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Abstract

Let S be the family of analytic and univalent functions f in the unit disk D with the normalization
f(0) = f"(0)—1=0, and let y,(f) =y, denote the logarithmic coefficients of f € S. In this paper we
study bounds for the logarithmic coefficients for certain subfamilies of univalent functions. Also, we
consider the families 7 (¢) and G(c) of functions f € S defined by

zf (z)) zf (z))<1+g’ €D,
f@ (@ 2
for some ¢ € (0, 3] and ¢ € (0, 1], respectively. We obtain the sharp upper bound for |y,| whenn =1,2,3

and f belongs to the classes ¥ (c) and G(c), respectively. The paper concludes with the following two
conjectures:

Re(l+ >1-< and Re(1+

2

o If feF(~1/2), then |y,| < 1/n(1 — (1/2"*1)) for n > 1, and

sl 2
, 2 1. 1y (1
Dl = g l3) i)

where Li,(x) denotes the dilogarithm function.
o If feG(c), thenly,| <c/2n(n+1)forn>1.
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1. Introduction

Let A be the class of analytic functions f defined on the unit disk D ={z € C: |z] < 1}
of the form f(z) =z + 7, a,Z", and let S denote the subclass of functions f € A that
are univalent in D. The logarithmic coefficients y,, of f € S are defined by the formula

o (f(Z)) 22 ya(f)?", forzeD. (1.1)

We use y,(f) = vy, when there is no confusion. These coefficients play an important
role for various estimates in the theory of univalent functions, and some authors use vy,
in place of 2y,. Louis de Branges [2] showed (see also [1] and [6]) that for each n > 1,

" n—k+1
kn—k+ Dy <y ——,
; (n Iyl kZ‘ .

where equality holds if and only if f has the form z/(1 — ¢?z)> for some 6 € R. It
is known that this proves the famous Bieberbach—Robertson—Milin conjectures about
Taylor coeflicients of f € § in its most general form. See [1]. For another (shorter)
version of de Branges’ proof, we refer to [7]. Note that for f(z) = z/(1 - €%7)? we have
Yu = €"/n for n=1,2,.... The idea of studying the logarithmic coefficients helped
Kayumov [11] to solve Brennans conjecture for conformal mappings. In this note, we
will discuss the logarithmic coefficients problem for certain subfamilies of univalent
functions and derive some similar inequalities. We begin with some preliminaries.

A function f € S is called starlike if f(ID) is a domain that is starlike with respect
to the origin. Every starlike function is characterized by the condition Re (zf'(z)/ f(2))
>0 for ze D. A function f € S is convex when the function g = zf” is starlike. A
function f € Ais said to be close to convex if there exist a real number 6 and a function
g € S such that Re (¢?zf"(z)/g(z)) > 0 in D. We denote by S*,C and K, the class
of starlike functions, convex functions and close-to-convex functions, respectively.
Functions in the class K of all close-to-convex functions are known to be univalent
in D. The role of S, together with its subfamilies, and their importance concerning
strongly starlike functions in geometric function theory are well documented. See, for
example, [3, 4, 9, 22].

If f € S, then it is known that |y;| < 1 and

lyal = Las — $a3l < 1(1 +2¢7%) = 0.635...

by using the Fekete—Szegd inequality (see [4, Theorem 3.8]). For n > 3, the
logarithmic coefficients problem seems much harder. The inequality |y,| < 1/x holds
for f € 8" but is not true for the full class S, even in order of magnitude (see [4,
Theorem 8.4]). Indeed, there exists a bounded function f € S with y, # O(n~°%%). On
the other hand, Roth [20] established the following sharp inequality for f € S:

anm 2”—2 pn=(nﬁl)2. (12)

https://doi.org/10.1017/51446788719000065 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788719000065

232 S. Ponnusamy, N. L. Sharma and K.-J. Wirths [3]

This inequality is a source of many new inequalities for the logarithmic coefficients of

f €8, suchas
oo 2
T
Dl <
n=1

Elhosh [5] proved that if f € K, then |y,| < 1/n. However, Girela [8] pointed out that
this bound is false for the class K when n > 2. He proved that there exists a function
f € K such that |y,| > 1/n for n > 2. It remains an open problem to find the correct
order of growth of |y,| for f € S even for f € K. In a recent paper [15], the authors
considered the inequality of type (1.2) and the order of growth of |y,| for the class
G(c), which is defined below, and also for some other subclasses of S.

