
THE IMPLICIT FUNCTION THEOREM IN THE SCALAR CASE* 

H. I. F r e e d m a n 

( rece ived F e b r u a r y 17, 1969) 

1. In t roduct ion . The impl ic i t function t h e o r e m has appl ica t ions 
at a l l l eve ls of m a t h e m a t i c s f rom e l e m e n t a r y ca lcu lus ( impl ic i t d i f ferent
iat ion) to finding pe r iod ic solut ions of s y s t e m s of d i f ferent ia l equat ions 
([1, Chapter 14] and [4], for example ) . 

In 1961 W. S. Loud [3] studied the c a s e of two equat ions in t h r e e 
unknowns. He cons ide red only c a s e s whe re up to third o r d e r d e r i v a t i v e s 
w e r e involved and only those c a s e s w h e r e the de r iva t ive of the solu t ions 
at the c r i t i c a l point ex i s t ed . Coddington and Levinson [1] cons ider a 
specif ic s ingular c a s e involving n equat ions in n + m unknowns. In 
g e n e r a l the number of d i s t inc t c r i t i c a l c a s e s involving up to third 
d e r i v a t i v e s for such a g e n e r a l s y s t e m is not known. 

In the p r e s e n t paper we a r e i n t e r e s t ed in the s c a l a r c a s e , i . e . one 
equat ion involving two unknowns. We wish to d i s c u s s a s comple te ly as 
p o s s i b l e when such an equat ion can be solved for one unknown in t e r m s 
of the o ther in some in t e rva l , cons ide r ing al l pos s ib i l i t i e s whe re the 
equat ions s t a r t out with f i r s t or second o r d e r t e r m s . To this end, we 
wil l a lways a s s u m e that our function is as d i f ferent iable as we need in 
o r d e r to r e s o l v e a p a r t i c u l a r c a s e . However , we wil l not a s s u m e that 
the solut ion we a r e seeking need have a de r iva t i ve at the c r i t i c a l point 
in quest ion, nor wil l we r e s t r i c t o u r s e l v e s to d e r i v a t i v e s of any o r d e r . 

Suppose that 

(1) F ( x , y ) = 0 

is the equat ion in ques t ion . Without loss of genera l i ty , we m a y a s s u m e 
that F(0 ,0 ) = 0 . The p r o b l e m is then to d i s cove r when equat ion (1) 
can be solved for y a s a function of x , y = cj>(x) , such that 
4>(0) = 0 , F(x,cj)(x)) =. 0 for sufficiently s m a l l x . 

*The p r e p a r a t i o n of this pape r was p a r t i a l l y suppor ted by the National 
R e s e a r c h Council of Canada G r a n t No. A-4823 . 
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We divide the possibilities we wish to consider into seven major 
cases . 

2. The Non-critical Case. 

Case I. This case involves the classical implicit function theorem 
which we state below. 

THEOREM 1. Let F(x, y) = 0 , F(0 , 0) = 0 , F (0 , 0) \ 0 . 

Then there is a unique c|>(x) , c|>(0) = 0, such that F(x,c|)(x)) = 0 for 

sufficiently small x . Fur thermore <b(x) = - F (0,0) F (0 , 0)~ xx + o(x) . 
x y 

For an early proof of this theorem see [2], For a proof of the more 
general vector theorem see [2] or [5]. 

3. The F i r s t Critical Cases. 

Case II. This case is the scalar equivalent of that discussed by 
ngton and Levinso 

Set y = orx and define 

Codding ton and Levinson. Let F(0 , 0) = F (0 , 0) = F (0 , 0) = 0 . 
x y 

G(x,a) = x ~ 2 F ( x , a x ) . 

