J. Aust. Math. Soc. 82 (2007), 59-83

FOURIER ALGEBRA OF A HYPERGROUP. 1

VARADHARAJAN MURUGANANDAM
Dedicated to the memory of my father
(Received 6 April 2005; revised 3 September 2005)

Communicated by G. Willis

Abstract

In this article we study the Fourier space of a general hypergroup and its multipliers. The main result
of this paper characterizes commutative hypergroups whose Fourier space forms a Banach algebra under
pointwise product with an equivalent norm. Among those hypergroups whose Fourier space forms a
Banach algebra, we identify a subclass for which the Gelfand spectrum of the Fourier algebra is equal
to the underlying hypergroup. This subclass includes for instance, Jacobi hypergroups, Bessel-Kingman

hypergroups.
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Introduction

Fourier algebras (of locally compact groups) which are being extensively studied by
harmonic analysts do not attract the same attention when one considers them over
hypergroups, since they need not form an algebra under pointwise product. One
important reason is that the product of two continuous positive definite functions on
a hypergroup is not necessarily positive definite in general. Yet, existence of sev-
eral classes of examples of hypergroups—prominent ones are Jacobi hypergroups—
for which the product of positive definite functions belonging to the support of the
Plancherel-Levitan measure is again positive definite, prompts us to ascertain those
hypergroups for which the Fourier space forms a Banach algebra.

Apart from the general theory of Fourier spaces, our primary concern in this article is
to characterize commutative hypergroups for which the Fourier space forms a Banach
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algebra. In the subsequent article (Muruganandam {22]), we study the above problem
for a class of hypergroups called spherical hypergroups. The spherical hypergroups
need not be commutative and include for example the double coset hypergroups
associated to any pair (G, K), where K is a compact subgroup of a locally compact
group G.

This paper contains 5 sections. In Section 1, we present preliminaries. In Sec-
tion 2, we define and study the Fourier space and Fourier-Stieltjes space of a general
hypergroup. Section 3 is devoted to the study of multipliers of Fourier spaces. In
Section 4, we give necessary and sufficient conditions for a commutative hypergroup
to have an equivalent norm with respect to which the Fourier space forms a Banach
algebra under pointwise product. In Section 5, we study some of the basic propetties
of these Fourier algebras (whenever they form algebras) of general hypergroups.

1. Preliminaries

Let H denote a (locally compact Hausdorff) hypergroup which admits a left Haar
measure m. We follow the definition of a hypergroup as given by Jewett [17] wherein
he calls them ‘convos’. We freely use the results proved therein and adhere to the
notation as far as possible. We also refer to the books by Bloom and Heyer [2] and
Triméche [27] for more details.

However, we recapitulate some notation which we use frequently for the conve-
nience of the reader.

Let C.(H), C,(H), M(H) denote the space of all complex valued continuous
functions with compact support, Banach space of all bounded continuous functions,
and Banach space of all bounded Radon measures on H respectively. For every x
in H, let §, denote the point measure at x. We shall denote the probability measure
8x * 8, simply by x * y. Let x"denote the involution of x in H.

For all x in H, and for all f in C(H), the space of all continuous functions on H,
let the (generalized) left translate of f by x be denoted by A(x)(f) or , f. That s,

ADHO) = Fxxy) = / £, #8,)(2).
H

The Banach spaces L?(H), 1 < p < oo, are understood as usual with respect to
the fixed left Haar measure m.

Let H (similarly H) denote the equivalence classes of all representations (irre-
ducible representations) of H. Let A denote the left regular representation and C*(H)
denote the enveloping C*-algebra of L'(H). It is also called the full C*-algebra of
H. If (7, H) is a representation of H, let the associated representations of L'(H)
and C*(H) be also denoted by 7 itself. If (;r, H) is any representation and if &, n are
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in H, then the matrix coefficient mr; , associated to 7 given by 7 ,(x) = (w(x)(§), n)
for all x € H is continuous and bounded by ||€|![|n||. Here 7 (x) denotes (8, ).

Let P,(H) denote the set of all bounded, continuous positive definite functions
and let P{(H) = {¢ € P,(H) : ¢(e) = 1}. Let us recall that the bijective association
between P,(H) and the cyclic representations (up to unitary isomorphism) via the
Gelfand-Naimark construction, given by ¢(x) = (m(x)¢,¢) and (¢l = (£, &),
is valid for hypergroups also. We have that P;(H), with the topology of uniform
convergence on compact subsets, is homeomorphic to the state space of C*(H), when
it is given the weak*-topology.

2. Fourier-Stieltjes space and Fourier space

The contents of this section are in fact, an adaptation of whatever was done for
groups in Eymard [10]. We will not repeat proofs, wherever the proof for groups can
be applied to the hypergroups with necessary modifications. As far as possible we
will adhere to the notations and conventions of Eymard [10].

2.1. Weak containment If ¥ is a subset of ﬁ, let Ny ={feL'(H):a(f) =0
for all 7 € T}. Define an operator norm on L'(H)/Ng by

Nz = sup {Ilx(HIl : 7 € T}.

Complete this to get a C*-algebra and denote it by C5.(H).
The following theorem is exactly as in the case of groups, proved in Eymard [10,
Theorem 1.15].

THEOREM 2.1. Suppose that & isasubsetofﬁ. Let Ny = {TeC*(H):n(T)=20
forallm € ). Then the map f — f° extends to a surjective x-homomorphism from
C*(H) onto Cy(H), whose kernel is precisely Ns. In particular, the C*-algebras
C'(H)/(ﬁg) and Cy(H) are isomorphic.

DEFINITION 2.2. The C*-algebra corresponding to {A}, the left regular representa-
tion is called the reduced C*-algebra of H and is denoted by C;(H).

THEOREM 2.3. Suppose that Y. is subset of H and ¢ belongs to Py,(H). Then the
following are equivalent.

(1) ¢ is the limit of sums of positive definite functions associated to the represen-
tations belonging to X.

(i) kermy D), 5 ker(m).

nel

https://doi.org/10.1017/5144678870001747X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870001747X

62 Varadharajan Muruganandam (4]

(iii) There exists a positive linear form ® on Cy(H) satisfying

O(f°) = [ F(x)@(x)dx
H
for all f° belonging to L'(H)/Ns.

PROOF. The equivalence of (i) and (ii) follows from Dixmier [8, Theorem 3.4.4].
The equivalence of (ii) and (iii) follows by appropriately modifying the proof of
Eymard [10, Proposition 1.21]. O

Let Ps(H) denote the set of all bounded, continuous positive definite functions
satisfying any one of the conditions of Theorem 2.3.

