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A PACKING PROBLEM FOR HOLOMORPHIC
CURVES

MASAKI TSUKAMOTO

Abstract. We propose a new approach to the value distribution theory of
entire holomorphic curves. We define packing density of Brody curves, and
show that it has various non-trivial properties. The packing density of Brody
curves can be considered as an infinite dimensional version of characteristic
number, and it has an application to Gromov’s mean dimension theory.

§1. Main results

1.1. Introduction

Since R. Nevanlinna discovered his celebrated theory on meromorphic
functions ([14]), thousands of researchers have studied the value distribution
theory of meromorphic functions and, more generally, entire holomorphic
curves (and holomorphic mappings) in complex manifolds. This paper is
a new approach to the value distribution theory. We define and study a
packing problem for entire holomorphic curves.

Packing is usually a notion in discrete geometry. For example, the
Kepler conjecture on the sphere packing in R? is very famous. In this paper
we define a packing density of an entire holomorphic curve and investigate its
behavior. (To be precise, we consider only Brody curves.) In particular, we
study entire holomorphic curves in the projective space and prove that their
packing densities have a non-trivial upper bound. Hence their supremum
becomes a non-trivial invariant of the projective space. This invariant can be
considered as an infinite dimensional version of characteristic number, and
it has an application to Gromov’s mean dimension theory (see Subsection
1.5 and Tsukamoto [17]).
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1.2. Packing density of Brody curves

Let X be a Hermitian manifold and w be its Kahler form. Let z = x +
yv/—1 be the natural coordinate in the complex plane C. For a holomorphic
map f: C — X, we define the pointwise norm |df|(z) > 0 of the differential

df by
frw = |df*(z) dzdy.

This is the “dilatation” of the map f, i.e.,
|df (=) = V2|df (8/0z)],

where 0/0z = § (0/0x —/—19/dy) and the factor v/2 comes from [0/0z| =
1/v/2 (the complex plane is equipped with the usual Euclidean metric). We
call a holomorphic map f: C — X a Brody curve if it satisfies |df| <1 (cf.
Brody [2]). Let M(X,w) be the moduli space of Brody curves in X:

M(X,w) :={f:C — X | f is holomorphic and |df|(z) <1 for all z € C}.

For a Brody curve f € M(X,w), we define its packing density p(f) by

setting
(f) =1 . frw =i : (df 2 dad
p(f) :=limsup — w = limsup —= xdy.
Rooo TR? Ji 1<k R—os TR? Ji; 1<k
This satisfies
0<p(f) <1

The integration of f*w is the energy functional. Hence if p(f) is close to 1,
the energy of f is densely packed in the complex plane. In other words, p(f)
evaluates the efficiency of the energy distribution of f. This is the reason
why we call p(f) “packing density”. We define p(X,w) by setting

p(X,w):= sup p(f).
fEM(Xw)
This satisfies
0<p(X,w) <1.

Then we can define a packing problem. The packing problem for holo-
morphic curves is the problem of determining, or estimating, the value of
p(X,w). We will often abbreviate M (X,w) and p(X,w) to M(X) and p(X)
when it causes no confusion.
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ExAMPLE 1.1. Let (21, 22, ..., 2,) be the natural coordinate system on
C™. The Euclidean metric and its Kéhler form on C" are given by

n —
ds?® = Z dz;dz;, w= T Z dz; N\ dz;.
=1 =1

Let f : C — C” be the natural inclusion: f(z) := (2,0,0,...,0). It is
obvious that |df| = 1. Hence f € M(C",w) and p(f) = 1. Therefore

p(C",w) =1.

In the same way, if X is a complex torus with the Euclidean metric induced
by the universal covering, then we have

p(X)=1.

EXAMPLE 1.2. Let A ={z € C| |z| < 1} be the unit disk and g be an
arbitrary Hermitian metric on A. All holomorphic maps from C to A are
constant maps by Liouville’s theorem. Therefore we have

p(A,w) =0.

In the same manner, if X is a compact Riemann surface of genus > 2, then
we have
p(X,w) =0 for any Hermitian metric on X.

The above two examples are trivial extremal cases. Our main concern is
the case of the complex projective space CP™ with the Fubini-Study metric
(n>1). Let [29 : 21 : -+ : 2] be the homogeneous coordinate in CP™. We
define the Fubini-Study metric form wpg by

(1) Wpg 1= g@élog (1 + Z |zz|2) on {[1:z1:-: 2]}

=1

wrg smoothly extends over CP™ and defines the Fubini-Study metric. This
is normalized so that

(2) / wrps =1 for CP':={[zp:21:0:---:0] € CP"} .
cp?

The start point of the packing problem is the following:
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THEOREM 1.3.
0< p((CanwFS) <1,

i.e., p(CP™ wpg) is not equal to 0 nor 1.

This result means that the packing problem for holomorphic curves in
CP™ is a non-trivial problem. (The essential point of this statement is that
p(CP™ wrg) cannot be equal to 1.) We will usually abbreviate p(CP", wrg)
to p(CP™).

Theorem 1.3 does not give an effective upper bound for p(CP™). We
investigate the explicit estimate for p(CP') in the next theorem.

THEOREM 1.4.
p(CPY) <1—-1071%,

The above value, 1 — 10719 itself has no importance. The important
point is that it is an explicit number. (p(CP!) is a very transcendental
object and it is far from obvious whether we can give an explicit estimate of
it.) Actually the proof of this explicit estimate is the most difficult argument
in this paper.

Next we study the behavior of p(CP™) as n goes to infinity. The nat-
ural inclusion CP™ = {[20 : z1 : -+ : 2, : 0] € CP""} — CP"™!is a
holomorphic isometric imbedding. Hence we can consider

M(CPY) € M(CP?) c M(CP3) C---C M(CP")Cc M(CP"™ ) ...
It results that

0 < p(CP') < p(CP?) < p(CP?) < --- < p(CP™) < p(CP™) <. < 1.
The following theorem determines the limit of this sequence.

THEOREM 1.5.
lim p(CP") =1.

n—oo

1.3. Gap theorem for holomorphic maps from elliptic curves

As an application of packing problem, we can prove a “gap theorem”
for elliptic functions and, more generally, holomorphic maps from elliptic
curves to CP".