By twice applying L'Hospital 's rule, we easily get that 

G(0,o) = £F (0,0)tf2 + F (0,0)<* + f F (0,0) 
yy xy xx 

and 

G (0,a) = F (0 ,0)» + F (0,0) 
a yy xy 

Let a be a rea l root of G(0 , a) = 0 if such exis ts . Then the basic o 
assumption of this case is that G (0 , a ) \ 0 . Then, by Theorem 1 , we 

a o 
can solve for a as a function of x , 

a = a - G (0 , a )G (0 , a )"2 x + o<x) o x o a o 

for sufficiently small x . This then gives 
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y = 4>(x) = a x - G (0 , a )G (0 , a ) _ 1 x 2 + o (x 2 ) . 
o x o a o 

We r e m a r k t h a t if F (0 , 0) ^ 0 and no r e a l a e x i s t s , t h e n 
yy o 

w e c a n n o t s o l v e f o r y = c|>(x) , <j>(0) = 0 . If F (0 , 0) = 0 , b u t 

F ( 0 , 0 ) \ 0 , t h e n r e a l a a l w a y s e x i s t . F ( 0 , 0) = F (0 , 0) = 0 
x y o yy x y 

i s d i s c u s s e d i n o t h e r c a s e s . 

C a s e I I I . We u s e t h e r e s u l t s of C a s e II to r e s o l v e t h e f o l l o w i n g 
s i t u a t i o n . L e t F ( 0 , 0 ) = F ( 0 , 0 ) = 0 , F (0 , 0) ^ 0 , F ( 0 , 0 ) ^ 0 , 

y x y y 
F (0 , 0 ) F (0 , 0) < 0 . L e t x = t2 and d e f i n e 

x y y 

E ( 2 ) ( t , y ) = F ( t 2 , y ) 

T h e n s i n c e E ( 2 ) ( t , y) = 2 F (t2 , y ) t , E ( z ; ( 0 . , 0 ) = E < 2 ) ( 0 , 0 ) = E U ) ( 0 , 0) = 0 . 
t x t y 

H e n c e l e t y = 0t and d e f i n e 

D ( 2 ) ( t , 6) - t " 2 E C z ) ( t , 6t) 

T h e n D ^ ( 0 , e ) = | E ( 2 ) ( 0 , 0 )0 2 + E ( 2 ) (0 , 0 )6 + | E (0 , 0) 
e yy ty tt 

= | F ( 0 , 0 ) 9 2 + F ( 0 , 0 ) , w h e r e a s D * 2 ) ( O , 0 ) = F ( 0 , 0 ) . H e n c e 
y y x 0 yy 

if 8 i s a r e a l s o l u t i o n of D C 2 ) ( 0 , G) = 0 , w e c a n t a k e f o r 0 e i t h e r 
o o 

/ 2 F ( 0 , 0 ) \ 1/2 
of i_ ( — TT—TT J w h i c h i s r e a l , and f o r e i t h e r c h o i c e 

\ y y ' / 

D U ) ( O , 0 ) ^ 0 . H e n c e b y T h e o r e m 1 w e c a n s o l v e D ( 2 ) ( t , 0 ) = 0 

f o r 0 a s a f u n c t i o n of t , 

0 = 0 - D ( 2 > ( 0 , 0 ) D ^ 2 ) ( 0 , 0 T 1 t + o ( t ) . 
o t o 0 o 

a n d g e t two s o l u t i o n s 
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i 

y = <|>(x) = 6 x 2 - D ( 2 ) ( 0 , 9 ) D j 2 , ( 0 , e Q ) " 1 x + o(x) 

valid for sufficiently s m a l l pos i t ive x . 

We r e m a r k that if F (0 , 0)F ( 0 , 0 ) > 0 , then le t t ing x = - 1 2 

x yy 
wil l give s i m i l a r r e s u l t s valid for sufficiently s m a l l nega t ive x . 

4 . C r i t i c a l Cases w h e r e F ( x , y) beg ins with a L inea r T e r m . 
Throughout the r e s t of this pape r we wil l denote by F the 

p q 
x y 

p a r t i a l d e r i v a t i v e 8 F / 3 x p 3y . 

