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THE GENERALIZED ORTHOCOMPLETION AND 
STRONGLY PROJECTABLE HULL OF 

A LATTICE ORDERED GROUP 

RICHARD N. BALL 

The central result is the existence and uniqueness for an arbitrary 
/-group G of two hulls, G and Gu

t which in the representable case coincide 
with the orthocompletion and strongly protectable hull of G. This is done 
by introducing two notions of extension, written ^ and ^ w, and proving 
that each G has a maximal <! extension G and a maximal ^ w extension 
Gœ. Two constructions of G and Gœ are-given: an /-permutation construc
tion leads to descriptive structural information, and a construction by 
''consistent maps" leads to a strong universal mapping property. 

The notion of a strongly projectable hull has a lengthy history. The 
concept of an orthocompletion, together with the first proof of its exist
ence and uniqueness, is due to Bernau [4]. Conrad summarized and 
extended all these results in an important paper [10]. The chief novelty 
of the present work is that the ideas apply to non-representable as well 
as to representable /-groups. When specialized to the representable case, 
the construction of Section 2 is related to the nice constructions of Bleier 
in [6] and [7]. 

The notation, which is multiplicative even for the representable case, 
is standard. G is understood to be an /-group whose complete Boolean 
algebra of polars will be designated & G or simply 8P. The symbols V, 
A, -L, 0^, and 1& refer respectively to supremum, infimum, complemen
tation, least element and greatest element in £P. The symbols V and A 
also refer to supremum and infimum of elements of G\ the reader must be 
prepared to distinguish the two meanings from context. 

1. Extensions. The crucial concept is the following. For /-groups G 
and H define G ^ H to mean that G is an /-subgroup of H in which the 
polars of G and H are in one-to-one correspondence by intersection, and 
such that 

V {(hr1)^ g É G\ = l& for all h £ H. 

Similarly, for K a fixed infinite cardinal number, define G ^ K H to mean 
that G is an /-subgroup of H in which the polars of G and H are in one-to-
one correspondence by intersection, and such that for ev^ry h £ H there 
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is some set I Q G of cardinality less than K satisfying 

v i(hg-i)^\gax\ = v 
Clearly G <̂ K H implies G ^ H\ just as clearly, G ^ G. 

To say that the polars of G and H are in one-to-one correspondence is 
to say that every nontrivial polar of H has nontrivial intersection with G 
(Proposition 5.3, [1]), and the correspondence is actually a Boolean iso
morphism. Therefore, in the first four sections we shall blur the distinc
tion between the polars of G and those of if, using the same symbol £P 
for both sets. 

LEMMA 1.1. If G ^ H then G is order dense in H. 

Proof. Assume G ^ H and 1 < h £ H. Find g (z G such that 

Q = (hg-1)"- A h±A- * %. 

It must be possible to find x with 1 < x £ Q ̂  G; let 

y = (pc A g) V 1 G G. 

To show y ^ h consider an arbitrary prime P such that P < Py. Then 
P < Px and x 6 Og-1)1" imply (/ig"1) G P or Ph = Pg. That is, Py ^ 
Pg = P/*, and since P was arbitrary, y S h. To show y > 1 consider any 
minimal prime T such that x £ T. Then x Ç (^g-1)1" implies (hg"1) Ç P 
or Pfr = Pg. Furthermore, xXI- ^ P and x-1-1 C h±A- imply h1-1 $£ P, 
which implies h (I Thy the minimality of P. Therefore Ty = Tx A Tg > 
P and 3> > 1. 

LEMMA 1.2. Suppose G S H S K. Then G ^ K if and only if G < H 
and H ^ K, and similarly for ^ K. 

Proof. Since the implication from left to right is clear, suppose G ^ H 
^ K. Clearly G is order dense in K and polars in G and K correspond. 
Consider k 6 K. Then for any fixed h £ H, 

Vo(kg-^ = V G (khr^hr1)1- 2 V o d t t " 1 ) 1 A (hg~^) 

= (JMr1)-1- A ( V * fe-1)") = (i*-1)-1. 

But because V {(kh-1)1-] h £ H} = 1^, it follows that 

v ite-1)1!^ G\ = i,. 
The argument for -̂  K is similar and depends on the fact that K2 = K. 

LEMMA 1.3. Suppose ^ is a collection of I-group s totally ordered by 
4 (4<)-ThenC 4 U <é (C 4 <^ ^)for any C £ # . 

Proof. Suppose ^ is totally ordered by ^ . Then every C £ ^ is order 
dense in VJ ^ , from which it follows that the polar of C and \J *€ cor
respond by intersection. Given a particular CÇ ^ and x G U ? we may 
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assume x G D for some D 6 *$ such that C 4 D- Because C 4 D, 
VG (xg'1)1- = 1#> must hold in D. Because polars in D and U ^ cor
respond, this must be true in U ^ also. The argument for ^ K is analagous. 

The next lemma is 5.12 of [1], proved here for completeness. \H\ de
notes the cardinality of H and G^ denotes the collection of maps from 
& toG. 

LEMMA 1.4. G ^ H implies \H\ S |G*|. 

Proof. Well order G and let * be some object not in G. With each h £ H 
associate the map/^: & —» G VJ {*} defined by declaring the image of 
P G SP under/ftf written P/„, to be the first g £ G such that P C (fcg"1)"1-
If no such g exists, then Pfh is defined to be *. If h and k are different 
members of H, then (fefe-1)1-1- ^ 0 ,̂ and hence one may find g € G such 
that 

(Afc-1)-^ A (Ag-1)1- = R * <V 

R Q (hg"1)1- implies Rfh ^ *; assume Rfh = g. Then Rfh ^ g, for if 
Rfk = g then R C (fe"1)-1, which yields Z^"1, fcg"1 G P1- or (hk~l) Ç P-1, 
contrary to P C (ftfe"1) J-L. The point is that/^ ^ /*. 

The preceding lemmas, together with a straightforward Zorn's Lemma 
argument, guarantee the existence of at least one maximal ^ extension 
and at least one maximal ^ K extension for each /-group and each infinite 
cardinal K. 

THEOREM 1.4. For every l-group G there is at least one l-group H such that 
G 4 H and H has no proper 4 extension. For every l-group G and every 
infinite cardinal K there is at least one l-group H such that G 4 « H and 
H has no proper 4 K extension. 

2. Uniqueness of the maximal extensions. The purpose of this 
section is the explicit construction of the maximal -̂  and ^ K extensions 
of a given /-group G. A second construction by /-permutation group tech
niques will be outlined in Section 4. The present construction has several 
advantages over the /-permutation construction. First, it avoids the 
details of a particular Holland representation, which after all must be 
irrelevant since the definition of the maximal extension is independent of 
representation. Secondly, it is particularly simple when specialized to the 
representable case, essentially coinciding with Bleir's constructions in 
[6] and [7]. Finally, this is the appropriate construction for the universal 
mapping properties of Section 5. 

A s e t ^ 7 Q^ is large iî P QQ £ SimpliesP G Sand if V y = 1<?. If 
y C gp and k is a mapping from ^ into G then Pk denotes the image of 
P f y under k, and dom (k) denotes j ^ . A map k: SP —» G is consistent 
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if its d o m a i n ^ is a large set of polars such that 

(Pk)iQk)-1 Ç (P A <2)x for all P,Q^y. 

Given a convex /-subgroup C and element g (: G, C9 is the conjugate 
g^Cg. H y Q SP and k: ¥ -> G we shall write P* for P™ and 5^* for 
{P*IP e y | . 

LEMMA 2.1. Le/ &:<5̂  —> G be a consistent map and suppose P Q Q (z y . 
Then 

pk _ pPA; __ pQk 

Proof. (Pk)iQk)-1 6 P-1 and so (Pk)(Qk)~l commutes with every 
member of P . Therefore PPk = PQk. 

Of particular interest are those consistent maps having the properties 
isolated in Lemmas 2.2 and 2.4. 

LEMMA 2.2. If k: y —> G is a consistent map then yk is large if and only 

ifvy* = i*. 
Proof. Suppose V yk = 1& and consider a polar P C QQk for some 

Q £ y . There is a unique polar R such that PQ* = P , and P G y 
because P C Ç G 5^. Therefore P* = P** = PQfc = P , proving P £ yk 

and proving 5^* large. 

Given a consistent map k: y —» G and prime P, define the T-support 
of k to be 

7^-supp (k) = { 7s | 7^ £ P , some P G y\. 

The point of the next lemma is that k can be interpreted as having a 
consistent action on each member of P-supp (k). 

LEMMA 2.3. Suppose k: y —» G is a consistent map, T a prime with 
Tx £ P-supp (&), and P,Q ^y such that Tx £PyT

x £ Q. Then Tx(Pk) 
= Tx(Qk). 

Proof. Since Tx is prime and fails to contain P or Q, P ^ P A Q. 
Therefore 

(Pk)(Qk)~l G (P A Q)1- Ç T\ 

so P*Pfc = P*<2&. 

The previous lemma makes reasonable the notation Txk for Tx(Pk) in 
case T is a prime such that Tx 2> P G dom (&) and & is a consistent map. 

LEMMA 2.4. For a consistent map k: y —• G the following are equivalent: 
(a) J / P , (2 G 5^ and 1 ^ 5 g {Pk){Qk)~l V 1 to?s A Q = P A (?. 
(b) There is no disjoint pair of nonzero polars P, Q (z y and element s 

satisfying 1 ^ s ^ (Pk)(Qk)~l V 1 and Ps = Q. 
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(c) For every prime T, Ta < Tb in P-supp (k) implies Tak < Tbk. 

Proof, (a) clearly implies (b). Suppose that (a) fails for P , Q 6 Sf and 
element l S s S {Pk){Qk)~l V 1. Observe that {Pk)(Qk)~l G (P A Q)1-
impliess G (P A Q)±. Therefore 

p* = (p A QY v Rs = (P A 0) V P s , 

where R = P A Q± (z 5f > The only way Ps A Q could fail to equal 
P A Ç is if P 5 A Q 9* Op. Let F = Rs A Q € ^ and let Z7 be the unique 
polar satisfying IIs = V. Since U Q Rit follows that U 6 J^. Finally, let 

u = s A [(Uk)iVkY1 V 1]. 

The argument will be completed by showing Us = Uu, for then [/, F, 
and w violate condition (b). This is done by showing su~l G U1-, which 
in turn is accomplished by showing P5 = Tu for any prime T such that 
P 2 U. For such a prime T it must be true that T < Ts, for otherwise 
T = T° £ U* = V together with T £ U implies T £ U A V = 0&, a 
contradiction. Since 1 g 5 g (Pk)(Qk)~l V 1, we have Ps (QJfe) ^ P(Pfc). 
But r (P*) = P(C/jfe) because {Pk){Uk)~l £ ^ C T since T £ U. 
Likewise Ps(Ç&) = Ts(Vk) because 02&KF&)-1 G V1- C P* since 
7"s jb Us = V. Combining the last three conditions gives 

Ts(Vk) ^ T(Uk) or T < Ts g T{Uk){Vk)~\ 

Hence 

Ps = P(s A [(17*)(7*)-1 V 1]) = Tu. 

Now suppose * satisfies (a) and that T is a prime with cosets Ta < Tb 
in P-supp (k). Without loss of generality assume a < b. If there is a single 
polar P ey such that Pa, P ^ ^ then 

Tak = Pa(Pfc) < P6(Pife) = Pftjfe. 

Now suppose there is no single P £ S^ such that Ta, Tb Jb P. Then there 
are polars P and Q i n^ 7 such that Ta £ P and P6 £ Q> Let 

.v = *-*& A ((Pk)(Qk)-1 V I ) . 

Since 7^z(P&) ^ Tb(Qk), it follows that 

Ta(Pk){Qk)~l ^ Ta(a~lb), 

hence 

Pa5 = Ta(a~lb) and P " = P6. 