Let C/A be a elliptic curve. Here A is a lattice in C. We give C/A the
Euclidean metric induced by the universal covering C. Let f: C/A — CP"
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be a holomorphic map. (Here we don’t consider any restriction on the norm
|df|.) We define the degree deg(f) by setting

(3) dea(f) = | frwps= / df P dady.
C/A C/A

From the normalization of the Fubini-Study metric in (2), deg(f) is a non-
negative integer. From (3), we get an a priori estimate:

deg(f)
vol(C/A)”

Here |df]., := sup,ccya |df|(2) and vol(C/A) denotes the volume of C/A.
The following result shows that this is not a best estimate.

(4) ldf |2, >

THEOREM 1.6.  For any holomorphic map f: C/A — CP™, we have

1 deg(f)
(CP™) vol(C/A)

ldf 12, >
P

From Theorem 1.3,
1

p(CP™)
Hence there exists a certain gap between the a priori estimate (4) and The-

orem 1.6. The point is that 1/p(CP") is the universal constant which does
not depend on any lattice A nor any holomorphic map f.

>1

1.4. Packing problem for the complement of hyperplanes

Next we study the packing problem for holomorphic curves in the com-
plement of hyperplanes. Let Hg, Hy,...,H, be the n + 1 hyperplanes in
CP" defined by

n

(5) Hz : Zaiij =0 (0 < ) < n)

j=0
Here [z : 21 : -+- : 2] is the homogeneous coordinate in CP™. Let A :=
(@ij)o<i,j<n be the coeflicients matrix. Hy, H,..., H,, are said to be linearly

independent if A is a regular matrix.

THEOREM 1.7. Let Hy,Hy,...,H, be n + 1 linearly independent hy-
perplanes in CP™. Then

p(CP"\ (HUHU---UH,), wps) = 0.
Here we use the Fubini-Study metric as the metric on CP™\ (HoU---UH,,).
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This theorem makes a sharp contrast with Theorem 1.3 and Theorem
1.5.

EXAMPLE 1.8. Consider the exponential function exp : C — CP!\
{0,00}. This satisfies

T

1 e

|dexp ()

Hence it is an element of M(CP! \ {0,00}, wrg). By a direct calculation
(or using the above theorem), we can see

p(exp) = 0.

ProBLEM 1.9. If n = 1, then we have a stronger result: It is known
that all f € M(CP!\ {oo},wrs) has order < 1, where “order” means the
order of the Nevanlinna characteristic function of f (see Clunie-Hayman [4,
Theorem 3], Minda [12, pp. 210-211] or Eremenko [6, Theorem 5.2]). Then

p(f)=0.

Hence we have
p(CP"\ {oo},wps) = 0.

I don’t know whether this result can be generalized to a higher dimensional
case or not.

1.5. Application to Gromov’s mean dimension theory

Packing density has a “moduli theoretic” meaning. (We don’t prove the
result of this subsection in this paper; For the proof and related arguments,
see Tsukamoto [17].) Let X C CP"™ be an algebraic set (not necessarily
smooth), and set

M(X) = M(X,wrs) := {f € M(CP",wrs) | f(C) C X}.

We give the compact-open topology on M(X). Then M(X) becomes a
compact (metrizable) space. We set

p(X) = sup p(f).
FEM(X)

From Theorem 1.3,
p(X) < p(CP") < 1.

https://doi.org/10.1017/50027763000009624 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009624

A PACKING PROBLEM FOR HOLOMORPHIC CURVES 39

The Lie group C naturally acts on M(X) by
Cx M(X) — M(X), (a,f(2))— f(z+a).

M(X) can be an infinite dimensional space, but we can consider its “mean
dimension” dim(M(X) : C). Mean dimension is a “dimension of an infi-
nite dimensional space” (see Gromov [7], Lindenstrauss-Weiss [11], Linden-
strauss [10] or Tsukamoto [17]). Packing density can be used to estimate
the mean dimension:

THEOREM 1.10.
dim(M(X) : C) < 4p(X) dimc X,
where dimc X denotes the complex dimension of X.
This follows from Tsukamoto [17, Theorem 1.5].
ExampLE 1.11. If X = CP", then we have
(6) dim(M(CP") : C) < 4p(CP™)n < 4n.

Remark 1.12. M. Gromov gives a certain upper bound for dim
(M(CP™) : C) in [7, p. 396, (c)]. Unfortunately, I could not find the defi-
nition of the Fubini-Study metric used in [7, p. 396, (c)] (the Fubini-Study
metric has several conventions). Therefore I could not decide whether our
estimate (6) is better than Gromov’s estimate in [7, p. 396, (c)] or not. But
Gromov referred to the paper of A. Eremenko [6] there, and the argument
in [17, Lemma 2.1] is similar to the argument in [6, Theorem 2.5]. And I
think that the use of packing density (or “mean energy” in [17]) makes the
related estimates sharper.

Remark 1.13. Actually we mainly study “mean energy” instead of
packing density in [17]. But many results for mean energy can be easily
reformulated into the results for packing density.

1.6. Organization of the paper

In Section 2, we develop general theory of packing density and prove
Theorem 1.6. We prove Theorem 1.3 in Section 3, Theorem 1.5 in Section
4 and Theorem 1.4 in Section 5. We prove Theorem 1.7 in Section 6 by
using the Nevanlinna theory. Section 5 is independent of Section 3 and 4.
Section 6 is logically independent of all other sections. (But its meaning in
the packing problem is underpinned by other results.)
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82. General theory

In this section we study general properties of packing density. We dis-
cuss its scaling invariance in Subsection 2.1. We study upper bounds for
packing density in Subsection 2.2, and we study lower bounds in Subsection
2.3. In this section X is a Hermitian manifold, and w denotes its Ké&hler
form.

2.1. Scaling invariance
Let f : C — X be a holomorphic map. Suppose that there exists a
positive number m < oo such that

|df|(z) <m for all z € C.

We define the holomorphic map f : C — X by setting f(2) := f(z/m).
Then

A 1
|df|(z) = —|df|(z/m) < 1.
m
Hence f € M(X,w). The following can be easily checked:

LEMMA 2.1.

1 N
li S df | dady = .
mowp oy [ 40 dedy = p(f)

R—o0
Then we have the following scaling invariance:
PROPOSITION 2.2. For any positive number c, we have
p(X, cw) = p(X, w).

Here p(X, cw) is the packing density of X defined by using cw as the metric
form on X.

2.2. Upper bounds for packing density
To begin with, we introduce a key notion. For a positive number £ > 0,
let A(e) be the disk of radius ¢ in the plane:

Ae):={z € C| |z|< €}.

