
ON THE MINIMAL LIPSCHITZ CONSTANT 

K. Goebel 

In th is pape r we give n e c e s s a r y and sufficient condi t ions 
tha t a cont inuous t r a n s f o r m a t i o n f: A-*A of a m e t r i c space 
A with the m e t r i c r should be a c o n t r a c t i o n with r e s p e c t to 
an equ iva len t m e t r i c s . Th i s i s the so lu t ion of a p r o b l e m 
s ta ted by J. S. W. Wong [2] . 

Let E be the se t of a l l m e t r i c s equiva len t to r 
r 

( i . e . Se E if and only if s g e n e r a t e s the s a m e topology a s r ) 

and let E* be a subse t of E cons i s t i ng of a l l bounded m e t r i c s , 
r r 

Denote 

0(f, r ) = sup [ r j f x ' f y > : x, y € A, x * y] . r L r ( x , y) 

F i n a l l y l e t d (X) m e a n t h e d i a m e t e r of X C A w i t h r e s p e c t to 

t h e m e t r i c r . 

T H E O R E M 1 . 

inf [ G(f, s) : s € E ]< 1 . 
r 

T H E O R E M 2 . 

inf [G(f, s) : s e E * l < 1 
r 

if and o n l y if t h e r e e x i s t s a m e t r i c s € E* s u c h t h a t : 
r 

l i m s u p \ / d ^ ( f n ( A ) ) < 1. 
n — oo V s 

THEOREM 3 . 

inf [9(f, s) : s € E ] < 1 

if and only if t h e r e e x i s t s a m e t r i c s e E , a cons t an t q < 1 
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and a s e q u e n c e of s p h e r e s K C K C K C . . . s u c h t h a t : H ^ 1 2 3 

K = A and 
i = l i 

(1) l i m s u p ^ / d ^ ( f n ( K i ) ) < q , i = 1, 2 , 
n->oo V s 

P r o o f . S u p p o s e t h e m e t r i c s s a t i s f i e s t h e c o n d i t i o n s of 

T h e o r e m 3 . C o n s i d e r t h e p o w e r s e r i e s 

s j x , y ) = s(x, y ) + S s (f x, f y ) I , X > 0 . 

B y (1) t h i s s e r i e s i s u n i f o r m l y c o n v e r g e n t o n a n a r b i t r a r y 
s p h e r e K , i = 1, 2 , . . . and i t s r a d i u s of c o n v e r g e n c e i s 

i 
1 

e q u a l a t l e a s t ~ . In v i e w of s <_ s -. and b y c o n t i n u i t y of s , 

i t f o l l o w s t h a t s e E . M o r e o v e r , w e h a v e 
x r 

s x ( f x , f y ) = s ( f x , f y ) + 2 s ( f*+ 1 , f y + 1 ) X 
n = l 

A °° A 

< - { s ( x , y) + S s ( f x , f y ) T n } = ^ s x ( x , y ) . 
~~ u n = l 

1 1 
H e n c e 6(f, s r ) < - a n d inf [0(f, s x ) - ^ < ~ ] < q < 1 • L. x q 

On t h e o t h e r h a n d , if 0 ( f , s ) = q < 1 f o r s o m e m e t r i e 

E E 

K. 

s e E t h e n (1) h o l d s f o r a n a r b i t r a r y s e q u e n c e of s p h e r e s 

T h e o r e m 2 c a n b e p r o v e d q u i t e s i m i l a r l y . T h e o r e m 1 
f o l l o w s i m m e d i a t e l y f r o m t h e f a c t t h a t t h e s e t E # i s n o n e m p t y 

r 

and fo r s e E* t h e r a d i u s of c o n v e r g e n c e of t h e p o w e r s e r i e s 

(1) i s e q u a l a t l e a s t 1 . 

L e t u s n o w c o n s i d e r a s t r o n g e r e q u i v a l e n c e r e l a t i o n 
b e t w e e n m e t r i c s . We a s s u m e t h a t r ^ s if t h e r e e x i s t t w o 
c o n s t a n t s a > 0, p > 0 s u c h t h a t a r ( x , y) <_ s ( x , y) <_ p r ( x , y) 
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for a r b i t r a r y x, y € A. In this c a s e eve ry t r a n s f o r m a t i o n which 
i s L i p s c h i t z i a n in one m e t r i c i s a l so L i p s c h i t z i a n with r e s p e c t 
to any equiva len t m e t r i c . 

THEOREM 4 . 

inf [6(f, s) : s <u r ] = l im ^ / 0(fn s) = inf ^JQ(în s). 
n = l 

F o r the proof cf [ l ] . 

aim y 0(f , s) does not depend on the choice of s ~ r ) 
n->oo 
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