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Medians and means in Finsler geometry

Marc Arnaudon and Frank Nielsen

ABSTRACT

We investigate existence and uniqueness of p-means e, and the median e; of a probability
measure g on a Finsler manifold, in relation with the convexity of the support of u. We prove
that e, is the limit point of a continuous time gradient flow. Under some additional condition
which is always satisfied for p > 2, a discretization of this path converges to e,. This provides an
algorithm for determining the Finsler center points.
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1. Introduction

The geometric barycenter of a set of points is the point which minimizes the sum of the squared
distances to these points. It is the most traditional estimator in statistics that is however
sensitive to outliers [18]. Thus, it is natural to replace the average distance squaring (power 2)
by taking the power of p for some p € [1,2). This leads to the definition of p-means. When
p =1, the minimizer is the median of the set of points, very often used in robust statistics [18].
In many applications, p-means with some p € (1, 2) give the best compromise. For existence
and uniqueness in Riemannian manifolds under convexity conditions on the support of the
measure, see Afsari [1].

The Fermat—Weber problem concerns finding the median e; of a set of points in a Euclidean
space. Numerous authors worked out algorithms for computing e;. The first algorithm was
proposed by Weiszfeld in [34] (see also [33]). It has been extended to sufficiently small
domains in Riemannian manifolds with non-negative curvature by Fletcher et al in [13].
A complete generalization to manifolds with positive or negative curvature (under some
convexity conditions in positive curvature) has been recently given by Yang in [36].

The Riemannian barycenter or Karcher mean of a set of points in a manifold or more
generally of a probability measure has been extensively studied; see for example [4, 9, 12, 19—
21, 30|, where questions of existence, uniqueness, stability, relation with martingales in
manifolds, and behavior when measures are pushed by stochastic flows have been considered.
The Riemannian barycenter corresponds to p =2 in the above description. Computation of
Riemannian barycenters by gradient descent has been performed by Le in [23].

The aim of this paper is to extend to the context of Finsler manifolds the results on existence
and uniqueness of p-means of probability measures, as well as algorithms for computing them.
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Some convexity is needed, and as we shall see the fact that comparison results for triangles as
Alexandroff and Toponogov theorems do not exist imposes more restrictions on the support
of the probability measure. As a consequence, the sharp results on existence and uniqueness
established by Afsari [1] and the algorithm for computing means of Yang in [36] do not extend
to Finsler manifolds.

The motivation for this work primarily comes from signal filtering and denoising in
the context of diffusion tensor imaging (DTI), high angular resolution diffusion imaging
(HARDI, see [5, 28, 32]), orientation distribution functions (ODFs), and active contours [24].
Applications with experimental results of an implementation will be reported in forthcoming
papers.

Information geometry at its heart considers the differential geometry nature of probability
distributions induced by a divergence function. In probability theory, invariance by
monotonic re- parameterization and sufficient statistics yields the class of f-divergences [3]
If(p,q) = [ p(z /p(x )) dx that includes the Kullback—Leibler (KL) information-theoretic
dlvergence KL( p, fp )log(p(z)/q(x)) dx as its prominent member (for f(t) = —logt). It
is well known that the KL divergence (better known as the relative entropy) yields a dually
flat structure [3] generalizing the (self-dual) Euclidean space.

Because divergences are usually asymmetric and violate the triangle inequality, they have not
been extensively considered from an algorithmic point of view. Indeed, the triangle inequality
property is often used in computational geometry to design efficient algorithms by allowing
various ‘pruning’ techniques [11, 15]. Computational geometry has thus mostly considered
metric spaces for keeping the triangle inequality properties.

One can metrize divergences. The KL divergence can be symmetrized either into the Jeffreys
divergence J(p, ¢) = KL(p, ¢) + KL(q, p) or into the Jensen—Shannon (JS) divergence:

JS(p,q)_KL< p;q> +KL< p;q>

TS C R C R
-] (p( o8 Sy g TP ey q<x>) I

The latter is preferred in practice because it is bounded, and its square root yields a metric
that can be embedded into a Hilbert space [14].

Finsler distances, arising from the underlying Finsler metrics, are attractive as they
preserve the triangle inequality [32] for efficient algorithmics but potentially model asymmetric
distances.

In information geometry, the regular divergence D associated to a Finslerian metric
distance d can be defined as D(p, q) = d?(p, q). Observe that the Finslerian-based divergence
loses then the triangle inequality property [32] (for example, the squared Euclidean distance
does not satisfy the triangle inequality).

2. Preliminaries

Let M be a smooth manifold. On M we consider a Finsler structure F': TM — R, . For any
xeM,V,X,Y, Z €T, M such that V #£0, let

1 62
g (X,Y):= F2(V +sX +tY) (2.1)
2 950t (5,:£)=(0,0)
(we shall also use the notation (X, Y)y =gy (X,Y)) and
1 03
X, Y, Z - F2(V+rX +sY +t2). 2.2
KXY Z20v = 5rason rst)—(0.00) (V47X +sY +12) (2.2)
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We have
s 4y 9 9 o V4+rX )

and in particular since F? is 2-homogeneous and V — gy-(X, Y) is 0-homogeneous,

V.Y, Z)v =0.

