
SERIES OF PRODUCTS OF BESSEL POLYNOMIALS 

F. M. RAGAB 

1. Introduction. The Bessel polynomials, which arise as solution of the 
classical wave equation in spherical co-ordinates, are defined by Krall and 
Frink (3) by the equation 

x, a, b) = 2^0 ( — n, a + n — 1 ; — - ) . (1) 7.0 

The purpose of this paper is to present some series of products of these poly
nomials when the two arguments are different as in the case of Legendre 
and Hermite polynomials. Such an explanation was given by Brafman (2), 
namely : 

« tWr^fH^(-f-i)^-?;-') 
= yn(x, a, b) yn(y,a, b). 

These series will be stated and proved in § 2. The following formulae are 
required in the proofs: 

(a,l + fa,d,e _ \ r ( l +a - d) r ( l +a -_e)_ 
[ ) 4 3 \ | a , 1 + a -d, 1 + a - e ) r ( l + a) T(l + a - d - e) 

(1, p. 28, formula 3). Gauss's theorem, namely: 
If R(y) > 0, R(y - a - fi) > 0, 

(4) f ( t tg. r l ) = ikm7_-«-g) 
{> l , P ' T ' J T(y - a) T(y - 0) 

(4, p. 144, Example 2) and Saalschutz's theorem (5), namely: 
I fp + tr = a + /3 + 7 + l and if a, ft, or y is a negative integer, 

r(P) r q + q - <r) r ( i + 0 - <r) r ( i + 7 - a) Ja,0,y;\ 
\p, <r / ( 5 ) ^Vp, cr V T(l - a) T(p - a) T(p - 0) T(p - y) 

Frequent use will also be made of the factorial notation: 

(a; n) = ~^r^- = a(a + 1) . . . (a + n - 1) for n = 1, 2, 3, . . . , 

(a, 0) = 1 for a ^ 0. 

2. Formulae and proofs: The expansions to be proved are: 
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(6) Ê ( - ! ) ' ( * ) - ^ V Z V 5 - - N - " (1 ~ * ~ 2r) T,(x, a, ft) 7 r(y, a, ft) 
r ( l - a - n - r) 
" r ( 2 - a -~r) 

= (î+f)"4r+V-'): 

r(2 - a — w) , . 
= r ^ - = ^ - = ^ ) ^ ( ^ 2 a - 2 , è ) ; 

^ V M r (2 -a ) / 2xV 
(8) S V r<2=7=7) V" T/ 7'(*x'a'b) 

= l2n{x,a — 2», 6); 

ro^ V c , xr (1 - « - 2n + 2r) T(l - a - 2» + r) . . ,. ,2 

= {(n!)2T(2-a)r1y2n(x,a-2n,b); 

do) t (w)^-+^^r--^----^-^--^4f -„«-_M ( ô) 
T̂ o \r/ (1 — a — n — r;n + 1) 

= 7W(*, 1 + a + a, ft). 
Proof of (6). If on the left of (6) we replace yr(x, a, ft) yr(y, a, ft) by the 

series in (3), then after changing the order of summation it becomes 

èj-iKf^y-tï-ï-s)t(-.)t)t) 

If we apply the formula 

± (_ iy(*)(' ) XSLUÏJZJL^A (1 _ a _ 2f) = (_ i r ô _ 

then the right-hand side of (6) is obtained. If y — x, (6) becomes 

<U> t ( " 1 ) f ( r ) ^ ^ T T (1 - a - 2r) {yr{x, a, ft)}" 

Proof of (7). The following lemma is required in the proofs of (7) and (8): 

LEMMA: / / n, N, r are positive integers, then 

(12) ( - n- N - n + 2r) = ( - l)n{ (2w) !}~1(^!)22r(- 2w; iY) 

Proof. We have 

( - w; iV - » + 2r) = 2N-n~+*r{- \n\ %N - \n + r). 
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But 

( - i « ; | i V - *» + r) = (-totN - \n)(\N -n;r) 

and 

(^ - \n\ \N - \n + r) = (J - \n, \N - \n) {\ + * JV - n; r), 

so that 

2n-N~2r(-n;N - n + 2r)_ 
( 4 i V - n ; r ) ( i + i i V - » ; 7 ) 

= ( - \n\ §Ar - i » ) ( i - 4«; |A7 - \n) 

= 2"-N(- n;N - n) 

{(2n)(2« - 1) . . . ( n + ! ) } { ( - n;N - »)}{(»!)} 
2* - (2n ) f 

= ( - 1 ) " » ! , 
2N~" (2«)! 

