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FRACTIONAL FOCK-SOBOLEV SPACES

HONG RAE CHO aAxD SOOHYUN PARK

Abstract. Let s € R and 0 < p < co. The fractional Fock—Sobolev spaces F;"
are introduced through the fractional radial derivatives %2°/2. We describe
explicitly the reproducing kernels for the fractional Fock—Sobolev spaces F: %;2
and then get the pointwise size estimate of the reproducing kernels. By using the
estimate, we prove that the fractional Fock-Sobolev spaces F;” are identified
with the weighted Fock spaces F? that do not involve derivatives. So, the study
on the Fock—Sobolev spaces is reduced to that on the weighted Fock spaces.

81. Introduction

Let C™ be the complex n-space and dV be the ordinary volume measure
on C". If z=(z1,..., 2,) and w = (wy, . .., wy,) are points in C", we write

n
z-W= Z 2w;, |2 = (z- 7)Y
j=1

For any 0 <p < oo we let L’é denote the space of Lebesgue measurable
functions f on C" such that the function f(z)e~ (/27" is in LP(C", dV).
When 0 < p < 00, it is clear that

L2, = LP(C™, e~ @21 v ().

We define

1/p

= [(£)" [ 15t ave

For p = oo the norm in L¢Y is defined by

1 lloc = esssup{|f () "/ - e ).
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Let FP denote the space of entire functions in Lg. Then F? is a closed
subspace of the Hilbert space LZ, (see [15]) with inner product

Fo) == [ r@aEe T avee).

To give a motivation for our study of Fock—Sobolev spaces, recall that the
annihilation operator A; and the creation operator A* from the quantum
theory are defined by the commutation relation [4;, A ol =0;il, where I is
the identity operator. A natural representation of these operators is achieved
on the Fock space F2, namely,

0

Ajf(z)=a7j (2),  Ajf(2)=zf(z), 1<j<n,feF>

Both A; and A;f, as defined above, are densely defined linear operators on F?2
(unbounded though) and satisfy the commutation relation [A;, A}] = 0;51.
Therefore, it is important to study the operator of multiplication by z; and
the operator of differentiation on the Fock space F2.

We define the radial derivative Z by

K=Y (AjA; + A5A))
j=1

and the Fock-Sobolev space F;¥ of fractional order s for which %°/2f is
given by an FP function. Then F;;2 is a Hilbert space with inner product

(f,9) psp = W—ln /C ) B2 (2)%52g(z)e” P AV (2)

for f,g € F, ;?’2. Each point evaluation is a bounded linear functional on F; ;?’2.

So, to each z € C™ there corresponds the reproducing kernel K? such that

FG) = f, KZ) s

for f € F33%. Let Ky(z,w) := K3 (z). Defining A(z, w) by

Az, w) = V2P H/2 =/l

we have the following estimates of the reproducing kernel K(z, w) for FL%’Q.
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THEOREM 1.1. Let s€ R. Then
Ks(z,w) = %’s(ez'w)

z
and there are positive constants C = C(s) >0 such that

(1+ [2l|w])*A(z, w) if s >0,

‘KS(Z7 w)| <O x {(1 4 ‘Z .@D_SA(Z, w) ifS <0,
for z,w e C™.

It will turn out that polynomially growing/decaying weights quite natu-
rally come into play in the study of our fractional Fock—Sobolev spaces. So,
we first introduce such weighted Fock spaces. Given s real we introduce the
following norm on F? when 0 < p < oo:

P __
1y = [

where wy, s, is a normalizing constant so that the constant function 1 has
norm 1 in FY. When p = oo, we define

| £llpge =ws sup [(1+ 12)] £ (2)|e /21,

(1+[2])*f(2)e” VPP P v (w),

where w, is a normalizing constant so that the constant function 1 has
norm 1 in F°. Let LY, | denote the space of Lebesgue measurable functions
# on C™ such that the function (1+|2])*f(z) is in L,. Then F¥ is a closed
subspace of L, ..