But Pa £ ^ implies P6 = Pas g P s , which together with P ^ C implies 
Th^Ps A Q. By (a) applied to s, Ps A Q = P A Q. But this contradicts 
the case hypothesis that no single polar P exists such that Pa, Tb ^b P. 
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Suppose condition (b) fails for disjoint P , U Ç y and element s 
satisfying 

l S s ^ (Pk)(Qk)~l V I and Ps A Q ^ %. 

Let T be any prime such that Ts £ Ps A Q. Then T £ P and P s £ Ç 
imply P, P s G P-supp (fc). Furthermore T < Ts, for if not then T = 
Ts ^ Q together with T ^ P implies r ^ P A Ç = 0^ t a contradiction. 
Therefore Tk = T(Pk) and Ts& = Ts(Qk). Since 

P < n g T[(Pk)(Qk)~l V I ] , 

we have 

rife = r(pjfe) ^ rs(Qfe) = Psfc, 
which violates condition (c). 

We shall use the symbol K for the set of consistent maps having the 
properties isolated in Lemmas 2.2 and 2.4. To reiterate, these properties 
for a consistent map k: y —> G are the following: 

(i) v y* = i. 
(2) If P , Q 6 y and 1 ^ 5 ^ (Pfe) (Çfc)-1 V 1 then P s A Q = P A Ç. 
Let us say that consistent maps & and m are equivalent, written k ~ m, 

provided there is a large set 3T Ç dom (k) P\ dom (m) such that 
(Pk)(Pm)~l Ç PJ- for all P f J . 

LEMMA 2.5. ~ is an equivalence relation on K. 

Proof. Suppose y and M are large sets. Because any Boolean algebra 
& is infinitely distributive, 

\9 = 1* A 1* = ( V y ) A ( V ^ ) 

= v {s A p | s e « r , p G S%\ = v \T\T ç_y c\ë%\, 
proving y P\ S% large. Therefore if k ~ m ^ w by virtue of large sets 
y C dom (k) r\ dom (m) and 3? C dom (m) P\ dom (n) such that 
(Sk)(Sm)-1 e S1- for all S £ ^ and (Rm)(Rn)~l G P x for all R 6 ^ , 
then 

(Tk)iTn)-1 = (Tk){Tm)-'{Tm){Tn)-1 £ P-1 

for all P in the large set 5^ O ^?. This proves that ^ , which is clearly 
reflexive and symmetric, is also transitive. 

LEMMA 2.6. Consistent maps k and m are equivalent if and only if 
(Pk)(Pm)-1 e P-1 for all P £ dom (k) H dom (w). 

Proof. S u p p o s e d is a large subset of dom (k) P\ dom (m) such that 
(Qk)(Qm)-1 G Q1- for all Q £ 3T, and suppose P G dom (jfe) H dom (w). 
For each Ç G ̂  such that Q C P it is true that (Pjfe) (Çfe)-1, (Pw) (Qm)-1 
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6 Q1-, and hence that 

(Pk)(Pm)~l = (Pk)(Qk)-1(Qk)(Qm)-l(Qm)(Pm)-1 6 Q±-

But V3T = 1^ implies V f ^ y i Q Ç P ) = P , so that 

(Pk)(Ptn)-i G A {(2X|0 ^ , e Ç P | = P x . 

LEMMA 2.7. / / k and m are equivalent consistent maps then k has property 
(1) or (2) if and only if m has the same property. 

Proof. Let dom (k) = y and dom (m) = S%. Suppose V ¥k = 1& and 
consider an arbitrary nonzero polar Q. Then there must be some P £ S^ 
such that 0^ ^ P* C Q. Let R £ ^ H 01 satisfy 0^ ^ R Q P. Now 
k ~m implies (P&)(Rm)-1 Ç P1-, so 

Rm = Rk = RPk Q pPk g Ç. 

This proves V g%m = 1^. 
Now suppose & enjoys property (2) but m does not. Consider disjoint 

P , Q G ^? and element 5 such that 

1 S s ^ (Pm)iQm)-1 V 1 and P s = Q. 

Let 

M = 5 A [(Pk)(Qk)~l V 1]. 

To show that Ps = Pu we need only show su~l £ P x , which can be done 
by showing Tu = Ps for any prime T such that T ~£LP . For such a prime 
P it is true that P < Ps, for otherwise P = Ts jb Ps = Q together with 
T ^b P implies P 2 P A Q = 0^,a contradiction. Therefore 

T < Ts S T[(Pm)(Qm)-1 V 1] implies Ts(Qm) ^ T(Pm). 

But T(Pm) = r (P*) because (Qm)(Qk)~l e Q1 Q Ts since P ^ P . 
Likewise Ts(Qm) = Ts(Qk) because (Qm)(Qk)~1 ^ Q-1 Q Ts since 
;p ^ ps = Qm Combining the last three conditions gives 

Ts(Qk) S T(Pk) or Ts = T[s A [(Pk)(Qk)~l V 1]] = Tu. 

We have thus shown P* = Pu. But since 

1 £u£ (Pk)(Qk)~l V 1, 

property (2) applied to k is contradicted by Pu = Ps = Q. Therefore m 
must also enjoy property (2). 

To rephrase the preceding lemma, any consistent map equivalent to a 
member of K is itself a member of K. 

LEMMA 2.8. Suppose k.'S^ —^Gis a consistent map. Then there is a unique 
set S% such that Sf C 0t Q 0* and such that S% is maximal with respect to 

https://doi.org/10.4153/CJM-1982-042-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1982-042-5


628 RICHARD N. BALL 

the existence of a consistent map m: S% —> G extending k. k is equivalent to 
every such m, and k G K if and only if each m G K. 

Proof. Let & be the union of £f with the set of all polars Q not in 5^ 
for which there is some g G G such that g(Pk)~l G P1 for all P G S^ such 
that P C Q. Define Qm = g. To show m consistent consider Q, R £ 0? 
and suppose Qm = g, Rm = ft. For each ? G ^ such that P Q Q A R, 

(Qm)(Rm)-1 = gh~l = g{Pk)-l{Pk)h~l G P \ 

Since v y = l ^ 

V | P G ^ | P Ç < 2 A P Î = <2A p. 

Therefore 

(Qm)(Rfn)-1 G A {P-^P ty,P QQ A R\ 

= (V {P ty\P QQ A R])^ = (<2 A P ) ^ 

^? is maximal, since it clearly contains the domain of every consistent 
extension of k. k and m are equivalent since they agree on «5 .̂ 

We shall refer to the set S% of Lemma 2.8 as the maximal domain of k. 
This concept has particular importance in Sections 2, 3, and 4. 

For each k G K let [k] = {w Ç X | i ^ m | , the equivalence class of k, 
and let G be {[fe]| k ^ K}. The task of the rest of this section is to endow 
G with group and lattice operations in such a way as to make it the maxi
mal ^ extension of G. Before doing so, however, it is profitable to list 
several more technical lemmas. 

LEMMA 2.9. Suppose g G G and P G &. Denote g+ = g V 1 and g~ = 
g A I by a and b, respectively. Then 

F = [ P A g1-} V [P A a±A-]a V [P A b^]b. 

Proof. Since V {g-1, a1-1, bL±} = 1^, 

P = \P A gx] V [P A a-^] V [P A 6X±] 

and 

P" = [P A gxF A [P A a -H ' V [P A b^]'. 

But [P A gL](J = [P A g-1] because g commutes with all members of g±, 

[P A a1-*-]' = [P A a^]a 

because bg~l = a~l commutes with all members of b1-1-. 

COROLLARY 2.10. Suppose P and Q are disjoint polars and g is an element 
of an l-group G, and suppose g+ and g~ are denoted a and b. If Pa A Q = 
Pb A Q = 0#thenPs A Q = 0#>. 
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LEMMA 2.11. Suppose k £ K and P and Q are disjoint members of 
dom (k). Then Pk and Qk are disjoint. 

Proof. By Property (2) applied twice, 

Pa A Q = Pb A Q = 0 „ 

where a = (Pk)(Qk)~l V 1 and 6 = {Pk)(Qk)~l A 1. By Corollary 2.10, 
p* A 0* = 0*. 

LEMMA 2.12. Suppose k £ K and P,Q £ dom (jfe). 77ten 

(p A QY = Pk A Qk. 

Proof. P = (P A Q) V (P A 0 1) implies P p * = (P A 0 P * V 
(P A 0L)PA:, which by Lemma 2.1 can be written 

Pk = (P A 0 * V (P A QL)k. 

Similarly, 

Qk = (P A 0 * V (<2 A Px)*. 

Since P and <2 A P x are disjoint members of dom (&), Lemma2.11 implies 
Pk and (Ç A P±)k are disjoint. Similarly, 0 and (P A 0-)* are disjoint. 
Therefore 

Pk A 0 = (P A 0 * . 

LEMMA 2.13. Suppose k,m £ K and let 

y = {R e dom (*)| Rk e dom (w)}. 

Theny is large. 

Proof. If PQR£ y then P G dom (*) and Pk = PRk QRk£ dom (w), 
showing P G «5 .̂ Now fix Q € dom (fe) and let (Q&)""1 = g- Since dom (ra)*7 

is large, 

V {R C (2| P Ç dom (w)'} = 0 

But {P C Q| P £ dom (m)*} ç y , which proves V ^ 2 C for all 
Q £ dom (ft). That is, 

V y ^ V dom (ft) = \&. 

PROPOSITION 2.14. Suppose ft, m G K and y is as in Lemma 2.13. 
Define f: y -> G by Rf = (Rk) (Rkm) for all R^y. Thenf G K. 

Proof. To verify the consistency of/ consider P, Q £ y and let x = 
(Qk)(Pk)-\ Note that x G (P A Q)x since P , Ç G dom (ft). Similarly 

y = (Pkm) ( 0 m ) " 1 6 (P* A Qk)\ 
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Therefore 

z = (Pk)y(Pk)-1 € (P A Q*)"-. 

B u t x f ( P A C ) 1 implies P A Q = Px A Q\ whence 

P A Ç C P A Ç 1 and (P A QX)L Q (P A Q)L. 

Therefore (Pf){Qf)~l = zx~l G (P A <2)x. 
To verify property (1) we must prove V y ; = 1. Consider 0^ ^ 

F Ç ^ . Because dom (m)m is large there is some Q 6 dom (m) with 
0^ ^ (?m £ F. Because dom (fe)* is large there is some P G dom (&) with 
% 5* P* C Q. By definition P 6 y , and P ' = (P*)* where x = Pkm. 
But P* C Q implies (P*)* = (P*)*w, hence P / C 7. This shows V ^ = 

To verify property (2) suppose Ta < Tb in P-supp (J) for some prime 
T. More explicitly, suppose Ta ~£ P and Tb £ Q for P , Ç G ^ . Then 
Pa < Tb in P-supp (fe) since P , Q G dom (fe), and because fe satisfies (2) 
it follows that Ta(Pk) < Tb(Qk). Now 

Ta(Pk) £pic ç d o m (m) a n d r & ( W £ g* ç d ( ) m (w)> 

hence 

Ta(Pk)(Pkm) < Tb(Qk){Qkm) 

because m satisfies (2). That is, Taf < Tbf. 

For k, m £ K we shall denote the function/of Proposition 2.14 by km. 

LEMMA 2.15. Given k,m g i£, define [k] [m] — [km]. This multiplication 
is well defined and associative. 

Proof. Suppose j ~ k and m ~ n in K. Let ^ denote the intersection 
of the domains of the products km and jn. Then for P £ &, Pj = Pfc 

because (Pj)(Pk)~l £ PL. Therefore 

a - (P^m)(P%)~1 G (P*)-1 - (PX)PA\ 

say a = 3>PA; where y t PL. Then 

(Pkm)(Pjn)-1 e {Pk)a{Pj)~l = y(Pk)(Pj)~l £ P x , 

which proves &m ~ jn. 
It remains to show ([&] [m]) [w] = [&] ([m] [n})\ in fact, the stronger 

formula (km)n = k(mn) holds for all k,m, n 6 2£. Both sides of the last 
equation work out to be the function with value abc at Q, where a = Qk, 
b = <2am, and c — Qabn, and where Q is a polar such that Q G dom (fe), 
Qa 6 dom (w), and <2fl6 G dom («). 