Let 8B denote the class of all analytic functions ¢ in D which satisfy the condition
w(0) = 0 and |¢(z)| < 1 for z € D. Functions in 8 are called Schwarz functions. Let
f and g be two analytic functions in D. We say that f is subordinate to g, written as
f < g, if there exists a function ¢ € B such that f(z) = g(¢(z)) for z € D. In particular, if
gisunivalentin D, then f < g is equivalent to f(ID) C g(D) and f(0) = g(0). See [4, 16].

(1) The class S*(A, B) is defined by

z2f'(z) 1+Az

S*(A, B :={ EA: —=< ,

(A,B):=1f o “1+B

where A € C,—1 < B<0 and A # B. The class S*(A, B) with the restriction

—1 < B < A <1 has been studied by Janowski [10]. In particular, for B = -1

and A = (¢ —2Bcosa), 0 < < 1, the class S*(A, B) reduces to the class of
spirallike functions of order 8, denoted by S, (8), so that

0% Zf/(z)
f@

where 8 € [0, 1) and « € (—n/2,7/2). Each function in S,(8) is univalent in D
(see [12]). Clearly, S,(8) € S,(0) € S whenever 0 < 8 < 1. Functions in S,(0)
are called a-spirallike, but they do not necessarily belong to the starlike family
S*. The class S,(0) was introduced by Spacek [21] (see also [4]).

(2) The class SS;, of strongly starlike functions is defined by [3, 22]

IS < (ﬂ) , forz e ]D},

f@ \l-z
for 0 < @ < 1. For a = 1, the class 8§, reduces to the class of starlike functions.

(3) The class 7 (c) is defined by

forz € D},

Sa(ﬂ):{feﬂ: Re(e )>,8cosa/, forzeD},

SSZ::{fEﬂ:

Zf”(z))
1@
={feA:zf €S(c-1,-1)},

T(c)::{feﬂ:Re(1+ >1—5,zeD}

2

for some ¢ € (0, 3]. If weseta =1 —c¢/2 € [0, 1), in this choice the family as ¥ (¢)
is well known and is referred to as the family of convex functions of order a.
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Clearly, the family #(2) is the usual class of normalized convex functions. In

particular, for ¢ = 3, we have the class ¥ (3) which has attracted the attention of

many in recent years (see [17] and the references therein). Also it is important

to point out that functions in ¥ (3) are known to be convex in one direction (and

hence, univalent and close to convex) but are not necessarily starlike in D [23].
(4) The class G(c) is defined by

n i zf" (z)
G(o) = {fe A Re(l e )
—(fedA:zf €S (=1 +¢),~1))

for some ¢ € (0, 1]. Set G(1) =: G. It is known that G C S* and thus, functions in
G(c) are starlike. This class has been studied extensively in the recent past (see,
for instance, [14, 15] and the references therein).

C
<1+§,zeD}

This paper is organized as follows. In Section 2 we state our main results
along with two conjectures concerning the logarithmic coefficients bound for ¥ (c)
and G(c), respectively. These conjectures have been verified for the first three
logarithmic coefficients. In Section 2 we have proved the logarithmic coefficients
bound completely for the families S*(A, B) and SS;, along with inequalities of the type
(1.2) for these families. Our final results in Section 2 concern the families ¥ (¢) and
G(c), where we obtain sharp estimates for the initial three coefficients, and nonsharp
estimates for the fourth and fifth coefficients. In Section 3 we recall a few important
lemmas which are useful in the sequel. The proofs of our main results are presented in
Section 4.

2. Main results

TuEOREM 2.1. For -1 < B<A <1 and B # 0, the logarithmic coefficients of f €
S*(A, B) satisfy the inequalities

A-B
Yol € ——, forn>1, 2.1
2n
and
> A — B\2
2<( )L' B 22
;ml < (5 LB, (2.2)

where Liy(x) = 3,7, x" /n? denotes the dilogarithm function. Inequality (2.1) is sharp
for the function kp p.,(z) = z(1 + Bz ABI"B and inequality (2.2) is sharp for the
Sfunction ku .1 (2).