DEFINITION 2.4. Let X be a subset of A and let 7 be any representation of H. We
say that 7 is weakly contained in X if any one of the conditions of Theorem 2.3 holds.

2.2. Fourier-Stieltjes space If X is a subset of H, let Bg(H) denote the Banach
space dual of C5(H). Notice that By (H) is contained in L*(H).

PROPOSITION 2.5. Let ¢ be a function on H. Then the following are equiva-
lent.
(i) ¢ belongs to Bg(H).
(ii) ¢ is a linear combination of elements of Px(H).
(iii) There exists a representation (7w, H) of H, which is weakly contained in
and &, n in 'H satisfying ¢ = mg .
(iv) ¢ is continuous, bounded and satisfies

sup
feLV(H)liflz=1

< OQ.

/ fX)o(xydx
H

PROOF. The proof is exactly as in Eymard [10, Proposition 2.1]. O

The Banach spaces Bs(H), corresponding to two particular subsets of H namely,
when ¥ = H and when ¥ = {A}, are of much importance in the sequel.

DEFINITION 2.6. The Banach space dual of the full C*-algebra C*(H) is called the
Fourier-Stieltjes space and is denoted by B(H).
The Banach space dual of the reduced C*-algebra C;(H) is denoted by B, ().

REMARKS 2.7. (1) By Proposition 2.5 we observe that B(H ) is precisely the space
consisting of all matrix coefficients bélonging to all representations of H whereas
B, (H) is the space consisting of all matrix coefficients associated to representations
of H that are weakly contained in A, the left regular representation.
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(2) If X is a subset of H then since C3.(H) is a quotient C*-algebra of C*(H) its
dual can be identified as a closed subspace of B(H) and thus we see that the norm
of ¢ in Bx(H) does not depend on . That is, for all ¢ in Bs(H), |¢llx = l¢llg,
which we denote by [|¢]|.

Moreover, by Proposition 2.5 (iv), we have

lell = sup

FeLY(HY: I fllg=1

/ fx)p(x)dx
H
(3) By the duality of C;(H) and B, (H) we have
@ | romwdx = 0.0
H
for every u in B, (H) and for every f in L'(H). Moreover,

22 < llaell - WA = Nl - IACO -

f f(xu(x)dx
H

PROPOSITION 2.8. Let ¥ be a subset of H and let ¢ be in By (H). Then there
exists a representation  in H, which is weakly contained in T and vectors &, n in'H,,

satisfying ¢ = mg , and ||¢]| = €]l - |Inl.

PROOF. The proof uses the polar decomposition of elements belonging to operator
algebras and it is exactly as in the case of groups proved in Eymard {10, Lemma 2.14].
O

REMARKS 2.9. (1) ¢l < ll@ll f(_>r every ¢ in B(H).
(2) If ¢ belongs to Bg(H) then ¢, @, (P, ¢,, and ¢~> are all in By (H). Moreover,

ol = ||¢_>l| = ||¢~’ﬂi||¢||, whereas |||l < ll¢ll and ll¢,ll < ||¢]l. Here ¢'(x) =
¢(x) and ¢(x) = ¢(x") forevery x in H.

2.3. Fourier space For every f, g in L>(H) the function f * g belongs to B, (H)
by Remark 2.9 (2), since

Fri@) = / £ % FO) dy = (g ).
H

DEFINITION 2.10. The closed subspace of B; (H) spanned by { f * f : f € C.(H))
is called the Fourier space of H and is denoted by A(H).

The following lemma is proved for groups by Godement [13]. See also Peder-
son [23, Section 7.2].
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LEMMA 2.11. Let ¢ be a positive definite function belonging to C.(H). Then there
exists a yr in L*(H) such that ¢ = ¥ x .

PROOF. The proof is as in Pederson [23, Lemma 7.2.4]. O

COROLLARY 2.12.

{f*f:feC(H) S(PLNCHH) S(PNCHH)S{f*F:[felLXH)
Therefore, A(H) is the closure of the span of each set of the above in B, (H).

PROOF. If u = g * g for some g belonging to L2(H), then it belongs to the closure
of {(f*f:feC.(H)}in By(H). |

COROLLARY 2.13. A(H) C Cy(H).

PROOF. The result follows by Definition 2.10 and Remark 2.9 (1). O
COROLLARY 2.14. If H is compact, then A(H) = B(H).

PROOF. Since H is compact, PNC.(H) = P,(H). Therefore, A(H) = B(H). O

REMARK 2.15. If H is a compact hypergroup, Vrem [30] defines A(H) as the
space of all those elements in L!(H) that have absolutely convergent Fourier series.
By Vrem [30, Theorem 4.7] and by Corollary 2.14 we see that both the definitions
coincide.

PROPOSITION 2.16. If u belongs to A(H), then u, u, u, u,, and it all belong
to A(H).

PROOF. If u belongs to the space {f * g : f, g € C.(H)}, then all the functions
listed in the hypothesis belong to the above set and so, to A(H). Since the set given
above is dense in A(H), the result follows by Remark 2.9 (2). O

Let BL(H) denote, as usual, the space of all bounded operators on a Hilbert
space H. If F is any subset of BL(H), let F” denote the bicommutant of F.

DEFINITION 2.17. The von Neumann algebra [A(H)]" associated to the left regu-

lar representation A of H is called the von Neumann algebra of H and is denoted
by VN(H).
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REMARKS 2.18. (1) VN(H) isthe same as [A(L'(H))]". Observe that C.(H)isa
quasi-Hilbert algebra as given in Dixmier [9, Part 1, Chapter 5, Definition 1], with the
scalar product (f, g) = /| uf (x)g(x) dx and the involutive antiautomorphism given
by f — fA~Y2. Using the commutation theorem for quasi-Hilbert algebras as given
in Dixmier [9, Part 1, Chapter 5, Theorem 1], we can see that VN(H) = [p(H)],
where p denotes the right regular representation of H.

(2) Notice that C;(H) is contained in VN (H), as VN (H) is the o-weakly closed
subalgebra of BL(L?(H)) containing {A(f) : f € C.(H)}.

THEOREM 2.19. Let H be a hypergroup. For every T in VN(H) there exists a
unique continuous linear functional ¢y on A(H) satisfying

(2.3) or((f*8) = (T(f), 82wy forall f,geL*(H).

The mapping T — ¢r is a Banach space isomorphism between VN (H) and A(H)".
Moreover, the above mapping is also a homeomorphism when V N (H) is given the
o -weak topology and A(HY)* is given the weak*-topology.

PROOF. We omit the proof as it can be obtained by following the proof given for
groups in Eymard [10, Theorem 3.10] with appropriate modifications. O

The following proposition clarifies the duality between C;(H) and B, (H) on the
one hand and between A(H) and V N (H) on the other hand.