We use the natural Euclidean metric as the metric on A(e). (So A(g) is not
the Poincaré disk.)
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DEFINITION 2.3. ! A Hermitian manifold X is e-WFL (without flat
lines) if there is no holomorphic isometric immersion from A(e) to X. X
is WFL if X is e-WFL for all positive numbers €. Here a holomorphic
isometric immersion from A(eg) to X is a holomorphic map f : A(e) — X
satisfying |df|(z) = 1 for all z € A(e).

EXAMPLE 2.4. The complex projective line CP! is WFL. (Actually all
CP" are also WFL; see Section 3.)

Proof. Suppose that there exists a holomorphic isometric immersion
from A(e) to CP! for some positive number . This means that A(e) is
locally isometric to CP!. But A(e) is flat and CP! has a positive constant
curvature. Hence it is impossible. 0

The following is the main result of this subsection.

THEOREM 2.5. Let X be a compact Hermitian manifold and suppose
X is e-WFL for some positive number . Then

p(X) < 1.

Note that we can suppose X is 1/2-WFL without loss of generality
by using a scale change (cf. Proposition 2.2) if X is e-WFL for a positive
number €. The key for the proof of Theorem 2.5 is the following.

PROPOSITION 2.6. Let X be a 1/2-WFL compact Hermitian manifold

and K be a unit square in the complex plane C. Then there exists a constant
¢(K) < 1 such that

/ |df |? dedy < c(K)  for all f € M(X).
K

Proof. Since vol(K) =1 and |df| < 1, it is trivial that [}, |df|? dody <
1. Hence the proposition states that this trivial estimate can be improved.

Suppose the proposition is false. Then we have a sequence {fy}n>1 in
M(X) such that

(7) /K (dfol? dedy — 1 (n— oo).

'The word “WFL” is inspired by the word “WFF” in Donaldson-Kronheimer [5, Def-
inition (3.2.2)].
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Because |df,| < 1 and X is compact, we can apply Arzela-Ascoli’s theorem,
and get a continuous map f : C — X such that an appropriate subsequence
of {fn}n>1 converges to f in the sense of uniform convergence on compact
sets. Since each f,, is holomorphic, f is also holomorphic and

|dfn| — |df| (n — o0) (uniform convergence on compact sets).

From |df,| <1, we get |df| < 1. From the assumption (7),

/ﬁ#PM@ZL
K
Since |df| < 1, this means

|df|(z) =1 forall z € K.

Then f is a holomorphic isometric immersion from K to X. This contradicts
the assumption that X is 1/2-WFL (note that a unit square contains a open
disk of radius 1/2). 0

The above proposition states that there exists a constant ¢(K) < 1
satisfying the statement for each unit square K. But we have the Euclidean
symmetry. Hence we can suppose that

c¢(K)=c(K')=:c<1 for all unit squares K and K’ in the plane.

Proof of Theorem 2.5. As it is noted before, we can suppose that X is
1/2-WFL by using a scale change (this is just for simplicity). Let f be
an element of M(X) and R be a positive number greater than /2. We
prove p(f) < ¢ by packing unit squares in the disk A(R) = {z € C||z] <
R} (here we promise that unit square means “closed” unit square). Since
the diameter of a unit square is v/2, we have the following fact: If a unit
square K has a intersection with the disk A(R — v/2), K is contained in
A(R). Hence if we consider a tiling of the plane by unit squares, the disk
A(R — V/2) is covered by unit squares contained in A(R). (See Figure 1.
The shaded area shows the unit squares which have intersections with the
disk A(R — /2).) In other words, we have the following situation: There
are unit squares Ki, Ko, ..., Ky contained in A(R) such that K; and K
(i # j) have common points at most on their boundaries and

N
AR—-V2) c | JKi c AR).

i=1
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Figure 1: A tiling by unit squares.

Then N = vol(|J K;) satisfies
m(R—+V2)? < N < wR%
Therefore

N
/ |df|2da;dy:Z/ \df\2dmdy+/ \df |2 dady
A(R) i1 Y Ki A(R)\UKi

< N-c+ (rR* - N)
< 7R*.c+ {rR* - n(R — V2)*}.
Here we have used Proposition 2.6 and |df| < 1. Therefore

1 ) V22
_ < 1—(1-X2)" L.
— /A(R) |df| d:z:dy_c+{ ( R) }

Taking the superior limit, we get
1
p(f) = limsup —; \df|? dady < ¢ < 1.
R—oo TR? JA(R)

Thus
p(X)<e<1.

a

Remark 2.7. The above argument does not give an effective estimate of
the constant c. Hence we need another method if we want an explicit upper
bound for p(X). This is the theme of Section 5, and we prove Theorem 1.4
there.
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2.3. Lower bounds for packing density

Next we will establish lower bounds for p(X) by using holomorphic
maps from elliptic curves to X. Let C/A be an elliptic curve. Here A
denotes a lattice in the complex plane C. The elliptic curve C/A has the
Euclidean metric induced by the universal covering C.

For a holomorphic map f : C/A — X, we define its energy E(f) by
setting

Q B [ fo= [ ey,
C/A C/A
When (X, w) = (CP", wrg), this is the degree of f defined in (3). Let

f:C — X be the lift of f and set m := sup,cc/a |df[(2).

PROPOSITION 2.8.

E(f)

Proof. We can prove this proposition by packing the fundamental do-
mains of A C C in the plane. The argument is similar to the proof of
Theorem 2.5 and we omit the detail. []

THEOREM 2.9. If there exists a non-constant holomorphic map f :
C/A — X, then we have the following estimate.

B(f)
) 2 P vel(C/A)

In particular,
p(X) > 0.

Proof. Note that m = |df|,, and E(f) are positive because f is a
non-constant map. From Lemma 2.1 and Proposition 2.8,

< E(f) TR S
ldf]% vol(C/A) — R—oo m?mwR?

/<R \df? dedy < p(X).

As a corollary of Theorem 2.9, we get Theorem 1.6:

Proof of Theorem 1.6. If f : C/A — CP™ is a constant map, then the
statement is trivial. When f is a non-constant map, the statement follows
from Theorem 2.9 (here we have E(f) = deg(f).) [

https://doi.org/10.1017/50027763000009624 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009624

A PACKING PROBLEM FOR HOLOMORPHIC CURVES 45

§3. Proof of Theorem 1.3

We give the proof of Theorem 1.3 in this section. Most of the proof
have already been done in Section 2. The last piece which we need is the
following.

ProrosiTIiON 3.1. The complex projective space CP™ is WFL.