CororLary 2.2. If f € S*(A, —A) for 0 < A < 1, then we have

A (o)
vl <=, fornz1 and ) Iyl <LirA?).
n n=1
The first and second inequalities are sharp for the functions ks.,(z) = z/(1 — AV
and k.1 (2), respectively.
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Theorem 2.1 for the case B = 0 takes the following form.

CoroLLARY 2.3. Let 0 < A < 1 and f € A satisfy the inequality |(zf'(2)/ f(2)) — 1| < A,
z€D, that is, f € S*(A,0). Then the logarithmic coefficients of [ satisfy the
inequalities

lyal < forn>1 and Ely A
A AT
n_z, orn an nl =

AZ" n

Both inequalities are sharp for the functions k.,(z) = ze and k. (2), respectively.

Our next result, which uses the method of proof of [1, Theorem 2.5] and [4,
Theorem 6.3], establishes an inequality of the type (1.2) for the class S*(A, B).

THEOREM 2.4. Let f € S*(A,B) for -1 < B< A <1, and let t <2. Then we have

= A-BV¥ < (n+1)
t 2 2n
;(n+1)|yn| <(“5 )Z; B,

THEOREM 2.5. For |a| < n/2 and B € [0, 1), the logarithmic coefficients of f € So(B)
satisfy the inequalities

1-
[yl < d=5 cosa, forn>1, (2.3)
and
DI = (=B cos’a. 2.4)
n=1

Both inequalities are sharp for the function f, 5(z) = z/(1 — 7)1 cose,
For the case of strongly starlike functions, we have the following theorem.

THeEOREM 2.6. Let O < a < 1 and

= (n—1\(a

A(@) = 2k,

=2
k=1

Then the logarithmic coefficients vy, of f € SS., satisfy the inequalities

byal < % n>1, 2.5)

and

im thi Ada)f (2.6)
n=1

Both inequalities are sharp for the function f given by zf'(z)/f(z) = ((1 + ")/
(A -2 and zf'(2)/ f(2) = ((1 + 2)/(1 — 2))*, respectively.

Our next two theorems concern the two important classes ¥ (c¢) and G(¢).
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TueorEM 2.7. Let f € F(c) for ¢ € (0,3]. Then the logarithmic coefficients vy, of f, for
n=1,2,...,5, satisfy the inequalities

¢
4’
1
lyal < &(4C +c?),

lyil <

1
sl < 75 Qe+ ?),

2 2
| [c ; c—(13 LS- c—)] forc € (0,2.61818),
B8 270 AT S I
al < 1 22 2
4—0[(; + 3|12|] for ¢ € (271569, 3],
and
< ¢ for ¢ € (0,1.31148)
—lc++—|ll+c—- — orce :
60[ 12( 4 )] : :
sl < 1 Voo B Ve
60[c + o |13|] for ¢ € (135541, 3],
where
54+c¢ 4(54 +¢) 12
il < = -]
27 \3(288+ 8c—2)
and

30 + c( 230 + ¢) )1/2
15 \3(80 + 4c — c?)

The first three inequalities are sharp for the functions
(1 _ Z)lfc _

fc(Z) = c—1 ’
—log(1 - 2), forc=1.

|I5] <

Jorc#1,

Moreover, the bounds for |y4| are sharp for ¢ < 144/55, whereas the bounds for lys|
are sharp for ¢ < 80/61.

If we take ¢ = 3 in Theorem 2.7, then we obtain the logarithmic coefficients bound
for the class 7 (3).

CoroLLARY 2.8. Let ¥ (3), that is, Re(1 + (zf"(2)/ f'(2))) > —1/2 in D. Then we have

il <3, hel<L hl<2,
6 6

lyal < 40( + 5 \/37763) ~ 0.243945

69 , 33 [22)
lysl < 60( + 5 \/;) ~ 0.2145050.

and
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The first three inequalities are sharp for the function

z-(2%/2)
f(2) = T—27
which is extremal for the class F(3). For this function, we have
1 \1
7&ﬁ)=(b—5;ﬁz,,wrkeN. (2.7)

The logarithmic coefficients of f; given by (2.7) give that

4im(f3>|2:i( L
= n=1
_ 2%+;(1/4)" _420/2)"
S R

where Lir(x) = 37| X"/ n* denotes the dilogarithm function. These observations lead
us to the following conjecture.