Define i: & —» G to be the map which takes each P Ç 0> to 1 G G. 
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Clearly i 6 K and ik = ki = ft for all ft £ K. Thus G has an identity [i], 
which we shall denote 1. 

LEMMA 2.16. Given ft £ K define h: dom (ft)* -> G by (Pk)h = (Pft)"1 

for aZ/ P G dom (ft). Then h £ K, and hk ~ kh ~ i. 

Proof. To verify the consistency of h consider Pk, Qk Ç dom (ft)*. Then 

(Pkh)(Qkh)~l = (Pk)-i(Qk) = [((?*) (P*)"1]** £ ((P A Ç)-1-)^ 

= ((P A Q)Qk)L = ((P A Q)*)-1 = (P* A Ç")±-

Property (1) holds for h since 

dom (h)h = (dom (ft)*)» = dom (ft). 

To verify property (2) consider Ta < Tb in P-dom (ft) ; say Ta 2> P* 
and Tb £ Qk for P , Q Ç dom (ft). If * = a(Pft)"1 and y = ft(Qft)-1 then 
Tx Ê P and Py 2 (?> s o that P̂ > Py £ P-dom (ft). Now Px = Py implies 
by Lemma 2.3 that Ta = Tx(Pk) = Ty(Qk) — Tb, and Py < Tx implies 
by property (2) applied to ft that Tb = Tyk < Txk = Ta. The only 
remaining possibility is that Paft = Ta(Pk)~l = Tx < Ty = Tb(Qk)~l 

= Tbh. Finally, it is immediate from the definitions that dom (ftft) and 
dom (ftft) are dom (ft) and dom (ft)*, respectively, and that Pkh and Qhk 
are both 1 for polars P and Q in the appropriate domains. 

Let us denote the map ft of Lemma 2.16 by ft-1. This is, of course, a 
slight abuse of the notion of inverse, since ft-1 is not an inverse of ft in K, 
but [ft-1] is an inverse of [ft] in G. The reader should observe that the 
inverse operation is well defined in the sense that ft ^ m implies ft-1 ~ 
m~l. 

Having made G a group, it remains to impose a compatible lattice 
structure. This can be done in the simplest way. 

PROPOSITION 2.17. Given ft, m G K define f: dom (ft) P\ dom (ra) —» G 
byPf = Pft V Pm. Thenf 6 X. 

Proof. To verify the consistency of/ consider P , Q G dom (/). Then 
(P/) {Qf)~l can be written as either 

[a A (PftKQm)"1] V [ ( P w ) ^ ) " 1 A 6] 

or as 

[a V (Pm)((2ft)"1] A [ ( P f t ) O » - 1 V ft], 

where a = (Pft)(Çft)"1 and 6 = (Pm)(Qm)~1. Thus 

a A 6 ^ (Pf)iQf)-1 ^ a V ft, 

and since a, ft G ( P A Q)-1-, it follows that 

(PMQfl-'t (P A<2)x-
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To verify t h a t / has property (2) consider Ta < Tb in 7^-supp ( / ) . 
Since Ta and Tb must also be in P-supp (k) and P-supp (m) we have 
Tak < Tbk and Tarn < Tbrn. It follows at once that 

Taf = Tak V Tarn < Tbk V Tbrn = Tbf. 

To verify V dom (f)f = 1^ consider an arbitrary polar V ^ 0^. 
Because dom (fe) is large, there is a polar P G dom (k) such that 0^ ^ 
P* C F. Because dom (m) is large, there is a polar Q G dom (m) such 
that 0^ 9^ Qm C P*. Without loss of generality we may assume P , 
(3 6 dom (/) and Qm = P*. If P g [(Pm)(Pk)~l V I]1-1 then there is 
some P G dom (f) such that 

0* 5* P C [(Pm)(P^)-1 V l ] x H P , and 
D / _ URmVRk _ -nPmVPk __ DPA; Q DPA; ( ^ T/ 

in which case we are done. Therefore assume that 

P C [(Pm)(P/^)-1 V 1 F -

and by a similar argument that 

QQ[(Qk)(Qm)-1 v I P - . 

Now P and (? rnay not coincide, for then 

P C [(Pw)(P^)- 1 V I F = [ ( Ç m ) ^ ) - 1 V I F 

ÇKWIW"1 v 1F2Ç, 
a contradiction. Let us suppose Q A P x 9^ 0^; the argument for P A 
Q"1 ^ 0^ is analagous. Let T be any prime such that T jb Q A P x and 
let x = (Qw) (P&)-1. Then Tx jÙ P , meaning that T and Jx are different 
members of P-dom (/). If P < Px then 

r(çjfe) = P£ < Txk = r«(pjfe) = P ( < » . 
This is a contradiction because T >̂ Ç C [(Ç&HQm)-1 V l]-1-1 implies 
T(Qk) > T(Qm). On the other hand Tx < T implies 

!P < Txx~l and 

r*(Pw) = P*ra < Txx-lm = Txx~l{Qm) = PX(P&). 

But this is also a contradiction because 

Tx £P Q [(Pm)(Pk)-1 V I F implies P*(Pm) > r*(P*). 

One has no recourse but to concede that V dom ( / ) ' = 1 ,̂. 

Denote the map f of Proposition 2.17 by k V m\ the function fe A m is 
defined dually. It is routine to verify that ^ respects V and A in the 
sense that k ~ k' and m ~ m' imply k V m ~ k' V m1 and k A m ~ 
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k' A rri'. Therefore we can define [k] V [m] = [k V m\ and [k] A [m] = 
[fe A m\. 

THEOREM 2.18. G is a lattice ordered group. 

Proof. Six identities and their duals must be verified: 

x\/x = x,x\/y = y\/x,(x\/y) V s = x V ( y V z ) , 

x A (x V 3>) = x, x(y V z) = xy V xz, and (x V ;y)z = xz V 3>z. 

Each of the first five follows directly from the fact that the same law holds 
in G. To prove the sixth, consider k,m,n G K and let h = kn V km G i£. 
Let 

y = {P G dom (jfe) H dom (m)| P C [(P^)(Pm)"1 V I]-11- or 

P C [(Pk)iPm)-1 V l ] 1 ) . 

Since each P G dom (k) P\ dom (w) can be written 

(P A [(P^)(Pm)-1 V I F - ) V (P A [(P^)(Pm)"1 VI]-1), 

it follows thatS^ is large. Let / : <5̂  —> G be defined by 

P / = Pk if P C [{Pk)(Pm)~l V I F , and 

Pf = Pm if P C [(P^)(Pm)"1 V I F 

T h e n / ~ k V ?n;we shall show/w ^ &. For that purpose let 

& = {P e y i P * , ^ G dom (»)}, 

also a large set. The claim is that {Pfn){Ph)~l G PL for all P ( ^ . To 
establish this claim it is enough to prove T(Pfn) = T(Ph) for all primes 
T such that T jb P. Two cases arise; the first is when 

P C [(P^)(Pm)"1 V I F - . 

If r is any prime such that T £ P then TQPk) è P(Pw). Since Pp* 2 
P* G dom (n) and PPm g Pm G dom (»), P(P&) and P(Pm) are in 
P-supp (n). Therefore 

T(Pk)(Pkn) = T(Pk)n ^ T(Pm)n = T(Pm)(Pmn), 

meaning 

r(PA) - T[(Pk)(Pkn) V (Pm)(Pmn)] = T(Pk)(Pkn) 

= P(P/)(P%) = P(P/n) . 

The second case arises when P C [(P&) (Pm)'1 V I F If ^ is any prime 
such that P ^ P then T(Pm) ^ T(Pk). By an argument directly anala-
gous to the first case we obtain T(Ph) = T(Pfn). 
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THEOREM 2.19. With each g G G associate the equivalence class of the map 
k9: & —» G defined by Pkg = g for all P G &. Then, under this association, 
G 4 G. 

Proof. A little reflection reveals the map g —-> [kg] to be an /-homo-
morphism. To see that this map is one-to-one consider g ^ h in G and let 

P = (gh-1)^ G dom (*,) H dom (kn). 

Since (Pkg)(Pkh)-
1 = gh~l g P-1, [jfe„] ^ [&»]. Therefore G is an /-sub

group of G, and we shall henceforth use the symbols [kg] and g inter
changeably for elements of G. 

To prove G order dense in G consider 1 < x = [k] £ G. By replacing k 
with fe V ki if necessary, we may assume k: dom (fe) —> G+. Since x ^ 1, 
there is some polar P G dom (k) such that Pk±A- C\ P ^ 0^,, since other
wise k is equivalent to k\. Without loss of generality P C Pk±A-. Find 
g G G such that 1 < g ^ P& and g G P . Then fe„ A fe = &<?, so 1 < g g x. 

Finally consider an arbitrary x = [k] G G, let P G dom (fe) satisfy 
P p̂  0̂ >, and let P& = g G G. We claim P çz (xg-1)-1. To see this, consider 
1 < p G P , let 

0 £ A fefe,-1) V fei = h, 

and let 

y = { C 6 dom (*)| QQP or Q C P^} , 

a large set. For Q G 5^ such that Q C P1- it is true that 

(Qh){Qki)-1 = PtPQQ± 

and therefore (@/0 (<2&i)-1 G <2X. For Q G 5^ such that Q C P it is true 
that 

Qkk0-i = (Qk)(Q%)~1 = (Q*) OP*)-1 OP*) Or1) = (Qk)(Pk)-' G ^ - , 

implying (Qh)(Qki)~l G Qx. We have proved h ~ ki or p /\ xg~l = 1, 
meaning P C (x^y-1)-1. But since 

V dom (k) = \& in G, 

V {PLL\P G dom (ft)} - \9 inG, 

hence 

A {P^IP G dom (ft)} = % inG 

and therefore 

A {(xg-1)J-LU G G} = 0^ inG. 

THEOREM 2.20. Suppose G is a fixed I-group. Then for any I-group H, 
G ^ H if and only if there is some l-monomorphism 6: H —> G over G. 
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Proof. Suppose G 4 H} and fix h G H. Define 

yh = [P a polar of G\ hg~l G P 1 for some g t G}. 

yh is large because A | (Ag-1)"1"1! g G G} = Op in H implies 

V I f e - r n G l ^ G ) = \9 inG. 

Define &,,: 5fh —» G to be any function such that h(Pkh)~
l G PL for all 

P G 5 ^ , and define &0 = [&„]. 0 is well defined, for if m\ £f\ —> G is a 
second function satisfying h(Pm)~l G P1- for all P G 5 ^ then 

(Pm)(Pkh)~
1 = (Pm)h-lh{Pkh)-

1 G P± for all P G 5^» 

and so kh ~ m. 
We claim kh G i£. To verify the consistency of Kh simply observe that 

for P , Q G yh, 

(Ph)(Qh)-1 = ttPkh)h-l)(h(Qkh)-i) G P-L v <2X = (P A 0- 1 . 

Property (1) holds because £f h large implies {P-11! P G «5̂ a}* large, and 
it can easily be shown that {(P±À-)h P\ G\ P G 5^} is S^h conjugated by 
kh. To verify property (2) consider Ta < Tb in P-supp (kh). More 
explicitly, suppose Ta ~£L P G 5 ^ and Tb ~jb Q G j ^ . Let P be any prime 
of # such that P P\ G = P. The crucial point is that Pa < Rb and there
fore Rah < Rbh. But P a ^ P-11- implies h(Pkh)~

l £ P-1 Q Ra and so 
Pa/* = Ra(Pkh) or Rah = Ra(Pkh). Likewise Rbh = Rb(Qkh). Combining 
these conditions gives 

Ra(Pkh) <Rb(Qkh)y 

which implies 

Tah = Ta(Pkh) < Tb(Qkh) = Tbh. 