= ( - 1 ) " 2 " - V ) l (2«) ' . r I { ( - 2n;tf)}, 

from which the lemma follows. 

^=^Lxi K - 2n ) (« 2* + 1) . . . ( - 2n + tf - 1)} 

Prtfo/ 0/ (7). In the left-hand side of (7) write n — r for r, substitute for 
yn-T{x, a, 0) from (1), then it becomes: 

n n—r 

~o £ i ^ J r ! s ! ( w - r ) ! 
(a + n — r — 1; s) lb 

r (4 - 2a - 4rc + 2r) W 

Here we put s = r + N — n, and the last expression becomes: 

1 y? [ ^ ] , _ . N(-n;N - n + 2r) r (2 - a - 2n + r_) 
»! r ( a + » - 1) £fo 7^0 [' } r\ T(4~- 2a - 4n + 2r) " " 

T(a + N - 1) (2 - a - w; r ) /ftY~ 
— n -\- r) \x/ T(l+ N - n + r) 

0 3n+2o—2 i 2w 

_ / i\» é. 2L V ( — 2 V* 
1 i ; (2n)! r ( | - a - 2») r ( a + » - 1) £fo ^ } 

T(a + N - l)(-2n;N)\z) {T(l +N - n)}'1 

X »Fll + # - * , * - a - 2 n 'M 
by Lemma (12). 

Proof of (8). In the left-hand side of (8), write n — r for r, substitute for 
yn-T(hxy a> b) from (1), then it becomes 

V V (- 0Y-rJn\ r (2 - a)(-n + r; 5) (a + j z - r - 1 ; s ) ( A ™ 
£ 0 ~o ^ j W 5! T(2" - a - n + r) W 
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Here we put s = r -\- N — n\ then the last expression becomes 

_. t^m^l y (_ 2r» ria_+ N_r_V> lb 
T(a + n-l)T(2-a-n) V=0

{ ' r(1 + .V - n) K n , A \ x 

—N 

X *F{ l+N-n 

by Lemma (12). Here we sum the 2Fi by Gauss's theorem (4) and so obtain 
(8). In (8) write 2x for x; then it becomes 

(13) 72„(2x, a - 2», b) = g ( * ) r ( 2 ( ! ~ ^ r ) ( " / - ) ' 7r(*. «, 6) 

which may be taken as the duplication formula for Bessel polynomials. 

Proof of (9). If y = x in (2), then it becomes 

To prove (9), substitute in the left of it for {yn^r(x} a, b)}2 by the series in 
(14), then after some rearrangement the left-hand side of (9) becomes 

_T(2 -a - 2n + 2r) r ( l -a - 2n + r)_ A V * * 2 ' 
~o ^ ^ r\(n - r)\ T(l - a - 2n + 2r) T(2 - a - n + r) \x, 

1 }b)2s 

X S ~s~\(r - s)\ r (2 - a -2n~~+ 2r + 1 ) \ J yn-r-s^ a' b) 

= ]AVy f-2Ŷ  T@_^_a_-2n)__ ___ 
»! W £i P]-{n - p)\ T(2 - a - 2n + p) T(2 - a - n) 

K,(b\ / i ,,1X\Jra — 2n,\—\a — n,-p,-n "1 

But the 4-F3 can be summed by (3) if we substitute in (3) a — 1 — a — 2», 
d = — n, e = —p. Thus the last expression reduces to 

i ^ V v — (- ar» _ A Y /1 M 
«1 W £ « />!(» - £)! r (2 - a - n + p) \x/ y^^x' a< 0) 

- iMT(2-«)r-Ê (")f^f^{^)'^.^ 
= {(n\)2T(2-a)}-1y2n(x,a-2n,b) 

by (8). Hence the proof of (9) is complete. 

Proof of (10). To prove (10), substitute for yr(x, a, b) in the left-hand side 
of (10) from (1), change the order of summation, then sum the innermost 
series by means of (3) and so obtain the right-hand side of (10) by a second 
application of (1). 

Finally it may be noted that each of the explicitly summed series in the 
last proofs can be transformed to another explicitly summed series and the 
result in the two cases is the same. 
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