25

(2.3)

(2.4)

Let V be a non-vanishing vector field on M. The Chern connection V" is torsionfree and

almost metric, and can be characterized by
X(Y, Z)yv = (VXY, Z)v + (Y, VX Z)v + 2(VXV, Y, Z)v.
More precisely, parameterizing locally T'M by coordinates
(... 2™yt =dat, .. y™ = d2™),

defining the geodesic coeflicients as

; 1. 0g; 09, .
6'(0) = 3™ ) (255 — 54 Jv', weTIO),

and letting
. 0G" ) 0 0
Ni=— —=_—"— —Nf(y)-— €T,(TM\{0
7 ayj ’ St 8172 7 (y) 5‘yk € y( \{ })7
the Christoffel symbols of the Chern connection are given by
1 ogij | 0gu 09
i Low (09 | 09 09i
Y2 (5$Z T e S

(see [8]). Note that defining
Syt =dy' + N;(y) da?,
we have for a smooth function f:TM\{0} — R

of i, 9Of
df = == dx’ ,
! 5z + Yy’
The Chern curvature tensor is defined by the equation

RY(X,Y)Z :=VXVyZ - VyVXZ - VixyZ,

Syt.

and the flag curvature is

(RY(V, W)W, V)
V, Vv (W, W)y —(V, W)}’

H(V,W):=

for two non-collinear V, W € T, M.
We say that M has non-positive flag curvature if, for all V, W, JZ(V, W) <0.
The tangent curvature of two vectors V, W € T, M is defined as

Ty (W) = (VYW — Vi, W, V)y,

(2.5)

(2.6)

(2.7)

(2.10)

(2.11)

(2.12)

(2.13)

where W is a vector field satisfying W, = W. For a non-negative constant § >0, we say that

T > —d or I <4 if, respectively,
Fy (W) > —-6F(V)F(W)? or (W) <SF(V)F(W)2.
For x € M, we define

(v, VY (v, VY
€ (x)= sup , ()= sup .
vweT, M\{0} \| (Vs V)w vaweT, M\{o} | (U, )y
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REMARK 2.1. For applications in active contours, a ‘Wulff shape’ is given which does
not depend on x and defines the Finsler structure. From this shape, ¥ and & can easily be
calculated. See for example [24, 37].

A geodesic in M is a curve ¢+ c(t) satisfying for all ¢, Vzg)é =0. It is well known that a
geodesic has constant speed, and that it locally minimizes the distance [8]. If so, letting p(z, y)
be the forward distance from x to y,

p*(x,y) = (&(0), &(0)) (o) (2.16)

where t+— ¢(t) is the minimal geodesic satisfying ¢(0) =z and ¢(1) =y. By definition, the
backward distance from x to y is p(y, x).

For x € M and v € T, M, we let whenever it exists exp,(v) :=¢(1), where t — c(t) is the
geodesic satisfying ¢(0) = v.

If M is complete, analytic, simply connected, and has non-positive flag curvature (we say that
M is an analytic Cartan—-Hadamard manifold), then exp, : T, M — M is a homeomorphism [6,
Theorem 4.7]. Under these assumptions, letting for =,y € M, 77 = exp; ! (y), we have

p*(x,y) = (T, TY)z3- (2.17)

For g € M and R > 0, let us denote by B(zo, R) (respectively B(zg, R)) the (forward) open
(respectively closed) ball with center zy and radius R:

B(xzg, R) ={y € M, p(xo,y) < R} (respectively B(zo, R) ={y € M, p(xzo,y) < R}) (2.18)

Now let (t,s)—c(t,s) be a family of minimizing geodesics ¢+ c(t,s), t€]0,1],
parameterized by s € I, I being an interval in R. Define

E(s) = 50%(c(0, 5), ¢(1, ). (2.19)
The computation of E’(s) and E’(s) is well known; see for example [7]. We have
E'(s) = (0sc(1, 5), 0¢c(1, 8))a,e(1,5) — (05¢(0, 5), 0¢¢(0, ) 0,c(0,5) - (2.20)

As for the second derivative, letting ¢ = ¢(+, 0) and, for X, Y vector fields along c,

I(X,Y)= J1(<V§X, VEY )y — (RY(X, T)T,Y)r) dt (2.21)

be the index of X and Y, we have
E"(0) = (VIUD9.e(1, ), Bre(1, 0))a,e(1.0) — (VoD 5.¢(0, -), 8:¢(0, 0)),e00.0)

85¢(1,0) 8,¢(0,0)
+ I(9sc(+, 0), Osc(+, 0)). (2.22)
Assuming s — ¢(0, s) and s+ ¢(1, s) are geodesics, we obtain
E"(0) = Ty2(0.0)(05¢(0, 0)) = Tore1.0)(Dsc(1, 0)) + I(sc(-, 0), duc(-, 0)). (2.23)
We are interested in the situation where ¢(1, s) = z a constant. In this case, we have
E"(0) = T,e(0,0)(D5¢(0, 0)) + I(Dsc(-, 0), duc(-, 0)). (2.24)