ConNEcTURE 2.9. The logarithmic coefficients y, of f € F (3) satisfy the inequalities

1 1
[yal < Z(l - W)’ forn>1,
and
1 (1
Z mf < + 3 Lilg) -Lif3)
Equalities in these inequalities are attained for the function f3(z) given as above.

In [15], the authors considered the logarithmic coefficients of the functions f in the
class G(c) for some ¢ € (0, 1] and obtained the estimate

J<—C N,
al < 2@+1) ne

Among other things, they conjectured that for ¢ = 1 the inequalities

1
lynl < 2t neN,

are valid, where equality is attained for f’(z) = (1 — 2")"/". In [15], this conjecture was
proved only in the case n = 1. In the sequel, we shall consider the cases n = 1,2,3 in
the families G(c) using a method similar to the proof of Theorem 2.7.
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TueorEM 2.10. Let f € G(c) for c € (0,1]. Then the logarithmic coefficients y, of f
satisfy the inequalities
c

o and I“Y3|<i

< )
ly2| < <5

i< 2
Vil = 2
The equalities are attained for f'(z) = (1 —7")",n=1,2,3.

These results led us to a generalization of the conjecture mentioned above.

CongecTurE 2.11. The logarithmic coefficients vy, of the functions in G(c), ¢ € (0, 1],
satisfy the inequalities

n S = . 1 N'
vl < Ty "€
Equality is attained for f'(z) = (1 — 2.

3. Lemmas

Lemma 3.1 [13, Corollary 3.1d.1, page 76]. Let h be starlike in D, with h(0) = 0 and a #
0. If an analytic function p(z) = a + a,2" + ay 12" + - -+ satisfies the subordination

relation
zp'(2)

p(2)

p(z) < q(z) = aexp [n‘l f h@ dt].
o t

Lemma 3.2 [4, Theorem 6.3, page 192] (see also [19, Rogosinski’s Theorem II (i)]).
Let f(z) = Y0 an2" and g(z) = ), by2" be analytic in D, and suppose that f < g,
where g is univalent in D. Then

n n
Z“|ak|2 < Z|bk|2, n=1,2,....
k=1 k=1

Lemma 3.3 [4, Theorem 6.4 (i), page 195] (see also [19, Rogosinski’s Theorem X]).
Let f(z) = ),,7, anz" and g(z) = 3.,°, b,Z" be analytic in D. Suppose that f < g, where
g is univalent and convex in D. Then

< h(z),

then

la.l <18’ @] = 1b1l, n=12,....

Our next lemma, due to Prokhorov and Szynal [18], is crucial in the investigation
of the fourth and fifth logarithmic coefficients bound for ¥ (c) and G(c).

Lemma 3.4 [18, Lemma 2]. Let ¢(z) = X5, cxzk € B be a Schwarz function and

P(¢) = lc3 + pcica + veyl.
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Then for any real number y and v, we have the following sharp estimate:
L if (u,v) € Dy,
W(@) < D, v) = { Vb if (1, v) € De,

|ul + 1 1z
§(|,U|+ )(m) s if (u,v) € Dy,

where
Dy={(wv) eR*: L <|ul <2, Sl + 1> = (ul+ D <v< 1),
DG:{(u,v>eR2:2<|u|<4 v’ +8)),

1
Dy =) e R 122~ 2(ul+ s vz D)

U2+ 20u + 4

4. Proofs of the main results

4.1. Proof of Theorem 2.1. Suppose f € S*(A, B) for -1 < B < A < 1. Then by the
definition of S*(A, B), we get

J@\ _ 2@ (A-B)
(1o (—)) = ~1< . zeD, 41
( A 1@ 1+ Bz 1)
which, in terms of the logarithmic coefficients y, of f defined by (1.1), is equivalent

to
A4-B Z(—l)"_lB"z", if-1<B<A<1,B#0,
Dy <4 B
n=l Az, if B=0,

=: G(2). 4.2)
Since G is convex in D with G’(0) = A — B, it follows from Lemma 3.3 that