It follows that the fractional Fock—Sobolev spaces are realized as the
weighted Fock spaces that do not involve derivatives as following Theo-
rem 1.2. So, the study on the Fock—Sobolev spaces is reduced to that on
the weighted Fock spaces. It is very convenient to study function theoretic
and operator theoretic properties on the weighted Fock spaces instead of
the Fock—Sobolev spaces (see [3, 7, 9-11, 13]).

THEOREM 1.2. Suppose 0 < p < oo and s is a real number. Then F}jp =
FP with equivalent norms.

Constants. In this paper we use the same letter C' to denote various positive
constants which may vary at each occurrence but do not depend on the
essential parameters. Variables indicating the dependency of constants C
will be often specified in parenthesis. For nonnegative quantities X and Y
the notation X <Y or Y 2 X means X < CY for some inessential constant
C'. Similarly, we write X ~Y if both X <Y and Y < X hold.
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§2. Fractional radial derivatives

We note that

n

T ~ 9
K= (AjA% + ASA;) —2J;zjazj +n.

Jj=1

It is easy to see that & is unbounded, positive, self-adjoint, and invertible
on F2. In fact, Z~! is a compact operator.

ExaMPLE 2.1. Let

Then f € F? but Zf ¢ F>.

For f € F? let
f(z)= Z Caa(?)

aeNg

be the orthonormal decomposition of f, where e, (z) = z%/||z%||2. Associated
with the operator Z is a semigroup {B;}>0 defined by the expansion

Bif(z) =Y e Cleltic eq(z).
a€eNg
We can check that u(z, t) := By f(z) is the solution of the heat-type equation:
(O +Z)u=0 on C" x (0,0),
u(-,0)=f on C".
It is easy to see that
IBefl3 < e ™ f3-

Thus B; is contractive. Moreover, we can see that —% is the infinitesimal
generator of {B;};>0. That is,

Bt = eit%

See [5] for more properties concerning the heat semigroup as well as the
spectral property of the operator Z.

Since # has discrete spectrum {2|a| 4+ n: o € Njj }, by using the spectral
theorem, we define the fractional radial derivative Z* for s € R as following:
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DEFINITION 2.2. Let s € R. For f € F? let
f(z) = Z cata(?)
a€eNy
be the orthonormal decomposition of f. By the spectral theorem, Z° is
given by
Z°f(2) = (2lal +n)’cacalz), f € Dom(Z°).
a€eNy

DEFINITION 2.3. Let s be a real number. The Fock-Sobolev space F;"
of fractional order s is the space of all entire functions for which %%/ f is
given by an FP function. The Fock—Sobolev norm of f of fractional order s
is defined accordingly,

1F e = 1925 f .

By using the semigroup, we have the integral representations for the
fractional radial derivatives as following. See [2] for analogues in the context
of other type of Sobolev spaces.

PROPOSITION 2.4. Let f € F? and z € C*. Then the following identities
hold:

(i) For0<s <1 we have

X et f(2) — f(z
PR iy S R C

ING s t’
where T'(—s) is the gamma function to negative numbers defined by
I(—
I(—s) = (—=s+mn)

(—s)(=s+1) - (—s+n—1)
choosing n such that —s + n is positive.
(ii) For s >0 we have

1 & dt
—s — 5 —tZ -
ORI I OF
Proof. We prove (i); the proof for (ii) is simpler.
In [4, Proposition 2.2], we calculated the size of Taylor coefficients as

following;:
aaf 0 o - —a; /2
2.) SO etz (T ey Y1111
! e
/2

for a given multi-index o where aj_a is understood to be 1 when o; = 0.
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For f € F? let

f(z)= Z Cata(2),

aeNg

be the orthonormal decomposition of f, where co = 8% f(0)/va! and ey (z) =
zo‘/\/a. Note that

(2.2) /Ooo(et —1) tld% =T'(—s).