For p > 1, define
Dy(s) = p"(c(0, s), 2). (2.25)

PROPOSITION 2.2. Assume # <k, 7 > —§,and ¢ < C forsomek,$>0,C > 1. Letp > 1.
Then, writing r = p(z, z),

\/M)C_2 - 6r>. (2:26)

D’(0) > rp_2<min< -1,
p(0)2p P sin(vVEr)
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If z and = = ¢(0, 0) satisfy p(x, z) < R(p, k, 3, C') with

R(p, k,0,C) = min(pc,;;, % arctan(cﬂi)) (2.27)

and the injectivity radius at x is strictly larger than R(p, k, §, C), then Dy (0) > 0.

REMARK 2.3. Note if p > 2, then

R(p7 kv (57 C) = R(?, k, (5, C) = i arctan<\/E> .

vk C?$
Proof. Define T'(t) = 0:c(t,0), J(t) = dsc(t, 0), and
T = g O TOIr T, I50) =70 - (),

Using successively [7, Lemma 9.5.1] which compares the index I(J, J) with the one of its
‘transplant’ into a manifold with constant curvature k2 and the index lemma [7, Lemma 7.3.2]
which compares the index of the transplant to the one of the Jacobi field with the same
boundary values, we get, letting r = p(z, z) = D1(0),

Vkr cos(VEr)
sin(vkr)
Using the expression (2.24) for E”(0), we obtain
Vkr cos(VEr)
sin(\/Er)

1(J,J) = (IN(0), TN (0))(0) + (JT(0), TT(0))7(0)- (2.28)

E"(0) > ~or + (Y0, 7Y Oy + (70, 7 (070 (2.29)

We have from (2.20)
E'(0)* =r*(J7(0), J(0))7(0)- (2.30)
Now, from D;(s) = \/2E(s), we get

Di(s) = 5.

Di(s) =

(2.31)

and this yields
Dy(0) = pD1(0)"~*((p — 1)D;(0)* + D1(0) D} (0))
= pr?2((p = 2)(77(0), J*(0))r(0) + E"(0))

> pro=? ((p DT, O — b+ LELEVED vy N(O”T(O))

sin(vVEr)
> pro—2 (min <p 1, W) (J(0), J(0)) (o) — 57“)

> prp=2 (min(p 1, W>C2 - 5r).

From this bound the rest of the proof follows easily. ]
Similarly, we can obtain an upper bound for D}/ (0).

PROPOSITION 2.4. Assume the sectional curvatures .# have a lower bound — 32 for some
B>0, and 7 < ¢ for some §' >0, P <D for some D > 1. Again, let r = p(x, z) and assume
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that the injectivity radius at x is larger than r. Then

D}(0) < prP~*(D?* max(p — 1, Br coth(Br)) + 8'r). (2.32)

Proof. We have by (2.24) and (2.31) together with the fact that
I(J,J) = (JT(0), JT(0)) + I(JN, JN), (2.33)
Dy (0) = prt=2(p — 1)(JT(0), 7 (0))r(0) + I(JN, JN) + T (J)).
Let t — X (t) be the parallel vector field along ¢ +— c(t, 0) with initial condition J~ (0) and, for
te0,1], let
G(t) = cosh(rft) — coth(rg) sinh(rgt).
This is the solution of G"” =rfBG with conditions G(0) =1 and G(1) =0. The vector field
t— Y (t) along t — c(t, 0) defined by
Y(t)=Gt)X(¥) (2.34)
has the same boundary values as t+ JV(t), so, by the index lemma [7, Lemma 7.3.2],
we have
I(JN, JN) < I(Y,Y). (2.35)
On the other hand,

I(Y,Y) = L (G'(0)*(TN(0), TN (0)) 7o) — G (BT (X (1), T()T(t), X (t))7(r)) dt

< YO0, T O | (G 03 +r26G(0?) d

=UW@JWmh@QG@G@E+LG@PGﬁF+F@GmMO
= (JN(0), JN(0))7(0yr3 coth(r3).

So,
Dy (0) < pr*=2((p — D){JT(0), JT(0)) (o) + 73 coth(rB) (N (0), TV (0))7(0)) + 0'r
< pr?~?(max((p — 1), 7B coth(r3))(J(0), J(0))7(0) + 6'r)
< prP=2(D* max((p — 1), 70 coth(rB)) + &'r), (2.36)
since F(J(0)) =1. O

For x € M, let {, : T, M — T M be the Legendre transformation, defined as

L(V)=gy(V,:) fV#£0, £,(0)=0. (2.37)
It is well known that £, is a bijection. The global Legendre transformation on 7'M is defined as
L) =Llz)(V), (2.38)
where m: TM — M is the canonical projection. If we define the dual Minkowski norm F* on

TM as
F*(&) = max{¢(y),y € Tu M, F(y) =1}, (2.39)

then

F=F'o% (2.40)
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and, for non-zero V€ TM and a € T*M,
(L), V) =F(\V)?, (o, L7 (a)) = F*(a)? (2.41)

(see for example [2]).
For f a C' function on M, we may define the gradient of f as

grad f = 271 (df). (2.42)

3. Forward p-means

Let p be a compactly supported probability measure in M. For p > 1 and z € M, we define
Supla) = | e 2)utdo) (3.1)

The (forward) p-mean of 4 is the point e, of M where &), ,, reaches its minimum whenever it
exists and is unique.

