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Divergence of Fourier series:
Corrigenda. |l

Masako lzumi and Shin-ichi lzumi

The proof of divergence of Fourier series which was constructed
in the authors' earlier paper {Bull. Austral. Math. Soc. 8
(1973), 289-304] is not complete. The object of this paper is

to show that the unestimated terms do not disturb the divergence.

1. Introduction

Dr Y.M. Chen has kindly pointed out to us that the formula of
smj+N(t; fh) in (1], p. 291, is not complete. Besides P , P, , and P,

sm.+N(t; fh) contains the terms Ph and P5 which will be written up as

follows: Ph and P5 are the sums of terms of order = mj+N in

? )
1 k
P, == Z z (l - cosk(t—c.) . [s (t; h)-s (t; k)
h n i:j-t-l k:rn 41 mi+lJ 1 Il N+mJ-~k
and
m +2N
- f ’ (t-c s, (t; h)
P, == (l - = cosk(t-c.|s,(t; .
> n ’l:=j+l k:mj+N+l mi+l N

respectively.

We shall estimate Ph and P5 and prove that the proposition stated

in Section 2 of [1] is still true.
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2. Estimation of P4

Writing

sN(t; h) = (azcoslt+BZsinZt] .

N
L

=0

the sum of terms of order = mj+N in the term

cosk(t—ei) (sw(t; h)-sN+mj_k(t; h)]

of PL , is
1§y )}
= o, cos| (k-1)t-ke.)-B,sin|(k-1)t-ke,
2 L=l kel zoos| i)-8geinl v
1 N s
=3 ) I h(u){cosZucos((k-Z)t-kci) —sinlusin((k-l)t-kci) }du
Z=1V+mj—k+l 0
1 N on
= o ) f h(u)cos(l(u—t)+k(t-ci))du .
I=N+m .-k+1 ‘0
J
Therefore
LF T ) b s eok(es,)
P == (l - [ Alu)cos (Z{u-t)+k(t-c.) ) du
hooemn i kem 41, my 1) L=ti+m -k+1 10 ¢
n m .+N o
N N F [ 7(u)
T omn m.+1) ), 2sin(u~t)/2

1=j+1 k=mj+1
+ {sin{(W+1/2) (u-t)+k (t-ci))-sin((lv+mj—k+l/2) (u-t)+k (t—ci)) }du

b~ Fup o

where
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m +N

n J
1 h(u
P=——-22f._

41 2mn i=j+1 k j+l o 2sin(u-t)/2

+ {sin((W+1/2)(u-t)#k(t-¢;) )—sin((N+mj-k+l/2) (u-t)+k (t—ci)) }du

: n 2w
= o= g f Egig_(%?'t)—/é {[cos((N+l/2)(u—t)+(mj+l/2] (t-c;))

1

-cos((N+1/2)(u—t)+(mj+N+l/2)(t‘ci))] ;;I;TZ:Z;T7§

- oos (Bat)+ m#1/2) (8-, )-cos (m 1 2) (+-6,)] Srrrioer " /2}du .

Let 7, be the minimum of 7 and [(2n+1)t/2 ] and Ii be the interval

(ey» ck+l) containing the point 2¢ - ¢, , then

n
P =L zo B Teos ((41/2) (u-t )+ (m+1/2) (t-c,))
b1 omn L a Iizsin(u—t)/Z J z

-cos((N+l/2)(u—t)+(mj+N+l/2)(t—ci))] 522312%25775

-[cos[N(u—t)+[mj+l/2)(t- e.)- cos[mJ+N+l/2)(t -c. ]J]251n(4%1u- /2}

e,
I 16
2mn i=41 e 2sin(u-t)/2

{[cos ((W+1/2)(u-t)+ [mj+l/2) (t—ci)Jsin (2t-u-c}/2
—cos[N(u—t)+(mj+l/2)(t—ci)]sin(t-ci]/2]
—[pos[(N+l/2)(u—t)+(mj+N+l/2)(t—ci))sin(2t—u—ci)/2

-cos[mj+N+l/2J(t—ci)sin(t-ci]/Qj}

1
. QSin(t‘Ci)/2siﬁT2t—u-cé}72 du + 0(1)

=@yt t o)

Since
cos[(N+l/2)(u-t)+(mj+1/2)(t—ci)] - cos((N+1/2)(u—t)+(mj+N+l/2)(t—ci))

= 2sim’J(t-ci)/2'sin((il+l/2)(u-t)+(mj+(il+l)/2] (t-ei))

https://doi.org/10.1017/50004972700040776 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700040776

