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DERIVATIONS FROM HEREDITARY SUBALGEBRAS 
OF C*-ALGEBRAS 

A. J. LAZAR, S.-K. TSUI AND S. WRIGHT 

Introduction. Let A be a C*-algebra, B a C*-subalgebra of A, 8\B —» A a 
derivation, i.e., a linear map with 

8(ab) = aS(b) + S(a)b for a, b e B. 

There has been considerable interest for several years now in the question 
of when 8 can be extended from B to a derivation of A (see, for example, 
[8], Section 4, [1], [5], [4], [6], [9], [10], [11] ). The paper before the reader 
will be concerned with this extension problem when B is a hereditary 
C*-subalgebra of A. 

Our work takes its cue from the paper [6] of George Elliott. We prove in 
Section 2 of the present paper that derivations as described above of a 
unital hereditary C*-subalgebra always extend whenever A is either 
simple, AW*, separable and AF, or separable with continuous trace, thus 
generalizing and extending Theorem 4.5 of [6]. In Section 3 we solve in the 
negative Problem 3.4 of [6] by exhibiting two rather different examples 
of a separable, liminal, AF C*-algebra A, a hereditary C*-subalgebra 
B of A, and a derivation 8 of B such that for each multiplier m of B, 
ad wi\g + 8 does not extend to a derivation of A. 

We will now fix some notation and terminology that will be useful in 
our work. Let A be a C*-algebra, B a C*-subalgebra of A. By a derivation 
of A, we will mean a derivation of A into itself. If JC G A, ad x will denote 
the inner derivation of A generated by x, i.e., the mapping a —> xa — ax, 
a G A. A derivation 8 of B into A is inner in A if 8 extends to an inner 
derivation of A, and is outer in A if it does not. Finally, M {A) will always 
denote the multiplier algebra of A. 

2. Derivations from unital hereditary C*-subalgebras. An hereditary 
C*-subalgebra B of a C*-algebra A is unital if and only if there exists a 
projection e of A for which B = eAe. In Theorem 4.5 of [6], Elliott proved 
that any derivation of eAe extends to a derivation of A whenever A is 
separable and AF, i.e., whenever^ contains an ascending sequence (An) of 
finite-dimensional C*-subalgebras with norm-dense union. In Theorem 
2.2 below, we extend this result in two directions: first we relax the 
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condition that the derivation of eAe have range in eAe and instead allow it 
to map into the algebra A itself, and secondly we show that derivations of 
this type extend to derivations of A if A is either simple, AW*, or separable 
with continuous trace. 

2.1. LEMMA. Let A be a C*-algebra, e a projection in A, 8:eAe —> A a 
derivation. Suppose every derivation of eAe is inner in eAe. Then 8 is inner 
in A. 

Proof. One easily checks that eôe:eAe —> eAe is a derivation of eAe. 
Since every derivation of eAe is inner in eAe, there exists a ^ eAe such 
that 

eSe = ada\eAe. 

Let 

8X = -ada\eAe + 8. 

Then e8xe = 0. We assert that 

5, = ad 8,(e){2e - 1) \eAe. 

The truth of this will establish the lemma. 
If x e eAe, then 

8x(x) = 8x(exe) = 8x(e)xe + e8x(x)e + ex8x(e) 

= 8x(e)x + xS^e). 

Since (1 — e)jc = 0 and x S ^ e ^ = xe8x(e)e = 0, it follows that 

8x(x) = 8x(e)x + x8x(e) — 8x(e)(l — e)x — 2x8x(e)e 

= 8x(e)(2e - l)x - x8x(e)(2e - 1). 

2.2. THEOREM. Let A be a C*-algebra, e a projection in A, 8:eAe —» A a 
derivation. 

(i) If A is the direct sum of a family {Aa} of C*-algebras such that for each 
a, Aa is either simple, AW*, or has continuous trace and paracompact 
spectrum, then 8 is inner in A. 

(ii) If A is separable and AF, then 8 extends to a derivation of A {which 
may be outer in M {A ) ). 