In this paper we will consider forward p-means and we will call them p-means. Similarly, we
could define the backward p-mean ?p as the point which minimizes

x <EM,(JC) = JM PP (z, x)u(dz).

Depending on the context, forward or backward mean i(s_ more appropriate. One should note
that defining the reverse (or adjoint) Finsler structure F'(v) = F(—v), v € TM, it is easy to
check that the associated distance p satisfies p (2, 2) = p(z, 2), and the forward p-mean for i
is the backward p-mean for F. So, without loss of generality, we can consider only the forward
p-means.

One should also note that in high angular resolution diffusion imaging the Finsler structure
is symmetric, so both notions coincide. It is not the case for the application concerning active
contours, where it is natural to consider non-symmetric F.

Even if it is in a non-Finslerian context, one can give the example of right-sided and left-
sided Kullback-Leibler divergences for families of Gaussian probability densities (see [25]).
The left-sided centroid focuses on the highest mode (it is zero-forcing), and the right-
sided centroid tries to cover the support of both normals (it is zero-avoiding as depicted
in [25, Figure 2]). Furthermore, the left-sided Kullback—Leibler centroid yields the best single
Gaussian distribution approximating the mixture model induced by the (weighted) family of
Gaussians [29, Theorem 4.1]. The left-sided Kullback—Leibler centroid has been successfully
used for simplifying statistical mixture models [17].

PROPOSITION 3.1. Assume there exists C >0 such that € (x) < C for all x € M, where
¢ () is defined in (2.15). Assume furthermore that supp(u) C B(wo, R) for some xo € M and
R >0. Then x+— &, ,(x) has at least one global minimum in B(zq, C(1+ C)R).

Proof. We begin with establishing that for all y1, yo € M,
1
ap(ym y1) < p(y1, y2) < Cp(y2, 1) (32)
It is sufficient to establish the second inequality and then to exchange y; and yo. If ¢ — (t) is
a path from y; = ¢(0) to y2 = (1), then its length L(yp) satisfies

L@):L) (B(1), (D) p(e)

_ [ g, —e ey o
7J \/<—¢>(t),—<p(t)>¢(t) (=), =(8)) —p) dt

https://doi.org/10.1112/51461157010000513 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157010000513

30 M. ARNAUDON

where ¢ is the path from ys to y; defined by ¢(t) = ¢(1 — t). Minimizing over all paths ¢ from
Y2 to y1, we get

p(1,y2) < Cp(y2, y1)- (3.3)

Now, if supp(u) C B(zo, R), then &, ,(zo) <RP. On the other hand, if x¢ B(o,
C (14 C)R), then, for all y € B(xo, R),

p(,y) = p(z, x0) — py, o)
> %0(3307 z) = Cp(xo, y)
>(1+C)R—CR=R
and this clearly implies that &), ,(x) > RP. From this, we get the conclusion. O

Concerning the uniqueness of the global minimum of &, ,, we also have the following easy
result.

PROPOSITION 3.2.  Assume that p is supported by a compact ball B(zg, R) and that, for
all z € B(zg, R), the function x — pP(z, 2) is strictly convex in B(xo, C(1 + C)R). Then p has
a unique p-mean in B(zg, C(1+ C)R).

Proof. If x— pP(x, z) is strictly convex for all z in the support of u, then &, , is strictly
convex, and this implies that it has a unique minimum, which is attained at a unique point e,.[]

COROLLARY 3.3. Assume # <k, > -0, and € <C for somek,6>0,C>1. Let p> 1.
Again, let

I S S A
R(p, k, 0, C)—mln( 2 \/Earctan(CQCS)).

If i is supported by a geodesic ball B(xg, R) with

R Pk, 6,0) (3.4)

1
<——R
—C(C+1)? (
and the injectivity radius at any x € B(xo, C(1 4+ C)R) is strictly larger than R(p, k, 6, C),
then p has a unique p-mean e, satisfying

_ 1
B —_— . .
ep € (sco, o 1R(p7 k, ¢, C)) (3.5)
Proof. If z, z € B(xo, C(1 + C)R), then
p(z, ) < ple, o) + p(xo, 2) < (1 + C)*CR < R(p, k, 6, C).
Using Proposition 2.2, we obtain that &, , is strictly convex on B(zo, C(1 + C)R). So, by
Proposition 3.2, p has a unique p-mean in B(zq, C(1 + C)R). O

REMARK 3.4. Letting xo € M and D be a relatively compact neighborhood of xg, then 2
and ¢ are bounded above on D by, say, kp and Cp, and 7 is bounded below on D by —dp.

https://doi.org/10.1112/51461157010000513 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157010000513

MEDIANS AND MEANS IN FINSLER GEOMETRY 31

Using these bounds instead of k, C', and §, we can find R sufficiently small so that the conditions
of Corollary 3.3 are fulfilled. So, we can say any measure p with sufficiently small support has
a unique p-mean.