2nly,| <1G'(0)=|A-B|, fornx>1,
which implies the desired inequality (2.1). The equality holds for the function
ka pn(z) = z(1 + BZ")A=B/"B We have

(kAB,xz)) A- BZ( DFUBE

o)

lo

Let g(z) := z/f(z) which is a nonvanishing analytlc function in D with g(0) = 1, and
it has the series representation

g@ =1+ ) b
n=1

It is clear from (4.1) that g satisfies the relation
8@ _ @ —(A-B)x
8() f@ 1+ Bz

=:¢(z), z€D.
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Note that ¢ is convex in D and ¢(0) = 0. By using the subordination result of
Lemma 3.1, we get

2 “ o) )
= = . 4.
8@ 70 < qa,p(z) eXp( N dt (4.3)
It is a simple exercise to compute that
@ e, for B=0,
Z) =
dn (1+ Bg)'"4/B for B#0.

We can rewrite relation (4.3) as
1
z  qa@)

which, in terms of the logarithmic coefficients vy, of f defined by (1.1), is equivalent
to (compare with (4.2))

2iynzn< (A B)Z( 1y 1B (A_
n=1

B
)log(l + Bz), for B+#0,

n=1

Az, for B=0.

Using Lemma 3.2, we obtain that

k k
A—B\2~ B”
4Z|Yn|zs( B ) ZF, fOI'B#O
n=1 n=1

, Liy(B? )

<(A-B) 72

Letting k — oo, we get

Z| < (A B)2L12(Bz)
n 32 >

where Liy(x) = 277 | (x” /nz). For x =0, we let Liy(x)/x as the limit value 1. This
proves the desired assertion (2.2). The equality holds for the function k4 p defined by

7%, for B=0,

k =
4,8(2) {Z(l + Bz)(A/B)_l, for B # 0.

Indeed, for the function k4 p, we have

(A
log(kA,B(Z)) _

< Az, for B=0,

-B
)log(l + Bz), for B #0,

=2 Yalkap)?,
n=1
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where A BB
en%%jﬁr}—,ﬂnBia
’}/ﬂ(kA,B) = A n
PR for B=0.
This completes the proof of Theorem 2.1. O

We remark that when A =1 - 28 and B = -1 in Theorem 2.1, we obtain [15,
Remark 1].

Remark 4.1. From relation (4.2) and using Rogosinski’s theorem (see [4,
Theorem 6.3]), we obtain

4§;ﬂwﬁs’3 '§|m% for B+ -1,
n=1 n=1

and so

(e8]

A - B)?
Dot < ﬁ. (4.4)

n=1

4.2. Proof of Theorem 2.4. We recall from formula (4.2) and Rogosinski’s result
(see also [16, Theorem 2.2] and [4, Theorem 6.3]), that for k € N the inequalities

k k
A — B\?
4§rﬂwFs( = )§ B> (4.5)
n=1 n=1

are valid. This implies inequality (4.4) as well, if B # —1. We consider (4.5) for
k=1,2,...,N, and multiply the kth inequality by the factor

k+1) B (k+2)
k2 (k+1)2

>0, ifk=1,2,...,N—-1,
and by (N + 1)'/N? for k = N. Then summation of the inequalities multiplied yields
N N
A - B\ (k+ 1)
k+ 1y 2<( ) B,
; Yind < (=55 ; 5

for N=1,2,.... Allowing N — oo, we see that the proof of the theorem is
complete. O

RemARKk 4.2. Here is an alternate approach to prove the inequality (2.2) (compare, for
example, [1, Theorem 2.5]). If we take ¢t = 0 in Theorem 2.4, then we obtain

- A-By w1 A - B\2
() = (e
;w_ 3w ) 2 o5 ) Lia8)
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4.3. Proof of Theorem 2.5. Suppose f € S,(8). Then by the definition of S, (83), we
obtain that

f'@) | <1 + [ = 2Be cosalz
f@) 1-z
= 2(1 - p)e cos o 7 = G 4.6)

1

which, in terms of the logarithmic coefficients y, of f defined by (1.1), is equivalent
to