Proof, (i). It will suffice by Lemma 2.1 to show that each derivation of 
eAe is inner in eAe, and this will follow from Theorem 2 of [13] and 
Corollaries 8.6.10 and 8.6.11 of [14] once we observe that whenever a 
C*-algebra is either simple, AW*, or has continuous trace with paracom
pact spectrum, the same is true for each of its unital hereditary 
C*-subalgebras. But this follows from Proposition 4.1.10 of [14] when 
the C*-algebra is simple, from Proposition 1.4.8 (iii) of [3] when it is AW*, 
and from Propositions 4.1.10 and 6.2.10 of [14] when it has continuous 
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trace and paracompact spectrum (upon noticing that an open subset of a 
paracompact space is paracompact). 

(ii). We consider the derivation e8e of eAe and apply Theorem 4.5 of [6] 
to extend eSe to a derivation D of A. Setting 

we notice as in the proof of Lemma 2.1 that eS^(x)e = 0, x £ eAe. We 
may hence use the proof of Lemma 2.1 to extend 8} to an inner derivation 
of A. 

We now give an example to show that both (i) and (ii) of Theorem 2.2 
can fail if eAe is replaced by a nonunital hereditary C*-subalgebra, even 
when A is UHF. 

Let A denote the UHF algebra obtained from the canonical anticommu
tation relations of mathematical physics. A is the norm closure of an 
ascending sequence (An) of C*-subalgebras of A, all with the same unit, 
such that An is isomorphic to the algebra of complex 2n X 2n matrices. 
There is hence a selection {en(i, j):i, j = 1, . . . , 2n} of matrix units for 
An, n = 1, 2, 3 , . . . , such that An is embedded in An + l by the relations 

e„(i,j) = en + l(ij) + en+x{i + 2",j + 2"), i,j, = 1 , . . . . 2". 

For n = 1, 2, 3, . . . , set 

Pn = en + ](2",2"). 

Then {pn} is a sequence of pairwise orthogonal projections in A. Set 

P = 2 Pn, q = ^2 Pin 
n n 

(convergence of these sums taken a-weakly in the enveloping von 
Neumann algebra A" of A). Set B = A Pi (pA"p). Then B is a hereditary 
C*-subalgebra of A with open support p in A". In Lemmas 2.3 and 2.4 
below, we will show that q multiplies B and the derivation ô = ad q\B of B 
is outer in A. Since every derivation of A is inner in A, this will give us the 
example that we want. 

2.3. LEMMA, q multiplies B. 

Proof. Let 

k 

ek = ^ Pn-
1 

We assert that 

(2.1) B = norm closure of U ekAek. 
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Let Bx denote the right-hand side of (2.1). (2.1) will be established by 
showing that Bx is a hereditary C*-subalgebra of A. Since Bx clearly has 
open support p in A", it will hence follow from the one-to-one 
correspondence between hereditary C*-subalgebras of A and their open 
supports in A" ( [14], Section 3.11.10) that B = Bv 

B} is clearly a C*-sub algebra of A. Note next that 

(2.2) lim \\aek — a\\ = lim \\eka — a\\ = 0, a e BX. 
k k 

Suppose x <E A with 0 ^ x ^ a e Bx. Then by Proposition 1.4.5 of [14], 

there exists u e A and a number a, 0 < a < -, such that x = uaa. 
2 

Thus 

and since aa <^ Bx, it follows from (2.2) that 

lim e^x^ = lim eka
au*uaaek 

k k 

a u*ua 

(limits taken in norm), whence x <E Bx and Bx is hereditary. 
To now prove that q multiplies B, it suffices by (2.1) to prove that q 

multiplies ekAek for each k. Fix k, and let a e ekAek. Then 

/[/c/2] v /[/c/2] x 

^ = qeka = ^ 2 /̂ 2«Ĵ  = **( 2 / > 2 « ) ^ 

and this is clearly in ekAek. Similarly, aq e ekAek. 

2.4. LEMMA. S = ad #|#:i? —> i? w owter z'w A 

Proof. Suppose 8 in inner in A. Then there exists a ^ A with g — a in 
the commutant of B relative to A". 