REMARK 3.5. If M is a Cartan-Hadamard manifold, we recover the fact that we can take
R(p, k, 9, C) as large as we want.

More generally, in the Riemannian case, Afsari [1] proved existence and uniqueness of
p-means, p > 1, on geodesic balls with radius

1 s
< = ming inj(M), —= ifpell,2
r 2mln{m‘]( ) 2\/%} ifpell,2)

and

1
r<j min{inj(M), T ifp>o

7l
Even taking § =0 and C'=1 in Corollary 3.3, the support of p has half the size of the one
in [1] for p € (1, 2), due to the fact that we have an additional condition (3.4) coming from the
non-optimality of Proposition 3.2 in the Riemannian context. As for p > 2, another factor of
two is gained in [1] with repeated use of Toponogov and Alexandroff theorems which are not
available in our context.

REMARK 3.6. The condition on injectivity radius is the same as in the Riemannian
case. The cut locus of any point of z € B(zg, C(1 + C)R) has to be at distance larger than
R(p, k, 0, C). As for Riemannian manifolds, there is no general condition which insures this
property for cut points, but for conjugate points the same condition holds, due to the Rauch
comparison theorem; see [7, Theorem 9.6.1]. In the particular case when M is a Cartan—
Hadamard Finsler manifold, that is, it has non-positive flag curvature and it is simply
connected, the injectivity radius in everywhere infinite (see [7, Theorem 9.4.1]).

PROPOSITION 3.7. Let a+— xz(a) solve the equation
2(0) =z¢ and fora>0 2'(a) = grad, . (—&.p)- (3.6)

Under the conditions of Corollary 3.3, the path a — x(a) converges as a — 0o to the p-mean
of .

Proof. If f(a) = (—&,)(z(a)), we have, as soon as grad,,(—&.p) # 0,

)
, )7 gradz(a) (7£>/L,P)>
= <dm(a)(_£ﬂ,p)7 g—l (dm(a)(_éa#ap)»

by (2.40) and (2.41).

On the other hand, we have f(0) > —RP and f is non-decreasing. This implies that for
all a>0, z(a) € B(zg, C(1+ C)R), since, for all z ¢ B(xo, C(1+ C)R), &, p(x) > RP. As a
consequence, x(a) has limit points as a goes to infinity and, since f(a) converges, any limit
point is a critical point of z — &), ,(x). But, by Proposition 3.2, &,, has a unique critical
point in B(zg, C(1 + C)R) which is the mean e, of . So, we can conclude that z(a) converges
to ep. U
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4. Forward median

Let u be a compactly supported probability measure in M. For x € M, we define

Zuw)=| ple.2)n(az). (4.1)
M
The median of p is the point in M where %, reaches its minimum whenever it exists and is
unique.

In the terminology of Section 3, we have %, =6&),,. The following result extends
Proposition 3.1 to the case p =1 and has exactly the same proof.

PROPOSITION 4.1. Assume there exists C > 0 such that € (z) < C for all x € M. Assume
furthermore that supp(p) C B(xo, R) for some g € M and R > 0. Then « — .%#,(x) has at least

one global minimum in B(zq, C(1 + C)R).

PROPOSITION 4.2. Assume that u is supported by a compact ball B(xq, R), that the
support of u is not contained in a single geodesic, and that, for all z € B(xg, R), the forward
distance to z is convex, and strictly convex in any geodesic of B(zq, C(1 + C)R) which does
not contain z. Then u has a unique median m € B(zo, C(1 + C)R).

Proof.  Clearly, under these assumptions %, is strictly convex, so it has a unique local
minimum; this minimum is global and is attained at a unique point m € B(zq, C(1 4+ C)R).

REMARK 4.3. Contrarily to the case of p-means for p > 1, we cannot say at this stage that
any probability measure p with sufficiently small support has a unique median, since we do
not know whether %, is strictly convex or not. In the next proposition, we give a sufficient
condition for strict convexity of .Z,.