By (2.1) and (2.2), it follows that

- « n d
S lallata)] e 1)
=3 fallea2)] @l + 0 I0-9)

5 Zea|/2<H CVJ/2> 2‘a|+n)s’2a|.

We note that the power series on the right side of the inequality above is
convergent for every z € C". By the dominated convergence theorem, we
have

D(=8)%°f(2) = ) cata(z) (2]a] +n)°T(~s)
- Z Cata(2) /Ooo(e_(2|a+n)t -1 tld—ts

& _ dt
= /0 > catalz) (el 1) s

(%

[ e -

REMARK 2.5. We refer to [4] for another fractional derivatives. In [4],
the following derivative D? f is given by

B I'n+s+|a B
Df(z)= agn Wcaea(z), f € Dom(D?).

We remark that our definition of Z° f is slightly different from D* f, but they
are asymptotically the same in the sense that I'(n + s+ |«|)/T'(n + |a|) =~
(2|a] +n)® as |a| — oo by Stirling’s formula.
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. . 5,2
§3. Estimates of the reproducing kernel for F;

In what follows we use the conventional multi-index notation. Thus for
an n-tuple o = (a1, . . ., ay,) of nonnegative integers we write

o =1 + - - + an, al=aq! - apl, % =00 - O,

where 0; denotes partial differentiation with respect to the jth component.

Qn
"

First we get pointwise size estimates for the fractional radial derivatives
of the Fock kernel as following.

Ifz:(zla---,zn),thenz“:z?l...z

THEOREM 3.1. Given s real, there are positive constants C = C(s) >0
such that

(14 |z -w|)°A(z,w) ifs=>0,

S( _zZW <
(e >'\CX{<1+\z|rw|>8A<z,w> 5 <0,
for z,we C™.

Proof. Since

67| = Re(=T) — (/2| +(1/ Dl (1/2)|—uw?

< U/DPHUD P /B)z=ul _ p (5 4p).

the cases s =0, 1 are trivial.
Let 0 < s < 1. By (i) of Proposition 2.4, we have

_ 1 o0 — o dt
%s(ez-w) _ /0 (e—t%ez-w _ €z~w)

I'(—s) tlts’

Now

—tR (WY _ 2T _(2fal+n)t

e (eF") = Z ¢

= exp(e 2!z - w)e ™.
Thus
= 1 o o dt

(3.1) H*(e*) = T(—s) /0 [exp(e 2z - w)e ™ — e* ) it

We write the integral on the right-hand side of (3.1) as the sum of two pieces
I, and I, defined by

L = 1[ex (e 2z wW)e ™ — 2] dt
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and
> =2t =\ ,—nt ZW dt
I, = 1 [exp(e™ "z -w)e ™ — *"] s

Given z,w € C", put x = Re(z - w) for short. Then

< > —2t —nt T dt
Bl 5 [ lesp(e @)+ ]

_ 1 ifr<l,

~ et ifz>1.

Also,

1
_ _ dt
IS e [ o= - ez m—nt) ~ 1) ;5

x ! —2t — dt
=e ; |Ei(—(1—e¢ )z~w—nt)|m.

Here E;(z) is the truncated exponential function (see Definition A.1 in
Appendix A). Note that (see (A1)

Ei (M)
A

1
:/ eP dp for A e C.
0

Then

|E1(_(1 - 672t)z "W — nt)‘ < /1 e—p{(l—efzt);t—‘rnt} dp.
|(1—e %)z w + nt| 0

Hence we have

1
_ _ dt
/ |E1(—(1 — e )z -w — nt)| i
=20\t dt
/ |(1 )z - w+nt\/ep{(1 )+t}dpﬁ
—2t 1
_ / e W4n / e~pl=e ity g, 9
0 0 ts

Since
1—e2|~t for 0<t<l1,

there exist ¢ > 0 such that

1
[ mon) g [ el
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1 1
/ / efcptx dp @ 5 1
0 ts

SO in case r < 1 we have

If x <1, then

2% (e*™)| S 1+ |z -]

< s (1)l L+ |2z -@))'~
S (L+]z-w])’%e o(1/2)[=[[w|

< (14 |z - w])*e/2=lwl
S

(3.2) (14 |2 - ])7e/2NPH /2wl /8) 2w

Here we used the following inequality
/2wl — o B/4)lzllwl=(1/4)2llw]  (3/8)I2*+(3/8)|w|*+(1/4)Re(zw)

o(1/2)|2>+(1/2)|w]?—(1/8)|z—w|*

If x > 1, by Fubini’s theorem, it follows that

/ / —cptx dp / / cpt:rt S dt dp

511—\(1_8)/ sldp
0

s—1
Satt

Hence, in case x > 1, we have
|%° (# )| < %z - a7t

For the case © = Re(z - w) > 1, we write Re(z - w) = |z||w| cos 0, where 0 is
the angle between z and w identified as real vectors in R?", and § = cos™? (%)
If |6] < 6, then

r=Re(z W) ~ |z - w| = |2]|w].