PROPOSITION 2.20. For every T in C;(H) and for every u in A(H) we have

24 ¢rw) = (T, u).
Here (, ) appearing on the right-hand side is with respect to the duality between
C{(H) and B,(H).

PROOF. Let T be equal to A(h) for some h in L'(H). Letu'= f x g be in A(H).
Then

orw) =(h*f, g)py = f u(x)h(x)dx.
H

Therefore, by (2.1) ¢r(u) = (u, A(h)) = (T, u). Thus, (2.4) is valid for all u in E
where E is the span of elements of the above form in A(H). As E is dense in A(H)
we see that (2.4) is valid for all u in A(H) and for all A(h) in C;(H) with k in L'(H).
By density of {A(f) : f € L'(H)} in C}(H), the result follows. a

PROPOSITION 2.21. For every u in M(H) and for every u in A(H), we have

2.5) Bron () = f u(x) du(x).
H
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PROOF. Observe that for any p in M (H), A(1) need not belong to C; (H).

Let u be in M(H). Using a bounded approximate identity in L'(H) we see that
there exists a net { f;} in L' (H) such that A(f;) converges to A(u) with respect to the
strong operator topology. So, ¢, (u) converges to ¢, (u) for every u € A(H).
Therefore, @a,) (u) = [, u(x) du(x) for all u € A(H). a

Convention. For the sake of convenience, the duality between A(H) and VN (H)
given by Theorem 2.19 will henceforth be denoted by (4, T) with u in A(H) and T
in VN (H). In particular,

(2.6) {AMx), u) =u(x) forall ue A(H) and x € H.

The following proposition, whose proof is found in Eymard [10] in the case of
groups, holds for hypergroups also. Vrem [30] has already shown it for compact
hypergroups and his proof is applicable to general hypergroups also.

PROPOSITION 2.22. Let H be a hypergroup. If K is a nonempty compact subset of
H and U is a neighborhood of K, then there exists u in A(H) satisfying 0 < u(x) <1,
ulx = 1 and supp u is contained-in U.

3. Multipliers of A(H)

DEFINITION 3.1. A complex valued function ¢ on H is called a multiplier of A(H),
if ¢ - u belongs to A(H) whenever u is in A(H). Let M A(H) denote the space of all
multipliers of A(H).

It appears to be difficult to find examples of multipliers apart from constant functions
for a general hypergroup. In Section 4, we give several classes of examples of
hypergroups for which B, (H) is contained in M A(H). This section is devoted to the
general study of the space of multipliers, which is needed in sequel.

PROPOSITION 3.2. If ¢ is a multiplier of A(H), then it is continuous.

PROOF. Let x be in H. If V is a compact neighborhood of x, then by Proposi-
tion 2.22 there exists a u in A(H) satisfying u |, = 1. Since ¢ - u belongs to A(H), it
is continuous. As ¢ agrees with ¢ - u on V, the result follows. O

For every ¢ in MA(H), let || ¢l macn) denote the operator norm of m, where m,, is
the linear operator on A(H) given by m,(u) = ¢u for every u in A(H).

THEOREM 3.3. || - lmaw) defines a norm on MA(H) and (MA(H), || - lmau)
forms a Banach algebra.
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PROOF. Suppose that ¢ is in M A(H). We use the closed graph theorem, in order
to show that the linear map m,, is bounded.

Suppose that {u,} and u, v are in A(H) such that u, converges to u and my(u,)
converges to v. As ||'|lo =< II'll in A(H) we see that u, converges to u and ¢ - u,
converges to v uniformly. However ¢ - u,, converges to ¢ - v uniformly on compact
subsets. Therefore, my(u) = ¢ - u = v.

If my = O for some ¢ in MA(H), then ¢ - u = O for every u in A(H). However,
then, by Proposition 2.22, ¢ = 0. Therefore, ||¢||sacx) is indeed a norm for M A(H).

Let {¢,} be Cauchy in M A(H). That is, the sequence of operators m,, is Cauchy
in BL(A(H)). So, there exists T in BL(A(H)) such that m,, converges to T in
BL(A(H)).

Fix a compact subset K of H and let € > 0. Let u be as in Proposition 2.22
satisfying u|x = 1. Then, for every x in K, we have

[(@n — @) ()] = 1(bn — Dm) (DU (X)| < (D — &) - ull oo
<N @n — Om) - ull < 1(dn — P llmgaca) - Nuell .

Therefore, {¢,} is uniformly Cauchy on compacta. Let ¢ be its limit. We show that
T(u) = ¢ - u for every u in A(H), which in turn implies that ¢ belongs to M A(H).

Fix u in A(H). Then m, (u) converges to T(u) in A(H). In particular, ¢, - u
converges to T (u) uniformly. However, ¢, - u converges to ¢ - ¥ uniformly on
compact sets. Therefore, T (u) = ¢ - u. So, ¢ belongs to MA(H). Hence MA(H) is
a Banach algebra. O

The analog of the following theorem for groups was proved by DeCanniére and
Haagerup [7]. We make the proof brief as it is similar to that for groups.

THEOREM 3.4. Let H be a hypergroup and ¢ be a bounded complex valued function
on H. Then the following are equivalent.

(i) ¢ belongsto MA(H).
(ii) There exists a o-weakly continuous operator M, on VN (H) satisfying

(3.1 Ms(A(f)) = M@f) forall f e L'(H).
Moreover, ||¢llmay = | M-

PROOF. Suppose that ¢ isin M A(H). Let M, denote the transpose of m4. Then M,
is a o-weakly continuous operator on VN (H) and || M, || = ||@ |l macu,- Moreover, for
every f in L'(H) and for every u in A(H), we have

(4, MM (f))) = (my(u), A(f)) = /;1(¢ ~u)(x) f(x) dx = (u, Mo - f))
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by (2.5). Therefore, My(A(f)) = A(¢ - f).

We prove the converse. Suppose that there exists a o-weakly continuous opera-
tor M, satisfying (3.1) for some bounded function ¢. As M, is o-weakly continuous,
there exists a bounded operator, say S, on A(H) satisfying (S(u), T) = (u, My(T))
forall T € VN(H). Then by (3.1) and (2.5) we see that

/f(X)¢(x)u(X)dX=f Su)(x) f(x)dx
H H

for every f in L'(H). Therefore, S(u) = ¢u almost everywhere for all u in A(H).
In order to conclude that they are equal everywhere, we show that ¢ is continuous.
Observe that the restriction of M, to C;(H) is a bounded linear map satisfying (3.1).
By taking the transpose we see that ¢ is a multiplier for B, (H). Now use Proposi-
tion 2.22 and the proof of Proposition 3.2 to conclude that ¢ is continuous.
Therefore, forevery u in A(H) we have S(u) = ¢-u. So,pbelongsto MA(H). 0O

REMARKS 3.5. (1) Inthe above proof we have also proved that if ¢ is a multiplier
of A(H), then ¢ is a multiplier of B, (H) also.