2) " < Gi(2).
n=1

Since G is convex in D and G/(0) = 2(1 - B)e'® cos @, Rogosinski’s result (see
Lemma 3.3) gives inequality (2.3).
From (4.6), g defined by g(z) = z/ f(z) satisfies the relation
28'(2)
8(z)
Note that G is convex in D with G(0) = 0. By Lemma 3.1, we get

__% . _((Gi®
g(z) = 7@ < Gop(2) = exp( fo p dt),

<-Gi(z), zeD.

or equivalently,

< CI(Y,,B(Z)
where y = 2(1 — ) cos a. It is easy to see that f, 3 € S,(8). From (1.1), we have

ZEM” < yi Z—n-
n=1 n=1 n

Then by Lemma 3.2, we obtain

_ Jap(@)
— Y = 2P
(1-27 = .

n=1 n=1 n=1
If we allow k — oo, we get inequality (2.4). The equality holds in inequalities (2.3)
and (2.4) for the function f, 3(z) = z/(1 —2)”, ¥y = 2(1 — B) cos a. O

4.4. Proof of Theorem 2.6. Suppose f €SS and g(z) =z/f(z). Then g is a
nonvanishing analytic function in D and, by the definition of SS;,, we get
8@ _ U@
8() f@

Using Lemma 3.1, we obtain

_ T - R0
g(z) = 7@ < qo(2) := exp(fo ; )dt,

1 (03
<1 —(1—:) . $1(2), zeD. “7)
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which is equivalent to

o 52 <o) == ],

We consider the function

1-¢

(ﬂ)a “ 14 iA,,(a/)z". (4.8)
n=1

Using this, we have

M dt = ZA,,(Q)—

n=1

where
S (n—1\[a
An) = ( )( )2’2 forn > 1.
; k—1)\k

As in the previous case, by Rogosinski’s theorem (see Lemma 3.2), we obtain

ZmF ii )

n=1

The proof of (2.6) is complete.
We now prove inequality (2.5). From (4.7) and (4.8), we also get

2f'(x)

o "< h@= ;An@x)z ,

which, in terms of the logarithmic coefficients y, of f defined by (1.1), is equivalent

to
2 Z ny,7" < Z A ()7
n=1 n=1

Using Lemma 3.3, we find that

2nlyal <1 =410 = A1(@)] = 2a

and the desired inequality (2.5) follows. Equality occurs in inequalities (2.5) and (2.6)
if f € Ais given by

o ~lims) =0 T (=)

respectively. O
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4.5. Proof of Theorem 2.7. Let f € ¥ (c) for ¢ € (0, 3]. Consider the identity

2f' (@) of" @\ _ (2 @V | (2 @)
i+ 5= () += (f(z)) @9
We may now set
LY@
nZ 4.10
e Z'B 10
where Sy = 1. By relation (1.1), we have
Zf(Z)_1+2Znynz —50+chnz, @.11)

f(@)
where dg = 1 and §,, = 2n7y,,. Using (4.10) and (4.11), we can write (4.9) in series form

as
o0 o . . e
(;an )(nzz(; Onz ): (; 0n2 ) + Zn(snz ]

Using the Cauchy product of power series, we obtain

DD k)" = G0 + (o1 + 515z + (Gu + 1By + 6x0) + -+

n=0 k=0
= (60 + 012+ 0 + 038 + ) + 012+ 20027 + 36380 + - .

As By = 1 = 6y, this is equivalent to
1+ (81 + Bz + (62 + 6181 + )2 + (B3 + 6182 + 6ot +63)2° + -+

=1+ (261 +61)z+ (20, + 67 +262)7% + (283 + 28102 +303)2 + -+ . (4.12)
First, we compare the coefficients of z” for n = 1,2, 3 and get (by using v, = 6,,/(2n))
that 5 p
1 I
=== 4.1
n=5=7n (4.13)
6 1 B
[ 12(52 * Z) (“414)
and 55 8.5
=2 = (3 ! 2) (4.15)
By the definition of f € ¥ (c) and (4.10), we get
Zﬁkzk=1+zf © 142 seD. (4.16)
—~ 1@ 1-z

But then, by Rogosinski’s theorem (see, for instance, [4, page 195, Theorem 6.4]), we
obtain that
Bl <c, keN,
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which also follows from the estimate on the coefficients of functions with real part
biggerthana =1-¢/2 < 1:

Bl <20 -a)=c, kel
The estimate here is sharp. Using this inequality, the above identities (4.13)—(4.15)
imply
c 1 2 1 )
i<z, alsg@c+c) and lys| < 22+ ).
These inequalities are sharp and the equality follows from (4.13)—(4.15) by substituting
Br =c for k=1,2,3. The extremal function can be derived by integration of the

equation
2f"(2) cz
1+ =1+ ,
'@ 1-z2
which results in
(1-9<-1

f@)=

and fi(z) = —log(1 —z) for ¢ = 1.
To get estimates for the fourth and fifth logarithmic coefficients, by (4.16), we use
the fact that

1 =: (), forc#1,

N c4(2)
B = , (4.17)
; 1 -¢(z)
where ¢ € 8 is a Schwarz function. Note that equality is attained in the estimate
1Bl < ¢, if ¢(z) = €z. If we write ¢(z) = Y| cxzk, then identity (4.17) implies

B1=cci, Pr=clcy+ c%) and 3 =c(c3 +2cic + c?).
In view of these, expressions of the form
I = B3 + apifa + b}
can be written in the form
I = cles + (2 + ac)eicy + (1 + ac + beH)]. (4.18)
We now consider the functional
Y(p) = |c3 + ucicy + UC?I, u and v are real,

within the class $. In [18], Prokhorov and Szynal found the precise bound for the
functional W(¢) which we recalled in Lemma 3.4 and we use this to find the fourth and
the fifth logarithmic coefficients bound for the class 7 (c).

We now calculate the fourth logarithmic coefficient bound for the class ¥ (c). From
(4.12), we compare the coefficients of z* and obtain

Ba + B38) + 262 + 163 + 8y = 654 + 26,63 + 53
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Using (4.13) and (4.14) and then simplifying, we get
564 = Ba + B361 + 262 — &3 = Pa+ 361 + 62(B2 — 62)

s B e - o)

Since 64 = 8ya, we have

BB ( ﬁzﬁz ﬂ“)
40]y4| = — 2 —-— =
lyal 4+ > + =285 + 16
L81| ,81/5'2 B
< 24 71
1Bal + |/3 " + 48 7
< +2c2+c2 +(2+C) +(1 < 02)3
=679 T8 18)1? 18 72
(using (4.18))
2c2 2
=c+—+ |, 4.19
ctg 5 |12 (4.19)
where
o= estperen e, =2+ and we1s S S (4.20)
2:=C3+ Ucic 1 M= 18 18 72 .
Since our aim is to get an upper bound that corresponds to |c;| = 1, we seek values of
¢ such that
|| < v (4.21)
We shall consider cases where
2
c
=1+ —=-—=
v 8 727

From [18] (see Dg in Lemma 3.4) we deduce that (4.21) is satisfied if
2

c c 1
1+ﬁ__2—12[(2+_) +8]

This condition is equivalent to 0 < ¢ < 144/55 = 2.61818. Unfortunately ¢ = 3 does
not lie within this range. Nevertheless one may use Lemma 3.4. From (4.19) and
(4.21), we get

2¢2 (2
40ly4l < c + o + Elvl, for ¢ € (0,2.61818).

Since v is positive, we therefore obtain
c 2

byal < 4O[c + —(13 +5 - %)] for ¢ € (0,2.61818). (4.22)
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Further discussion in Lemma 3.4 reveals that among the cases therein we have to
choose the case Dyg. For the case Dy, the inequality

2I,Lll(l,ul +1)
w2+ 2ul + 4

is true for ¢ € (2.71569, 3]. Clearly the left-hand side of the inequality is true for
c € (0, 3], whereas the right-hand side of the inequality holds only for ¢ € (2.71569, 3].
In view of this reasoning, from (4.20), we find that

——(I,ul +1) <

3+ % 172 54 4(54 172
Il < (3 " i)[ - ] = 2; C[s 2822 ;C) 5| o @
3(4+E_7_) ( + C_C)
for ¢ € (2.71569, 3]. From (4.19), we obtain
1 2 2 2
lyal < 40(c + % + C—|12|) for ¢ € (2.71569, 3]. (4.24)

Hence, from (4.22) and (4.24), we obtain the desired inequality.
For example, if we let ¢ = 3 in (4.24) and (4.23), then (4.24) gives

el < H(3+2+ 2 {28) = &(5+ & ‘/%) ~ 0.243945.