Hence we have

(3.3) |z - w|xt ™ < WA/ D= (1/8)le=wl?) s
If 6 <0 <7/2, then

z=Re(z - W) = |2||w| cos § < 1|z||w].
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Hence
|1—s
o, sl — (U2ellwly, s 1ZWT
e’lz-wlx® " <Le |2 - w] 2l-sc(1/2)=]
(3.4) < 6(1/2)|z\2+(1/2)\w\L(l/S)\szIQ‘Z - w]°.

This, together with (3.2), yields the asserted estimate for 0 < s < 1.
Now, assume s > 1. Let m be the greatest nonnegative integer less than
s. Then

QS(Gz-E) — %s—m%m(emﬁ)

- /m[%m exp (e 2z - w)e ™ — Z"e* ] dt
F(m _ 8) 0 tlts—m’
Note that
AN =Y e
j=0
and
m .
R exple 2 W) = Z ti(e 'z - w) exp(e 'z - W),
7=0
for some nonnegative integers ¢;. Thus
%s(ezw)
1 . Y = —2t,, 75\ ,—(2j+n)t 20 dt
:mzej(ZQU) ) [eXp(e Z"U))e — € ]m

Jj=0

We write the integral on the right-hand side of the above equation as the
sum of two pieces J; and Jy defined by

1 j o dt
J1 = /0 [exp(e 2z - @)e—(2j+n)t T -
and
J2= /1 " fexp(e %z - w)e N _ 5] % .
Then
|.J2] S/loo[eXp(e—ztx)e—(szrn)t + el tl-:it—m
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and

dt

1
Al S e [ IB= ) - 2+ )

1 1
dt
S 6$|Z . @| / / G_Cptm dp Pp—
o Jo t

These yield the asserted estimate for s > 1.
Now for s > 0, by (ii) of Proposition 2.4, we have

—S( zW\ __ 1 * —tZ (2w dt
AT = s [T
1 * —2t —\ _—nt dt
= F(s)/o exp(e “'z-w)e s
Hence ) - it
—S(_ zW —2t —nt
| %% (e*)| < @ /0 exp(e “'z)e pyit

If x =Re(z-w) < 1, then

1 o0 dt 1
-5 < —nt —
# e S |

Now we assume that z = Re(z - w) > 1. Then

. o 1 00 0o —2t )k: Y dt
77 < / e

) 7
(ke At
0 tl—s

V2]

By Stirling’s formula, it follows that
E'(2k+n)*~T(k+1+s) for large k.
Hence, by Corollary A.4, we have

(3.5) ~efrt x>l
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For the case x = Re(z - w) > 1, we write Re(z - W) = |z||w| cos 6, where 6
is the angle between z and w identified as real vectors in R?*", and 6 =
cos™1(3). It is easily seen from (3.5) that the required estimate holds when
0] < 6§, because z ~ |z||w| for such z and w. So, assume § < § < 7/2. Note

x < X|z||w| for such z and w. We thus have by our choice of §

/Dl

N

xs i
< /Il
/2l (|2]jow])*
(Jz[|w])® e/Dlzllw]

e(1/2)1z]|w|
(3.6) S oo > L

(I2[|wl)
This, together with (3.5), yields the asserted estimate for x> 1. This
completes the proof. 0

It is the well-known formula [1] that

Ky(z,w) =K}y (2) = Y da(2)da(w)

«

where {¢4} is any orthonormal basis for FJ5”.