(2) We do not know whether a multiplier of A(H), H being a hypergroup, is always
bounded. However, if G is a group, then we have [|@ll, < |#ll454(c)» Whenever ¢ is a
multiplier of A(G).

(3) If H is a hypergroup, let M,A(H) = {¢ € MA(H) : ¢ is bounded}.

4. Fourier spaces of commutative hypergroups

Throughout this section H is assumed to be commutative. The set consisting
of all nonzero hermitian characters on H, equipped with the topology of uniform
convergence on compact subsets of H, is called the dual of H and is denoted by H.

For any f in L'(H) and u in M(H), let F(f) and F(u) denote the Fourier
transform and Fourier-Stieltjes transform of f and u respectively. Let dm denote the
Plancherel-Levitan measure. Let S denote the subset of H given by

S={x € H:IFw0)| < Al forall pe M(H)}.

Then S is a nonempty closed subset of H. Moreover, S is precisely the support of drr.
By LP(ﬁ) we mean the Banach space L”(ﬁ, drn)where 1 < p < 0.

If £, u belong to L'(H) and M(H) respectively, let Z(f) and Z(x) denote the
inverse Fourier transform of f and u respectively.

As H is commutative, any irreducible representation of H is 1-dimensional and is
given by a hermitian character. In particular, the full C*-algebra C*(H) is identified
with CO(H ). So, the Fourier-Stieltjes space B(H) is identified with M (H ). That is,
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if u is a complex valued function on H, then u belongs to B(H) if and only if there
exists a unique measure u in M (ﬁ ) satisfying u(x) = Z(u)(x) for all x € H and
lull sy = lleell

A hermitian character y is weakly contained in the left regular representation A if
and only if |F(f)(¥)| < IA(f)| for all £ € L'(H). Equivalently, by Jewett [17,
Subsections 7.3B and 7.3D], we see that {x € H: x is weakly contained in A} = §.
Therefore, the reduced C*-algebra of a commutative hypergroup H is identified with
Co(S), and for every u in B, (H) there exists a unique measure & in M (S) such that
u(x) = I(p)(x) forall x € H and [lull s = lluell-

PROPOSITION 4.1. Let H be a commutative hypergroup. Then there exists a von
Neumann algebra isomorphism identifying V N (H) with L*(S, dm) which maps A(f)
to F(f) for every f in L'(H).

PROOF. Let us use the same notation, namely J, to denote the Plancherel-Levitan
transform also. For every ¢ belonging to L*(S, dr) define T, on L2(H) by

F(To(fN =¢ - F()

Then || T,|| < ll¢lloc and T, belongs to V N (H); it can be easily seen that it commutes
with all (right) generalized translations p (x) with x in H. Moreover, one can verify that
the above map from L*°(S, drr) into V N (H) is injective and o-weakly bicontinuous
satisfying T'r(s) = A(f) for every f in L'(H).

Since the image is a o-weakly closed subspace containing {A(f) : f € L'(H)}, it
includes V N (H) also. Therefore, it is surjective. Thus it is a von Neumann algebra
isomorphism by Takesaki [26, Chapter II, Corollary 3.10]. O

In the following proposition, we get back the classical definition of a Fourier space
when H is a commutative hypergroup.

PROPOSITION 4.2. Let H be a commutative hypergroup. Then
(i) A(H) =ZI(L'(S, dn)). That is, for every u in A(H) there exists a unique f
in L'(S, drr) such that u(x) = Z(f)(x) forall x € H and ull 4, = | f|],-
(i) A(H)=(f*g:f gelL*(H)}
(iii) A(H) is equal to the closure of the subspace |[B(H) N C.(H)] in B(H).
(iv) A(H) is equal to the closure of the subspace [ B,(H) N C.(H)] in B,(H).

PROOF. (i) By the above proposition and the uniqueness of the preduals of von
Neumann algebras, the Banach spaces L'(S, dw) and A(H) are isometrically iso-
morphic.
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We show that if ® : L'(S, dw) — A(H) denotes the above isomorphism, then it
is given by the inverse Fourier transform. In fact, for every f in L'(S, d) and for
every g in L'(H)

(A(8), ®()) = (D" (M), f) = (F (&) ) = (8, T(f)) = (M), I(f)).

(ii) We already know by Corollary 2.12 that { f x ¢ : f, g € L*(H)} is dense in A(H).
Let u be in A(H). By (i) there exists # in L'(S, dm) such that u = Z(h). Since
any element in L'(S, dr) can be written as a product of two elements of L2(S, dr),
we have u = f * g for some f, g in L?(H).
(iii) Let u be in B(H) N C.(H) Then there exists a unique measure u in M (ﬁ ) such
that u = Z(u). By Jewett [17, Lemma 12.2B], u = F(u)dn. In particular, u
belongs to L'(S, dr). By the Fourier inversion theorem, we have u = Z(F(u)) and
so u belongs to A(H) by (i). That is, B(H) N C.(H) is contained in A(H).
Since the linear span of P N C.(H) is contained in B(H) N C.(H), and since it is
dense in A(H) by Corollary 2.12, we see that B(H) N C.(H) is dense in A(H).
(iv) The proof uses Corollary 2.12 and is similar to the proof of (iii). 0

COROLLARY 4.3. Let H be a commutative hypergroup and ¢ be a bounded function
on H. Then ¢ is a multiplier of A(H) if and only if ¢ is a multiplier of B,(H).
Moreover, the respective norms coincide.

PROOF. We have already seen in Remark 3.5 (1) that if ¢ is a multiplier of A(H),
then it is a multiplier of B, (H) also.

Conversely, suppose that ¢ is a multiplier of B, (H). If u belongs to B, (HYNC.(H),
then ¢ - u belongs to B, (H) N C.(H). By Proposition 4.2(iv), ¢ - u belongs to A(H).
Now we use the density of B,(H) N C.(H) in A(H) to see that ¢ is a multiplier
of A(H). O

REMARK 4.4. As in the case of groups we want to know whether A(H) forms
a Banach algebra. If the dual space H of a commutative hypergroup H forms a
hypergroup with the convolution givenby Z(uxv) = Z(u)-Z(v) forallu,ve M (H)
and with the involution given by x” for every x in H (see Jewett [17, Subsection 12.4]
for details), then, by Proposition 4.2, A(H) turns out to be a Banach algebra under
pointwise product.

