, [P, Q]1], [Q, [P, [P, Q1]
= [P, [Q, [P, Q]]) and [Q, [Q, [P, Q]]] and so forth.

The ideals

form the (infinite) descending central series of g,. The quotient lie algebra
gy = Go/bx41, which we shall identify (as a vector space) in the obvious way as

N
gN = @ Qn
n=1

is finite dimensional for all NV and may be termed the free nilpotent lie algebra
of nilpotent length N + 1 on two generators P and Q. It enjoys the universal
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property that whenever ) is a nilpotent lie algebra of nilpotent length N + 1
or less and whenever X, V' € J there is a unique lie algebra homomorphism «,
a: gy — b such that a(P) = X and a«(Q) = Y. Thus g; is simply the abelian
lie algebra spanned by P and Q while g, is the Heisenberg lie algebra spanned
by P, Q and [P, Q] with all other commutators zero.

We shall use the same notation &, for the corresponding lie algebra homo-
morphism

& Gy — Qn

and also when N is fixed we shall write

for the corresponding ideals in gy in the hope that no confusion will arise. We
define also Gy to be the SNL group with Gy = gy and let «, be the correspond-
ing group homomorphism «,: Gy — Gy.

(2.8) We shall need to consider the following proposition (N, H) for N an
integer V = 1 and H a SNL group.

Definition. We say that P(N, H) holds if whenever ¢ isa NCV map ¢: Gy —
H and u: gy — H is the mapping associated to ¢ as in (2.5), then

ulP, Q] = e(p)[ul, uQ]
where €(¢) = =41 1isa choice of sign (depending on ¢).
LemMmA. Assume that N = 1 and H 1s « SNL group such that P(N, H) holds.
Let G be « SNL group with nilpotent length N + 1 or less and suppose that

0: G— H s a NCV map. Then ¢ 1s either a group homomorphism or « group
anti-homomorphism.

Proof. Let u be the map of (2.5). We show first that there is a choice of sign
e: G X G— {+1, —1} such that
ulX, V] =X, MNuX,uV] X, Ve
Indeed let X, ¥ € G be fixed and let @ be the unique lie algebra homomor-
phism a: gy — G such that @(”) = X and @(Q) = Y. Leta be the correspond-

ing lie group homomorphism a: Gy — G. By (2.1), ¢ oaisa NCV map and thus
by hypothesis there is a choice of sign (X, V) such that

uwoalP, Q] =X, VuoalP),uoa(Q)]

which is precisely our claim.
Now letf € H'. Then f(u[X, V]) and flu(X), «(Y)] are polynomial functions
on G X G with the same square. Thus there is a choice of sign ¢(f) such that

S@lX, V]) = e(Nflu(X), w(Y)] X, Y €G.
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Finally, define subsets 4, and 4_ of H' by
Ay =1{fif € H,flX, Y]) = £flu(X), u(¥)], X, ¥ € G}.

Then A, and A_ are vector subspaces of H’ such that 4. \J 4_ = A’. It
follows that either 4, = H' or A_ = H’ which yields the desired conclusion.

3. Proof of the theorem. By virtue of (2.8) we need only prove that state-
ment P (N, H) holds for each N =z 1 and each SNL group H. The proof is by
a two loop induction, the inner loop working over the dimension of H and the
outer loop working over V. Each inner loop starts trivially since if dim (H) =
1, then H = R so that (2.6) applies. The outer loop has to be started by special
arguments when N = 1 and N = 2. We will indicate these arguments later
and now concentrate on the general induction step.

(3.1) General induction step. Let N = 3, let H be a SNL group and let
¢: Gy — H be a NCV map. The induction hypothesis and (2.8) allow us to
assume that the theorem is true whenever the domain group has nilpotent
length less than N + 1 and whenever the domain group has nilpotent length
N + 1 and the image group has lower dimension than H.

