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A r ing R ( a s s o c i a t i v e r ing) i s said to be fully o r d e r e d 
p rov ided that R i s a l i nea r ly o r d e r e d set under a r e l a t i o n < 
such that for any a, b and c in R, a <C b i m p l i e s that 
a + c <_ b + c and if c > 0 then ca <£ cb and ac < be . We say 
a s u b s e t K of R is convex prov ided that if a, b £ K such that 
a <_ b then the i n t e r v a l [a, b] i s a subse t of K. Obviously an 
addi t ive subgroup K of R is convex if and only if b e K and 
b > 0 i m p l i e s [0, b ] C K. We o b s e r v e that if K M. K a r e 

convex s u b s e t s of R such that K and K^ a r e addi t ive 
1 2 

subg roups of R r e s p e c t i v e l y then e i t he r K C_ K or 

K C_ K . In th is note , we wil l p r o v e that a fully o r d e r e d 

s e m i - p r i m e r ing i s an i n t e g r a l d o m a i n . This g e n e r a l i z e s a 
r e s u l t of B i r k h o f f - P i e r c e that a fully o r d e r e d s e m i - s i m p l e 
r ing with the m i n i m u m condi t ion for r igh t i dea l s is a d iv i s ion 
r ing (See [ l : p . 115]). 

LEMMA. Let R be a fully o r d e r e d r ing and K be a 
convex subse t of R which is a l so a r igh t i dea l of R. Then for 
any a e R, the r i g h t i dea l (K : a) = {r e R | a r e K} i s convex . 
S i m i l a r l y , if K i s a left i dea l of R which i s convex then the 
left idea l (K : a) ~ {r e R | r a e K} is convex. 

P roof . We o b s e r v e that (K : a) = (K : - a ) . Le t b e ( K : a ) , 
b > 0 and x e R such that 0 < x < b . Then 0 <| aj x< | a | b 
whe r e | a | = a if a > 0 and | a | - - a if a < 0 . Sine e | a | b e K 
and K i s convex, | a | x e K. Hence x e (K : a ) . A s i m i l a r 
a r g u m e n t shows that (K : a) i s a l so convex when K i s a 

L 
left i d e a l . 

T H E O R E M . A fully o r d e r e d s e m i - p r i m e r ing R i s an 
i n t e g r a l d o m a i n . 

Proof . Suppose t h e r e ex i s t n o n - z e r o e l e m e n t s x and y in 
R such that xy = 0. We m a y as sume x > 0 and y > 0. If 

2 2 
x > y > 0 then 0 = xy > y >̂  0 i m p l i e s that y = 0. 
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2 2 
S i m i l a r l y if y > x > 0 then 0 = xy > x :> 0 i m p l i e s tha t x = 0. 

"""2 ~~ ~ 
Let us a s s u m e x = 0. Then x e ((0) : x) and x £ ((0) : x) . 

L 
By LEMMA, ((0) : x) and ((0) : x) a r e convex s e t s which 

L 
a r e addi t ive s u b g r o u p s of R. Hence e i t h e r ((0) : x) Cl((0) : x) 

L 
or ((0) : x ) C ((0) : x ) ^ . If ((0) : x ) L C ( ( 0 ) : x) then 
((0) : x ) T . R Ç ((0) : x) and (0) = xR((0) : x) . R D xRxR. 

L L 
Th i s i s i m p o s s i b l e s i nce R i s a s e m i - p r i m e r ing and so 
con ta ins no n o n - z e r o n i lpo ten t r i gh t i d e a l s . On the o the r hand 
if ((0) : x) C ((0) : x)_ then R((0) : x) C ((0) : x) and 

L L 
(0) = R((0) : x ) R x D R x . R x . Th i s i s aga in i m p o s s i b l e . Thus R 
m u s t be an i n t e g r a l d o m a i n . 

R E F E R E N C E S 

1. L. F u c h s , P a r t i a l l y O r d e r e d A l g e b r a i c S y s t e m s , 
P e r g a m m o n P r e s s (1963) . 

Nor th Caro l ina State U n i v e r s i t y 
Ra l e igh 

758 

https://doi.org/10.4153/CMB-1967-083-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-083-8