This follows from a general result of E. Calabi concerning isometric
imbeddings of complex manifolds [3, Theorem 8]. This proposition is one
of the most fundamental result for the theory of “packing problem for holo-
morphic curves”. So, for the completion of the argument, we will give its
proof (which is not essentially different from the argument of [3]). Recall
the following easy fact:

LEMMA 3.2. Let f(z1,22) be a holomorphic function in two variables
defined on a connected open neighborhood of the origin in C2. Set g(z) :=
f(z,2). g(z) is defined on a neighborhood of the origin in C. If g(z) = 0,
then we have f(z1,22) = 0.

Proof. Differentiating the equation g(z) = f(z, Z), we have

Fa(2) =5 (5~ Vg o) = 5 (2)

029" =3\ s Ay 0
0 1/ 0 0 of , _
52961 = 3 (g2 +VTg0 Jale) = 5.
More generally we have
an—i—m an—i—mf
S =_——"(z,%z) forall > 0.
82"8ng 2) FERED (z,z) forallm,m>0

Hence, if g(z) = 0, then all partial derivatives of f at (z1,22) = (0,0) are
zero. This means that f(z1,22) = 0. [

Proof of Proposition 3.1. 2 Suppose that there exists a holomorphic iso-
metric immersion f : A(e) — CP™ for some positive number €. We can

2This proof implicitly uses the notions “diastasis” and “resolvability of rank n” in
Calabi [3, p. 3 and p. 11]. So this argument is essentially contained in the proof of [3,
Theorem 8§].
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suppose that f(0) =[1:0:---:0] without loss of generality. Then we can
express f in some neighborhood of the origin by

) = fi(z) 2 faz) oo ful2)],

where f;(z) is a holomorphic function such that f;(0) =0 (1 < i < n).

The following argument is purely local. Hence we promise that all
functions are defined on some neighborhood of the origin in the complex
plane C. From the definition of the Fubini-Study metric (1), we have

\df |*(2) = imog 1+ i | fi(2)|? (A = & 4 3_2>_
am i=1 oz Oy?

Since f is a holomorphic isometric immersion, |df|? = 1. On the other hand,
we have
1 2
—A(m|z|*) = 1.
4

A{log(l + Z \fi(z)\2) — w\z|2} = 0.

Because a harmonic function is locally the real part of a holomorphic func-
tion, we have a holomorphic function ¢(z) such that g(0) = 0 and

log(1+ Y Ifi(2)) = mlaf + g(2) + 9(2).

Hence

Introducing the new holomorphic functions f;(z) := fi(z) and g(z) := g(2),
we can express the above equation by

log(1+ Y £i(2)fi(2)) = w22 + () + 5(2).
Applying Lemma 3.2 to this, we get
log<1 + Z fi(zl)fz‘(zz)) = w2122 + g(21) + g(22).

Substituting zo = 0, we get g(z1) = 0 because f;(0) = §(0) = 0. Thus the
above equation becomes

log (1 + Z fi(Zl)fi(Zg)) = T21292.
Hence we have

1+ Z fi(Zl)ﬁ(Zg) = eXp(T('ZlZQ).
i=1
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Applying 8°‘+ﬁ/82f‘8z§ to this at (z1,22) = (0,0), we get
Zfi(a)(O)fi(ﬁ)(O) =1%d,3 for o, B > 1.
i=1

Here fl-(a)(()) is the a-th derivative of f; at the origin and dns is the Kro-
necker delta. This means that an infinite number of non-zero vectors
(fla) (0), féa)(()), ce fy(La)(O)) (> 1) in C™ are orthogonal to each other.
It is impossible. [

Proof of Theorem 1.3. The complex projective space CP™ satisfies all
the conditions required in Theorem 2.5. Hence we get

p(CP™) < 1.

On the other hand there are non-constant elliptic functions; for example,
Weierstrass’ elliptic function p(z). Then we can apply Theorem 2.9, and
we get

p(CPY > 0.

Since the natural inclusion CP' — CP™ is a holomorphic isometric imbed-

ding, we conclude that

p(CP™) = p(CPY) > 0.

84. Packing density and theta functions

We prove Theorem 1.5 in this section. The proof is based on the lower
bound given in Theorem 2.9. In order to apply it, we need holomorphic
maps from elliptic curves to the projective space. The classical theory of
theta functions (or the theorem of Tian [15]) gives a good answer. Let
7 = s+ ty/—1 be an element of the upper half plane (t = Im7 > 0). We
define the theta function 6(z) by setting

0(z) := Zexp(w\/—anT +2mv—1nz) for z € C.

neL

We define the theta function 6, 4(2) with characteristics a,b € R by setting

0up(2) := exp(mV—1a*T + 27V —1a(z + b))0(z + at + b).
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We can construct projective imbeddings of elliptic curves by using these
04.5(2). We follow the arguments in Mumford [13, Chapter 1, §4].

We define a lattice A in C by setting A := Z ® Z7. For any integer
[ > 2, we set

(52)" 1 10,1 = {(ao, o), (a1, b1), - (o, be0)),
0i(2) 1= 0q,p,(2) (0<i<I1*—1),
pr: CJIA — CP™ o] [f0(2) : 01(2) : -2 B (2))
It is well-known that ¢; becomes a holomorphic imbedding and deg(y;) = 12

(see [13, Chapter 1, §4]). Since vol(C/IA) = t1? (t = Im7), Theorem 2.9
gives the following lower bound:

2 1
9) p(CP Ny > ——
t i)

Therefore we need the estimate of |dyy| .

PROPOSITION 4.1.

1

lim H|dgpl|2 - —H = 0.
l—o0 t 0o

Hence we have 1

lim [dgi|2 = .
Jfim [der]o = -
This can be considered as a special case of the result of Tian [15]. (See also
Ji [8], Zelditch [18] and the references therein.) But for the completion of
the argument, we will give its direct proof below. I think that probably
the paper of Kempf [9] essentially contains the direct proof of this result

although I did not get this paper.