To show that 6 preserves the lattice operations consider f, h (z H, 
P eyfr\ yh} and let Pkf = r, Pkh = L By expanding (/ V h)(r V Z)"1 

in two ways one sees that it is bounded below by fr~l A ht~l and above 
by./V"1 V htr1. Since /r"1, frr1 G P-1, it follows that 

( / V h)(r V 0""1 G i*x-

But since r V t = Pkj where 7 = / V h, this shows 5^- £ S^f H 5 ^ and 
&,- ~ kf V khj so 

fe v he = (f v &)0. 
A dual argument settles the issue of A. 

To show that 6 preserves group operations consider / , h G H, P G £f ; 
such that P r G yn, where r = P * , and / = PTkh. Since/r"1 G P x and 
Ar1 G (PO"1, 

fft(r/)-i = (fr-l)r(lit-')r-1 G P x . 
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Therefore P G yj, where j = fh, and since Pkj can be taken to be rt 
and since rt = Pkfkh, it follows that kj ~ kfkh and 0 preserves products. 
To show that for h G H, (hd)~l = (h~l)d, let P be any polar of Sfhl 

let S% be Sfh conjugated by kh, and let Pkh = r. Then hr~l G P-1- implies 
h-ir ç (p i ) r = (pr)i T h i s s h o w s t h a t ^ g y h where 7 = A"1, and 

that kj ^ fe^_1. Therefore 

(W)-1 = fe]"1 = [fer1] = [kj] = (h-i)d. 

THEOREM 2.21. Every maximal < extension of G is isomorphic to G 
over G. 

Proof. If H is a maximal ^ extension of G then there is an /-mono-
morphism 6: H —» G over G. 6 is onto, since otherwise H would have a 
proper -^ extension. 

For each cardinal number K define GK to be those [k] G G such that the 
maximal domain of k contains a subset S^ of cardinality less than K such 
that V 5^ = lg>. For example, G03 consists of those [k] G G such that the 
ideal of 3P generated by the maximal domain of k is all of &. GK is well 
defined because equivalent consistent maps have the same maximal 
domain. 

LEMMA 2.22. GK S G. 

Proof. Suppose [k], [m] G GK; say S% Q dom (k) and 5f C dom (m) are 
sets of cardinality less than K such that V y = V f = 1^. Consider 
the sets 

{P A (Pk)Q(Pk)~i\ P G f , Q G y ) , 

{P*|P G ^ } , and {P A (?| P G ^ , Ç G ^ } . 

These sets have supremum 1^ and have cardinality less than K. Since 
they are contained in dom (fern), dom (&-1) and dom (fe V m), respec
tively, it follows that [k] [m], [k]~\ [k] V [m] G GK. 

LEMMA 2.23. G < * G". 

Proof. Fix g (z G and let ^ : £P —> G have the meaning of Theorem 2.19. 
Then {1^} is a maximal disjoint subset of the maximal domain of kg of 
cardinality 1. This shows G ^ G\ Now fix h = [fe] G GK; suppose 3% Q 
dom (fe) is a set of cardinality less than K such that V 3? = 1^. Let X = 
{P£ |P G ^ } . Observe that for any P G dom (fe), h(Pk)~l G P x or 
P Ç (fc(PJfe)-i)J-. Therefore 

This shows G ^ K GK. 
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THEOREM 2.24. Suppose G is a fixed l-group. Then for any l-group H, 
G ^ K H if and only if there is an l-monomorphism 6: H —» GK over G. 

Proof. Observe that if G ^ K H then G -̂  H, from which by Theorem 
2.20 we get an /-monomorphism 6: H —> G. An inspection of the proof of 
this theorem reveals that 6 actually maps H into GK. 

THEOREM 2.25. Every maximal ^ K extension is l-isomorphic to GK over G. 

3. Maximal extensions in relation to the orthocompletion, polar 
completion, and strongly projectable hull. If G is representable then 
every consistent map is in K, and the group and lattice operations are 
componentwise in the following sense. For ft, m Ç K the domain of km 
is simply dom (ft) C\ dom (ra), and Pkm = (Pk)(Pm) for all polars 
P e dom (km). Likewise dom (ft"1) = dom (ft), and Pk~l = (Pft)"1 

for all P £ dom (ft-1)- The lattice operations, of course, are generally 
componentwise in this sense. A consequence of componentwise operations 
is that G and G generate the same variety of /-groups when G is represent
able. Some notation is necessary to prove this. For each g £ G let g be 
a constant symbol. W(vu v2, . . . , vn) is a word with constants from G if it 
is an expression built up from the variable symbols Vi, v2, . . . , vn and 
constant symbols gi, g2, . . . , gm, g* G G, using the group and lattice 
operations. An equation with constants from G is a formula of the form 

V Xi, . . . , xn W(xu x2, . . . , xn) = 1, 

where W is a word with constants from G. 

PROPOSITION 3.1. If G is a representable l-group then an equation ^ with 
constants from G holds in G if and only if it holds in G. 

Proof. Suppose W(\i, v2, . . . , vw) is a word with constants from G such 
that the corresponding equation \p holds in G. Let Xi. . . xn be members of 
G and suppose xt = [ft t] and that the intersection of the domains of the 
ft/s is5^. Then because all operations are componentwise, W(xi, x 2 , . . . xn) 
= [h], where dom (h) = y , and Ph = W(Pxu Px2, . . . Pxn) for all 
P G y . But because ^ holds in G, Ph = 1 for all P £ y and [h] = 1. 
That is, if/ holds in G. 

COROLLARY 3.2. If G is representable then G and G generate the same 
variety. 

An interesting open question is whether G and G generate the same 
variety. The simple proof for the representable case given above will not 
work in general because the group operations are not componentwise. 

PROPOSITION 3.3. Every polar of G is a cardinal summand if and only if 
G is representable and has no proper ^ u extensions. 
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Proof. Suppose that G is representable, G = G<°, 1 < g Ç G, and P is 
a polar of G. Let 

^ = {<2e SP\QÇ,P or Ç Ç P 1 ) , 

a large set. Define k: y -> G by Çfc = x if Q C P and Çfc = 1 if Ç C P-k 
Clearly k £ K, and fe = [ife] G G" = G. Just as clearly, ft 6 P and g/r"1 G 
P-1-, showing G to be the cardinal sum of P with P1-. 

Now suppose that every polar of G is a cardinal summand. Then every 
polar is plainly normal, hence G is representable. Consider x = [h] £ G03 

and let S% be a finite subset of dom (ft) such that V 3& = 1. Without loss 
of generality we may assume 8% to consist of pairwise disjoint polars. For 
each P £ ^? there exists by projectability an element gv £ P such that 
x&T"1 € ^>-L- Because «^ is finite, the product of all the gp's is an element 
y of G. But it is easily verified that k ~ ky, where ky has the meaning of 
Theorem 2.19. Therefore x = y G G. 

An /-group whose every polar is a cardinal summand is termed strongly 
projectable in the literature. Given a representable /-group G, a second 
/-group i J is called a strongly projectable hull of G if G is order dense in H, 
if H is strongly projectable, and \î G ^ K < H implies K is not strongly 
projectable. A proof that every representable /-group has a strongly pro
jectable hull which is unique up to /-isomorphism over G may be found 
in [10]. 

PROPOSITION 3.4. Any strongly projectable hull of a representable I-group 
G is l-isomorphic to G<° over G. 

Proof. By Proposition 3.1 every < extension of a representable /-group 
G is representable. Hence Gœ is a strongly projectable hull of G. 

Is there a projectability condition which makes sense for every /-group 
G, which reduces to strong projectability in the representable case, and 
which is equivalent to G = Gœ? A candidate for such a condition is the 
subject of Proposition 3.5. The normalizer of a polar P is [x\ Px = P} , 
known to be an /-subgroup of G. The convex normalizer of P , written 
CN (P), is the largest convex /-subgroup of G contained in the normalizer 
of P . 

PROPOSITION 3.5. If G = Gw then each polar P is a cardinal summand of 
its convex normalizer. 

Proof. Suppose P Ç 0> and 1 < g £ CN (p). Let 

y={Qe^\QQP or Q Ç P - M , 

a large set, and define k: ¥ —» G by declaring Qk = g for Q C P and 
Q& = 1 for Ç £ P̂"1- & is clearly consistent, and in fact is in K. To verify 
property (1) it is only necessary to observe that yk = ff. To verify 
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property (2) consider Q, R G ¥ and 1 ^ 5 ^ {Qk)(Rk)~l V 1. The only 
nontrivial case occurs when Q C P and P C P-1-, in which case 1 ^ 5 ^ g. 
Because g G CN (P), Qs = Ç and Q* A R = Q A R = 0^. Thus K K , 
and x = [fe] G G"5 = G. But it can easily be shown that x £ P and gx -1 G 
P-1, thus confirming P to be a cardinal summand of CN (P). 

It should be pointed out that the convex normalizer of any polar in a 
representable /-group G is G itself, so that the condition of Proposition 3.5 
reduces to strong projectability in that case. The interesting and import
ant open question is whether the converse of Proposition 3.5 is true. 

If G = Gw it is not necessarily true that each polar is a cardinal sum
mand of its normalizer. For example, take G to be ^4(R), the order pre
serving permutations of the real numbers R, and let P be the polar 
consisting of those permutations whose support is contained in \J 
{(2n, 2n + 1)| n an integer}, where (2w, 2n + 1) is the open interval be
tween 2n and 2n + 1. Let g £ G be defined by (r)g = r + 2 for all r £ R. 
Then P° = P , yet g cannot be gotten as a product of permutations, one 
from P and one from P1-. This is in spite of the fact that G = Gw. 

G has all the projectability properties set out above, and in addition 
has strong convergence completeness properties. The next several propo
sitions refer to Section 5 of [1]. 

PROPOSITION 3.6. G is complete with respect to the polar Cauchy structure. 

Proof. As was mentioned in the proof of Proposition 5.13 in [1], G ^ Gp 

and therefore G ^ Gip, where Gp and Gip are the polar Cauchy completion 
and iterated polar Cauchy completion of G, respectively. It follows that 
(G)p = G. 

It is possible to characterize Gp inside G. Given G, let L consist of those 
elements [k] G G such that the maximal domain of k contains a large ideal. 
This notion is well defined, for equivalent members of K have the same 
maximal domain. 

PROPOSITION 3.7. Gp is l-isomorphic to L over G. 

Proof. Given x (E L find k £ K and ideal d? of polars such that x = [k], 
$ C dom (&), and V S = 1^. For each polar P 6 < \̂ let 

HP) = {g£G\ (Pk)g-i e p-J-}. 

Let Ĵ ~ be the filter on G generated by the sets P(P) for P G S. It is 
straightforward to verify that &~ is a polar Cauchy filter. Define xd to be 
the Cauchy equivalence class of Ĵ ~. The verification that 6 is a well 
defined /-isomorphism from L onto Gp over G is routine. 

Is there an /-group G such that (Gp)v 9^ Gpl This question was first 
posed in [1] and remains unresolved. Though the question at first glance 

https://doi.org/10.4153/CJM-1982-042-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1982-042-5


640 RICHARD N. BALL 

seems to have nothing to do with G, Proposition 3.7 makes it clear that 
it really concerns /-subgroups of G and ought to be easier to settle in 
this light. 

PROPOSITION 3.8. For any l-group G, G and Gv are l-isomorphic over G if 
and only if the maximal domain of each k Ç K contains a large ideal. 

Proof. If the maximal domain of every k £ K contains a large ideal then 
L = G and the previous proposition provides an /-isomorphism from G 
onto Gv. If Gv and G are /-isomorphic over G then L and G are /-isomorphic 
over G. Therefore L has no proper ^ extensions and hence L = G. 

An element b Ç G is basic if b > 1 and b1- is prime. G has a basis if each 
1 < g G G exceeds a basic demerit. It is known that G has a basis if and 
only if 3P is atomic. 

PROPOSITION 3.9. If G has a basis then G = Gp. 

Proof. The ideal # generated by the atoms of & is the unique minimal 
large ideal of SP. Since every large set must contain <D , Gv = G by the 
previous proposition. 