Case IV. In o r d e r to d i s c u s s fully the s i tua t ion when F ( x , y) = Ax + 
h igher o r d e r t e r m s , we m u s t f i r s t d i s c u s s the equivalent of Case II when 

/ \ th 
F ( x , y ) begins with n o r d e r t e r m s . 

Let F(0 , 0) = F ( 0 , 0 ) = 0 , p + q = l , 2 , . . . , n - l . F u r t h e r 
x P y q 

le t not a l l of F (0 , 0) be z e r o when p + q = n , n > 3 . Let 
p q i - * i _ 

x y 
y = a x and define 

H(x ,a ) = x F ( x , # x ) 

Then by r e p e a t e d app l ica t ion of L ! H o s p i t a l ' s r u l e , we get that 

N ' ' x=o 
y=o 

H ( o > a ) = iM°^> 

Let a be a r e a l roo t of H(0 , a) = 0 if such ex i s t s and a s s u m e that 
o 

H (0 , a ) \ 0 . Then under the above hypo these s we can solve 
a o 

Hjx ,») = 0 for a a s a function of x (with as m a n y so lu t ions as t h e r e 
a r e d i s t i nc t 0 which sa t is fy the above) , 
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a = a - H (0 , a )H (0 , a ) ' X x + o(x) 
o x o a o 

and hence get 

y = 4>(x) = a x - H (0 , or )H (0 , a )~ x + o(x2 ) 
O X O a. O 

Case V. In this c a s e we e s t a b l i s h c r i t e r i a under which 
y = cj)(x) , c()(0) = 0 , can and cannot be found. 

(i) Let F ( 0 , 0 ) = F ( 0 , 0 ) = . . . = F , ( 0 , 0 ) = 0 , F (0 , 0 M 0 , 
y n -1 x 

y 
F ( 0 , 0 ) ^ 0 . F u r t h e r , let e i ther n be odd or if n is even, then 

n 
y 

F (0 , 0) F (0 , 0) < 0 . Let x = t n and define 
x n 

y 

E ( n ) ( t , y ) S F ( t n , y ) 

Then E ( n ) ( 0 , 0) = E ( n ) ( 0 , 0 ) = 0 if p + q = l , 2 n - 1 . F u r t h e r , 
t P y q 

EK (0 , 0) = 0 if p + q = n and p * n or q * n , but 
t P y q 

E ( n ) ( 0 , 0 ) = ni F ( 0 , 0 ) ^ 0 and E ( n ) ( 0 , 0) = F (0 , 0) * 0 . Since 
n x n n 

t y y 

E ( t , y) s a t i s f i e s the f i r s t hypo theses of Case IV, we let y = 9t and 
define 

D ( n ) ( t , e ) s t - n E ( n ) ( t , e t ) 

Then D*n)(0 , 9) = - , F (0 , O)0n + F ( 0 , 0 ) . Hence if 6 is a r e a l 
ni n x o 

(n) y 

roo t of Dv ( 0 , 6 ) = 0 , then 
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x 1/n 
-ni F (0 , 0) x 

6o = V F n (0 ,0 ) 
y 

if n is odd and plus or m i n u s this value if n is even . F u r t h e r , 

D ^ n ) ( 0 , 6 M O . Hence we can solve D ( n ) ( t , 9) = 0 for 9 as a 
9 o 

of t (one solut ion if n is odd and two if n i s even) , 

9 - D j n ) ( o , e ) D ( n ) ( o , e ) _ 1 t + o(t) 
o t o 9 o 

and get that 

, / v « 1/n ^ (n ) /~ ~ YT^(n)/rt ~ v-1 2 / n . 2 / n 
y = c|)(x) = 9 x - Dv '(0 , 9 )DV '(0 , 9 J x + o(x ) 

o t o 0 ' 

for suff iciently s m a l l (pos i t ive only if n is even) x . 