PROPOSITION 4.4. Assume H# <k and T > —§ for some k,d>0. Assume that the
injectivity radius at any point of B(zg, C(1 + C)R) is larger than (C? + C + 1)R. Define

n= min{JM VEk cot(VEp(m(v), 2)) (0™, o) — u(dz),

m(v)z
v € TM satisfying (v) € B(zo, C(1+ C)R), F(v) = 1} (4.2)
—_
where vV is the normal part of v with respect to the vector m(v)z and the scalar product

(- )=z Ifm— 6 >0, then .Z,, is strictly convex on B(xg, C(1 + C)R). More precisely, for all
x € B(xg,C(1+ C)R) and for all unit speed geodesics ~y starting at x,

(Fuo7)'(0) =n—a. (4.3)

Proof. 'With the notation of Section 2, from (2.31) we have
Dy (0) =r~"(E"(0) = (JT(0), JT(0))r(0))- (4.4)

Let v(s) = ¢(0, s), the unit speed geodesic with initial condition v = J(0), and f(s) = .Z,(v(s)).
Equation (4.4) together with (2.29) gives

F(0) > =56+ J VEk cot(VEp(r(v), 2)) (0N, UN>W(T); (dz) >n — 6. (4.5)
M
From this, we get the condition for the strict convexity of .%,,. |
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For x € M, define the measure i, =yt — p({x})d,. Then the map y — %, (y) is differentiable

at y=x.
Since
Fuy) = Fpu, (y) + n({z})ply, x) (4.6)
and, for v € T, M, #, is differentiable in the direction v with derivative
(dFy,v) = (dFy,, v) + p({z}) F(-v), (4.7)
we see that x is a local minimum of .%,, if and only if for all non-zero v € T, M,
p({z})F(—v) = (dF,,, —v), (4.8)
which is equivalent to
(F*(dF,,))?

n({z}) > m (4.9)

(take —v=L"YdZ,,)/F(ZL 1 (dZ,,))). But, since F*=Fo %~! we get the following
proposition.
PROPOSITION 4.5. A point « in M is a local minimum of %, if and only if
p({z}) > F*(dF,,). (4.10)

Note that for the Riemannian case this result is due to Yang [36].
Define the vector

H(z) = grad, (Zp, () ly=2- (4.11)
Alternatively,

1
H(x :$1<J f(— a?z)u dz). 4.12
Let a+— z(a) be the path in M defined by 2(0) = 29 and

, {—H(x(a)) if for all o’ < a, p({x(d)}) < F*(dZ,, ., );
z(a) = ) (" (4.13)
0 if for some @’ < a, p({z(a)}) = F*(dFy, .\, )-
Define
f(a) = Zu(x(a)). (4.14)
We have for the right derivative of f when z(a) is not a minimal point of .%,,:
Fi(a) = {do(a)(Fpupia)> #(a)) + p({z(a) ) F(—i(a))
= _<dz(a) ('gzum(a))v g_l(dz(a) (g/‘w(a)))>
+ p({z(@) N F (L o) (Priaay)))
= —F* (o) (P i) + 0{z(@) P (L7 (o) (Pry))))-
We get
fila) = =F*(do()( Py o)) F (o) (Ppu,y) — n{z(a)})), (4.15)
which is negative as soon as x(a) is not a minimal point of .%,,. From this, we get the following
proposition.

PROPOSITION 4.6. Assume that yu is supported by a compact ball B(wxg, R), that the
support of u is not contained in a single geodesic, and that, for all z € B(zg, R), the forward
distance to z is convex, and strictly convex in any geodesic of B(xy, C(1 4 C)R) which does
not contain z. Then the path a — x(a) converges to the median m of p.
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Proof. This is similar to the proof of Proposition 3.7. |

5. An algorithm for computing p-means

LEMMA 5.1. Assume # > -2, 7 <¢, 2 <D with3>0,8>0,D>1.Forp>1,r>0,
define

H(r)=Hpp.ps(r):= prP=%(D? max((p — 1), r3 coth(rB3)) + §'r). (5.1)

If u is a probability measure on M with bounded support and x € M, define
Ho(@) = Hyp.0.(a)i= | Hyo.o ol ) di (52)
M
If t — ~(t) is a unit speed geodesic, then, for all t,

(Spp o 7)"(t) < H,(~(1)). (5.3)

Proof. For xz,y e M, r=p(z,y), s— v(s) =c(0,s) a unit speed geodesic started at = =
¢(0,0), and t +— c(t, s) the geodesic satisfying ¢(1, s) =y, we have

D}(0) < prP~*(D?* max((p — 1), 7B coth(rf)) + &'r).

Integrating this equation with respect to y gives the result. |

REMARK 5.2. If p>2 or p has a smooth density, then the function H,, is bounded on all
compact sets.

The main result is the following (see [23] for a similar result in a Riemannian manifold).

PROPOSITION 5.3. Assume —32°< . # <k, —6< T <6, €¢<C, and 2 <D for some
B,k, 8,0 >0 and C, D > 1. Let p > 1. Assume the support of u is contained in B(xo, R) and
&, p is strictly convex on B(xo, C(C +1)R). Assume furthermore that the function H, =
H, 5.0 is bounded on B(zg, C(C 4+ 1)R) by a constant Cy > 0, and that the injectivity
radius at any point of B(xg, C(C + 1)R) is larger than C? + C + 1. Define the gradient
algorithm as follows.

Step 1. Start from a point x1 € B(zo, C(C + 1)R) such that &, ,(x1) < RP (take for instance
x1 =x) and let k= 1.