Each Cauchy completion studied to date has had a relation complete
ness with respect to the adjoining of suprema of subsets of a particular 
sort [2]. The polar completion Gip is complete with respect to containing 
suprema for sets of the following kind. A subset Z C G+ is type & if 

A {(Zz~l V 1 )^1 z e Z] = A {(z-'Z V 1 ) ^ 1 z G Z ) = 0 , 

(See Propositions 5.15-5.23 and Section 3 of [1]). Observe that every pair-
wise disjoint subset of G+ is type &. G is sup & -complete if every type <& 
subset of G has a supremum in G. G is laterally complete if every pairwise 
disjoint subset of G+ has a supremum in G. The example following 
Corollary 5.23 of [1] shows that lateral completeness is a strictly weaker 
property than sup ^-completeness. 

PROPOSITION 3.10. G is sup &-complete and therefore laterally complete. 

An /-group which is both laterally complete and strongly projectable 
is termed orthocomplete in the literature ([4], [10]). 

PROPOSITION 3.11. G is orthocomplete if and only if G is representable and 
has no proper ^ extension. 

Proof. Suppose G is representable and G = G. By Proposition 3.3 G is 
strongly projectable, and by Proposition 3.10 G is laterally complete. 
Now suppose G to be orthocomplete and therefore representable, and 
consider 1 ^ x = [k] £ G. Assume without loss of generality that Pk ^ 1 
for all P 6 dom (k). Obtain by Zorn's Lemma a set M Q dom (k) maxi
mal (in the containment order) with respect to consisting of pairwise 
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disjoint polars. Note V S% = \&. For each ? f f find by projectability 
an element gp £ P such that xgp~

l 6 P1. The set {gp| P £ <^} is pairwise 
disjoint and has a supremum y in G. But it is clear that k ~ ky, where ky 

has the meaning of Theorem 2.19. Therefore x = [ky] = y £ G. 

H is an orthocompletion of the representable /-group G if i? is ortho-
complete, if G is order dense in H, and iî G ^ K < H implies K is not 
orthocomplete. Bernau proves in [4] that every representable /-group has 
an orthocompletion which is unique up to /-isomorphism over G. 

PROPOSITION 3.12. Any orthocompletion of a representable l-group G is 
l-isomorphic to G over G. 

Proof. By Proposition 3.1 every <[ extension of a representable /-group 
G is representable. Hence G is the orthocompletion of G. 

Conrad proves in [10] that the orthocompletion of a representable 
/-group G is the lateral completion of its strongly projectable hull. The 
most likely analog of this result for an arbitrary /-group G is unresolved; 
namely, whether (Gœ)p = G. In light of Proposition 3.8 the question is 
this: if G = G", must every k £ K have a maximal domain containing a 
large ideal? 

If G is a representable /-group with a basis then G can be described 
quite precisely. Let A be a maximal set of pairwise disjoint basic elements 
and for each a £ A let ira be the natural /-homomorphism from G onto the 
totally ordered group G/a1-. Let 

*-:G->riG/a-L 

be the resulting product /-monomorphism. 

PROPOSITION 3.13. Suppose G is a representable l-group with a basis and 
that A is a maximal pairwise disjoint set of basic elements. Then the natural 
l-monomorphism T: G —» I~IaeA G/a1- has a unique extension f from G 
onto YlatA G/a-1. 

Proof. Consider/ = [k] £ G and a 6 A. Because a±J- is an atom of SP 
it must be in dom (k); therefore define fit to be the element of YlG/a1-
whose value at index a is (a-L-L^)7ra. It is easy to see that T is well defined 
and, by virtue of the componentwise nature of all operations, is an /-
homomorphism which extends -K. TO show it one-one observe that if 
/ i 3̂  fi in G then ft = [&,] where 

{aA-Lkl){aLA-k2)-
1 (L aL for some a € A. 

But this directly implies that/ifr and /2TT disagree at index a. To show it 
onto consider an arbitrary 1 < z Ç \\a^A G/a-1. For each a 6 A fix 1 < 
g (a) G G such that (a)z = g{a)ira. Now a±J- is a cardinal summand of the 
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strongly projectable /-group G, so for each a £ A there is a unique 
1 è h (a) 6 G such that 

ft(a) 6 a1-1 and fefaKgOO)"-1 G a-1 in G. 

Furthermore, the different h(a)'s are disjoint because the different a'sare. 
The lateral completeness of G assures the existence of Va(=A h (a) = t in G, 
and clearly tit = z. 

It remains to show the uniqueness of it. For that purpose consider an 
/-monomorphism 6: G —> I l G/a1- extending ir, an arbi trary/ = [k] £ G, 
and a ^ i . Let a1-^ = g £ G. We claim |/g_1l A a = 1 in G. For if 

m = {kkg~l V kgk~l) A fefl, 

where ^ and &a have the meaning of Theorem 2.19, then a±J-m = 1 by 
construction and for all b £ A such that b ^ a it is true that 1 ^ 6-L-Lw ^ 
a, hence 6Xi-w £ bL. This proves that m ~ i and therefore that \fg~l\ A 
a = 1 in G. By applying 0 to this equality we obtain 

I W(g*)~l\ A air = 1 in I I G/a1-, 

which implies that the elements/0 and g7r of 11 G/aL have the same value 
at index a. But fit and g7r agree at index a, hence / x and fd agree at a. 
Since a was an arbitrary index, fit = /0. 

The following theorem is closely related to Theorems 3.2 and 3.4 of [9]. 
X}«€A ^« denotes 

)f G I I r a | (a)/ = 1 for all but finitely many a r . 

G is said to be a /arge /-subgroup of H if G ^ i J such that every nontrivial 
convex /-subgroup of H has nontrivial intersection with G. In particular, 
if G is order dense in H then G is a large /-subgroup of H, 

THEOREM 3.14. For an l-group G the following are equivalent. 
(a) G is representable and has a basis. 
(b) G is a product of totally ordered groups. 
(c) Gis representable and completely distributive. 
(d) Gw is representable and completely distributive. 
(e) G is a large I-sub group of an l-group which is completely distributive 

and strongly projectable. 
(f ) G is a large l-subgroup of a product of totally ordered groups. 
(g) There is a collection {Ta\a £ A} of totally ordered groups and an 

l-monomorphism a such that 

aÇA aÇA 
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Proof. We have proven the implications from (a) to (b) to (c) to (d) to 
(e). To show that (e) implies (a) suppose that G is a large /-subgroup of 
the completely distributive strongly protectable /-group H. Then G is 
representable because H is, and the polars of G and H correspond by 
intersection. Therefore we need only show that H has a basis. For that 
purpose consider arbitrary 1 < h 6 H and find an order closed prime Q 
of H which does not contain h. There must be some / £ H such that 
h > f ^ h A q for all q £ Q. Let b = hf~l > 1 and observe that b g h 
since/ ^ 1. We claim that b is basic and prove it by showing b±A- to be an 
atom of SP. Consider disjoint polars Pi , P2 C 6-L-L, and by the strong pro-
jectability of H find elements hi, h2, and hz in H such that fej £ Pi , 
h>2 £ P2, &3 G Pi-1 H P2-1, and h = hih2hz. Because hi and fe2 are disjoint, 
at least one must lie in the prime Q, say hi G Q. By assumption h > f ^ 
h A hi = hi, hence 

1 < 6 = fe/-i g fcfcf-i = /i2^3 g P ^ . 

But then P i C è-1-1 C P ^ implies P i = 0 ,̂, proving b1-1- to be an atom. 
Thus far we have proven the equivalence of conditions (a) through (e). 

To show that (a) implies (g) let a be the w of Proposition 3.13. Since (g) 
implies (f) and (f) implies (e), the proof is complete. 

COROLLARY 3.15. For a strongly protectable I-group G the following are 
equivalent. 

(a) G is completely distributive. 
(b) G has a basis. 
(c) There is a collection {Ta\ a 6 A} of totally ordered groups and an 

l-monomorphism a such that 

£ Ta £ Ga S II Ta. 

If G is orthocomplete then these conditions are equivalent to G being a product 
of totally ordered groups. 

4. An /-permutation construction of G. Suppose G is an /-subgroup 
of A(S), the /-group of order preserving permutations of the chain S. 
Holland's Representation Theorem [12] assures that this supposition in
volves no loss of generality. The purpose of this section is to represent G 
as the /-group of all order preserving "near permutations" of S. Light is 
thereby shed on the /-permutation structure of G; moreover, the reader 
familiar with /-permutation techniques may find this construction more 
intuitive than that of Section 2. We shall assume familiarity with the basic 
concepts ; notation and terminology undefined herein may be found in [11]. 

It is important to realize that G need not act transitively on S. Never
theless the usual proof of the Holland Representation Theorem allows 
us to assume that 5 has convex G orbits. That is, if si < s2 < sz in G and 
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if there is some g Ç G taking s\ to 53 then there is some x £ G taking si 
t o 52. 

With each g £ G is associated its support 

% ) = {ses|(s)g ^ s } , 

with each convex /-subgroup Q is associated its support 

S(Q) = U { 5 ( g ) | l < g € Ç } , 

and with each j ^ 7 C & is associated its support 

s(50 = U { 5 ( P ) | P G y\. 

Given any map / : S —> S let 

y ( f ) = (P 6 ^ | there is some g Ç G such that (s)f = 5(g) 
for all 5 G S(P)}. 

For each f:S—>S choose k(f) to be a particular map from S^(f) to G 
such that 

(s)f = (5)P*(/) for all 5 G 5(P) and all P G ^ ( f ) . 

LEMMA 4.1. Tw any function f: S —> 5, /fee following are equivalent. 
(a) y (f) is large. 
(b) k(f) is consistent. 
(c) S(y(f)) meets5(g)/or a//1 < g € G. 

Proof. Supposey(f) is large and consider P , (? £ ^ ( / ) , s <E 5 (P A (?) 
= 5(P) n 5 ( 0 . Then 

(s)P*( / ) = (5)/ = (*) <#( / ) • 

Therefore (Pk(f))(Qk(f))-1 G (P A (?)x. That is, £(/) is consistent. The 
remaining implications are obvious. 

Suppose / and h are maps from 5 into 5 with y (J) and SfQi) large. 
/ and h are equivalent, wri t ten/ ?» fe, provided 

s(f) = (s)fc for all 5 € S ( y ( / ) n y ( » ) ) . 

LEMMA 4.2. Suppose f and h are maps from S into S withy (J) andy (K) 
large. Thenf ~ h if and only if k(f) ~ k (h). 

Proof, f œ h if and only if 

(s)Pk(f) = (s)f = (s)h= (s)Pk(h) 

for all s e S(P) and all ? 6 / ( f ] A y ( i ) , That is, if and only if 

(PkQ-))(Pk(h))~i d P± 

for all P 6 r ( / ) n y ( l ) , or k(f) ~ *(A). 
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Lemma 4.2 shows that œ is an equivalence relation on 

{ / : S - + S | ^ ( f ) l a r g e j ; 

we shall write the equivalence class of / as (/). Of most interest are those 
functions/: S —> 5 which enjoy the following two properties. 

(3) y (J) is large, and S(y<J))f = S{$~) for some l a r g e ^ Q SP. Here 

s(y(f)\f= \(s)f\ses(y(f))}. 
(4) y {f) is large, and Sl < s2 in S(y(f)) implies (si)f < (s2)f. 

LEMMA 4.3. A map f:S—>S has property (3) if and only if k(f) has 
property (1), and f has property (4) if and only if k(f) has property (2). 

Proof. The first assertion is a result of the fact that S(P)g = S(P°) for 
any polar P and g 6 G. Therefore 

s(y(j))f = s(y(f)*v>). 

Now suppose/: S —•> S has property (4), that P and Q are disjoint non
zero polars oîy(f) with Pr = Q for some r satisfying 

l £ r £ (Pk(f)HQk(f))-* V 1. 