We note that if F ( 0 , 0 ) F (0 , 0) > 0 , se t t ing x = - t n g ives 
x n 

y 
analogous r e s u l t s for suff icient ly s m a l l nega t ive x only . 

(ii) We now s t a t e and p r o v e a t h e o r e m which t akes c a r e of the 
o ther pos s ib i l i t y under this c a s e . 

THEOREM 2. Let F(0 , 0) = 0 , F (0 , 0 M 0 , F (0 , 0) = 0 , 
x n 

y 
n = 1 , 2 , . . . . Then t h e r e does not ex i s t a c()(x) , cj>(0) = 0 , such that 
F(x,cj)(x)) = 0 for suff icient ly s m a l l x , provided that F ( x , y) is 
ho lomorph ic in a neighbourhood of the o r i g i n . 

Proof . Define U(x , y) = x " x F ( x , y ) . Expanding F (x , y) in a 
Tay lor s e r i e s in y we get 

oo F
k ( - > ° ) y k 

F ( x , y ) = 2 _y_ 
k=o 
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Then s ince F (0 , 0) = 0 for a l l k , F(0 , y) = 0 . Hence 

y 

U ( 0 , y ) = l im x _ 1 F ( x , y ) = l im F (x , y) = F (0 , y) , and so 
x -> o x -+ o 

U(0 , 0) = F (0 , 0) ^ 0 . But F ( x , y) = 0 can be solved for y = cj)(x) , 

<j>(0) = 0 only if U ( x , y ) = 0 can be solved for x , y = \\i (x) , with 
\\*(0) = 0 , which c l e a r l y cannot happen s ince U(0 ,0 ) ^ 0 . 

5 . C r i t i c a l Cases w h e r e F ( x , y ) begins with Quadra t ic T e r m s . 
We have a l r e a d y looked at such a s i tua t ion in Case II. The s i tua t ion 
we now wish to look at can be b r o k e n up into two c a s e s , one o c c u r r i n g 

when the only quadra t i c t e r m is x , and the o ther when G (0 ,a ) = 0 . 
a o 

Case VI. This c a s e can be spl i t into t h r e e p a r t s , which toge ther 

exhaus t a l l p o s s i b i l i t i e s of the type cons ide red when F ( x , y) = Ax + 
h igher o r d e r t e r m s . 

(i) Let F ( 0 , 0) = F ( 0 , 0 ) = F (0 , 0) = F (0 , 0) = F (0 , 0) = 0 , 
x y xy yy 

F ( 0 , 0 ) ^ 0 . F u r t h e r , let t h e r e exis t n > 3 such that 
xx — 

F ( 0 , 0 ) = 0 , q = l , 2 , . . . , n - l 

y q 

F ( 0 , 0 ) ^ 0 , F (0 , 0) = 0 for eve ry q < f n , 
n q 

y xy 

Let x = t2 and define 

A ( t . y ) = F ( t 2 " , y ) . 

Let y = at and define 

M(t,a) = t"nA(t, at) 

Consider each t e r m in F ( x , y) of the f o r m x M , P + a > 2 , 
and if p + q = 2 , then p = 2 , y = 0 , and t h e r e a r e no t e r m s such 
that p = 1 if q < f n . The c o r r e s p o n d i n g t e r m of A( t , y) has the 

f o r m t2 y , and hence the c o r r e s p o n d i n g t e r m of M(t , a) has the 

f o r m aqt 2"P q ~ n . J f p + q = 2 , then the exponent of t i s 0 . 
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Now let p + q >_ 3 . T h e r e a r e no exponents of t l e s s than z e r o 

s ince fpn + q - n = | ( p - 2)n + q < 0 , p + q > 3 , only if p = 0 , 1 . 

But for p = 0 , \(p - 2)n + q < 0 , only if q < n , and if p = 1 , 

j ( p - 2)n + q < 0 only if q < | n , and t h e r e a r e no such t e r m s by 
h y p o t h e s i s . 

We now look for those t e r m s for which the exponent of t is z e r o . 