Divergence of Fourier series 155

and

cos (W (u-t)+ (mj+1/2] (t-ci)] - cos (mJ.+N+1/2] (t_ci)
= cos(N(u-(2t—ci))+(mj+ﬁ+1/2)(t-ci]) - cos@7j+w+1/2)(t_ci)
= (cosN(u—(Zt-ci])-l)cos(mj+N+1/2)(t-ci)

- sin[mj+N+l/2) (t<,)sind (u-(2t-c.)) ,

we get

"o
Q. == I f h(u)
b1oemn g I, 2sin(u-t)/2

<cosIV (u-— [21:-07;) J -1

2sin (2t-u_cij /2 cos (mJ.+N+l/2) (t—ci)

sinll (u- (2t-c,])
" 2sin(2t-u-c;]/2

sin(mj+1V+1/2) (t—ei)}du + 0(1)

0

n
1 . 2 \s5 P
. 3;_’_1 m {COS (mJ-+IV+l/2) [t C‘i)SN [2t Ci, h)

1=

N

+sin(mj+N+1/2] (t-c;)s, (2t-c s ) }du + 0(1)

= o= {cos (m+we1/2) 5, (2t-c 2 ®)+sin(m+ir1/2) b5, (2t-c; 5 R)}

n
0 1

) . + 0(1)
i=g+1 251n‘t—cii/2

= El; {cos [mJ.+IV+1/2]t'ﬁ(zt-cj)+sin(mj+N+1/2)t}

770

1
. + O(l) 3
i=i+1 2sin t—ci /2

since h(2t-ej) =1.
We shall now estimate th . Since

cos [(N+l/2)(u—t)+(mj+l/2] (t-ci))sin [2t—u-ci) /2
~ cos (Il(u—t)+(mj+l/2) [t—ci))sin[t-ciJ/E

= - cos [(IJ+1/2)(u—t)+(mj+l) (t-ci))sin(u—t)/z
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and

cos ((#41/2) (u-t )+ (m+841/2) (t-c,))sin(2t-u-c;) /2
~ cos (mJ.+1V+1/2) (t-c;)sin(t-c;)/2
= (cosN(u-t )—l) cos (mj+1V+l/2) (t—c.)sin(t—c.) /2
- sm(m ++1/2) (t-c )sm(N+1/2)(u—t)cos(t u)/2sin(t-c. }/2
- cos (mj+1V+l/2]( -ci)cos(N+1/2)(u-t)sin(t-—u)/2cos (t—ci)/2

+ sin(N+l/2)(u-t)sin(u-t)/Qsin(mj+N)(t-ci) ,

we have

c.
n Jtl
-1 ) f h{u) . {cos (mj+1V+l/2) [t'ci) cosN{u-t)-1
e

Q)5 = 53— : -
b2 " 2m 2, 2sin(2t-u-c ) /2 2sin(u-t)/2

sin(N+1/2)(u-t)}du + 0(1)

-sin(mj+1V+1/2] (t—ci) osin(u-t)/2

L3 1
on i=j+1 2s:mlt—cii/2

* {cos (mj+lv+1/2] (t'ci);lv(t" h)+sin(mj+1v+1/2) (t-c;)sy(t; M)} + 0(1)
e 7 ; .
= o {cos[mj+N+l/2]t h(t)+51n(mj+N+l/2)t} -J+1 _EIHTETZ'T“‘ + 0(1) .

Therefore

no

1 n .
phl = 5 {COS (mJ.+lV+l/2) t‘h(2t—ci)+81n(mJ.+1V+l/2)t} . _J+l _31—n(;——)_
1 T . ]
* 5, {cos (mj+N+1(2)t-h(t)+sln(mj+lv+1/2)t} _J+l —m +0(1) .
By similar extimation, we can see that

P,42 = 0((xrog logn)e] .