Choose si G S(P) and let s2 = (si)r £ 5(Q). Now si 9e s2 because 
P A Q = 0 ,̂, so assume $i < s2, the other case being proved similarly. 
Then 

(*.)/= (s*)Qk(f) = (Sl)r(Qk(f)) ï (sOiPkWHQkM-HQkif)) 
= (5i)P*(/) = (Sl)f, 

contradicting property (4). Now suppose si < s2 where si £ S(P) and 
s2 G S(Q) for P, Q (z y(f). Suppose in addition that Si < s2 < (si)f, 
the other cases being argued similarly. Since (si)f = (si)Pk(f), the con
vexity of G-orbits guarantees that (si)x = s2 for some 1 < x £ G. Let 

r = ke G\ (Sl)g = Sl\, 

a prime convex /-subgroup of G. Now T jù P and 

r* = {g a G\ (st)g = 52} 2 G, 

so r < Tx in T-supp (&(/))• By property (2) applied to k(f), 

TPk(f) = Tk(f)< Txk(f) = r*0*( / ) . 

But since 

( 5 ^ / = (5.)P*(0 and ( s 2 ) /= (*)Ç*(fl = (s1)xQk(f), 

it follows that (si)/ < (st)f. 
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It follows from Lemma 2.7, 4.2, and 4.3 that one member of an equiv
alent pair of functions has property (3) or property (4) only when the 
other member has the same property. Let M designate the set of all 
functions having both these properties, and let M/ œ be {(/) | / G M}. 
G will be regarded as a subset of M/ œ by the convention that g G G is 
interpreted as (g). Then Lemma 4.3 asserts t h a t / G M if and only if 
k(f) G K. 

LEMMA 4.4. / / / , h G M then fh G M and k(fh) ~ k(f)k(h). Moreover, 
fœf and hœhf implyfh œf'h'. 

Proof. Let 

St = {P G ^ ( f ) | P * ( / ) ey(h)\, 

a large set. For P G ^ and 5 G S(P), 

(s)fh = «s)Pk(f))(P*Wk(h)). 

This shows at once that P G ¥ (jh) and that k(fh) ~ k(f)k(h). Now / , 
h G M implies fe(/), fe(fe) G IE, which implies 

k(f)k(h) G X and *(fft) G JE, 

whence/fe 6 M. The last assertion follows by a straightforward argument. 

LEMMA 4.5. Suppose f G M and let h: S —> S be any function such that f h 
is the identity on S{y[f)). Then h G M and k(h) ~ k(J)~K Iff and f 
are equivalent members of M and if h and h! correspond in the aforementioned 
sense to them, then h and h! are equivalent. 

Proof. For any P G ¥*(f) and any s G S(P*">) = S(P)f there is a 
unique r G S(P) such that (r)/ = s. Since 5 = (r)/ = (r)Pk(f), 

(S)h= (r)fh = r= (s)(Pk(f))~\ 

This demonstrates that 5^ (/)*<'> C 5^(fc) and that ife(fc) — &(/) -1 G 2C. 
Therefore fe G M. The last assertion follows from straightforward argu
ments. 

LEMMA 4.6. / / / , h G M then f V h £ M and k(f V h) ~ k(f)\\/ k(h). 
Iffœf and htth' thenf V h œ / ' V h'. And dually for A . 

Proof. For P^^if) C\ ¥\h) and s G S(P), 

(s)(f V fe) = (5)/ V (s)fc = (s)P*(0 V (s)P*(A) 

= (s)(Pk(f) V Pk(h)). 

This shows at once that P G 5^(/ V fc) and that k(J V h) ~ k(f) V k(h). 
Therefore / V & G AT. The equivalence assertion follows from straight
forward arguments. 
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LEMMA 4.7. The map 6 given by (f)6 = [k(J)] is a well defined ^isomor
phism, front M/ œ onto G over G. 

Proof. For g G G, y (g) = SP and k(g) ~ kff} where k0 has the meaning 
of Theorem 2.19. This shows that 0 is the identity on G. To show 6 onto 
consider [k] G G. Let s0 be a fixed element of S, and define/: S —> 5 by 
declaring (s)f = (s)Pk for each P G dom (k) and each 5 G 5(P) , and 
(5)/ = so otherwise. The fact that k is consistent assures that the defini
tion of (s)f is independent of the choice of P . Since S (J) 2 dom (k) and 
fe(/) ~ k, we ge t / € Jkf and </)0 = [k]. 

Because of Lemma 4.7 we shall suppress the notation M/ œ , using G 
instead. Now suppose G ^ A (5) such that the G-orbits of 5 are convex. 
LetL = {x G G\x = </> for some/G M such that 5(5^ (f)) a n d S ( ^ ( f ) ) / 
are both dense in the order topology on 5}. It is left as an exercise for the 
reader to show that L is an /-subgroup of G. In the next theorem, S stands 
for the chain obtained by completing 5 by Dedekind cuts. 

THEOREM 4.8. Suppose G ^ A(S) such that the G-orbits of S are convex. 
Then there is a unique l-monomorphism 6: L —> A (S) over G. 

Proof. Consider (/) G L, where S(y(f)) and S(y (/))/are dense in the 
order topology on S. Define/: S —> S as follows. For r G 5 let (r)f be the 
supremum in S of 

{(s)f\s£S,s^r}. 

The density of S{y(f)) and of S(y(f))f implies/ G A (S). The map 6 
defined by (f)6 = / is easily seen to be a well defined /-monomorphism. 
Now suppose \p: G —» A (S) is an arbitrary /-monomorphism extending 6. 
Consider x = (/) G G, P G y {J), s G 5(P) , and let g = Pjfe(/). Then 
xg-1 G P-1 implies (x\//)g~l G P^-1. Therefore 

(s)(**) = (s)g = (5)/ = (*)/ = (s)(*0). 

Since xx// and x0 agree on the dense set y if), they are identical order 
preserving permutations of S. 

COROLLARY 4.9. Suppose G ^ A(S) such that the G-orbits of S are convex 
and such that S(y) is dense in the order topology on S whenever S is large. 
Then there is a unique l-monomorphism 6: G —» A (S). 

COROLLARY 4.10. Suppose S = S and A (S) is doubly transitive. Then 
A(S) = A(S). 

The following corollary implicitly refers to McCleary's Classification 
Theorem ([14], [15], [11]). 

COROLLARY 4.11. Suppose G ^ A(S) is transitive and o-primitive. If G 
is l-isomorphic to an l-subgroup of the real numbers then G = G. If G has 
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period p Ç A (S) then there is a unique l-monomorphism 

S: G -> {x G A{S)\xp = £x} 

over G. If G is doubly transitive with an element of bounded support, then 
there is a unique l-monomorphism 6: G —> A (S) over G. 

Proof. Either construction makes it clear that G = G for any totally 
ordered group G. If G has period p then it is easy to show that 5 ( 5 0 is 
dense in the order topology on 5 whenever y is large. Therefore there is 
a unique /-monomorphism 0: G —» A (S). We must show that for each 
(/) € G, (f)d = / commutes with p. The crucial observation is that for 
any polar P , S(P) is periodic in the sense that 5 (E S(P) implies (s)pn G 
S(P) for all n. This is because (s)q > s for q £ P implies (s)<Zpw = (s)£n<7 
> ($)/>*. Therefore 

(5)/£ = (s)(Pk(f))P = (s)p(Pk(f)) = (*)#. 

Therefore fp = £f. Finally, if G is doubly transitive with an element of 
bounded support, it is clear that 5 ( 5 0 is dense in the order topology on 5 
whenever y is large. 

The only transitive o-primitive /-permutation groups not covered in 
Corollary 4.11 are the pathologically o-2-transitive ones. The point of 
the next proposition is that an /-monomorphism 6: G —» A (S) cannot be 
obtained by the simple continuity argument of Theorem 4.8. Does any 
such 6 exist in the pathologically o-2-transitive case? Is it unique? 

PROPOSITION 4.12. A transitive o-primitive ^permutation group G ^ 
A (S) has the property that 5 ( 5 0 is dense in the order topology on S for all 
large y if and only if G is not pathologically o-2-transitive. 

Proof. Suppose G is doubly transitive with no element of bounded 
support. For any interval I = {s £ S\ a ^ 5 ^ b} we shall show the 
existence of a large y C & such that I C\ S ( 5 0 = 0. Let 5 0 = 0. Now 
suppose «50 has been defined for all a; < # such that 

5(uy f l )n / = 0. 

If V ( U y a ) = 1^, let 

y? = u \yja < p\. 

If not, there is some element 1 < x £ G such that VJ y a C x1-. By n-fold 
transitivity, we may obtain y such that 1 < y S x and y1--1 C\ I = 0. 
Define 

Ft* \y^\KJ<SJya). 

Because G has no element of bounded support, there must be some ordinal 
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7 for which V y^ = 1^. The required large set y is 

\P\P £ <2, someÇ (E ^ 7 } . 

We turn now to the smaller /-group Gu. In many instances Gu can be 
uniquely embedded in A (5), not just in A (S). The crucial observation is 
the following. 

LEMMA 4.13. Suppose M is a minimal prime and & is a finite set of 
principal polars such that V 8% — 1^. Then there is at least one P ^ 3ft, 
such that M ~£_ P. 

Proof. Suppose 3? = {xr1-1! 1 è i è n}, where xt > 1 for all i. Let 

x = Xi V Xo V . . . V xn. 

It is well known that a prime P is minimal if and only if for each 1 < p 6 
P there is some a d P such that p A q = 1. Since x2-1- — V 3ft = \#, 
x (? M and xt (? i f for at least one i. 

THEOREM 4.14. Suppose G ^ A(S) such that the G-orbits of S are convex 
and such that for each s £ S the stabilizer subgroup G s = {g 6 G\ (s)g — s\ is 
minimal among the prime convex l-subgroups of G. Suppose in addition that 
every polar of G is principal. Then there is a unique l-monomorphism 
6: G« ->A(S) over G. 

Proof. We claim that G" ^ L in this case. If x € Gœ then x = (/) for 
/ G M such that y'(f) contains a finite set 3ft such that V 3ft = \9. For 
any s £ 5 there is by the previous lemma some P G 3ft with Gs 2 ^-
That is, ^ e S(P) C S(y(f)), or S(y (J)) = 5. Since y GO**" contains 
the finite set 3ftk{f\ a similar argument shows S(y(f))f = S. Therefore 
x G L, and the map 0 of Theorem 4.8 carries x t o / Ç 4̂ (5). 

Theorem 4.14 can be sharpened a bit. The elements of (Ga)6 actually 
respect the convex G congruences on S. 

LEMMA 4.15. Suppose G ^ A(S) andf £ A (S) such that there is a finite 
X C G with the property that for every s £ S, (s)f = (s)x for some x £ X. 
Then f respects every convex G congruence on S. 

Proof. Let *% be a convex G congruence on S and consider si < 52 in 5 
such that S\€si. Let 

A = S& = {5 G 5| 5 ^ i } , £ = (si)/<^, and 

F = { F G X\Ay = 5 , 5(f) = 5(g) for some 5 U | . 

Find r £ S such that ($2)^ < (r)f G -S for all y Ç F. Such an r must 
always exist because {(s2)y\ y G F} is a finite subset of B, a nonempty 
convex subchain of S without first or last element. Observe that r > 52, 
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for if x is an element of X such that (r)f = (r)x then in fact x G Y, hence 

(r)f = (r)y > (s2)y. 

Then si < s2 < r implies 

(si)f < (s2)f < (r)/, 

which by the convexity of B proves (52)/ G B. 

Given G è A(S) let 

G° = {f £ A (S) I / respects each convex G congruence on S} 

(see Section 4 of [3 ], pp 247 and 278 of [11 ] ). 

PROPOSITION 4.16. The map 6 of Theorem 4.14 carries G03 into G°. 

Proof. Given x G Gw there is some/ G M such that # = (/) andS^if) 
contains a finite set S% with V ^? = 1^. The proof of Theorem 4.14 shows 

Hence X = {Pfe(/)| P G S%\ has the property that for every s £ S there 
is some x (z X with (5)/ = (s)x. Since/ = xd, the previous lemma provides 
the result. 