(3.2) Let Z be the (non-trivial) centre of H and let w: H — H/Z be the
canonical projection. By inductive hypothesis m 0 ¢ is either a group homo-
morphism or anti-homomorphism. We will assume it is a group homomorphism.
(In the other case it suffices to compose ¢ with inversion on Gy). Let u: gy — H
be the mapping of (2.5) and let v_: q, — H be the unique lie algebra homo-
morphism such that v (P) = «(P), v,.(Q), = u(Q). Although gy occurs na-
turally as a quotient of g, it will be convenient to identify gy to the subspace
®n_y a, of g, = ®F1 a, in the obvious way (The bracket of two elements of
ay taken in gy need not coincide with the bracket taken in g, . In cases of
possible confusion the bracket is suffixed with the lie algebra in which it is
taken.). It is not obvious (though in fact true) that the restriction of v, to
gy 15 a lie algebra homomorphism. What is clear is that if X € q, V € @,
and £+ £ N then v X, Vigy = [v.X, v,YV]. Using this together with
[a1, @) = a,,1 and the fact that # o # is a lie algebra homomorphism one easily
establishes by induction that

w(X) = v (X) +w(X), X € aqy

where w: gy — 3(H) is a linear map taking values in the centre 3;(H) of H.

(3.3) Next let X € a; and YV € ay and let Gy (X) be the closed subgroup of
Gy for which Gy (X) = RX @ by. Then Gy (X) has nilpotent length N and we
may apply the induction hypothesis to the restriction of ¢ to Gy (X). Hence

w.X,0,.Y] = [v.X +wX,0, Y +wV] = [uX,uYV] = £ulX, Vlgy = 0.

This shows that
v |X, Y]g, =0 forall X € q; and for all ¥ € ay
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or equivalently that v, vanishes on ay.1. Since the ideal generated by ayiq
in g, is by we see that v, vanishes on by;1 and in consequence the restriction
v of v to gy is a lie algebra homomorphism.

To recapitulate, we now have v: gy — H a lie algebra homomorphism and
w: gy — 3(H) alinear map such that . = v + w.

(3.4) We denote by H, the closed subgroup of H such that H, = im(v).
Let 3 be a subspace of 3(H) such that Hy 4 3(f) = H, ® 3; and let K be
the closed subgroup of H for which

K=ﬁo@&1-

Then ¢ takes values in K and K is the direct product of H, with an abelian
group. Thus by (2.1) the result will follow from the induction hypothesis
unless 3; = 0 and H = H,. Henceforth we will assume that 4 = im(v).

(3.5) Define the element Z’ of 3(H) by Z' = w[P, Q]. Our objective is to
show that Z’ = 0. Suppose now that Z" # 0. We may assume without loss of
generality that 3(H) = RZ’, for if not we may find a non-trivial central ideal
32 for which Z" ¢ 3, and obtain a contradiction with the induction hypothesis

by considering the map 7 o ¢, where 7: H — L is the canonical projection on
the SNL quotient group L of H defined by L = H/3,.
Thus there is a map & € gy’ which annihilates a; such that

w(X) = d9(X)Z" forall X € gy.
This notation will be useful at a later stage.

At this point we split the proof into two cases, depending on whether
v(ag @ az) M 3(H) = {0} or not.

(3.6) Case v(a; @ a2) M 3(H) 5 {0}. Then (a; @ a2) No~'((H)) # {0},
and in any case- [P, Q] € v=1(3(H)). Since [P, Q] generates the ideal by we
have b, C v~ (3(H)) and hence b; C ker(v). We aim to show that u vanishes
on b;. Indeed let X € a; and V € by, Let Gy (X) be the closed subgroup of G
such that

GN(X) = RX (‘D [)2.

Then Gy (X) has nilpotent length NV and we may apply the induction hypothe-
sis to the restriction of ¢ to Gy (X). This leads to

ulX, Y]l = £luX,uV] = £vX, 0V + wYV] = £v[X, V] =0
since [X, Y] € bs. Thus the claim is proved. But now ¢ = x o ¢ where
G b6

and ¢ is the canonical projection ¥: gy — g /b3, where gy/bs has been identified
to gs. The result now follows from the induction hypothesis and (2.3).
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(3.7) Casev(ay @ az) M 3(H) = {0}. Let Z' = w[P, Q] € 3(H). We wish to
show that Z’ = 0 and assume the contrary. Let a be a vector subspace of I
such that

H=ad®RZ and vy ®a2) Ca
and let A: A —a and s:  — R be the linear maps such that
V=A4(Y)+s(Y)Z' forall Y € H.