Let H denote a separable Hilbert space with orthonormal basis 
(£m)Cm = \' W e represent A on 7/ as follows: fix positive integers m and «. 
Write m = s • 2" + r uniquely with r and s integers, s ^ 0, 1 = r = 2". 
For each i9j= 1, . . . , 2", set 

en(ÏJ)£m = 
[0 ,7 '^r 
H.2"W = '-

We identify 4̂ with its image under this representation, and we identify p 
and q with their images in the algebra B(H) of all bounded linear 
operators on H under the normal extension of this representation to a 
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representation of A" into B(H). 
A acts irreducibly on H and is hence dense in B(H) with respect to the 

weak operator topology. B is therefore likewise dense in pB(H)p. There 
hence exists a scalar X and 

T e (/ - p)B(H)(I - p) with a = Xp 4- q 4 7 

(here / denotes the identity operator on H). We will prove that this is not 
possible. 

Since a e A, there is a sequence (/c„) of positive integers and elements 
an e Ak such that 

\\a ~ an\\ -> 0. 

Since ag = (1 4- \)q and a(/? — g) = X(p — q), it follows that 

(2.3) || (1 4- X)q - anq\\ -> 0, 

(2.4) ||X(/? - 9 ) - an(p - $ ) | | - > 0 . 

For « = 1, 2, 3 , . . . , we can find scalars X\j\ i,j = 1, . . . , 2*w, such 
that 

an= 2 Xfek{Uj). 

For each positive integer ra, set xm = £2
2w- Then xm is in the range of q for 

each m. For w ^ &„/2, 

( 2
2 ^ - ^ - 1)2^ + 2^ 

is the unique representation of 22m in the form s • 2kn + r, s and r integers, 
j ^ 0, 1 ^ r ^ 2*\ Hence for m ^ Jkw/2, 

2/c„ 

[ ( l + ^ - # w = ( l + ^22w - 2 ^ 4 ^ - 2 ^ + r 
i = l 

and so for each n, 

|1 + A - X ^ A . 1 â ||[(1 + X)?- a^KJI 

â || (1 4- X)<? - ^ | | , 

whence by (2.3), 

(2.5) X(
2l

}^„ -> 1 4- X. 

On the other hand, setting ym = £2
m> ̂  a n °dd positive integer, and noting 

that ym is in the range of p — q for each such m, we obtain by a similar 
computation 

|X - \%K\ =i \\\(p - q ) - an(p - q) ||. 
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We conclude by (2.4) that 

A 2kn 2kn * A , 

which contradicts (2.5). 

3. Extending derivations from hereditary subalgebras modulo multiplier 
derivations. After seeing the results and example of the preceding section, 
one is led naturally to inquire if some weaker extension process holds for 
derivations of hereditary subalgebras, at least in the separable, A F case. A 
desirable candidate for this process would be extensions modulo 
multiplier derivations. By this we mean the following: given a C*-
subalgebra B of a C*-algebra A and a derivation 8 of B, does there exist a 
multiplier m of B such that ad m\B + 8 extends to a derivation of A! When 
A is separable and AF and B is a closed, two-sided ideal of A, Elliott 
answered this affirmatively with Theorem 3.3 of [6], and asked in Problem 
3.4 of [6] if the same answer obtained when B is merely assumed to be 
hereditary in A. In this section we give two examples which answer 
Elliott's question negatively. Our results can be described more concisely 
if we call an hereditary C*-subalgebra B of a C*-algebra A bad if it has a 
derivation 8 such that for each multiplier m of B, ad m\B 4- 8 does not 
extend to a derivation of A, and we will say that B is good if it is 
not bad. 

In order to eliminate some notational clutter in what follows, we note 
here that all subscripts and superscripts will assume only positive integral 
values. 

The following proposition will be useful later; it describes the structure 
of hereditary subalgebras of A F algebras. 

3.1. PROPOSITION. Let A be a separable AF C*-algebra. 
(i) IfB is an hereditary C^ -sub algebra of A, then B is AF, and if(Bn) is an 

ascending sequence of finite-dimensional C*-subalgebras of B whose union is 
norm dense in B, then there is an ascending sequence (An) of fini te -
dimensional C*-subalgebras of A whose union is norm dense in A, and for 
which B n An = Bn,n ^ 1. 

(ii) If(An) is an ascending sequence of finite-dimensional C*-subalgebras 
of A with norm-dense union and if Bn is an hereditary C* -subalgebra of An 

with Bn c Bn + l, n = 1, then the norm closure of ]Jt2Bn is an hereditary 
C*-subalgebra B of A. 

Proof (i) This is Theorem 3.1 and Remark 3.2 of [7]. 
(ii) For each n, there is a projection en e An with Bn = enAnen. The 

argument of Lemma 2.3 now shows that B is hereditary in A. 