By dropping the requirement in Theorem 4.14 that stabilizer subgroups 
Gs be minimal prime, we lose the uniqueness of the map 6. 

THEOREM 4.17. Suppose G ^ A (S) such that the G-orbits of S are convex. 
If every polar of G is principal then there is at least one l-monomorphism 
0: G« ->G°overG. 

Proof. Let J Q S be such that there is exactly one point of / in each G 
orbit of S. For each j G / let M j be minimal among those prime convex 
/-subgroups contained in Gj = {g G G\ (j)g = j}. Let R be 

{(MficJ)\x G GJ G / } , 

ordered by declaring (MjX,j) ^ (Mij, i) when/ < i or when/ = i and 
MjX ^ Mty. Define n: R —> S by 

(MjX,j)n = (/)x for all (MjX,j) G P . 

w is well defined, order preserving, and onto. Define \p: G -^ A(R) by 
declaring 

(Mjx,j)(gt) = (Mjxgj) for all (M,x,/) ^ and ^ G, 

an /-monomorphism such that 

(ir)n)g = {{r)g^))n for all r G P and g G G. 
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Moreover, the G orbit of (Mp, j) in R is 

i(M,y,j)\y£ G\ 

which is convex in R. By Propositions 4.14 and 4.16 there is a unique 
/-monomorphism \p: G" —> (Gi//)0 extending \p. Finally, define 6: Gw —» 
A (S) by 

(s)(xd) = ((r) (*£))» 

where x G Gœ, s G S, and r is some element of R such that (r)n = 5. This 
action is well defined, since each member of G03^ ^ (G\f/)° respects the 
convex G\p congruence *$ on R defined by r^êri if (ri)« = (r2)w. That 
6 actually carries G" into G° is clear upon recollecting that the convex G 
congruences on S are in one-to-one correspondence with the convex G\p 
congruences on R which are coarser than &. 

COROLLARY 4.18. For every G ^ A(S) such that the G-orbits of S are 
convex, (G0)" = G°. 

Proof. G° is laterally complete, hence every polar of G° is principal. 

Theorems 4.14 and 4.17 have direct application to representable 
/-groups. 

THEOREM 4.19. Suppose G is representable with every polar principal and 
that H is the strongly projectable hull of G. Then every l-monomorphism 
mapping G onto a subdirect cardinal product I I Ta of totally ordered groups 
has at least one extending l-monomorphism 6: H —> I l Ta. For each a let 
6a: G —» Ta be the projection map and let Ma be its kernel. If each Ma is 
minimal among the prime convex l-subgroups of G then 6 is unique. 

We close this section with characterizations of G and Gw in the represent
able case. These characterizations do not depend on any of the structural 
analyses of the present section but only on the construction of Section 2 
and the componentwise nature of the operations. Parts of these results 
are slight modifications of those in [6] and [7]. 

Suppose G is a subdirect product of totally ordered groups; say G ^ 
YlcteA Ta. For h £ Tl Ta let ha G Ta designate the value of h on co
ordinate a. For each polar P of G define its support S(P) to be 

{a G A\ (a)g 9* 1 for some g G P\. 

For y C & define 

s(y) = W { 5 ( P ) | P ey\. 

Let U be the collection of all h G I I Ta for which there is some large 
y C & such that for each P G ¥ there is some g G G with (a)h = (a)g 
for all a G S(P). Let V be the collection of those h G U for which the 
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defining set 5^ contains a finite subset S% such that V Sft — \&. Finally, 
let N be the collection of all /J 6 U for which there is some large $P Q SP 
such that (a)h = 1 for all a £ S(£P). Then it is routine to verify that U 
and V are /-subgroups of El Ta and that N is an /-ideal of U. 

THEOREM 4.20. G is l-isomorphic to U/N over G and G03 is l-isomorphic 
to V/(N C\ V) over G. If each Ma = {g £ G\ (a) g = 1} is minimal prime 
then N C\ V = 1 and Gœ is l-isomorphic to V. 

5. Universal mapp ing propert ies . This section investigates natural 
classes of /-homomorphisms 0: G —> H which can be uniquely extended to 
/-homomorphisms 0: G —» H or at least 0: G" —•> Ha. The Boolean algebras 
of polars of G and H need no longer correspond, and we use symbols SP G 

and SPH, respectively, to designate them whenever the context fails to 
make this distinction clear. The induced map of an /-homomorphism 
0: G -» H is the map from SP G into SPH which takes each P £ SP G to 
Pd±A- 6 ^ . 

LEMMA 5.1. The induced map of any l-homomorphism 6: G —> H takes 
O^of G to Op of H and preserves A's. Therefore PH Q Pd± for all P £ SP G. 

Proof. Consider P, Q £ SPG. Then P A Q Q P, Q implies 

(P A Q)e^ C P0J--L A Ç^-1. 

If the opposite inclusion failed there would be 

1 < ft G P0J-L A Q^"1- A (P A G ) ^ . 

Then ft G PS-11- implies the existence of 1 < p G P such that 1 < ft A pd. 
And ft A pd (E Çtë"1-1 implies the existence of 1 < g Ç Ç such that 

1 < ft A £0 A qd = x. 

But 1 < x ^ ft and x S (p A q)B Ç (P A <2)0 contradicts 

ft £ (P A Q)0^ 

To verify the last assertion consider P (z & G and observe 

0^ = (O^)0±J- = (P A P-L)0-L^ - P0-LJ- A P ^ - k 

Therefore P x 0 C P0-L. 

LEMMA 5.2. For an l-homomorphism 6: G—* H the following are equivalent. 
(a) For every finite SP C ^ G swcft /fta/ V SP = l& in G, it is true that 

V {P0J-L|P eSP] = UinH. 

(b) For each P £ &Q,PH±- = P0 ± ± . 
(c) Pfte induced map is a Boolean homomorphism. 

https://doi.org/10.4153/CJM-1982-042-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1982-042-5


LATTICE ORDERED GROUPS 653 

Proof. To verify that (a) implies (b) take y = {P, PL). Then V 7 = 
1^ in G implies Pd11 V PL6L1- in H. By the previous lemma the latter 
pair is disjoint, therefore complementary, (b) implies (c) is an immediate 
consequence of the fact that any map between Boolean algebras which 
preserves A's, complements, greatest element (take y = {1&} C &G) 
and least element is a Boolean homomorphism. (c) implies (a) is obvious. 

An /-homomorphism which enjoys the property isolated in Lemma 5.2 
will be termed Boolean. Several comments about Boolean /-homomor-
phisms are in order. First, a necessary but not sufficient condition for an 
/-homomorphism 0: G —» H with kernel M to be Boolean is that 
{P G SPG\ P Q M] is an ideal. Second, the composition and product of 
Boolean /-homomorphisms are themselves Boolean. Finally, if H is 
totally ordered and every polar of G is principal then an /-homomorphism 
6: G —> H is Boolean if and only if its kernel is minimal prime. 

PROPOSITION 5.3. Every representable I-group G in which every polar is 
principal has a Boolean l-monomorphism 6: G —> I l Ta onto a subdirect 
product of totally ordered groups with a unique extension to a Boolean 
l-monomorphism 6: Gœ —» IT Ta. 

Proof. See Theorem 4.19. 

PROPOSITION 5.4. A representable I-group G is strongly projectable if and 
only if every l-epimorphism on G is Boolean. 

Proof. Suppose G is representable, G = Gœ and N is an /-ideal of G. Let 
0: G —> G/N be the natural /-homomorphism. For any P £ SP and 
1<X^G,XAPQN and x A P1- £ N imply x £ N because the sets 
x A P and x A PL contain the projections of x on the cardinal summands 
P and P-1. Thus a positive object in Gd cannot be disjoint from both Pd 
and P^d. Therefore PBL1- = P^d1-. Now suppose G is representable but 
not strongly projectable. Then there is some P G ^ and 1 < x £ G such 
that x does not lie in the convex /-subgroup N generated by P and P-1. 
Let 0: G —» G/N be the natural /-homomorphism. Since 1 < xd Ç P61- A 
P^B1-, we cannot have PB1-1- = P^1-. 

In [1] an /-homomorphism 6: G —» H is called ^-continuous if 

A {Pd^\ P G ^ ) = 0 , in H 

for all filters J*~ C 0> 6 such that A #~ = 0^ in G. 

LEMMA 5.5. For an l-homomorphism 6: G —» H the following are equiv
alent. 

(a) For every y Ç ^ G swcfr / t o V ^ = 1̂ , m G, i/ is /n/e /fea/ 

v {PS±A-\P ey\ = l* m#. 
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(b) The map induced by 6 is a complete Boolean homomorphism. 
(c) 6 is Boolean and p-continuous. 

Proof. T o verify t ha t (a) implies (b) consider y C & G with V y = Q. 
Let ^ b e y U j Q 1 ! . Then V &t = \ 9 in G implies 

(v {Pe±A-\ p e y\) v Ç-̂ -L-L = I,, in ff. 

Since each Pd±A- is disjoint from (Hfl-^ = Qd\ V (Pfl-1-1-) and Q6L are 
complementary. T h a t is, 

V (P0J--L) = Q0-U- = (V P ) ^ . 

The preservation of infima in &G is proved simply by passage to the 
complement. T h a t (b) implies (c) is obvious. T o prove t ha t (c) implies 
(a) consider ^ Q 0> G with V ^ = V Let 

# ~ = {P^ | P Ç v y for ^ a finite subset of ^ } . 

Then ^ " is a filter on <^G for which A J^~ = 0̂ » in G. Therefore 

A {Pfl-L-HP € J*"} = 0^ mH. 

Therefore 

A { P ^ I P G ^ 7 } = 0 ^ or V { P ^ 1 ! P G y | = 1^ in if. 

An /-homorphism which enjoys the proper ty isolated in Lemma 5.5 
will be termed completely Boolean. T h e composition and" p r o d u c t of 
completely Boolean /-homomorphisms are again completely Boolean. 
Completely Boolean /-homomorphisms from G into a total ly ordered 
group are quite rare. In fact, 6 is such an /-homomorphism if and only if 
the kernel of 6 is bL for some basic b Ç G. 

An /-homomorphism 6: G —> H preserves type <& suprema (preserves 
disjoint suprema) if for every type *%/ (pairwise disjoint) subset D C G 
such t h a t V D = g in G it is t rue t ha t 

V {dS\ d e D) = gd in H. 

By applying Proposition 3.1 of [1] to type & (pairwise disjoint) sets, one 
is led to the conclusion tha t an /-epimorphism preserves type *& (disjoint) 
suprema if and only if the supremum of any type 0/ (pairwise disjoint) 
subset of the kernel is itself in the kernel. 

LEMMA 5.6. Suppose X is a subset and g an element of G such that g ^ X. 
Then X is type & and V X — y if and only if 

V i(yx~^\x a ) = V 
Proof. Suppose V x (yx*1)-1 = l&. Consider an a rb i t ra ry z < y. Then 

there must be some x G X such t h a t (yz"1)1- = P ?*• 0 # . Let 1 < p £ P 
satisfy p ^ yz~\ and find a value T of p. Then p (? T implies yx~l £ 
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p1- Q T, hence Tz < Ty = Tx. This proves z ^ x, so that V X — y. 
To verify that X is type ^ , fix x £ X and observe that for any s f l , 

3/x-1 §; zx~l V 1, 

hence 

(3/x-1)-1 Q A {(sx-1 V 1 ) ^ z e X} = (Xx-1 V l)-1. 

Therefore 

A \(xx-i v i)^|x a ) = o*. 
A similar argument, using the fact that 

1, = (Vxiyx-^Y = \/x(x-iy), 

yields 

A {(x-ix v 1)̂ 1 x a ) = <v 
Now suppose X is type <3/ and V X = y. Choose a particular x Ç X 

such that 

(Xx-1 V l)-1 = P ^ (V 

We claim ^x_1 G P-1. For if not then there is some p Ç P such that 
1 < £ ^ ^x - 1 , or x ^ £-1;y < y. We shall prove X S P~ly < 3>. Consider 
z £ X and arbitrary prime T. Iî p (z T then 

Tz ^ Ty = Tp~ly. 

