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Divergence of Fourier series:

Corrigenda. II

Masako Izumi and Shin-ichi Izumi

The proof of divergence of Fourier series which was constructed

in the authors' earlier paper {.Bull- Austral. Math. Soc. 8

(1973), 289-30U] is not complete. The object of this paper is

to show that the unestimated terms do not disturb the divergence.

1. Introduction

Dr Y.M. Chen has kindly pointed out to us that the formula of

s +m[t* f) i n t n > P- 2 9 1 . i s not complete. Besides P , P^ , and P ,
3

s « ( * ; / ) contains the terms P, and P which wil l be written up as
3

follows: Pi and P are the sums of terms of order 5 m .+7V in

t-=j+l k=m .+1

and

m .+2/V

P 1 = — £ £ 1 - \cosk[t-c.)s{t; h) ,
5 n £ = i + i fc=OT .+/V+1 *• " ' i + ' %

3

respectively.

We shall estimate Pi and P and prove that the proposition stated

in Section 2 of ['] is still true.
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2. Estimation of P.

N
s.Xt; h) = I [a7coslt+&7sinlt) ,
" 1=0 L

the sum of terms of order 5 m ,+N in the term
3

cosk {t-c)[s (f,

of P'h , is

± I {ajCos{(k-l)t-kc)-ZiSin[{k-l)t-kc)}
2 l=N+m.-k+l L v L %

3
N

= •£: I h(u){coslucos[{k-l)t-kc.)-sinlusin{{k-l)t-ke.)}du
^ l=N+m.-k+l J0 V %

3
D (2V

= ̂  I I hMcosiKu-tMit-c^du .

Therefore

n m.i+N , , . N f2TT

2 n i = j + l fe=m.+l »• Wi 1 J l=N+m.-k+l >0
3

m .+N

k 1 !2V

1 ' J Ci0 2sin(u-t)/2

• {sin[{N+l/2)(u-t)+k[t-c.)) -sin[(N+m .-k+1/2) (u-t)+k[t-c.)) }du

= p - p
1»1 it;

where
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m .+N

^=.,+lK=^ <- 2sin(«-t>/2
<7

• {sin[(N->-l/2){u-thk{t-ci))-s±n[[N+mj-k+l/2)(u-t)+k[t-oi))}du

n r2d

Let n_ be the minimum of n and [(2n+l)t/2 ] and J . be the interval

e, , c, ] containing the point 2t - a. , then

*1 " * X fxfx,2Sin(u-t)/2
1

Hu)
2sin(w-t)/2

'3
• { [cos [(N+l/2)(M-t)+ (m .+1/2) ( t - e . ) ) s in [2t-u-c.) 12

-cos [/V( w-t)+ [m .+1/2) ( t -c . ) )sin (t-c?.) /2~]

- [cos ((ff+1/2) (u-1)+ (m .+^+1/2) (t-e.) ) sin [2t-u-c.) /2

-cos(m.+i»+l/2) (t-e.}sin (t-c.)/2]}

' 2sin(t-ci)/2sin[2t-w-ciJ/2 d w

Since

(w.+l/2) [t-c.)) - cos((tf+l/2)(K-t)+(tf,.+iV+l/2) ( t-e )

= 2sini7(t-o.)/2-sin((i7+l/2)(M-t)+(m.+ ( ; / l ) / 2 ) ( )
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and

e j ) - cosK^+W+1/2) [t-Cj)

= cos [N [u-(2t-c.)) + [m.+lUi/2) [t-c.]) _ c o s [m .-tff+1/2) (*-e.)

we get

- sin[m.+N+i/2)[t-e.)sirJi[u-[2t-c.))
tl ** >*

h(u)

cosN[u-[2t~a.))-l

2sin(2t-u-ai)/2

sirJV{u-[2t-c))

2sin(2t-u-o.)/2 sin

[t-o.)

[t-c.)jdu + 0(1)

since h[2t-o .) = 1 .
J

We shall now estimate <2, _ . Since

cos ((/1/+l/2)(w-t)+(m .+1/2) (t-e.))sin(2t-M-c.)/2

(m -+1/2) ( t -e . ) ) s i n ( i - c - ) /2
J ^ 1

= - cos((W+l/2)(w-t)+(m.+l) ft-e.))sin(w-t)/2
3 ••
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and

cos ((tf+1/2) (u-t)+ [m+N+1/2) {t-c.)) sin [2t-u-c.) /2
J "V If

- cos [m .+N+1/2) [t-o^ sin [t-o^/2

= [cosN(u-t)-l) cos[m .+N+1/2) [t-c .)sin[t-c.} /2

- sin[m.+N+l/2) [t-o.)sin(N+l/2)(.u-t)cos(t-u)/2sin[t-c.)/2

- cos[m.+N+l/2)[t-c.)cos[N+l/2){u-t)sin(t-u)/2cos{t-c.)/2

+ sin(//+l/2)(u-t)sin(u-t)/2sin(m .+N) [t-c.) ,
0 l

we have

¥

c .