The t e r m with p = 2 , y = 0 is such a t e r m . In g e n e r a l |-(p - 2)n + q = 0 

if and only if p = 0 , q = n ; p = 1 , q = |-n ; p = 2 , q = 0 . The t e r r a 

with p = 1 , q = | n i s allowed only when n is even. F o r a l l o ther non
z e r o t e r m s the exponent of t is p o s i t i v e . 

We now cons ide r s e p a r a t e l y the c a s e s that n is odd and n is 
even. 

1 n 
(a) n odd. It is easy to see that M(0,o?)= - F ( 0 , 0 ) » + ~Y ( 0 , 0 ) . 

ni n à xx 
y 

Hence M(0,#) has the real root 

-ni F ( 0 , 0 ) N 1 / 2 

/ X X 
ao ~ [ 2F n ( 0 , 0 ) 

1 n _ i 
and s ince M (0 , a ) = -; TTT F (0 , 0)a \ 0 , we can solve 

a o ( n - l ) i n o 
y 

M(t , a) - 0 for a as a function of t , 

a - a - M ( 0 , a )M (0 ,a ) ' 1 t + o(t) 
o t o a o 

and get for sufficiently s m a l l x that 

y = cj>(x) = a x 2 / n - M (0 , a )M (0 , a ) x 4 / n + o ( X
4 / n ) 

o t o a o 

(k) n even . H e r e we get 
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1 , 

y c xy 
M(0 , a ) = ~ F (0,0)<* + 7 T — F x (0 , 0)a2 + | -F ( 0 , 0 ) , 

ni n (|-n)! f n xx 

M ( 0 , a ) = 4 F JO.O)*11"1 + ^ / F i ( 0 , 0 ) c ^ ( n " 2 ) 

» ni n (T(n- 2))l i n 

y xy 

Viewing M(0 , a) = 0 as a quadra t i c equat ion in a2, we can s t a t e that if 
t h e r e a r e no r e a l r oo t s to this quadra t i c equation, (j>(x) , c|>(0) = 0 does 

? I r\ 
not e x i s t . Suppose now that 6 is such a r o o t . Then if M (0 , (3 ) = 0 , 

o a o ' 
and if e i the r |-n is odd, or |-n is even and (3 > 0 , let t ing 

?/n 
a = 6 , we see that we can solve M(t ,# ) = 0 for a as a function 

o r o 
of t and hence for y = cj> (x) as when n is odd. If | n i s even and 
6 < 0 (for a l l cho ices of 6 ) then no such solut ion e x i s t s . If 

o o 
2 /n 

M (0 , S ) = 0 , and e i ther 4-n is odd or i n is even and (3 > 0 , 
a o o 

then for M( t , a) any of Cases I to VII can occur (where Case VI , (ii) and 
(iii), and Case VII a r e d i s cus sed below), and this ana lys i s m u s t be 
c a r r i e d out be fore we know whether the r equ i r ed solut ion ex i s t s or not . 

(ii) Let F ( 0 , 0) = F (0 , 0) = F (0 , 0) = F (0 , 0) = F (0 , 0) = 0 , 
x y xy yy 

F ( 0 , 0 ) \ 0 . F u r t h e r , let t h e r e ex is t n^> 3 such that F (0 , 0) = 0 , 
xx q xy 

q = 1 , 2 , . . . , n - 2 , F , ( 0 , 0 ) ^ 0 , F ( 0 , 0 ) = 0 , q < 2(n - 1) 
n - 1 q — 

xy y^ 
n -1 

Let x = t and define 

B ( t , y ) = F ( t n " \ y ) 

Let y = at and define 

N( t , a ) = t " 2 ( n _ 1 ) B ( t , ^ t ) 

The c o r r e s p o n d i n g t e r m of x y in B ( t , y ) has the fo rm 
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t y . The corresponding term in N(t, a) has the form 

q p(n-l)+q-2(n-l) 
a t , where, if p + q = 2 , then p = 2 , q = 0 , and if 
p = 0 , q > 2(n - 1) . 