By Elliott's results, a bad hereditary subalgebra of an AF algebra must 
be neither unital nor an ideal. The examples we give show that among such 
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subalgebras, bad ones exist in the presence of what we will call "multiple" 
and "joint" coverings. 

To explain what we mean by this, let A be an A F algebra with hereditary 
C*-subalgebra B. By Proposition 3.1 (i), we may choose an increasing 
sequence (An) of finite-dimensional C*-subalgebras of A which generated 
and for which (B n An = Bn) generates B. Bn is a unital hereditary 
C*-subalgebra of An, and so Bn = enAnen with en the unit of Bn, n ^ 1. 
Suppose that for each n, 

are the Wedderburn decompositions of An and Bn (we suppose here that 
B^ Q A\n\ \ ta i ^ kn, and notice that some direct summands 
of Bn could thus be (0) ). L e t / ^ ° and e^ denote the units of A^n) and 
B\n\ respectively, so that 

BW = e\n)A\n)e\n\ 1 ^ i ta kn, 

and the unit/„ of An is 

ff\"\ n S 1. 

We say that en — em is multiply covered by Am, m ta n — 1, if there is an 
index /', 1 ta i ta kn such that 

(a) qt = e\n)(l - em) * 0, and 
(b) there is an index j , 1 ^ j ta /tm, with e^ ¥^ 0, such that 

qt t=z f ^ and A^ is partially embedded in A^ with multiplicity at 
least 2. 

We say that en — em is jointly covered by Am, m ^ n — 1, if there is an 
index i, 1 ta i: ta kn such that (a) holds and for which 

(c) there exist distinct indices j \ , . . . , j between 1 and km with 
ef1^ ^ 0, k = 1 , . . . , p, such that qt from (a) is majorized by 

and the minimal p for which this obtains is at least 2. 

Our first example will show that multiple coverings at infinitely many 
levels can produce bad hereditary subalgebras. This example is generated 
by an ascending sequence (An) of finite-dimensional C*-subalgebras with 
Wedderburn decompositions 
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An = ^ A<T\ 

The bad hereditary subalgebra B of A is generated by an analogous 
sequence (Bn) with Wedderburn decompositions 

Bn = | > *<">, 

dim £<"> = 32, 1 ^ / â it - 1, dim B(
n
n) = 1, 

and Bratteli diagram 
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Thus there are no joint coverings at any level, but for n ^ 2, in the 
notation introduced before, we have 

» c « - l ) cn-\ * o, 

* o, 

c « - l = y n - l > 

and ^i^Ti1^ is partially embedded in A^lx with multiplicity 2. Hence l « - i 
en — en_i is multiply covered by An_x, n ^ 2. 

Our second example will show that joint coverings at infinitely many 
levels may produce bad subalgebras. This example is generated by an 
ascending sequence (An) of finite-dimensional C*-subalgebras with 
Wedderburn decompositions 

n + 2 . . 

An = § x A<?\ 

dimA^ = 42, 1 ^ i ë n, dim A(
n"lx = dim A(

n"l2 = 22, 

and Bratteli diagram 

(2> J2) 

The bad hereditary subalgebra B of A is generated by an analogous 
sequence (Bn) with Wedderburn decompositions 

B„ 
n + 2 . . 

© B\"\ 

dim B\n) = 32, 1 ^ / ' ^ n, dim B^\x = dim £ ( ^ 2 = 1, 

and Bratteli diagram 
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Thus all partial embeddings are of multiplicity 1 and there are hence no 
multiple coverings at any level, but for n ^ 2, 

and en — en_} is majorized by a sum of no fewer units from An_v Thus 
en — en_x is jointly covered by An_x, n i^ 2. 

Other examples with different obstructions to the type of extensions 
under consideration may be possible. In any case, the examples we give 
and the positive results for ideals and unital hereditary subalgebras seem 
to indicate that a fairly complete description of good hereditary 
subalgebras of AF algebras could be extremely complicated. We turn now 
to a detailed analysis of our counterexamples. 