5-7TV. L

i=J+± > C .

-s in m.

2n i = 4

|cos(w.+iV+l/2) . . ( t ; h)+sin{m .+N+1/2) (t-o.)sjt; h)}

2sin(t-C.J/2 +

Therefore

_ [ 2sln[L.)/2

t—f7

By similar extimation, we can see that

= 0{(log logn)2) .

3. Estimation of

The sum of terms of order S m . + tt in
3

cosk(t-c.)s At; h)
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of P' , is

N

i I {ajCos[{k-l)t-kc.)-&iSin[(.k-l)t-kc.)}
d Uk-m.-N v L x

3

= -^- I I h{u)[cos[(k-l)t-ke.)coslu-sin[(k-l)t-kc.)sinlu}du
** Uk-m .-N ' 0 l

3
N f2n

= -^r I h(u)cos[l{u-t)+k{t-c.))du ;

and then

. .-W J 0
0

n m3Z2N , , ) 2 f ^
5 2™ i=j+i k=m . l=k-mJ-H

 J0F" ™ i«-+i i^.+fl+i v »>,:*IJ 7.= :̂,...

3
1 -+2iV

= ^_ y "v I, _A_I r" M")

= P - P
51 52 '

where
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m .+2N

y 'y51 i4+l kJ.
0

• {sin[(N+l/2)(u-t)+k[t-c.))-sin[[k-m.-N-l/2)(u-t)+k[t-c))}du

2T>Z . . J
Hu)

• [ c o s [m . + N + 1 / 2 ) [ t - e . j - c o s [ l l { u - t ) + [ i . . ._. . - J . , _ , . - - • , , , „ . , ,
Is

= - A - y
27T"

• {[cos(N+l/2){u-t)-cos(u-t)/2]cos [m .+N+1/2) (t-c.)sin (M-C.)/2

-sin(/V+l/2)(M-t)sin(m.+/V+l/2J (t-c.) s in(t-c) /2)
-cos(m .+#+1/2) (t-e.)cos(w-e.) /2sin{t-u)/2

J 1r Xr

-cos ((#+1/2) (w-t)+ (m .+2#+l) (t-c .} ) si

2sin[t-e.J/2*sin(u-e.J /2
7- i-

w _
I {cos[m.+N+1/2) {t-o.)s (t; h)

{t-c.)sN(t; h)} 2 s i n U
1 . g .

Similarly we can prove that

?5 2 = 0((log

4.

I n [ / ] , p . 291*, t h e l-th F o u r i e r c o e f f i c i e n t o f J(v) must b e 1/nZ

i n s t e a d o f 1 / 2 I T Z ( s e e [ Z ] ) . T h e r e f o r e t h e f o r m u l a i n [ / ] , p . 3 0 0 , must

b e c h a n g e d as f o l l o w s :
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-l8sin(inj.+fl+l/2)t/log lcgn} \

By the estimations in Sections 2 and 3,

t+cos - C . j / 2

Therefore, i f we suppose j > n/logn , then

{ 3 s i n ( m .+W+1/2) t - s i n ( m . + 1 / 2 ) t + 2 c o s [m .+N+I/2) t'h(t)
0 3 3

[ 2 s i n ( t - c 1/2
i=j+l l i ;

i-{sin(m .+N+l/2)t+cos[m .+N+l/2)t'h[2t-a.) }
3 3 <-

O((log log«)2)

+2cos [m .
3

'M t )+cos (m .
3

-I8sin(m .+0+1/2) t / log logn} ^-e 1/2

O ( ( l o g l o g n )

Le t E. b e t h e s e t o f t s a t i s f y i n g t h e c o n d i t i o n s ( l ) a n d ( 2 ) i n [ / ]

a n d s u c h t h a t

\K{t)\ > I / l o g l o g n .
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I f we put

En = V [Ejni w/logn < 3 < n-Jn\ ,

then En and / sa t is fy the conditions of the proposition stated at the

beginning of Section 2 of [ ? ] .

Section 3 of [ J ] remains unchanged.
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