It is worthwhile to remark that the dual hypergroup exists.only in very few cases,
even within the classical hypergroups such as the classes of polynomial hypergroups,
hypergroups on compact intervals and Chébli-Trimeche hypergroups on the halfline.
In fact Zeuner proved that polynomial Jacobi hypergroups, compact Jacobi hyper-
groups and Bessel-Kingman hypergroups are the only hypergroups, among the classes
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specified above, for which the dual space forms a hypergroup. See Zeuner [32, Corol-
lary 5.5, Theorem 6.4 and Theorem 7.4].

The main results of this section and the next section give necessary and sufficient
conditions for a commutative hypergroup so that its Fourier space forms a Banach
algebra with an equivalent norm under pointwise product. We give several classes of
examples whose dual space does not form a hypergroup, yet the Fourier space of them
forms a Banach algebra.

DEFINITION 4.5. (1) Let M,A(H) be given a new norm

4.1) lpll° = max {l|gllmacns I¢llc} forall ¢ € M,A(H).

(2) Let Q(H) be the vector space L'(H) equipped with the norm given by
4.2) 1 £l gy = sup {I(f, #)| : ¢ € MyA(H) and ||g||° < 1}

for every f belonging to L'(H).
Here (f, ¢) = fH f(x)¢(x) dx for every f in Q(H) and for every ¢ in M, A(H).

LEMMA 4.6. i) (Mu,A(H), |-II°) is a Banach space.
(ii) Assume that S, the support of dm, is contained in MA(H). Then Q(H) isa
normed linear space and is contained in the dual space of (MyA(H), ||-I°).

PROOF. (i) Only completeness needs proof. If {¢;} is Cauchy in (M, A(H), ||-lI°),
then it is Cauchy in M A(H) and in C,(H) also. If ¢ is the limit of the above sequence
in M A(H), then by the proof of Theorem 3.3 we see that {¢;} converges to ¢ uniformly
on compact sets. So, ¢ is the limit of the sequence in C,(H) also. Therefore, {¢;}
converges to ¢ in (M,A(H), ||-]°).

(ii) The norm given in (4.2) is finite as

N fll gy < sup{l{f, ) : V¢ € Cp(H) and ||@ll < 1} < | fIl; < 00,

since gl < lI@M°.

Assume that there is a f in L!(H) satisfying (f, ¢) = O forevery ¢ in M,A(H). In
particular, {f, y) = O forall y in §. Thatis, 7(f) = 0. So, A(f) = 0 by Jewett [17,
Subsection 7.3D]. Therefore, f = 0 as A is faithful. Thus Q(H) is a normed linear
space.

Any f in Q(H) defines a linear functional 7, on (M,A(H), ||-|°) given by

7(9) = f FEO0) d.
H

Moreover, ]rf(¢)| < Iflhllé¢lle < I Flli l@ll°. Therefore, T, belongs to the dual
of (MyA(H), |I-I°) and ||z, || < Il £1I,. O
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DEFINITION 4.7. Let H be a commutative hypergroup. We say that H satisfies
condition (F) if there exists a constant M > 0 satisfying the following:

(F) For every pair 7 and y in S, Ty belongs to B, (H) and |ty | < M.

Equivalently, for every t and y in S, there exists a measure p in M (S), (not necessarily
positive) such that, |||l < M and T(x)y(x) = fﬁ xx)ydu(x)forallx € H.

LEMMA 4.8. Suppose that H is a commutative hypergroup satisfying condition (F)
for some M > 0. Then S is contained in M,A(H). Moreover, ||t|yamy = Itl° < M
forallt € §.

PROOF. Forevery 7, y in S, let u,, bein M(S) such thatt - y = T(u.,).
If 7 belongs to S, then for every f in L'(H), we have

Ff)F) = f T(ie,)(6) F(x) dx = f FF@) dpte (@).
H H

Therefore, |F(zf)(P)| < [5 I F()@)|dpey (@) < MIIF(f)llw. Hence, the map
F(f) = F(rf) extends to a bounded linear operator on Co(S). That is, A(f) —
A(zf) is a bounded linear operator on C;(H). By duality, as given in (2.1), we
infer that ¥ — tu is a multiplier on B,(H) and [|t{|yp, ) < M. Therefore, by
Corollary 4.3, T is a multiplier on A(H) and ||t||yam) < M.

If u belongs to A(H) then (u, t(e)A(e)) = t(e){u, r(e)) = (t - u)(e). So,

[z(e)l = lir(@r(@llynw = sup |(u, T(e)A(e))|

lluli=1

< sup |t -u(e)l < sup It ull < |tllman-
flull <1 llulf<1

Since t belongs to ﬁ, Itllc = t(e) by Jewett [17, Subsection 6.3D]. That is,
ITlleo < NTllaacny- Therefore, ||Tl° = Itllpma) < M. a

REMARK 4.9. Let S be contained in M,A(H). Then the normed linear spaces
{(M,A(H), ||-]°), Q(H)} form a dual system in the following sense:

() If(f, ¢)=0forevery ¢ in M,A(H), then f =0 by the proof of Lemma 4.6 (ii).
(ii) If on the other hand, (f, ) = O for every f in Q(H), then ¢ = 0 as ¢ belongs
to Cb(H)

LEMMA 4.10. Let S be contained in M,A(H) and the dual system given in the

above remark be denoted by (X, X,) with X, = Q(H) and X = (M,A(H), |I-|°).
Then the following are true:
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@ lell° = sup{li®, f)I: f € Q(H) and || fll g < 1} for every ¢ in MyA(H).
(ii)) The o(X, X.)-closed convex hull of a o(X, X.)-compact subset of X is
o(X, X,)-compact.

PROCF. (i) By duality we see that if f belongs to Q(H) and || fl 55, < 1, then we

have [{¢, /I < ll@ll” - 1 fll gy < liII°.
Now, we show the reverse inequality. Let € > 0 and let ¢ be in M, A(H).

If |¢llmac < @]l then 19]° = l@llo. If f in L'(H) satisfies | I, < 1 and
I(f, &) + ¢ = [, then

(4.3) 1 flloy <1 and  |I&° < {f, )} + €.
Suppose that on the other hand, ||@[lo < {|®llsaca- Let u be in A(H) satisfying
(4.4) lull <1 and |@llmac < llpull + €.

Then there exists f in L'(H) satisfying [|A(f)|| < 1 and |¢ull = |{(¢ - u, A(f))| + €.
As{(d-u,A(f)) = fH FX)dX)u(x)dx = (fu, ¢), we have, by (4.4)

4.5) li@llmac < [(fu, @) + 2e.
Now, fu belongs to Q(H) and || full o4, < 1, since
I full gy = sup{l{fu, ¥} : l¥]° < 1}
= SUP”/; F@u@)yy &) dx|: Iyl° < 1}

= sup{[{¥u, A(N| : 1Y 1° < 1} < sup{llgullIA(HI = 1y ]° < 1}
< sup{Jlulll¥llaacn AN ¥ I° < 1} < 1.