Step 2. Let
_grad(=&p(2k))) e — F(grad(—&p,p(zx)))
Vi = , = (5.4)
F(grad(—¢&.p (1)) Ch
and let vy, be the geodesic satisfying v (0) = xy, Y% (0) = vg. Define
Trr1 =Yk (tr) (5.5)

and then do again Step 2 with k =k + 1.
Then the sequence (xx)r>1 converges to €.

Proof.  'We first prove that the sequence (&), ,(x))ren is non-increasing. For this, we write
t2
gu,p('yk@k)) < gmp('Yk(O)) + <dgu,pv vkt + CHEk

< &,y (0)) — F(grad(—mm))éﬂgrad(—éz,p(xk»)
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O (F(grad(—fu,pm))))?

T Cr
= Gupton(0)) - S (FlEdClalrn) ) (56)

This proves that the sequence is non-increasing. As a consequence, for all k>1, z €
B(z0, C(C + 1)R), since &, ,(z) < RP and, for all x & B(zo, C(C + 1)R), &, () > RP.

Next we prove that &, ,(z1) converges to &, p,(e,). We know that &), ,(x)) converges to
a> &, p(ep). Extracting a subsequence xy, converging to some zo, € B(zg, C(C + 1)R), this
implies that ¢, converges to 0. But this is possible only if ., =ep,, which implies that
a=4&,p(ep). As a consequence, any converging subsequence has e, as a limit, and this implies
that xjp converges to €p. O

REMARK 5.4. For this result, we need the Hessian of &,, to be bounded, and the
subgradient algorithm in Riemannian manifolds as developed in [36] does not work. The reason
is that for this algorithm, we would need to take

o gradm(—gu,p(xk)))
k= )
F(gradm(—é"mp(xk)))

where gradm denotes the gradient with respect to the metric (-, -) Feep So, we would need to
know e!

COROLLARY 5.5. Let p=2. If

VE
<
R< s 1)2\/E arctan<062>

or M has non-positive flag curvature, then the algorithm of Proposition 5.3 can be applied
with the appropriate constants.

_ Proof. With this assumption, by Proposition 2.2 the function &, is strictly convex on
B(xo, C(C +1)R). O

References

1. B. AFSARI, ‘Riemannian LP center of mass: existence, uniqueness, and convexity’, Proc. Amer. Math. Soc.,
S0002-9939(2010)10541-5, Article electronically published on 27 August 2010.

2. J. C. ALVAREZ PAIvA, ‘Some problems on Finsler geometry’, Handbook of differential geometry II
(Elsevier/North-Holland, Amsterdam, 2006) 1-33.

3. S. I. AMary and H. NAGAOKA, Methods of information geometry, Translations of Mathematical
Monographs 191 (American Mathematical Society and Oxford University Press, 2000).

4. M. ARNAUDON and X. M. L1, ‘Barycenters of measures transported by stochastic flows’, Ann. Probab. 33
(2005) no. 4, 1509-1543.

5. L. AstoLA and L. FLORACK, ‘Finsler geometry on higher order tensor fields and applications to high
angular resolution diffusion imaging’, Scale Space and Variational Methods in Computer Vision, Second
International Conference, Voss, Norway, June 1-5, 2009, Int. J. Comput. Vis. 92 (2011) 325-336.

6. L. AUSLANDER, ‘On curvature in Finsler geometry’, Trans. Amer. Math. Soc. 79 (1955) no. 2, 378-388.

7. D. Bao, S. S. CHERN and Z. SHEN, An introduction to Riemann—Finsler geometry, Graduate Texts in
Mathematics (Springer, Berlin, 2000).

8. S. S. CHERN and Z. SHEN, Riemann—Finsler geometry, Nankai Tracts in Mathematics 6 (World Scientific,
Singapore, 2005).

https://doi.org/10.1112/51461157010000513 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157010000513

36

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.
23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

M. ARNAUDON

J. M. CORCUERA and W. S. KENDALL, ‘Riemannian barycentres and geodesic convexity’, Math. Proc.
Cambridge Philos. Soc. 127 (1999) no. 2, 253-269.

E. Dzuararov and H. COLONIUS, Fechnerian metrics in unidimensional and multidimensional stimulus
spaces, Psychonomic Bulletin & Review 6 (Springer, New York, 1999) Issue 2.

C. ELKAN, ‘Using the triangle inequality to accelerate k-means’, Proceedings of the T'wentieth International
Conference on Machine Learning (ICML), Washington, DC, 2003 (AAAI Press, Menlo Park, CA, 2003)
147-153.

M. EMERY and G. MOKOBODZKI, ‘Sur le barycentre d’une probabilité dans une variété’, Séminaire de
probabilités XXV, Lecture Notes in Mathematics 1485 (Springer, Berlin, 1991) 220-233.

P. T. FLETCHER, S. VENKATASUBRAMANIAN and S. JOSHI, ‘The geometric median on Riemannian manifolds
with application to robust atlas estimation’, NeuroImage 45 (2009) S143-S152.

B. FUGLEDE and F. TOPSOE, ‘Jensen—Shannon divergence and Hilbert space embedding’, IEEE Int. Symp.
Inf. Theory (2004) 31-31.