LEMMA 3.2. Let s be real and o be a multi-index of nonnegative integers.
Then
129132 = (2la] +n)*al.
R

Proof. Since 2°/%2% = (2|a| 4+ n)%/?2*, we have
[ 1927722213 = (2led +n)*|12°(3 = (2|a| + n)*al. 0
THEOREM 3.3. Let s€R. Then
Ki(z,w) = 2.°(e*™)

and there are positive constants C = C(s) > 0 such that

(1+ [z]|w])* Az, w) if s >0,

‘KS(Z, w)’ <O x {(1 + ‘Z .@D_SA(Z, w) ’ifS <0,

for z,w e C™.
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Proof. By Lemma 3.2, we get

-2 (B ”‘II

aENE F3?

- Z 2\04\ +n)sal

=X, 5(e*™).
Hence the size estimates of K(z, w) follow from Theorem 3.1. [
84. Auxiliary integral estimates
It follows that the fractional Fock—Sobolev spaces are realized as the

weighted Fock spaces that do not involve derivatives. To prove the results
we introduce an auxiliary integral estimate for A defined by

Az, w) = o(L/2)|22+(1/2)|w]?—(1/8)|z—w|?
To handle the case 1 < p < oo and for other purposes later, we introduce

an integral operator induced by A. Given s real, we consider an integral
operator Lg defined by

L= [ v (£HE) A we P avw), seer

for ¢ which makes the above integral well-defined.

LEMMA 4.1. [4] Given s real, the operator Lg is bounded on Lg for any
I<p< oo

The following Jensen-type inequality is needed to handle the case
O<p<l.

LEMMA 4.2. [4] Given 0<p<1, a>0 and s real, there is a constant
C =C(p,a,s)>0 such that
(4.1)

{L1asirs@e v} < [ a s ee s p ave
for f € H(C™).

LEMMA 4.3. [4] Let 0 <p < oo and a be an arbitrary real number. Then
there is C = C(p, a) > 0 such that

/ (1+ [w]) Az, w)Pe @2 Gy (w) < O(1 4 [2])e@/ 21,

https://doi.org/10.1017/nmj.2018.11 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.11

92 H. R. CHO AND S. PARK

§5. Fourier type characterization

Cho and Zhu [6] studied Fock—Sobolev spaces of positive integer order. For
any positive integer m and 0 < p < oo we consider the space F"*P consisting
of entire functions f on C" such that

Z ||6afHP < o0,

|a|l<m

where || ||, is the norm in FP. See [8, 12] for other similar Sobolev spaces.
Cho and Zhu [6] proved a useful Fourier type characterization of the Fock—
Sobolev space of integer order as following.

THEOREM 5.1. [6] Suppose 0 < p < 0o, m is a nonnegative integer, and
f is an entire function on C". Then f & F™P if and only if the function
2%f(z) is in FP for all multi-indices o with |a| = m. Moreover, || f||pm» is
comparable to the norm of the function |z|™ f(z) in LY,.

The purpose of the current paper is to extend the notion of the Fock—
Sobolev spaces to the case of fractional orders allowed to be any real number.

THEOREM 5.2. Let seR and 0<p<oo. There is a constant C' =
C(s,p) >0 such that
1flEsp < ClIfllgr-

Proof. We now consider the cases 0 <p <1 and 1 < p < oo separately.
Assume 1 < p < oo. If the function (1 + |w|)® f(w) is in LY, then

f(z)= in ez'wf(w)e_“”l2 dV(w), =zeC™
s cn
Thus we obtain
(5.1) B2 (2) = ;1n / B2 F(w)e~ 1 dV (w).