By (4.3) and (4.5) we have

Ipll° < sup {I{¢, £} : f € Q(H) and || fllgm, < 1}

This proves (i).

(it) Let E be a 0 (X, X,)-compact subset of X. Let E denote the convex hull of E
in X. We shall prove that E is pre-compact in the o (X, X,)-topology.

By Grothendieck [14, Chapter 2, Proposition 15], it is sufficient to show that E
is bounded in the o (X, X,)-topology. That is, for every f in Q(H) the set {{¢, f) :
¢ € E} is bounded in C.

It can be seen that E as a subset of L®(H) is o (L®(H), L' (H))-compact. So,
E is 0 (L®(H), L'(H))-bounded which in turn implies that, it is o (X, X,)-bounded
also. Hence, (ii) follows. O
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REMARK 4.11. We recall Arveson’s theorem [1, Proposition 1.2]. Suppose that X
is a Banach space and X, is a subspace of the dual space X* of X satisfying the
following:

@) llxll = sup{[(x, f}| : f € X,, and | f]| <1}

(ii) The o (X, X,)-closed convex hull of any o (X, X,)-compactsetin X iso (X, X,)-
compact.

Then the following result holds. Let Q be a locally compact space andletx : Q — X
be norm bounded and o (X, X,)-continuous function. Then, for every u belonging
to M(Q), there exists a vector x, in X satisfying (x,, f) = fQ(x(s), Fydu(s) for
all f € X,.

THEOREM 4.12. Let H be a commutative hypergroup. Suppose that H satisfies
condition (F), for some M > 0. Then B,(H) is contained in M A(H). Moreover,
lullsray < M llull for all u € B, (H).

PROOF. We show that if u belongs to M (S), then Z(u) belongs to M,A(H) and

IZW lImacn < Ml

Take @ = S, X = (MyA(H), ||-|I°) and X, = Q(H). From Lemma 4.10, the
conditions given in Arveson’s theorem are satisfied. By Lemma 4.8, S is contained in
M,A(H) and |ly||° < M forevery y in S.

As the topology in S is the Gelfand topology and

(fiy)=F(f)y) foral fe QH),

we see that the inclusion map from § into (M,A(H), ||-I|°) is o (X, X,)-continuous.
By Arveson’s theorem we see that for every p in M(S), there exists a vector ¢,
in M, A(H) satisfying (f, ¢,) = [((f, ¥)du(y). Since,

/S(f, V)du(y)=fs|:/ﬁ f(X)y(x)dx]du(y)

= f FO)I(w)(x)dx,
H
we see that ¢, = Z(u). Thus, () belongs to M, A(H).
Now,
f )] < fJ(f,y)l diul(v)
H
s/Ananu,) I el ()
_
‘ <M|ul “f"Q(H) .
Therefore, | T()I° < M lll. In particular, |T()lwace < M Il 0
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COROLLARY 4.13. Let H be a commutative hypergroup satisfying condition(F).
Then the Fourier space A(H) is an algebra under pointwise product. Moreover,

(4.6) lu-vlf < Mull)lvll forall u,ve A(H).

In particular, if M = 1, then A(H) forms a Banach algebra. Similar results hold for
B, (H) also.

PROOF. Let u belong to A(H). Then, by the above theorem, we see that u belongs
to MyA(H) and {|lu||yary < M {lul}. Inparticular, A(H) is an algebra under pointwise
product. Moreover, for any u, v in A(H), we have

luvll < Nallsacn vl < M llull vl

Thus A(H) is a Banach algebra if M = 1.

Now if u = Z(u) is in B,(H) for some u, then, by the above theorem, u is a
multiplier of A(H) and so, by Corollary 4.3 it is a multiplier of B, (H) also. The rest
follows as above. O

COROLLARY 4.14. Suppose that H is a commutative hypergroup satisfying (F).
If the trivial character 1 belongs to S, then A(H) is a Banach algebra under the
multiplier norm which is equivalent to the original norm.

PROOF. By Corollary 4.13, B, (H) € M,(B,(H)). Since 1 belongs to S, it belongs
to B,(H). Therefore, M,(B,(H)) = B,(H) which in turn equals M,A(H) by
Corollary 4.3. The norms in M A(H) and B, (H) are equivalent since

el =1ll¢ - LIl < Dllys,y < M SN,

and since || @l yam = ”¢”MBA(H)-
As A(H) is closed in B, (H), it is closed with respect to the multiplier norm also.

Therefore, A(H) is a Banach algebra under the multiplier norm, and the original norm
is equivalent to the multiplier norm. O

The following corollary is quite useful in our further study of multipliers of A(H),
which we take up in future.

COROLLARY 4.15. Suppose that S’ is a locally compact set such that S € §' C H
satisfying the following: there exists M > O such that foreveryt in S’ andy in S, Ty
belongs to B,(H) and ||Tty{ < M.

Then for any p in M (ﬁ) whose support is contained in §', T(u) belongs to
M,A(H). Moreover, |Z(p)lya < M ||ell.
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PROOF. The proof follows exactly as in the proofs of Lemma 4.8 and Theorem 4.12.
a

The following theorem discusses the converse of Theorem 4.12.

THEOREM 4.16. Suppose that A(H) is an algebra under pointwise product and
there exists M > 0 satisfying {lu - v|| < M |lul| ||[v]| for all u,v € A(H). Then for
everyy,y' in S,y -y’ belongsto B,(H) and |ly - y'|| < M.

PROOF. Let y belong to S. We are done if we show that y belongs to M B, (H) and
Iyl 5,1y < M. By Corollary 4.3, it is sufficient to show that y belongs to M A(H)
and ||y lmacny < M. However, as C.(H) N A(H) is dense in A(H), we need to show
only that for every u in C.(H) N A(H), y - u belongs to A(H) and ||y - u|l < M ||u].

If u belongs to C.(H) N A(H), then by hypothesis u belongs to M A(H) and so to
M B; (H). Therefore, u - y belongs to B, (H) N C.(H) which is contained in A(H)
and |ju - y|| < M ||u|l. Hence the result follows. O

4.1. Examples of commutative hypergroups satisfying condition (F)

EXAMPLE 4.17. It is easy to see that any finite commutative hypergroup satisfies
condition (F) of Definition 4.7. We observe that the constant M is strictly greater
than 1 for the following example.