Let Mk denote the algebra oîk X k matrices with entries in the complex 
numbers C. We let Rk denote the W*-algebra of all norm-bounded 
sequences of elements of Mk, equipped with pointwise operations and the 
supremum norm. If (xn) G Rk9 we denote xn by (xt{n) )j ̂ j^k- Suppose D 
is a C*-subalgebra of Rk. Since Rk is a W*-algebra, we may suppose by 
Proposition 2.4 of [2] that the multiplier algebra M(D) of D is contained 
in Rk. Suppose S:D —> D is a derivation. Then 8 extends to a derivation of 
the a-weak closure of D in Rk, and so by Corollary 8.6.6 of [14], there 
exists x e Rk with 8 = ad x\D. Both of these facts will be useful in what 
follows. 

Example 1. Let A denote the separable C*-subalgebra of # 4 consisting 
of all elements of R4 which converge in norm to a matrix of the form 

fa fi 0 0\ 
/ y 8 0 0 \ 
1 0 0 a fi J 
\ 0 0 y 8 J 
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Then A is liminal and AF. Let B denote the C*-subalgebra of A consisting 
of all elements 

x = ((xij(n))\^ij^d 

of A with 

Xyin) = 0 if max{/',y} = 4 , « ^ 1. 

It follows straightforwardly from Proposition 3.1 (ii) that B is hereditary 
in A. We will prove 

3.2. THEOREM. B is a bad subalgebra of A. 

The proof will unfold in a series of claims and their demonstrations. 

Claim 1. Let 8 be a derivation of A. Then there exists x = (xn) e R4 

with 8(a) = (ad x)(a), a e A, and 

(3.1) lim(xl3(n) - x2A{n)) = 0. 
n 

The existence of JC follows from the comments which precede this 
example. Since 8 maps A into A, we have from the definition of A that 

lim ( 2 x u («K 4 ( r t ) - 2 ^ ( w ) * ^ ) ) - 0 

for each a = (a-in) ) e A, and evaluating this at the element a = (an) of 
A defined by 

(0 1 0 ON 

0 0 0 0 . > 1 

0 0 0 1 •' " - *' 
0 0 0 0; 

yields (3.1). 
Claim 2. If m = ( m j G ,R4 is a multiplier of 5 , then 

(3.2) lim w13(n) = 0. 

Since mb e 5 for each b e 5, we have 

lim 2 mlk(n)bk3(n) = 0, 

and evaluating this at the element b = (bn) e B defined by 

'l 0 0 O'N 
, . 0 0 0 0 . 
ft» = I 0 o ! o 1 ' " - 1 

0 0 0 0> 
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yields (3.2). 

Claim 3. Suppose x = (xn) e R4 is such that (ad x)(A) Q A and 
(ad x)(B) Q B. Then 

(3.3) lim x]3(n) = 0. 
n 

Since (ad x)(B) Q B, it follows easily from the definition of B that 
*24(w) = 0, « ^ 1. (3.3) hence follows from (3.1). 

Now, let (Sn) be a bounded sequence of scalars which does not converge 
to 0. Let y = (yn) be the element of R4 defined by 

0 0 «„ 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

yn = n n n n > " = *> 

and set 8(6) = (ad.y)(ft), * e ^- Since 

(ad j j (^ ) - l 0 Q - 8 ^ 3 1 ( « ) 0 

\ 0 0 0 0, 

it follows that 8 is a derivation of B. 

Claim 4. There is no multiplier m of B such that ad m\B + 8 extends to a 
derivation of ^4. 

Suppose such an m = (ra„) G M(5) exists. Then there exists x = (xn) 
e R4 with (ad x)(A) Q A and z = (zn) in the commutant of B relative to 
R4 such that m + >> = x + z. Thus ra+>> — z = * is an element of ̂ 4 

which satisfies the conditions of Claim 3. Hence by (3.3), 

(3.4) lim JC13(/I) = 0. 
n 

Since each zn is a diagonal matrix, 

xu(n) = mn(n) + S„, « ^ 1. 

By (3.2), 

lim m13(«) = 0, 
n 

and so we conclude by (3.4) that 

lim Sn = 0, 
n 

contrary to the choice of (8n). 

Example 2. Here A is the separable C*-subalgebra of R4 consisting of all 
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elements of R4 which converge in norm to a matrix of the form 

fa fi 0 0 s 

y S 0 0 

0 0 cp x 
yO 0 ^ CO j 

A is liminal and AF. We now begin to construct the bad hereditary 
subalgebra B of A that we want. 