Let Z be the centre of H so that Z = 3() = RZ’ and let 7 be the canonical
projection =: H — H/Z. Then the mapping

moexp: a > H/Z

preserves haar measures and this enables us to realise the unitary representa-
tion m, of H on the space L?(a) induced from the representation

exp (sZ') — et

of the subgroup Z in the form
m(exp (4 + sZ')E(U) = eMt@Dg(e/ (U, 4))

where 4, U € a,s ¢ R, &£ € L2(a) and where we have used the notations
(U, A) = AB(U, 4)), o(U,4) = s(B(U, 4)),

B standing as usual for the Baker-Campbell-Hausdorff function. Now fix func-
tions &, 7 € C.(a) of unit L*(a) norm and define

£, (U) = 712 U), 9, (U) = 79291 U) (1 > 0),

the dilated functions which also have unit L?*(0) norm (here, d = dim(a)).
Next define functions f, on Gy for ¢ > 0 by

filexp (X)) = f m-2(¢ 0 a, exp (X))E(U)n,(U)dU.
Since a, is a group homomorphism on Gy and ¢ is a NCV map we have

fdls = Cle).
Now using the fact that

poaexp (X)) =exp (roa, (X)) =exp (4dovoa (X)
+ (sov +9) oa,(X)Z)
and replacing U by tU we have

fi(exp (X))
- feit*?((sovh?)o?z(X)+0(tU,onc?t(X))£(t—M(tU,A O?)O&,(X));](—U)dU.

Next we write X = Sa_, X, for the decomposition of an element X of gy

https://doi.org/10.4153/CJM-1977-078-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-078-0

752 S. W. DRURY

according to the direct sum gy = ®i_; a,. By virtue of the hypothesis v(a; ®
as) € «a and using well known facts about the Baker-Campbell-Hausdorff
formula we find
sovoa,X) = *pi(4, X),
doa,(X) = r9(Xa) + £Ppo(t, X),
c(tU, Aovoa,(X)) = 32[U, v(X1)] + (4, U, X),
A (tU, Aovoa, (X)) = t({U+v(X1)) + 2p.(t, U, X),
where p; and ps are polynomials on R X gy and p; and p4 are polynomials on

R X a X gy. It follows that as ¢t — 0, f, — f uniformly on the compacta of Gy
where

f(eXp (X)) — fei(ﬂ(Xz)Jrl/?s[U.v(Xl)])g(U+W(Xl))mdU

and where we still have ||f]|z £ C(¢). (See [2, Chapitre 2].)
To understand this function better we choose a vector subspace 0 of a such
that

= ‘v(al) @ b
and use the notation U = V 4+ W = (V, W) for the decomposition of U € a
according to this direct sum (with V € v(a;) and W € b). Then

f(exp (X)) — fei(l’(Xz)-Fllzs[V+W,v(Xl)])g(V + ﬂ(Xl), W)r](V, W)dVdW

and we see that s[V, 2(X;)] € s ov(az) = {0}. To simplify we set
E(V, W) = 2oV (U W), o/ (V, W) = e/20WVig(1V, W)

and find the formula

flexp (X)) = " f (U +2(X2)n" (U)dU.

To recapitulate, we now know that whenever ¢, v € C,(a) with unit L*(a)
norm we have ||fl|lz = C(¢). But now because of the amenability of a we may
express the function

glexp (X)) = P2

as a uniform on compacta limit of f's and still have ||g|lz < C(¢). But the
function g is only uniformly continuous on Gy if # vanishes on as, and this is
exactly what we needed to show.