Let H = {e, a, b} be the hypergroup given in Jewett [17, Example 9.1C], whose
dual space H is equal to {1, x, ¥}, where the character x is given by x(e) = 1,
x(a) = =3/4 and x(b) = 1/2. If f is defined on H by f(1) = 17/36, f(x) =
(—3/68)(17/4) and f(¥) = (153/100)(175/306), then Z(f) = x* and

2 = fp, = 28
el =1 =o5-

See op. cit for the computation of Plancherel-Levitan measure of this hypergroup and
other unexplained details. Vrem has already computed || le , see [30].

EXAMPLE 4.18 (cosh hypergroup). Let H denote the cosh hypergroup studied
by Zeuner [31]. It is a 1-dimensional hypergroup on R, defined by the following
convolution formula.

cosh(x — y) cosh(x + y)
8, %6, = -yl + x+y
2 cosh(x) cosh(y) 2 cosh(x) cosh(y)

It is shown in [31] that H= {¢s : A € R, U [0, 1]}, whereas S = {¢, : A € R, ]},
where ¢, = (cos Ax)/coshx.

Moreover, by [31, Proposition 4.2 (a)—~(b)] we see that the following holds: for
every T in H and for every y in S, there exists a probability measure u,, such that
Z(u.,) = yt. In particular, Condition (F) holds for the cosh hypergroup for M = 1.

x,y>0.
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EXAMPLE 4.19 (Jacobi hypergroups). Fix ¢ > B8 > —1/2. Let us exclude the
case « = B = —1/2. Let H,; denote the Jacobi hypergroup (it is also known as
Chébli-Trimeche hypergroup of Jacobi type). It is a one-dimensional hypergroup
whose characters are Jacobi functions given as follows: if

p—1r p+IA
2 72

¢u(x)=2F[( ,a+1,—sinh2x),
where , F) is the Gauss hypergeometric function, then ITI;:, ={¢: 2 e R, U0, pl}
and S ={¢,: L e R,},wherep=a+ 8+ 1.

It was proved by Flensted-Jensen and Koornwinder in [11, Section 4] that, for
every A; and A, in R, the function ¢,, - ¢,, is continuous positive definite and therefore
condition (F) is satisfied with M = 1. See also Koornwinder {18, Section 8.3].

EXAMPLE 4.20 (Bessel-Kingman hypergroups). These are one-dimensional hyper-
groups H, : @ > —1/2, whose characters are given by ¢, (x) = j,(Ax), where j,
denote (complex valued) modified Bessel functions of type . These hypergroups are
self-dual. That is, H = H. So, H satisfies condition (F) with M = 1. For more
details, see Bloom and Heyer [2, Section 3.5.61],

EXAMPLE 4.21. Suppose that G is a locally compact group. Let B be a subgroup of
the group of all topological automorphisms of G containing the inner automorphisms
of G, which is relatively compact with respect to the Birkhoff topology. That is to
say, G is a [F1A]3 group with I(G) € B. If H denotes the space of all B orbits
in G, then H is a commutative hypergroup and Hisalsoa hypergroup (see Hartmann
et al. [15] and Ross [25]). In particular, H satisfies condition (F) with M = 1.

EXAMPLE 4.22 (Jacobi polynomial hypergroups). Leta > 8 > —l and o + 8 +
1 > 0. Consider the polynomial hypergroup H, s on Ny corresponding to Jacobi
polynomials R*#(x). Then dn*#(x) = (1 — x)*(1 + x)?dx and § = [—1, 1]. The
characters {x,} are given by x,(n) = R*#(x). By Gasper [12, Section 1], there exists
a constant M > 0 satisfying the following:

for every x, y in [—1, 1] there exists a unique, real valued bounded measure, u,,
on [—1, 1}, independent of n, such that

1
RIP(X)R¥P(y) = / R (z)dp,,(z) forall n e N,,

~-1

and || M.y || < M. Thus, the hypergroup H, ;s satisfies condition (F).
If furthermore, B > —1/2 ora + B8 > 0, then M = 1. For further details see
Lasser [21].
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EXAMPLE 4.23. Consider the generalized Chebyshev polynomials {7,*#} _ with
«, B > —1 normalized by T*#(1) = 1. They are orthogonal on [—1, 1] with respect
todm = (1 —x?)*|x|**' (see Chihara [6]).

If « > B + 1, then it gives rise to a polynomial hypergroup say H, s on Ny (see
Lasser [21]). Moreover, S is identified with [—1, 1]. By Laine [19, Theorem 1], we
observe that H, g satisfies the condition (F). Moreover, M = 1 if we further assume
that 8 > —1/2 (refer to Laine [19, Theorem 1] again).

REMARK 4.24. We say that a commutative hypergroup. H has a dual convolution
structure on a subset E of H if, for every y1, y; belonging to E, the product y; - y»
is positive definite on H. If a hypergroup has the dual convolution structure on S,
then it satisfies the condition (F) with M = 1. For instance, Jacobi hypergroups,
and Bessel-Kingman hypergroups have dual convolution structure. Voit has studied
hypergroups having dual convolution structure, along with many examples [28]. For
instance, in his recent article Voit [29] discusses dual convolutions on the hypergroups
associated with infinite distance transitive graphs.

5. Fourier hypergroups

DEFINITION 5.1. A hypergroup H is called a Fourier hypergroup if

(1) The Fourier space A(H) forms an algebra with pointwise product.
(2) There exists a norm on A(H) which is equivalent to the original norm with
respect to which A(H) forms a Banach algebra.

A hypergroup is called a regular Fourier hypergroup if A(H) is a Banach algebra with
its original norm and pointwise product.

REMARK 5.2. We will show in Muruganandam [22] that a double coset hypergroup
is a regular Fourier hypergroup.

PROPOSITION 5.3. If H is a commutative hypergroup satisfying condition (F) for
some M > O, then H is a Fourier hypergroup. If M = 1, then H is actually a regular
Fourier hypergroup.

PROOF. By Corollary 4.13, A(H) is an algebra under pointwise product.

If we define a new norm on A(H) by |ull,.., = M |lul] for every u in A(H), then
the two norms are equivalent. Moreover, by (4.6) we observe that (A(H), |||l ew) i8
a normed algebra. Thus (A(H), ||-||,.w) is @ Banach algebra. That is, H is a Fourier
hypergroup. If M = 1, then it is of course regular also. a
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REMARK 5.4. The examples enumerated in Subsection 4.1 are all Fourier hyper-
groups. Whenever M = 1 they are regular.

Another classical Banach algebra found in the context of harmonic analysis on the
locally compact abelian group G, namely, the Banach algebra A P(G), of all almost
periodic functions on G does not form an algebra when considered over commutative
hypergroups. Moreover, the Bohr compactification does not carry any hypergroup
structure extending that of H. Yet, Lasser in [20] made a systematic study of AP (H)
extending many classical results to hypergroups by imposing appropriate assumptions
on the commutative hypergroups. See also Blower [5, Section 4.11] for some results
on almost periodic functions.