Let [ejj'A = i,j = 4} denote the standard matrix units in M4. Set 

w\\ = e\\> ™n = e\v w13 = —^(^i2 + e\d> 

w2l = e3l, w22 = e33, w23 = ~i=(e32 4- e34), 

w33 = "<>22 + ^24 + eA2 + e44^ 

and let 

W = linear span in M4 of {w-'A = i9j, ^ 3 } . 

3.3. LEMMA, (i) {H^-:1 = i,j^ 3} is a 3 X 3 system of matrix units in 
M4. 

(ii) W is an hereditary C* -subalgebra of M4 isomorphic to M3. 
(iii) The commutant of W in M4 is 

\ \ 2 wj7 + - (e22 + e44 - e24 - e42)'\ /x <= C j . 

Proof Let £• denote the standard vector basis of C4, and set 

*h = £i> 2̂ = &> ̂ 3 = ~/=(fc + £*)> 4̂ = ~/=(fc ~ £*)• 

Then {^:1 ^ / ' ^ 4} is an orthonormal basis of C4. Let u denote the 
unitary matrix defined by wqi = £z, 1 ^ / ' ^ 4. Thus 

0 0 0 
0 1 0 

U ~X 0 \lyjl 0 1/V2 
My/1 0 -Myfïj 

Then H -̂ = u*etju, 1 ^ /, j ^ 3, and (i) and (ii) hold. As for (iii), simply 
notice that the commutant of {etA ^ i,j: ^ 3} in M4 is 
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J A 2 eit + iie44'X M G C j , 

and so the commutant of W in M4 is 

{ À 2J WU + iiu*e44u:\, /x e C # 

while 

w%4w - -(e2 2 + e44 ^24 <?42). 

Now, let 5 denote the set of all elements (xn) of R4 with 

*„ = 2 xJn)wij9 

where (xtpi ) )w converges for 1 ë /, 7, ^ 3 and 

lim Xi{n) = 0 if (/,y) ^ (1, 1) or (2, 2). 

3.4. LEMMA. Let C denote the C*-subalgebra of R3 consisting of all 
sequences which converge in norm to a matrix of the form 

fa 0 0^ 
0 p 0 

^0 0 0^ 

Then B is an hereditary C* -subalgebra of A isomorphic to C. 

Proof. It is easy to check that the mapping 

*:( (x0{n) >! ^ ^3) -> ( 2 xJn)Wij ) 

defines a bijection of C onto B which is isometric and preserves all the 
linear and algebraic structure, and so B is a C*-subalgebra of R4 

isomorphic to C Now B consists of all sequences of 4 X 4 matrices of the 
form 

xu(n) ^ . 3 ( » ) x,2(«) ^ . 3 ( « ) 

^ * 3 l ( " ) 
1 
2*33(") ^ * 3 2 ( « ) 2X33(") 

x2l(n) ir2x»{n) x22(n) ^ 2 3 ( « ) 

^ 3 , 0 » 2X33(") ir2Xn{n) ^ 3 3 ( » ) > 
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with (x^n) ) satisfying the specified conditions, and it follows easily that 
B Q A. The fact that B is hereditary in A follows from Proposition 3.1 (ii) 
and Lemma 3.3 (ii). 

We will now prove 

3.5. THEOREM. B is a bad subalgebra of A. 

As in Example 1, the proof will proceed via a series of claims. 

Claim 5. Let m = (mn) e i ^ be a multiplier of C. Then (mn{n) )n and 
(m22(n) )n are both convergent. 

Since mx e C for each x e C, we have by the definition of C that 

[2 mlk(n)xkl(n)Jn and ( ^ % ( " ) % ( « ) ) w 

converge for each JC = (xJn) ) e C. Evaluating these sequences at the 
element (xn) of C defined by 

1 0 o \ 
0 1 0 J, n è 1, 

? ° 7 
yields (mu(n) )n and (m22(«) )„. 