1 1 1 o
/0 /0 6a3(2)[? dadb = \/;t exp<Ty>.
Hence we have

1 1 1 9 _ 1 82 82
EAlog/O /0 04.6(2)|” dadb = o <A = 3.2 + 8—y2>

LEMMA 4.2.
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Proof. The proof is just a calculation.
100.5(2)] = exp(—ma’t — 2way)|0(z + ar + b)],
O(z+ar +b) = Z exp(mV—1n*1 + 21V —1n(z + at)) exp(21v/—1nb).
n

From Parseval’s equality

/01 6z + ar +b)|*db = |exp(nv/—=1In’7 + 27/~ 1In(z + ar))|?
= z": exp(—2mn’t — 4wn(y + at)).
Hence
/01 005(2)|? db = exp(—2ma*t — 4may) Z exp(—2mn’t — 4wn(y + at))
= Z exp(—2rt(a + n)? n— dmy(a + n)).

n

Thus we get

1 1 1
/ da/ 1005(2) % db = Z/ exp(—27t(a + n)? — 4ry(a +n)) da
0 0 —Jo
n+1
= Z/ exp(—2nta® — 4dmya) da

+oo
= / exp(—2nta® — 4mya) da

—00

1 2my?
= — eX .
V 2r P\

LEMMA 4.3. For a, 3 € Z, we have

[dei|(z + ar + B) = |dp|(2).
In other words, |dg|(2) is invariant under the following Z2-action on C/IA.
2’ ~C/IA, (o, 0),2) ¥ z +ar + 6.

(Actually this result is still true for o, 3 € $Z. But we don’t need it.)
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Proof.

Oop(2 + T + )
= exp(—mvV—1a?T — 2mv/—Taz) exp(—2mv—1ab) Ouyapi5(2)-

Since o and (3 are integers, we have
Ousraprp(2) = exp(2mv/—1aB) 045(2).
Set ¢; := exp(—2mab; + 27v/—1a;8) € U(1), (0 <i <1? —1). Then
0;(z + ar + B) = exp(—mv/—1a°T — 2mv/—1az) ¢; 6;(2).

Hence (this is the “equivariance” described in [13, Chapter 1, §4])

pir(z+ar+B) =[cobo(2) : c1b1(2) 1+ 21024 (2)].
Therefore
|dey|?(z + ar + ) = —Alogz |e; 0i(
= gmogz 16:(2)[”
= |dei|(2).
[
Proof of Proposition 4.1. From the definition of the Fubini-Study met-

ric (1),

1 1 1
2N U2 — — ()12
|dpi|“(2) = —47TAlog % 10:(2)]° = 4ﬂAlog<l2 EZ 10:(2)] )
Since [0,1)2 = | J;[ai, a; + 1/1) x [b;, b; + 1/1) is a division into small squares,

the definition of the Riemann integral gives the following point-wise conver-
gence.

!
hmﬁZ\oi(z)\ //\oab )|? dadb

l—o0
2
= —exp( 7Tty> for any z € C.

2t
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Actually we can say more. Set K := {x +y7 € C|0 < z,y < 1}. Since K is

compact, it is easy to see that

1 ) 1,1 )

ﬁZ\oi(z)\ - 00.5(2)|* dadb =0 forall k>0.
7 Ck(K)

lim
l—o00

Here |- Hck(K) is the C¥-norm for functions defined over K. Therefore we
have

, 1 1 5 1 Lol 5
zli>nolo EAlog<l—QZ|91(z)| ) = EAlog/O /0 |00.6(2)|* dadb = 0.
2 CO(K)
Hence
1
lim H|dgpl|2 —= =0.
o Elleogry

Here we consider K as a subspace of the elliptic curve C/IA through the
natural projection C — C/IA. Since K is a fundamental domain of the
Z2-symmetry described in Lemma 4.3, we get the conclusion:

1
lim H\dgpl\2 — = = 0.
I—o0 tlicoc/in
{
Proof of Theorem 1.5. From the inequality (9) and Proposition 4.1, we
have
lim inf p((CPlQ_l) > lim ——— =
I—o0 =00 t|dgy2,

Hence lim;_, o p((CPlz_l) = 1. Since p(CP™) is monotone increasing in 7,
we get
lim p(CP™) =1.

n—~o0

§5. Explicit upper bounds for p(CP!)

In this section we prove Theorem 1.4. To simplify the calculations, we
will use the following rescaled Fubini-Study metric ds? as the metric on CP!
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in this section (cf. Proposition 2.2).

dwdw
10 d 2 =
1o SRR
V-1 dw A dw
the fundamental 2-form of ds* = 5 (11_1;?10‘;0)2 (= mwrs), (cf. (1)).

Here w is the natural coordinate on C of CP! = C U {oc}. Then for a
meromorphic function f(z) in the complex plane, the norm of the differential

df is given by )
z

|df |(2) = TGP

5.1. Preliminary estimates

In this subsection we prepare various estimates for the proof of Theorem
1.4. Here we will not pursue precise estimates. Actually we will use many
loose estimates for simplicity of the calculations. Our purpose is to show
the fact that we can get an explicit upper bound on packing densities.

To begin with, we compute the distance on CP! defined by the metric
(10).

LEMMA 5.1. Let w be a point of CP'. Then we have
dcp1(0,w) = arctan|w.

Here depi(-, +) is the distance on CP! defined by (10), and arctan(-) is
the branch of the inverse function of tan(-) satisfying arctan 0 = 0.

Proof. ¢(t) := wt (0 <t < 1) is the minimum geodesic from 0 to w.
Hence we get

O] b jwl
d — [ O g g — arctan w)|.
cp1(0,w) /0 1+ |c(t)]2 /0 1 w2 2 = arctan o]

We set r := |z] for z in the complex plane and put
£:=10"1 and ro = 10719,

Let f(z) be a meromorphic function in the complex plane which satisfies

(1) af)(z) = L)

BEPRTIAT Ok <1 forall z€C.
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In addition, we suppose that the following conditions are also satisfied:
(12) f(0)=0 and 1—¢e<|[df|(0) <1.

The main purpose of this subsection is to get a good estimate of |df|?>(z) in
the disk r < ¢ under the conditions (11) and (12). The following lemma is
the basis of our argument.

LEMMA 5.2.
1f(2)> <tan?r <r?+ 27 < 20?7 (r <rp).

Let f(2) = a1z + agz® + a3z + --- be the Taylor expansion centered at the
origin. Then we have

l—e<|a1| <1 and la,| < (4/m)" < 2™
Proof. Since |df| <1 and f(0) =0, we have
arctan | f(z)| = dcpr(£(0), f(2)) <.

Hence
(13) lf(2)| <tanr (r<m/2).
Here we have
tan? 7 = LQTQ =sin®r + sini"lg <r?4 2t <20? (r < ).
1 —sin“r 1 —sin“r

Hence we get the above first statement. (Of course, this is a very loose
estimate.)