For the term p = 2 , q = 0 , the exponent of t is 0 . For 
p + q _> 3 we wish to show that the exponent of t is not less than zero. 

(p - 2)(n - 1) + q < 0 only if p = 0 , q < 2(n - 1) or p = 1 , q = n - 1 
and by hypothesis there are no such terms of this type. 

The exponent of t is zero only when p = 0 , q = 2(n - 1); 
p = 1 , q = n - 1; p = 2 , q = 0 . By hypothesis the term involving 
p = 0, q = 2(n - 1) does not occur (this is taken care of by Case VI 
(i)). All other terms have involved t to a positive exponent. 

From this we get that 

A 

N ( 0 f a ) = -, Tu F A0,0)an~i + ±F (0 ,0 ) , 
(n - 1 ) * n-1 * xx 

xy 

A ry 

N(0 ï û f) = . ~ , F „(0,0)<* \ 0 for a \ 0 
a (n - 2)1 n-1 * 

xy 

Henc, if either n is even or if n is odd and F (0 , 0)F (0,0) < 0 
xx n-1 

xy 
we can solve N(tjQ') = 0 for a as a function of t , 

a - a - N (0 ,a )N (0 ,a )'lt + o(t) 
o t o a o 

and get 

_ l / ( n - l ) -1 2/(n- l ) 2/(n- l ) 
y = cb(x) = a x. - N (0 , a )N (0 , a ) x + o(x ) , 

o t o a o 

for sufficiently small x (positive x only if n is odd), where a is a 

real root of N(0 , a) = 0 . 

Note that if n is odd, there are two solutions. 
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If n is odd and F (0 , 0)F (0 , 0) > 0 , lett ing x = - t 
xy 

wil l give s i m i l a r r e s u l t s for sufficiently s m a l l negat ive x . 

(iii) THEOREM 3. Let F(0 , 0) = F (0 , 0) = F ( 0 , 0 ) 
x y 

= F ( 0 , 0 ) = F ( 0 , 0 ) = 0 , F ( 0 , 0 ) k 0 , F ( 0 , 0 ) = F ( 0 , 0 ) = 0 , 
xy yy xx ' n n ' 

Y xy 
n = 2, 3, . . . . Then t he re does not exis t c|>(x), §(0) = 0, such that F(x, c|>(x)) = 0 
for sufficiently s m a l l x, providing that F(x,y) is ho lomorphic nea r the origin. 

Proof . The proof is s i m i l a r to the proof of T h e o r e m 2 , lett ing 

U(x, y) = x " 2 F ( x , y) . 

Case VII. Let F(0 , 0) = F (0 , 0) = F (0 , 0) = 0 , F (0 , 0) * 0 
X y yy 

(if F (0 , 0) = 0 , then we have Case II if F ( 0 , 0 ) ^ 0 , Case VI if 
yy xy 

F ( 0 , 0 ) = 0 but F ( 0 , 0 ) \ 0 , and Case IV if a l l quadra t i c t e r m s 
xy xx ^ 

a r e z e r o ) . F u r t h e r , let the a of Case II ex is t and if G(x, a) is as 
o 

defined in Case II , let G (0 , a ) = 0 . Then for G(x , a} any of Cases I 
a o 3 

to VII m a y occur and this ana lys i s m u s t be c a r r i e d out before we know 
whether the r e q u i r e d solut ion ex i s t s or not. 

6 . D i s c u s s i o n . The p reced ing ana lys i s t akes c a r e of a l l c a s e s 
w h e r e F(x , y) can be wr i t t en as 

F ( x , y) = Ax + By + Cx2 + Dxy + Ey2 + higher o r d e r t e r m s . 

It is hoped that this wil l give some hints as to poss ib le c r i t i c a l c a s e s for 
the impl ic i t function t h e o r e m for m o r e g e n e r a l s y s t e m s . 
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