3. Estimation of P5

The sum of terms of order = mj + /] in

cosk (t-c; )s (t; h)
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of P! , is

5
LT fagees )-8 st )
= a,cos|(k-1)t-ke.}-B,sin|(k-1)t-ke.
2 kom0 v t
Jd
1 N 2m
= o ) f h(u){cos((k—l)t—kci]coslu—sin((k-l)t-kci)sinlu}du
I=k-m .-N ‘0
Jd
1 N 21
= o ) f h(u)cos(Z(u-t)+k(t—ci))du 3
l=k-m .-N ‘0
J
and then
m +2N
n J N am
P5 = 5%; ) Z ) 1- E%&I“ . ) ! h(u)cos(Z(u—t)+k[t—ci))du
T=J+1 k=mj+N+1 7 Z=k—mj—N 0
42N
_ o g mgg - k f2ﬂ ()
2mn i=g41 k=mj+N+1 m.+1) ), 2sin(u-t)/2
. {sin[(N+l/2)(u—t)+k(t-ci))—sin((k-mj~ﬂ—l/2)(u-t)+k[t—ci))}du
=P51-P52,
where
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" mJ.+2IV o
L7 ) [ 167 N

i=j+1 k=mJ.+1V+1 o 2sinlu-t)/2

. {Sin((N+l/2)(u—t)+k(t—ei))—sin((k—mj—N-l/2)(u— t)+k(t-c;)) fau
1§ f" B(u)
iedsy Jo 2sin(u-2)/2

. {[cos ((+1/2) (u-t)+ [mj+/’i+1/2] (t-ci))

~cos[(N+l/2)(u-t)+(mj+2N+1/2)(t—ci))] 5535T5552T75
- [cos (mJ.+lV+l/2) (t-ci)-cos (u-t)+ (mj+21V+1/2) (t—ci) )] ?in—-(l}_—c;)-/—e}du

1 B fEN n(u)
0 2sin{u~t)/2

{[cos(N+1/2) (u-t)-cos(u-t)/2]cos (mJ.+IV+1/2) (t—ci)sin (u—ci)/Q

i=j+1

-sin(N+l/2)(u—t)sin(mj+N+l/2)(t—c.)sin(t—ci)/2
-cos (mJ.+1V+1/2) (t-cl) cos (u- )/251n(t u)/2
—cos((N+l/2)(u—t)+[mj+2N+l)(t—ci))sin(u—t)/2}

. du
2sin(¢- e, )/2¢ sm(u-c )72

n
'l? ) {cos (m .+N+1/2) (t-c
i:j+l J

ey (e h)

—sin(m5+N+l/2)(t—ci]sN(t; ny} + 0(1)

1
2sin t—ci /2

1 T .
on {COS (mJ.+]V+l/2)t h(t)—Sln[mj+N+l/2)t _J+l —m 0(1)

Similarly we can prove that

P,52 = 0{(1og logn)2J

4.

In [1], p. 294, the I-th Fourier coefficient of J(v) must be 1/ml
instead of 1/2nl (see [2}). Therefore the formula in [7], p. 300, must

be changed as tollows:
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P+ Py + P, = = {3sin (m+tr+1/2) t-sin(m +1/2) ¢

n
-18sin{m_.+i+1/2} t/10g logn} 1} Egzgré%z—77§ + 0((10g logn)2)
J i=j+1 i

By the estimations in Sections 2 ana 3,

n
0
1 X N 1
P, + P5 =5 {51n[ﬂy+ﬁ+l/2)t+cos[7j+N+l/2)t'h[2t-cj]} ) 2sinlt-c, 72

1=j+1
1 - 4 1 2
* n Cos[mj+N+l/2]t TR i=§+1 2sin t—ci /2 * 0((108 logn) )

Therefore, if we suppose J > n/logn , then

8, it fn] =P, + P, + P+ P + P,

= ein {3sin (mJ.+N+1/2) t-sin [mj+l/2) t+2cos (mJ-+IV+l/2) teh(t)

n
1
~18sin{m. t -
1851n[mJ+N+1/2] /log logn} i=§+l 231n[t-ci]/2
+{sin (mj+1V+l/2) t+cos (mJ.+1V+l/2) th(2t-c,)}

”o

2
: ((10g 10g7)°)
“J+l 2sin t -c; /2
= 2 {h51n(mJ+N+l/2)t—51n(m +1/2)t

+2c0s (mJ.+1V+1/2) toh(t)+cos [mj+1V+1/2) t-ﬁ(et-ch

0
) ) 1
—1851n(mj+N+1/2)t/log logn} ) Z 2sin(t-c, 72

1=g+1

+ 0((10e 10en)%)
n

= L
=3 K(t) _J+l s—lnm (log logn) ]

Let Ejn be the set of t satisfying the conditions (1) and (2) in [1]

and such that

|¥(t)] > 1/10g logn .
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If we put

E = \v/ (Ejn; n/logn < j < n-vn) ,

n
then En and fh satisfy the conditions of the proposition stated at the
beginning of Section 2 of [1].

Section 3 of [1] remains unchanged.
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