Next we will estimate the coefficients of the Taylor expansion. Since
|df(0) = |f'(0)] = |a1|, we have

l-e<|m| <1
Using (13) at r = w/4, we have
f() <1 (r=m7/4).
Thus we get
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In the following estimates, we always assume r < rg. The important
term in the estimate of |df|? is the second order term and the higher order
terms will be loosely estimated. First we will estimate the denominator of

|df[?(2) = |f'(2)]?/ (1 + | f(2)]*)*:
LEMMA 5.3.

1 2 3
Wﬁl-?r +30'I" + € (TSTO).

Proof. Using Lemma 5.2, if r < ry, we have
1 2 3G +2[f(2)°
———=1-2
arrepr O TRy
<1-2|f(2))*+3-22- 71 +2.2% .46
=1-2|f(2)?+(3-22 42" - r*)r!
<1-2|f(2)*+ 1374

The term —2|f(z)|? can be estimated as follows.
|f(Z)| > ‘alz‘ — |CL222 + agz?’ 4. ‘

And we have

42
lagz? +azz® +--- | <2272 423 .3 4. = " <572
1—2r
Hence
2) > lal|lr—5r*>(1—-¢e)r—5r“>0.
1f(2)] = |arlr —=51° > (1—e)r =572 >0
Then

F()P> (1 —e)?r?—10(1 —e)r3 +2571 > (1 —2¢&)r? — 1073,
Thus
—2|f(2)? < —2(1 —2¢&)r% + 2073,
Hence we get the conclusion:

1

2 3 4

=1-27r2 4 (20 4+ 137)r® + 4er?
<1-2r2430r +e.
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Next we will estimate the numerator |f’(z)|?. This case is more com-
plicated and we need some preparations.

LEMMA 5.4.
2|ag| < 30 V2.

Proof.
f'(2) = a1 + 2a02 + 3a32* + 4ag2® + - - .

Using |df| < 1 and r < rg, we have
1) <1+ < 14202

Hence

lap + 2ag 2| <14 2r% 4 |3a32® + das2® + Saszt + - - |
<1422 43227244283 45.25. 01400

2472 — 3203

=1+4+2r% + ———

+2r° + (1= 2r)?
24

<1+7% (24 ———

= +r<+(1_2r)2>

<1+27r%

Let 6,, € R/27Z be the argument of a,: a, = |an|e\/j16". If a,, = 0, then
we set 0, := 0. Putting z = \/Eeﬁ(el_‘%) in the above, we get

lat| +2|az] Ve <1+ 27e.

Since |a1| > 1 —¢,

2
e+ 7E<30\/E.

2|az| < <
e

0

Set E(r) := 4|ay|r® +5|as| 7% +6|ag| 7> +---. (“E” is the initial letter
of “error term”.)

LEMMA 5.5.

E(r) <6512 <1072 (r < ).
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Proof. Using Lemma 5.2 (and r < rg), we have

E(r)<4-2t.¢345.25. 00 46.26. 05 ...
_ 647° — 967 < 6473 < 6503,
(1—2r)2 (1—2r)2

Since 19 = 10719, we have 6573 < 10720, []
LEMMA 5.6. Set 6 :=107°. We have
3lag|r? <2 +10073 +5vE  (r < o).
Proof. From Lemma 5.2,
la1 + 2a9z + 3a32® + 4ag23 + | = |f/(2) S 1+ |f(2))? <1472 204
Using Lemma 5.4 and Lemma 5.5, we have

lar +3a32?| <14+72+2r* + 2002 +4as 25 +5as2* + - |
<1+7r24+2r* +30er + E(r)
<1472+ (27 +65)r3 +30Ver
<1+ 72410073 4+ 30\/er.

Let 6,, be the argument of a, as in the proof of Lemma 5.4. Putting z =

V=1 .
re o (01-603) 5 the above, we get

lag| + 3as|r? < 1+ r% 410073 + 30y
Since |ai| > 1 — &, we have

Blag|r? < e+ +1007% +30VEr < r? 41007 + 6 V.

Set

cos™ z :=max (0, cosz) for all z € R.

LEMMA 5.7.
1
If'(2)]> <1+2r% cosT(260 — 6, + 63) + 50072 + 5\/5 (r <mp).

Here 0 is the argument of z and 0,, is the argument of a,,.
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Proof. Since f'(z) = a1 + 2a2z + 3a3z% + - - -, we have

1F/(2)| < lar +3a3 2| + [2a2 2| + [4as 2° + 5as 2* + 6a62° + - - |
< lay + 3a3z 2?| + 30 er + E(r).

Hence

If'(2)]? <|ay + 3a3 22> + E(r)*> 4+ 2|ay + 3a3 22| - E(r)
+900e7? + 2|a; + 3az 2%| - 30V/er 4+ 60yEr - E(r).

Since 2|a; + 3az 2?| < 2Ja1| +6|az|r? <2+6-23 .72 < 3,

900e 72 + 2|a; 4+ 3as 22| - 30v/er + 60/ 1 - E(r)
< (900 /1% 4907 + 607 E(r))v/e
<d0ve, (6=107°).

Here we have used r < 79 = 1071 and Lemma 5.5: E(r) < 1072°. Thus we
get

1F(2)? <la1 +3a3 2P+ E(r)> +3E(r) + 0 e
<lai +3a3 22> +4E(r) + /5.

Using Lemma 5.6, we have

lar +3a3 22> = a1 +2- 3 |a1| - |ag| - 72 cos(20 — 01 + 63) + 9 |as|*r?
<1+2-3|as|r?cosT(20 — 6 +63) +9- 2042
<1+2(r% 410073 + §1/2) cosT(20 — 0, + 03) + 576+
<14 27%cosT(20 — 0y + 03) + 20073 426 - /2 + 13
=1+4+27r2cost(20 — 0; + 63) + 20173 + 26 - \/z.

Thus
IF/(2))? <1+2r%cos™ (20 — 01+ 63) + (2017° + 4 E(r)) + 35 - Ve

1
<1+2r2cost(20 — 01 + 63) + 50073 + 5\/2.

Then we can estimate |df|?(z) in the disk r < 7.
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PROPOSITION 5.8.
df2(z) <1 =272 (1 — cosT(20 — 6 + 63)) + 6007° + V& (r <o)

Proof. To simplify the descriptions, we set ¢ := 20 — 01 + 03. From
Lemma 5.7,
1f'(2)? < 1+272 COS+¢+5OOr3+%\/E
A+ 1122~ 1+ 1f(=)P)?