(3.8) Induction step N = 1. In this section we prove the proposition P (1, H)
for H a SNL group. The induction hypothesis and (2.8) allow us to assume
that the theorem is true whenever the domain group is abelian and the image
group has lower dimension than H. Let ¢: G1(=R?) — H be a NCV map.
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We proceed as in (3.2). The argument of (3.3) does not apply for N = 1.
It is easy to see however that we may assume that A is the linear span of
u(P), u(Q) and the necessarily central element [uP, uQ] = Z’. If dim(H) < 2
then H is abelian and the result follows from (2.6). If dim(H) = 3 then u is
the inclusion map

u: g1 =0 —¢ = a @ a

and we will show that the corresponding ¢ is not a NCV map by explicit
calculation. Assuming the contrary, and composing ¢ with an arbitrary coeffi-
cient function of the unitary representation of the Heisenberg group G. induced
from the representation

exp (sZ') — e

of its centre, yields a bounded linear operator M: L2(R) ® L2(R) — M (R?)
of norm C(¢) such that

fe“”“”’wg(x + Hn(t)dt = fei("””y)dy(u, v) forallx,y € R

where £ 7 € L2(R) and p = M (¢ ® 7). Substituting v = ¢{ 4+ 3x we find, by
the uniqueness of the Fourier transform, that

ff(x, DEE + )@ — 3x)dv = ff(x,v)ei"’du(ﬂyv)

for allx € R and for all f € C(R?).

Now we choose a sequence of such f’s suitably approximating linear measure
on { (x,v);x = yv} and after integration with respect to x we find

f&(v(l + V)@@ — §v))dv| £ C(e)||¢|]2]n]]e forally € R

for £ and 5 in C.(R). This easily yields the desired contradiction.

(3.9) Induction step N = 2. In this section we prove proposition P (2, H) for
H a SNL group. The induction hypothesis and (2.8) allow us to assume that
the theorem is true whenever the domain group is abelian and whenever the
domain group has nilpotent length 3 and the image group has lower dimension
than H. Let ¢: G» — H be a NCV map.

We proceed as in (3.2), (3.3), (3.4) and (3.5). We may assume that the
corresponding # can be decomposed as

u=9+w

where v: go — H is a surjective lie algebra homomorphism and w: g, — 3(H)
is a linear map vanishing on a;. If dim(H) = 2 then H is abelian and the result
follows from (2.6). In the remaining case (dim(H) = 3) we have

U Qe =0 @ ar—¢ = a1 @ ay
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given by the identity on a; and by multiplication by some real number g
on as. We need to show that 8 = =41. The case 8 = 0 reduces to the abelian
case (3.8) just treated by applying (2.3). Henceforth we shall assume that
B # 0.

Composing ¢ with an arbitrary coefficient function of a unitary representa-
tion of the Heisenberg group G: induced from a non-trivial representation of
its centre yields a bounded linear operator

K: L*(R) ® L2(R) — B(G,)

of norm C(¢) such that

flexp (xP + yQ + z[P, Q)) = f ! GV W (o 4 1)y (1)t
forallx,y,z € R
where £, 7 € L*(R) and f = K(¢ ® 7). But [ satisfies
flexp (s[P, Q])g) = ¢®f(g) foralls € R and for all g € G,

and so must be a coefficient function of the representation of G induced from
the non-trivial representation

exp (s[P, Q]) — e™®
of its centre. Thus there is a bounded linear operator
L: L*(R) ® L*(R) — L2(R) & L2(R)

of norm C(¢) such that

f615(1/21y+ly)F(x + t, t)dl‘ — fei(1/21y+11/)£(x + t)'r](t)dt for all X,y c R

where ' = L(¢ ® 7). From the above it is easy to deduce by means of the
uniqueness of fourier transforms that

F(t,s) =BG + 8)t — 3(1 = B)s)n(—3(1 — B) + 3(1 + B)s).

Now using the fact that

ifF(vt, +£y7)dt] = C(o)|[E|[o|[n]]e forally > 0

we obtain
4B = (Cle))*|(1 = B (v* +772) F 2(1 + £2)| forally >0
which is only true if |8] = 1. This completes the proof.

In conclusion I should like to thank R. Rigelhof for a series of stimulating
lectures on the representation theory of nilpotent lie groups and S. Shnider for
helpful conversations and suggestions.
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