Claim 6. Let 5 be a derivation of A. Then there exists x = (xn) ^ R4 

such that S = ad x\A, and (x24(«)), (*H(H)
 — .x22(«))> and (^33(«) — 

x44(n ) ) are all convergent. 
The existence of JC follows from the remarks which immediately precede 

Example 1. Since (ad x)(A) Q A, it follows from the definition of A 
that 

(3.5) ( 2 xlk(n)ak4(n) - 2 a]k(n)xk4(n) I , 
1 V * A; 7 

(3.6) ( 2 xlk(n)ak2(n) - 2 Û U ( H ) ^ 2 ( « ) ) , 
V A: A: / n 

(3.7) ( 2 x3k(n)ak4(n) - 2 ^ ( « ) ^ 4 ( « ) l 
V A: A / n 

are all convergent for each a = ( (atj(n) )) ^ A. Evaluating (3.6) and (3.7) 
at the element (an) of A defined by 

4) 1 0 O" 
0 0 0 0 
0 0 0 1 h ~ ' 

,0 0 0 0> 
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yields (xu(n) — x22(n)) and (x33(n) — x44(n)), respectively. Evaluating 
(3.5) at (an) and (bn) e A defined by 

0 1 0 o1 

0 0 0 0 
0 0 0 - 1 
0 0 0 0 

K = 1 A A A 1 I» n = h 

and averaging the sequences which result yields ( — x24(n)). The claim 
follows. 

Now, let (Sn) be a bounded sequence of scalars which does not converge. 
Let x = (xn) & R3 be defined by 

/! ^ 1. 

One easily checks that d = ad x\c is a derivation of C, and thus if we set 
S = <pd<p~ , where <p is the isomorphism of C onto B defined in the proof of 
Lemma 3.4, then S is a derivation of B. We note that 8 = ad y\B, where 
y = (yn)

 e ^4 is defined by 

*„ 0 0 
0 0 0 
0 0 0 

*„ 0 0 o1 

0 0 0 0 
0 0 0 0 
0 0 0 0 

yn I n n n n I' n — *^-

Claim 7. There is no multiplier m of B for which ad m\B + S extends to a 
derivation of ^4. 

Suppose such an m = (mn) G M(B) does exist. Then there exists 
x = (xn) G R4 with (ad x)(^4)Ç A and z = (z„) in the commutant of B 
relative to R4 such that m + y = x + z. The isomorphism <p between C 
and 5 extends in the expected way to an isomorphism of M(C) onto M(B) 
( [2], Proposition 2.4), and so by Claim 5, 

mn = 2 rnJn)wt-9 n ^ 1, 

with (mn(jz) ) and (m22(^) ) both convergent. By Lemma 3.3 (iii), there are 
scalars \n and [xn such that for n ^ 1, 

X 0 0 0 
0 0 0 0 
0 0 0 0 

,o 0 0 0 
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+ 1 

mu(n) ^ . 3 ( » ) w12(«) ^ « . 3 ( » ) 

^ * 3 . 0 0 -m33(«) ^ « 3 2 ( » ) -w33(«) 

m2l(n) —^ m 23(" ) AM22(n) -/=W23(") 

^ * 3 . 0 O -w33(n) - ^ ™ 3 2 ( W ) 2W33(") , 

n 0 0 o \ 
hL + 

T 
J± o \ l - ft, \ 

2 1 
0 A„ o 1 

K_ — A n \ , + ft, / 

Thus 

x24(„) = -m33(«) + -(Xn - iin\ 

and so 

xu(n) - x22(n) = Sn + wn(/ i) + X„ - -m33(n) - -(Xn + /in) 

= 5« + ™ll(w) + K ~ Vn ~ ^24(w>-

By Claims 5 and 6, (x u(«) — x22(«)), (mn(Ai)), and (x24(n)) are all 
convergent, whence (8n + \n — ixn) is convergent. But we also have 

x33(n) - x44(n) = m22(n) + \„ - -m33(n) - ~(Xn + /xj 

= rn12{n) + \„ - /xw - x24(n). 

Again by Claims 5 and 6, (x33(«) — x44(n) ), (m22(n) ), and (x24(«) ) are 
convergent, and so therefore is (Xn — ixn), whence (Sn) converges, contrary 
to its choice. 
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Added in proof. In a paper to appear in the Journal of the London 
Mathematical Society, we have obtained a theorem which gives some more 
affirmative solutions to Elliott's extension problem. Our result asserts that 
if B is an hereditary subalgebra of an AF-algebra A, then, roughly 
speaking, derivations of B extend modulo multiplier derivations to 
derivations of A whenever B does not possess obstructions similar to those 
appearing in Examples 1 and 2. 
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