14272 cost o 53 1
< — .
S (1+|f(z)|2)2 + 5007 —|—2\/E

|df|*(2) =

From Lemma 5.3,

14272 cosT o

W+TEPE = (14272 cost ) (1 — 272 +307° + ¢)

=1—27%(1 —cosT ) + (3073 — 4% cos™ ¢ + 6075 cos )
+e+2er? cost ¢
<1-27r%(1 —cos™ ) + 3173 + 2.

Thus

1
ldf|>(z) < 1—272 (1 —cos™ ) + 5317 + (2\/54_5)\@
<1—27r%(1—cos™ @) +6007° + /2.

The following proposition is the conclusion of this subsection.

PROPOSITION 5.9. Let D be a circular sector of radius ry and angle
/2 centered at the origin in the complex plane, i.e.,

D:{re\/__w6(C|0§r§ro,a§0§a+7r/2} for some a € R.
Then

1

1
df12dedy <1 — = 12 1—10739,
vol(D)/D|f| rdy < 4r0+\/5< 0
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Figure 2: a circular sector D.

Proof. From Proposition 5.8,

1
df|? dzd
2 600
<1 — 2(1—cosT(20 — 0, + 0 3,
<UHVE- iy [ et re) = s [

Since vol(D) = 713 /4,

1 4 T0 a+7r/2 2
/7“3:—2 r4dr/ dOz—rg’.
vol(D) Jp g Jo o 5

1 2 +
m/#?" (1 — COS (20—91 +03))
4 ) a+m/2
=— 3 dr/ (1 —cos™(20 — 01 + 63)) do
2 protm/2
= :T_O/ (1 —cos™ (20 — 01 + 63)) db.

Setting ¢ := 20 — 01 + 63 and (3 := 2a — 61 + 03, we have

7'_8 a+m/2 B N B _ 7'_8 B+m B N
(1 —cos™ (20 — 01 + 603))do 5 (1 —cos™ ¢)dyp
T Ja T Jé;
2 /2
ZT—O/ (1 —cos™ p)dp
27 —7/2

1 1
= (3 7):

https://doi.org/10.1017/50027763000009624 Published online by Cambridge University Press

59


https://doi.org/10.1017/S0027763000009624

60 M. TSUKAMOTO

Thus

1

2
o 2 < _ R W) 3
ol )/D|df| dedy <1+ /e (1 7r>7°0+240r0

1
< 1+\/E—§r§+240r8
1
<1-— 1 r2 + /e,
Since 79 = 10710 and ¢ = 107190,

0—20
+107%0 <1 —-1073Y.

1 1
I—ng—l—\/;::l—

5.2. Proof of Theorem 1.4
Let f(z) be a meromorphic function in the complex plane which satisfies

ldf|(z) <1 forall z € C.

Here we don’t suppose the condition (12) is satisfied. The following argu-
ment is similar to the argument in Subsection 2.2. First we establish a result
on small squares.

PROPOSITION 5.10. Let K be a square of length of side 2rqy in the com-
plex plane. Then we have

1

— | |dfPdady <1 —=e.
vol(K)/K|f| Ty =LTE

Proof. 1f |df|(z) <1 —¢ for all z € K, it is obvious that

1
vol(K)

/ ldf ) dedy < (1 —¢€)? <1—e.
K

Hence we can suppose that there is a point zp € K such that |df|(z9) > 1—e.
Since the length of side of K is 2rg, there is a circular sector D of radius
ro and angle 7/2 centered at zy such that D C K (see Figure 3). We can
suppose zg = 0 and f(zg) = 0 without loss of generality. Then f(z) satisfies
the condition (12). Applying Proposition 5.9 to this situation, we get

1

(14) vol(D)

/ \df | dedy < 1 — 1070,
D
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20
To

< >
27”()

Figure 3: a circular sector D in a square K.

From vol(K) = 4r¢ and vol(D) = 7r3 /4,

vol(D) 7

vol(K) ~ 16

Using (14) and |df| < 1, we get

1 / df 2 dudy
K

vol(K)
Zgéflz; . VOltD) D |df|2 dedy + VOI](.K) /K\D |df|2 dady
vol(D) _ 1
< (K)u —107%) + () (vol(K) — vol(D))
1 _ 116 10730

Proof of Theorem 1.4. We prove the theorem by packing squares of
length of side 27y in the disk A(R) = {z € C | |z| < R}. If we con-
sider a tiling of the complex plane by squares of length of side 27, then the
disk A(R — 2v/2rq) is covered by the squares contained in A(R). And we
can use the estimate of Proposition 5.10 on each squares of the tiling. Then
the rest of the arguments are the same as the proof of Theorem 2.5. We
omit the details. [
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86. Proof of Theorem 1.7
We define the n + 1 hyperplanes Py, Py, ..., P, in CP™ by

Pi:z;=0 (0<i<n),
where [20 : 21 : -+ 1 2,] is the homogeneous coordinate of CP™. Then

(15) CP"\ (PyU---UP,)
={[l:z1:22: 12|z £0(1<i<n)}=(C\{0}H)".

The following proposition is proved in Berteloot-Duval [1, Appendice],
and it is the key result for the proof of Theorem 1.7.

PROPOSITION 6.1. Let f:C — CP"\ (PyU---UP,) be a holomorphic
map with |df |, < co. Then there are complex numbers a; and b; (1 <i < n)
such that

f(z) =[1:exp(a1z + b1) : exp(agz + ba) : - - - : exp(anz + by)].

I think this is a basic fact. So we will give a new proof of this proposition
below. (In Tsukamoto [16] we prove a more general theorem.) We need:

LEMMA 6.2. (i) Let a and b be complex numbers and set f(z) := e¥*+?.
Then we have a positive constant C such that

/ |df |? dzdy < Cr  for all v > 0.
|2|<r

Here |df| is the spherical derivative defined by

i)
P& = Erer

(i) Let a, b, ¢ be complex numbers with a # 0, and set f(z) := e%*" Tb=te,

Then for any positive number ¢, there exists an open subset E in [0, 27| with
|E| < e (|E| means the Lebesque measure of E) such that

/ dO/ |df|2(7“e\/__w) rdr < oo.
027\E  Jo
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Proof. The proof of (i) is a direct calculation. We give the proof of (ii).
Using the rotation of the coordinate, we can suppose that a is a positive
real number. From f/(z) = (2az + b) f(z), we have

L [2az 4 ]| (2)]
v LE[f(R)1?
We define E C [0, 27] by

E’-— f_éeré U 3_7T_é3_7‘('+§
T \4 274 2 4 224 2

N AN A
4 2’ 4 2 4 2’ 4 2/

Here § is a sufficiently small positive number such that |E| = 46 < . Then

ldf|(z) = |f(2)| = exp(Re(az? + bz + ¢)).

|cos 26| > sind  for all 6 € [0,27] \ E.
If cos 20 > sin §, then we have

Re(az? 4 bz + ¢) = ar? cos 20 + Re(bz + ¢)
> a(sin 6)r? — |b|r — |c|.