U p (f T then 

P1- = (Xx-1 V I)-11- C r , 

hence sx_1 V 1 G T or Tz ^ Tx, implying Tz ^ Tp~ly. In both cases 
P2 ^ Tp~ly, hence z ^ p_1J, proving X S P~ly < y- But this contradicts 
V X = y and proves ;yx-1 G PL or P C (^x-1)-1-. Therefore 

V {(Xx-1 V l ^ x a ) = l , 

implies 

Vx Cv*-1)-1- = V 

PROPOSITION 5.7. £ ^ r y completely Boolean l-epimorphism 6: G -+ H 
preserves type <3/ suprema. 

Proof. Let iV be the kernel of 0 and let X be a type & subset of N+ with 
supremum y. Let 

y = {(yx-^^x e x}. 
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Observe tha t for x G Z a n d 1 < p G (yx*1)1, 

pAy^pxAy = (p A yx~l)x = x, 

implying 

y A (yx-1)1- C N for all x G X. 

Since 6 is completely Boolean, 

V { ( yx - 1 ) ^ 1 - ^ x G X] = 1^ in ff. 

I t follows tha t ;y0 = 1, or y G N. 

COROLLARY 5.8. Every completely Boolean l-epimorphism preserves dis
joint suprema. 

T o demonst ra te the failure of the converse of Proposition 5.7, let G be 
U X R, the lexicographic extension of some non-totally ordered /-group 
U by the real numbers R, and let 6: G —» R be the /-epimorphism with 
kernel U X 0. U is actually order closed and therefore 0 preserves all 
suprema tha t exist in G. Yet 6 is not even Boolean. 

L E M M A 5.9. Suppose 6: G —» H is a completely Boolean l-homomorphism 
with kernel N. Then there is a polar Q G SPG such that for all P G &G, 
P C Nif and only ifP QQ. 

Proof. Suppose not. Let 

Q = V ( P ^ G | P Ç i V ) 

and consider 1 < x G Q — N. Let 

y = {p ç. OpG\p Q N or P = Q-M. 

Observe t h a t V ^ 7 = 1^ in G, yet 

i <*0 G (v {.m-H p e y ) ) 1 

because x A P C TV for all P G 5^ . This contradicts the complete 
Booleanness of 6. 

PROPOSITION 5.10. Suppose G = Gœ. Then an l-epimorphism 6 on G with 
kernel N is completely Boolean if and only if it has the following two prop
erties. 

(a) 6 preserves type & suprema. 
(b) There is a polar Q G SPG such that for all P G ^ G , P C N if and 

only if P QQ. 

Proof. Assume 6 has properties (a) and (b) , and consider some large set 
y C 0>G and some 1 < x G G such t h a t x A P C TV for all P G y . We 
must show x £ N. T h e polar Ç, maximal with respect to being contained 
in Ar, is normal and therefore a cardinal summand of G, as can be verified 
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by reference to the proof of Proposition 3.3. Therefore x = yz for unique 
y ê QL, s Ç Ç. We claim y to be the supremum of a type $/ subset of N, 
which by Lemma 5.6 follows from showing 

V {{yn-^\n £ TV} = 1^. 

So consider an arbitrary 0^ ^ V Q Q1- and find P G «5̂  such that 
0 ,̂ ^ P C F. There must be some 1 < £ G P such that p ^ y, since 
otherwise P A x Q N implies P C N, in contradiction to P C Q-1. Let 

n = £ A y G iV 

and let 

a = p(y A £ ) _ 1 = ^ r 1 V 1 G P . 

Observe that yn~l = 1 V yp~l, which is disjoint from a. This shows 

(yn-1)1- A V ?* Op, 

and therefore that 

V {(yn-1)-1!» É #} = 1*. 

Condition (a) now implies y £ N, hence x £ N. 

PROPOSITION 5.11. Suppose G is strongly projectable. Then an l-epimor-
phism on G is completely Boolean if and only if it preserves disjoint suprema. 

Proof. Suppose 6 preserves disjoint suprema and has kernel N. Let j ^ 7 be 
any large subset of SPG. By a Zorn's Lemma argument find a pairwise 
disjoint subset ^ ç y such that V 3% = l&. Suppose now that 1 < x G 
G such that x A P Q N for all P G 3$. In particular, N must contain 
the projection of x on each P ( I . But these projections constitute a 
pairwise disjoint set with supremum x, hence x £ N. 

Here is an example which shows the only way that a completely 
Boolean /-homomorphism 6: G —> H can fail to be extendable to some 
Ô: G -+ÏÏ. Let 

H = 

where 

m,n,p integers^ 

mi Wi 

is defined to be 

+ 
ra2 

w2 

w 2 

P2. 

nïi + m2 Wi + m2 

»1 + »2 P\ + p2 \ 
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when m2 is even and 

nti + m2 

p\ + n2 

mi + m2 

m + p2 

when m2 is odd. H is a group with zero 0 

m 
n 

m 

P. 

-m 
-n 

-m 

-P 
. Order H by declaring 

0 
0 

m 
n 

and negatives 

m 

Pi 
> 0 when-

G = m m 
P 

of 2 X 2 integral matrices under addition with > 0 whenever 

ever m > 0 or whenever m = 0 and both w H and £ ^ 0. if is an /-
group under these conventions. Let 

£ H\m even ( 

and let 6: G —* H be the identity map. Then G is an order dense /-subgroup 
of H, so that 6 is completely Boolean. Since G is abelian, G" is the group 

m n\ 

-P d 
both of the following conditions are true: either m > 0 or m = 0 and 
£ ^ 0, and either n > 0 or n = 0 and g ^ 0. It can also be verified that 
H = H. Therefore no extension of 6 to G or even Gw over G is possible. 

An /-homomorphism 6: G —» H is (completely) tame if it is (completely) 
Boolean and if for every 1 ^ x G G, 5 G # , and nonzero P G <̂ jy such that 
1 ^ 5 ^ x0 there is some g G G and P G ^ such that 0#> ?* R Q P, 
1 ^ g ^ x, and P s = P ^ . The reader may wish to satisfy himself that this 
condition is violated in the previous example, that every (completely) 
Boolean /-epimorphism is (completely) tame, and that the identity map 
from G into (G) G" is (completely) tame. 

THEOREM 5.12. Every (completely) tame l-homomorphism 6: G —> H has 
a unique extending l-homomorphism 6: G<° —> Hœ (6: G —» H). 6 is (com
pletely) Boolean. 

Proof. Suppose 6: G —> H is completely tame and consider x G G. Then 
x = [k] for some consistent map k. Let 

& = {Q G &H\Q QPB^P G dom (k)\, 

a large set because 6 is completely Boolean. Define m: 3? —» if by de
claring Cm = Pkd, where Q C Pfl-1-1 and P G dom (&). To see that m is 
well defined and consistent, consider Qi, Q2 G ^?, say Qt Ç Pid1-1- for 
P< G dom (fe). Then 

(Ç1m)((22m)-1 = ((P1k)(P2k)-')6 G (Pi A P2)±0 

Ç (Px A P 2 ) ± ^ i - = (Pid1-^ A P ^ ) ^ C (Qi A (32)±. 

If read with Pi = P2 , the foregoing argument shows m to be well defined; 
read with arbitrary Pi and P 2 it shows m consistent. The task at hand is 
to show that m has properties (1) and (2) of Section 2. 
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To show 3%m large consider 0& ^ V Ç SPH. Since dom (k)k is large and 
6 is completely Boolean, there is some P £ dom (k) such that 

(p>c)d±± A y 7± 0&. 

But (P*)^1- = (Pd^)m Ç ?̂™. To verify that m has property (2) con
sider disjoint nonzero polars Ci, Q2 Ç ^? and element s such that 

U ^ (Qim)(Q2m)~l V 1 and (V = (?2. 

Let Pi , P 2 G dom (ft) be such that Qt C P ^ - 1 . Now Pifl-1-1 A <?2 = 0^, 
for otherwise, by replacing Q2 with Pifl-11- A Ç2, we would have 

Qitn = Pikd = Q2m, 

forcing 5 = 1 and Qi = Q2, a contradiction. By replacing P2 with 
P 2 A Pi1- if necessary, we may assume Pi A P 2 = 0 .̂. By the tameness 
condition applied to 

1 ^s ^ [(P1^)(P2^)"1 V 1]0, 

there is some g £ G and R £ <^y such that 

0* 9*RQQi,lûgû (Pik)(P2k)-1 V I , and 

R" = Rs C Q2. 

By condition (2) applied to ft, P / A P 2 = 0^, whence 

(Ptf^y6 A (P^-1-1) = 0* and 

P ^ A <?2 = Rs A Ç2 = 0 „ 

a contradiction. 

The /-homomorphism 6: G -^ H is defined by declaring x0 = [m]. 
Observe that 6 takes G03 into i?" and that the argument in this case uses 
only the tameness of 6. We leave to the reader the verification that Ô is a 
well defined /-homomorphism. 

Suppose yp: G —> H is an /-homomorphism which agrees with 6 on G. 
Consider x = [ft] £ G and let x\f/ = \m'\ Then for any P £ dom (ft), 
x(Pft) -1 G P "S which implies 

xxKPkd)-1 e P^B C (Pfl1--1)-1-. 

This means Pfl-1-1 is contained in the maximal domain of m!, and that ra' 
is equivalent to the m of the previous paragraphs. Succinctly put, 8 = \p. 

COROLLARY 5.13. Every (completely) Boolean l-homomorphism 6 between 
representable l-groups G and H has a unique extending l-homomorphism 

Ô: G» - > # « (G-+H). 

dis (completely) Boolean. 
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Is the /-homomorphism 6 of Theorem 5.12 tame? The question is un
resolved, though we might expect a negative answer on the basis of 
permutation sketches. By restricting the class of maps still further, 
however, it is possible to obtain the most symmetrical version of the 
universal mapping property. An /-homomorphism 6: G —» H is (complete
ly) docile if it is (completely) Boolean and if for every 1 ^ x G G, s G H, 
and nonzero P G &H such that 1 ^ 5 ^ xd there is some g G G and 
R G SPH such that % ^ R C P, 1 ^ g ^ x, and s ( ^ ) " 1 G i?-1. Observe 
that every (completely) Boolean /-epimorphism is (completely) docile, 
and that the identity map from G to (G) Gœ is (completely) docile. 

THEOREM 5.14. Every (completely) docile l-homomorphism d: G —> H has 
a unique extending l-homomorphism 6: G" —> H" (G —» H). 6 is (completely) 
docile. 

Proof. It remains to show 6 completely docile when 6 is. Consider 
1 < x G G, y G H, and nonzero Q G SPH such that 1 ^ y ^ #0. Suppose 
x = [k] for some consistent map k. Since 

V { P ^ l P G dom (&)} - \9 in i?, 

choose P G dom (&) such that Pfl^-1 O Q = 0 ,̂. Since H ^ H one can 
also choose R G <^# and h £ H such that 

O ^ l ^ Ç P0-L-L C\ Q and J;/*-1 G R1-. 

By replacing h by h A Pk6 if necessary, we may also assume h ^ P&0. 
The docility of 6 now assures the existence of g G G and 5 G ^ H such that 
0 ^ 5 Ç f i , U ^ P i , and Mgfl)"1 G S-1. Let « = g A x G G. It 
remains only to show y(uB)~l G SL. But 

^ M ) " 1 - (yh-l)(h(g6)-i)((gd)(ud)-i). 

Since yh~l G -Rx Q 5-1-, fe(^)"1 G 5-1, and (Pfl-1-̂ )-1- C 5-1, it remains only 
to show gu~l G P^. But 

1 ^ ^ - 1 = 1 V gx~l S 1 V Pkx~l G P x , 

implying gu~l G i^-1. 
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