D. FuHRy, R. JIN and D. ZHANG, ‘Efficient skyline computation in metric space’, Proceedings of the 12th
International Conference on Extending Database Technology: Advances in Database Technology, EDBT’09
(ACM, New York, 2009) 1042-1051.

R. GALLEGO TORROME, ‘On the generalization of theorems from Riemannian to Finsler geometry I: metric
theorems’, arXiv:math/0503704v3 [math.DG] 3 April 2008.

V. GARcIA and F. NIELSEN, ‘Simplification and hierarchical representations of mixtures of exponential
families’, Signal Process. 90 (2010) no. 12, 3197-3212.

F. R. HamPEL, P. J. RousseEuw, E. M. RONCHETTI and W. A. STAHEL, Robust statistics the approach
based on influence function (Wiley, New York, 1986).

H. KARCHER, ‘Riemannian center of mass and mollifier smoothing’, Commun. Pure Appl. Math. XXX
(1977) 509-541.

W. S. KENDALL, ‘Probability, convexity and harmonic maps with small image I: uniqueness and fine
existence’, Proc. Lond. Math. Soc. (3) 61 (1990) no. 2, 371-406.

W. S. KENDALL, ‘Convexity and the hemisphere’, J. Lond. Math. Soc. (2) 43 (1991) no. 3, 567-576.

H. W. KUnN, ‘A note on Fermat’s problem’, Math. Program. 4 (1973) 98-107.

H. LE, ‘Estimation of Riemannian barycentres’, LMS J. Comput. Math. 7 (2004) 193-200.

J. MELONAKOS, E. PICHON, S. ANGENENT and A. TANNENBAUM, ‘Finsler active contours’, IEEE Trans.
Pattern Anal. Mach. Intell. 30 (2008) no. 3, 412-423.

F. NIELSEN and R. NOCK, ‘Sided and symmetrized Bregman centroids’, IEEE Trans. Inf. Theory 55 (2009)
no. 66, 2882-2904.

S.-I. OHTA, ‘Uniform convexity and smoothness, and their applications in Finsler geometry’, Math. Ann.
343 (2009) 669-699.

L. M. OSTRESH JR., ‘On the convergence of a class of iterative methods for solving the Weber location
problem’, Oper. Res. 26 (1978) no. 4.

M. PEcHAUD, R. KERIVEN and M. DESCOTEAUX, ‘Brain connectivity using geodesics in HARDI’, IEEE
International Conference on Medical Image Computing and Computer-Assisted Intervention (MICCAI),
London, September 2009, Lecture Notes in Computer Science 5762 (Springer, Berlin, 2009) 482-489.

B. PELLETIER, ‘Informative barycentres in statistics’, Ann. Inst. Statist. Math. 57 (2005) no. 4,
767-780.

J. PICARD, ‘Barycentres et martingales dans les variétés’, Ann. Inst. H. Poincaré Probab. Stat. 30 (1994)
647-702.

A. SAHIB, ‘Espérance d’une variable aléatoire a valeurs dans un espace métrique’, Thése de I’Université de
Rouen, 1998.

Z. SHEN, ‘Riemann-Finsler geometry, with applications to information geometry’, Chinese Ann. Math. Ser.
B 27 (2006) 73-94.

Y. VARDI and C. H. ZHANG, ‘The multivariate Li-median and associated data depth’, Proc. Natl. Acad.
Sci. USA 97 (2000) 1423-1426.

E. WEISZFELD, ‘Sur le point pour lequel la somme des distances de n points donnés est minimum’, Téhoku
Math. J. 43 (1937) 355-386.

B.Y. Wu and Y. L. XIN, ‘Comparison theorems in Finsler geometry and their applications’, Math. Ann.
337 (2007) 177-196.

L. YANG, ‘Riemannian median and its estimation’, LMS J. Comput. Math. 13 (2010) 461-479.

C. ZAcH, L. SHAN and M. NIETHAMMER, Globally optimal Finsler active contours, Lecture Notes in
Computer Science 5748 (Springer, 2009) 552-561.

https://doi.org/10.1112/51461157010000513 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157010000513

MEDIANS AND MEANS IN FINSLER GEOMETRY

Marc Arnaudon Frank Nielsen
Laboratoire de Mathématiques et Laboratoire d’Informatique (LIX)
Applications Ecole Polytechnique
CNRS: UMR 6086, Université de 91128 Palaiseau Cedex
Poitiers France
Téléport 2 — BP 30179, F-86962 and
Futuroscope, Chasseneuil Cedex Sony Computer Science
France ;
Laboratories, Inc
marc.arnaudon@math.univ-poitiers.fr Tokyo
Japan

frank.nielsen@acm.org

https://doi.org/10.1112/51461157010000513 Published online by Cambridge University Press

37


mailto:marc.arnaudon@math.univ-poitiers.fr
mailto:frank.nielsen@acm.org
https://doi.org/10.1112/S1461157010000513

	1. Introduction
	2. Preliminaries
	3. Forward p-means
	4. Forward median
	5. An algorithm for computing p-means
	References