Hence

1 [2az + ]| (2)]
vr o f )P

(2a7’ + |b]) exp(— Re(az® 4 bz + ¢))
(2&7" + |b]) exp(—a(sin 6)r? + |b|r + |c|).
If cos 20 < —sin §, then a similar argument gives

ldf|(z) < (2ar + |b]) exp(—a(sin 6)r? + |b|r + |c|).

%\

Therefore we get
Nest) 1 o2 :
|df|(re ) < T(Zar+ |b]) exp(—a(sind)r“ +|b|r+|c|) if 0 € [0,27]\ E.
i
Thus we have a constant C independent of # such that

/ \df|>(re¥V=") rdr < C' for all 6 € [0,27] \ E
0
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It follows that
l/ w/ \df P (re¥V=1%) rdr < 27C < oo.
[0,27]\E 0

O

Proof of Proposition 6.1. 3 From (15), we have holomorphic maps f; :
C — C\{0} (1 <i<mn)suchthat f(z) =[1: fi(z) :---: fu(2)]. There
are holomorphic functions g;(z) in the complex plane such that f;(z) =
exp(gi(z)) (1 < i < n). We will prove that all g;(z) are linear functions.
The proof falls into three steps. First we prove that g;(z) are polynomials.
Next we show deg(g;(z)) < 2. In the last step we prove deg(g;(z)) < 1.
The arguments in the first and second steps are standard in the Nevanlinna
theory. The last step is a little tricky.

Set m := |df|. Here |df|> = ;=Alog(l+ > |fi|*). Using Jensen’s
formula, we get

1 ) dt
(16) I /IZI—T log (1 + Z | fil >d9 = / /Z<t |df |*(2) dzdy + const

1 9 o
< —m*mr® 4+ const.

2

Set log* 2 = max(0, log z) for a non-negative real number z. We have

1 1
1 )= — logt | f;|do < — log| 1 1% a6
(A7) m(r, fi) = /Z:T gt Ifldo < o | og( +;|f]|>

1 9 o
< §m 7r° + const.

From Nevanlinna’s lemma on the logarithmic derivative,
m(r,g)) = m(r, fI/f;) < C(log™ m(r, fi) +logr) < const - log r + const,

for all r € [1,00) \ E, where FE is a Lebesgue measurable set in [1,00) with
a finite measure. It follows that

/
lim inf M < 00
r—oo  logr

3This argument can be generalized to the proof of a more general theorem in
Tsukamoto [16].
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This shows that ¢}(z) is a polynomial (this is a standard fact in the Nevan-
linna theory). Hence g;(z) is also a polynomial. Next we will prove
deg(gi(z)) < 2. Suppose deg(gi(z)) > 3. Then it is easy to see that there
is a positive constant C; such that m(r, f1) > Cyr3 for r > 0. This means
that

1
Cir® < m(r, f1) < §m27rr2 + const  (r > 0).

This is obviously impossible. Hence deg(g;(2)) <2 (1 <i < n).

Finally we will prove deg(g;(z)) < 1. Suppose deg(g1(z)) = 2. We have
positive constants Cy and ro > 1 such that m(r, f1) > Cor? (r > rg). From
(16) and (17),

(18) Cor? < m(r, f1) < / %/ \df |? dzdy 4 const (> r().
1 |z|<t

From the definition of the Fubini-Study metric (1),

(19)

5| -

ap = L[ SR B lot =g PRI
T+, 1fiP)? FEANEE

i 111 19, — 9121 fil21 £ 2

DR D (rx s

% 1<J

Z jdfil* + Z ‘d(fi/fj)P] .

1<j

IN
3| -

3=

fi(z) = exp(gi(2)), fi(2)/[j(2) = exp(gi(z) — g;(2)), and the degrees of
gi(2) and g;(2) — g;(z) are at most two. Then we can apply Lemma 6.2
to holomorphic functions f;(z) and f;(z)/f;(2); there are positive constants
Cs, Cy4 and a open set F C [0,27] with |F| < 203/m? such that

t
/ de/ \df 2(re¥V ") rdr < Cst + C4.
[0,27)\F 0
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Then we have

[ sy
2l <t
t t
:/d@/ \df\2(rem9)rdr+/ dH/ \df [2(reV=10) rdr
F 0 [0,27]\F 0

t
g/de/ m? rdr + Cst + Cy

2
= 2‘ ‘t2+0t+04
< Cyt? + st + Cy.

Substituting this into (18), we get
Coy
Cyr? < == 5 r2 + Cyr + Cylogr 4+ const (1 > rp).

This is impossible. Thus we conclude that all g;(z) are linear functions. []

COROLLARY 6.3. Let f:C— CP"\ (PhU---UP,) be a holomorphic
map with |df |, < oo. Then

lim SUp \df|? dzdy = 0.
R—o0 |z|<R

Proof. From (19),

|df|* < [Z\deZ\dfl/f] ]

1<)

Since fi(2) = exp(gi(2)) and fi(2)/f;(2) = exp(gi(2) — g;(2)) with lincar
functions g;(z) and g;(2) — g;(2), we can apply Lemma 6.2 (i) and get

/||<R |df |> dzdy < CR.

Here C is a positive constant. Thus we get the conclusion. 0

Proof of Theorem 1.7. Using the defining equations of H; in (5), we
define a biholomorphic map A : CP™ — CP™ by

A([ZO N/ L Zn]) = [Zaonj : Zalij ceee Zaanj .
J J J
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A gives a biholomorphic map from CP™\ (HyU---U H,) to CP™ \ (Py U
-+ UP,). We have a positive constant C' such that

|dA(u)| < Clu| and |dA™(u)| < Clu| for all u € TCP™.

Let f: C— CP"\ (HoU---UH,) be a holomorphic map with |df|., <
1. Then Af is a holomorphic map from C to CP™\ (Py U --- U P,) with
|d(Af)],, <C < oo. Since f = A~1 o Af, Corollary 6.3 gives

. 1
R
|z|<R

R—oo T
2

C
<limsup — d(Af)]? dady = 0.
monp o [ (AP dedy

Thus we conclude that

p(CP"\ (HoU--- U Hy)) = 0.
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