If H is a Fourier hypergroup, let 2(A(H)) denote the Gelfand spectrum consisting
of all nonzero complex homomorphisms of A(H).

REMARK 5.5. If x belongs to H, then the functional w, given by w,(f) = f(x)
is a nonzero complex homomorphism by Proposition 2.22 and thus provides a map
x — w, from H into Q(A(H)). In the remaining part of this section, we identify
some hypergroups for which Q2 (A(H)) is equal to H.

As in the case of groups (see Eymard [10]), we define the support of an element in
the Banach space dual A(H)* of A(H) as follows.

DEFINITION 5.6. Let T be in A(H)*. We say that x belongs to the support of T if
the following holds. For every neighborhood V of x there exists u in A(H) such that
the support of u is contained in V and (1, T') # 0.

We denote the support of T by supp T'.

PROPOSITION 5.7. Suppose that H is a Fourier hypergroup and T belongsto A(H)".
ThensuppT # @ ifand only if T # 0.

PROOF. Use Proposition 2.22 to observe that if K is a compact subset of H, then
for every open cover of K there exists a partition of unity in A(H) subordinated to it.

Suppose that T is in A(H)* such that supp T = @. Letu bein C.(H) N A(H) and
let K denote supp u.

Since supp T = @, we see that for every x in K there exists a compact neighborhood
U, such that {v, T) = 0 for every v belonging to A(H) with suppv C U,.

Let {u;} denote the partition of unity in C.(H) N A(H) subordinated to {U,},.x.

Then
W, T) = <Zu Cu;, T> =) (u-u;, T)=0.

That is, (u, T) = 0 for every u in C.(H) N A(H). As C.(H) N A(H) is dense in
A(H), we conclude that T = 0. O
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REMARK 5.8. For every u in A(H) and for every T in A(H)*, define u - T by
{(vyu-T)={u-v,T)forallve A(H). Then u - T belongs to A(H)".

Since the proof of the following proposition is exactly as in the case of groups (see
Eymard [10, Proposition 4.8]), we will not prove it here.

PROPOSITION 5.9. Let H be a Fourier hypergroup. Then
supp(u - T) € suppu Nsupp T
for every u in A(H) and for every T in A(H)".
Let D,(R,) = {f : there exists g € CZ2,,(R) N C.(R) such that f = glg,

even } .

PROPOSITION 5.10. Let H be either a Jacobi hypergroup or a Bessel-Kingman
hypergroup. Then D,(R,) is dense in A(H).

PROOF. By Bloom and Xu [3, Lemma 3.24] or by Koornwinder [18, Theorem 2.3],
and by Proposition 4.2(i), we have that D,(R,) C A(H).

Lete > Oandletu = f x g'be in A(H) with f, g belonging to L2(H). As D,(R,)
is dense in L2(H) (see, for example, Bloom and Zu [4, Lemma 4.12}), there exist
f1, 1in D.(R,) satisfying || f — fill, <€ andllg — gill, <e.

Then v = f; * g; belongs to D,(R,) by, for instance, Triméche [27, Proposi-
tion 6.11.12], and

le — vl < IIf = fill; gl + N fillo llg — &I,
<ellgl,+ (e + I flle.

Therefore, D, (R,) is dense in A(H). O

PROPOSITION 5.11. Let H be either a Jacobi hypergroup or a Bessel-Kingman
hypergroup. If w belongs to Q(A(H)) and if suppw C {x} for some x in H, then
W = Wy.

PROOF. As the support of w is not empty, supp w = {x}. We will first show that for
any 4 in D,(R,) if w(u) = 0, then w,(u) = 0.

Suppose on the contrary that there is a u in D,(R,) satisfying w(u) = 0, but
u(x) # 0. Let V be a compact neighborhood of x such that |u(y)| > & for some § > 0
and for every y in V. Let u’ be a function in D, (R, ) with «'(y) = 1/u(y) for every y
in V. Then u’ belongs to A(H).

Since x belongs to the support of @ there exists v in A(H) with support of v
contained in V satisfying w(v) # 0. Thenv =v -« - u and

oo -u)=w@- -u' u)=w@) #0,

https://doi.org/10.1017/5144678870001747X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870001747X

[23] Fourier algebra of a hypergroup. 1 81

a contradiction to the assumption that w(#) = 0. Therefore, w,(u) = 0.

Let uy in D,(R,) be fixed so that w(us) = 1. If u belongs to D,(R,), then
u = v + w(u)ug, where v belongs to D,(R,) with w(v) = 0. Therefore, if we fix
a« = ug(x), then by the above w, = aw on D,(R,). As D,(R,) is dense in A(H),
by the above proposition, we have w, = aw. Since w and w, are nonzero complex
homomorphisms o = 1. .

REMARKS 5.12. (1) From the above proof we also observe that if H is a discrete
Fourier hypergroup, then the conclusion of the above proposition holds.
(2) The proof Theorem 5.13 is an adaptation of the proof given for groups by Herz
in [16].

THEOREM 5.13. Suppose that H is a Fourier hypergroup satisfying any one of the
Sfollowing:

(1) H isdiscrete.

(ii) H is either a Jacobi hypergroup or a Bessel-Kingman hypergroup.

Then the map x — w, defines a homeomorphism from H onto Q(A(H)). Moreover,
the Banach algebra A(H) is regular, semisimple and Tauberian.

PROOF. We first show the surjectivity of the above map in both cases. Let w be
in Q(A(H)). Then the support is not empty by Proposition 5.7. Let x belong to the
support of w.

We show that suppw C {x}. If V is any arbitrary compact neighborhood of x,
then there exists u in A(H) such that suppu C V and w(u) # 0. If visin A(H)
such that v(y) = 1 for every y in suppu and if supp v is contained in V, which
exists by Proposition 2.22, then u = u - v. Now wu) = o - v) = oo ).
Therefore, w(v) = 1. In particular, w = v - w since v - w = w(v)w. However, then by
Proposition 5.9, we have supp(w) = supp(v - w) C supp(v) Nsupp(w) S V. As V is
arbitrary, supp(w) < {x}. We use the above remark for case (i) and Proposition 5.11
for case (ii) to conclude that w = w,.

In particular, A(H) is semisimple. As C.(H) N A(H) is dense in A(H), the
Banach algebra A(H) is Tauberian. By Proposition 2.22, we see that A(H) is regular.
By Rickart [24, Theorem 3.2.4], the mapping x — w, is indeed a homeomorphism
from H onto Q(A(H)). O
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