On the other hand, for the function f3, we have y4(f3) = m ~ 0.2421875 (see (2.7)).
We now calculate the fifth logarithmic coefficient bound for the class ¥ (c). From
(4.12), we compare the coefficients of z° and obtain

Bs + B401 + 302 + 5203 + 104 + 05 = 205 + 20104 + 20203 + 505 = 7105 + 20104 + 20203.
Using relations (4.13)—(4.15) and then simplifying, we obtain
065 = s + P41 + 62(B3 — 63) + 63(B2 — 62)
=Bs + 3B1Bs + 3B1Bs + 56285 + 155182 — 1BY).

If we take similar steps to those above and use (4.18), we arrive at the estimate

2

| |<1[c+c2+c3+502c +(2+ )cc +(1+c 6)3]
Ys1= 60 2 24 127 10/°1°2 10 20
2 CS 56‘2
= —|le+= i} 42
6O[C+2+24+ |3l] (4.25)
where
s = c3 + pcicy + ved 2+ and ve1+S_C (4.26)
yEaTpaaTve, K=t = 0 20 :

Our aim is to find an upper bound for |/3]. Since

= 12[(2+ _)2 * 8]
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for 0 < ¢ <80/61 =1.31148..., we have proved the sharp estimate for these values
of the parameter ¢. Lemma 3.4 gives |I3| < |v], ¢ € (0, 1.31148), for the case Dg. Since
v is positive, we therefore have

352
sl< golet 3 T3t i
1 c? c?
60[C+_(11+C_Z)]’ for ¢ € (1.31148, 3]. 4.27)

We see that this corresponds again to the case Dg in Lemma 3.4. The case Dy holds
for ¢ € (1.35541, 3]. In view of this, from (4.26), we get

2 3+ 172 30 2(30 12
L) < —(3 + i)[—loz] _30+ep_260+0) (4.28)
3 34+ X - &) 15 13(80 + 4c — ¢?)
for ¢ € (1.35541, 3]. From (4.25), we find that
2 3 5 2
lys| < 60[ ; C— ; 5—4 + 1—62|13|], for ¢ € (1.35541,3]. (4.29)

Hence, from (4.27) and (4.29), we obtain the desired inequality. For instance, if we
take ¢ = 3, then from (4.28) we get

11 22
|I3| < 3 83>

which, by (4.25), gives

bysl < 60(3 +3+a %) = 610( s T \/%) ~ 0.2145050.
On the other hand, in this case, y5(f3) = 320 ~ 0.196875 (see (2.7)). O

Remark 4.3. The above estimates contain sharp estimates for the logarithmic
coeflicients of convex functions of order @. In particular, we have the sharp estimates
for |y,l, n=1,2,3,4, for convex functions, that is, for the case @ =0, and sharp
estimates for |y,|, n = 1,2, 3,4, 5, for convex functions of order a = 1/2.

4.6. Proof of Theorem 2.10. Choosing similar abbreviations to those in
Theorem 2.7, f € G(c) if and only if

+ 7@ <1- &< .
@ 1-z
Hence, we get
Bi=—-cci, Pr=-clca+c}) and B3 =—clcs +2cic0 +c}).
This results in the relation
4! 2 2
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so that |y,| < ¢/4, where equality is attained for f’(z) = (1 — z). Further,

—C C\ >
2= 12[C2 " (1 - Z)cl]'
To get an estimate for |y;|, we use the triangle inequality together with the well-known
inequality |cs] < 1 — |¢; | for ¢(z) = pay cxZ¥ in B. This implies

C
1-Z il
ly2| < 12( |01| ) A

Equality is attained here for the function f’(z) = (1 —z%)/?. In the case n = 3, we
consider

c c\ 3
3T [C3 " ( 2)C2C1 " (1 - E)Cl]'
We see that this corresponds to the case D, in Lemma 3.4, and from this we obtain
lys| < ¢/24. Here, equality is attained for f/(z) = (1 — z°)/3.
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