The convergence of the integrals above follows from pointwise estimates for
functions in Fock spaces. Hence it follows that

@ < o [ PED e av )
(Cn

1+ |7
1+ |w

< [ s (FEE) P wpe v avi

= Ls((1+ [w])*[f1)(2).
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By Lemma 4.1, we have
1°72 F 115 S L+ 120)° £ e,
Now let 0 < p < 1. Then, by Lemma 4.2 and Theorem 3.1,
#PIEP S [ ETP P avi)
S /(Cn [F)P(L+ [w]) P2 (1 4 [2) P2 Az, wyre P av (w)
or
/C FP PO gy ()
S [ 1P G+ )2 v )
< / (1 ) PA G, wre R gy (),
Now, by Lemma 4.3, it follows that
/ (1 + |2))*P2A (2, w)Pe~ P/ gy (2) < (1 + |w])*P/2e@/ 2wl
Hence

/ %512 f(2)|Pe= /PP gy (2)

S/ [F )P+ wl]yPe @D gy (w). il
(Cn

THEOREM 5.3. Suppose 0 <p < oo and s is a real number. Then there
is a constant C = C(s, p) > 0 such that

Ifllrz < Clifllpge

for all f e F .
Proof. Let 1< p < 0o. From the reproducing formula for 2%/2 f we obtain

1) =Pl ) = [ )@ e v (w).
(Cn

ﬂ-n
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This together with Theorem 3.1 shows that

T+ 12D°1f () S A+ [2)° /(Cn ()2 f (w)|| 2~/ (e* ™) ™" dV (w)

s/2 1+ ]2 \*? —Jw]?
< [oarl({EE) A e aviw)

= Ly(|2* f1)(2).
By Lemma 4.1, we have
1L+ 120)° Fllze, S 12257 £ lp-

When 0 < p < 1, it follows from Lemma 4.2 and Theorem 3.1 that

p

FEIP S

/ B2 F(w) =2 (5Tl v ()

5/ ()2 f(w) B~ (™) I F P av (w)
(CTL

e(®/2)|212=(p/2)lwl|*—(p/8)|z—w|?

(1 +[2])*P/2(1 + |w|)*»/2

s [ @)

V(w).
Fubini’s theorem shows that the integral

I=/ (1 +|2])° f(2)e W2 P qv ()

satisfies the following estimates:

sp/2
I< / (512 f () PP Gy (1) / (HM) e/l gy (),
(Cn n

Note that
1+ 1z sp/2 w2
/ <1 * “w‘) /8=l gy ()

/ (1+ |2 — w|)P/2e=®/B=w gy )

< L

The proof is complete.

Theorem 1.2 follows from Theorems 5.2 and 5.3.
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Appendix. Truncated exponential functions

Let m be a positive integer. We consider the left truncated exponential
function of integer order m, E,,(\), defined by

)\2 Amfl
— A1\ _
En,(A\)=e"—1-X o (m = 1)1
0 Ak+m
B Z L(k+1+m)’ rec

where I' is the classical gamma function.
It is easy to check that

1
— g ym—1_tA
(A1) = 1)!/0 (1— )™ tet dt,

which immediately yields a useful inequality

(A2) |Em()\)]<<fi2’)\> Enm(Re)), AeC.

Now we consider the truncated exponential function of fractional
order.

DEFINITION A.1. Let s€R. We define the generalized exponential
function of fractional order s, Es(x), by

0
Z z € R.
kZOFk—Fl—i—s

We have the following integral representation of Es(z):

PRrROPOSITION A.2. Let s> 0. Then

Ey(z) = et R.
() F(s)/ot e 'dt, xze€

Proof. Note that the following well-known property of gamma functions

1
— / t* (1 —¢t)*"tdt when a,b>0.
0
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Thus
N s > k+s 1
P m - kz_o m /0 (1—t)5 F dt
B Fags) /01(1 — ) et dt
N FG(Z) /Ox t et dt. .

PrROPOSITION A.3. Let s =m + r where m is a nonnegative integer and
0<r<1. Then

eI

Es(x)zr(l_r)/o r—tdt—f—z k‘—l—l—s)

Proof. We have

D THFiss - X T RIS v s
kiOFk—i—l—S) W (k:—f—l—s kZOFk—i—l—s)
0 phtl-r i k—s
= +
kiOF(k‘—kQ—r OFk—i—l—s)
e’ rft
= — dt
F(l—r)/o +Z k:+1—s) |

By Propositions A.2 and A.3, we have the following.
COROLLARY A.4. Let s€R. Then
Ey(z)

lim =1.
r—oo er
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