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Abstract

This paper studies the stability of large-scale impulsive delay differential systems and
impulsive neutral systems. By developing some impulsive delay differential inequalities and
a comparison principle, sufficient conditions are derived for the stability of both linear and
nonlinear large-scale impulsive delay differential systems and impulsive neutral systems.
Examples are given to illustrate the main results.

1. Introduction

Many evolution processes exhibit abrupt changes of their states at certain moments in
time, such as threshold phenomena in biology, bursting rhythm models in medicine,
optimal control models in economics, circuit networks and frequency modulated
systems, etc. These abrupt changes are of short-term duration and may be described
by impulsive differential equations. The theory of impulsive differential equations has
been significantly developed in the past two decades, see [2, 5,9, 11,12, 15, 16, 20] and
references therein. However, the corresponding theory for impulsive delay differential
equations is less developed due to some theoretical and technical difficulties. Some
existence and uniqueness results have been developed recently in [3] for general
impulsive delay differential equations and some special classes were considered in
[1,4,8]. Some exponential stability results for linear delay impulsive differential
equations are obtained in [1,4] utilising fundamental matrices. Weakly exponential
stability is studied in [19]. Two criteria on asymptotic behaviour are given for a
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nonlinear neutral differential equation with an impulse in [14]. Impulsive integro-
differential questions are studied in a Banach space in [7]. The method of Lyapunov
is used to study the stability problem of impulsive delay differential equations in
{6, 17, 18]. However, how to construct a suitable Lyapunov function or functional for
a large-scale complex system remains a challenging issue. Recently, a new approach
has been proposed in [13] for studying the stability problem of large-scale dynamic
systems, where the study of a complicated large-scale system is converted to that of a
lower order linear system by using a comparison principle.

In this paper, we shall study stability problems for both linear and nonlinear large-
scale impulsive differential equations with a time delay in the spirit of [13]. We
shall first establish the comparison principle and some inequalities for impulsive
delay differential equations, and then derive some sufficient conditions to guarantee
stability of the nonlinear impulsive large-scale differential equations. These conditions
are simple and easy to verify. Examples are given to illustrate the main results.
The remainder of this paper is organised as follows. In Section 2, the comparison
principle and several inequalities for linear impulsive differential equations with delay
are proved, which are useful in studying the stability of large-scale impulsive delay
differential equations. Some stability criteria for both linear and nonlinear large-scale
impulsive delay differential equations are established in Section 3. In Section 4, the
stability problem for large-scale impulsive neutral differential systems is investigated.
Finally, the conclusion is given in Section §.

2. Preliminaries

Let R be the set of real numbers, R” be the space of n-dimensional column vectors

x=col(xy, ..., x,) with the norm [|x|| =3";_, |x;| and let |Al| =maxX,<j<m Y 1, lai;]
denote the norm of an n x m matrix A = (a;;).
Let1={tk|t| <l <-4 =g >(¥>0, i=1,2,...},.’={t|tzto,

weERL,IL={t|t, <t <t}and A@t) = {k| o < t, < t}. Without loss of
generality, letzy < t,, where f, is the initial time of the IVP (initial value problem, see
Sections 3—4) and ¢, is the first instant of /.

Fora, b € R, a < b, define

PClla,b],R")={¢ : [a,b] = R" | ¢(t +0) = ¢(¢), for all ¢t € [a, b);
¢(t —0) exists in R", forall ¢t € (a,b]and p(t — 0) = ¢(¢)
for all but at most a finite number of points ¢ € (a, bl};

PClla, o0), R"} = {¢ : [a,00) = R"| forall b > a, ¢ € PC[[a, b], R"]}.

Let ||, [l = sup,_, <p< I (8) 1 denote the norm of functions ¢ € PC[[z — 7, t], R"*™],
where t > 0 is a constant.

https://doi.org/10.1017/51446181100009998 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100009998

[31 ) A comparison principle and stability 205

i=1,...,n;j =1,...,m. Denote by O the zero matrix, that is, all of the entries
of © are 0.

Let A = (a;j), B = (b;;) be n x m matrices, denote A < B if a;; < b;; for all

LEMMA 2.1. Assume that H € C[J, R™"), H = (h;j(t));xr, hij(t) = 0, i # j,
i,j=1,2,...,r, f€Cl[J,R, Dy e R"" and D; > ©. Letx,y € C'[J\I, R"] be

such that
(dx(t)/dt < HOx(@) + f(t), teJ\,
x(t) < Dix(t — 0), el
x(to) < xo

and

dy(t)/dt = H@t)y@)+ f@t), teJ\l,
y(t) = Diy(t — 0), tel,
Ly (t0) = Yo.

Then xo < yo implies x(t) < y(t) fort € J.

PROOF. It follows from the comparison principle in [10] that x(¢) < y(¢) fort € J;.
Since D, > ©, we get x(t;) < y(t;). Let x(¢) < y(2), t € [, 1), then x(2,) < y(t)

since D, > ©. With [10], x(¢) < y(¢) for t € [t, t,41) and so x(t) < y(¢t) for
t € [ty, tx41). By induction, x(¢) < y(t), ¢t € J. The proof is complete. ad

LEMMA 2.2 (Comparison principle). Assume that H,G € C{J,R™], H(t) =
(hij (1)), hij(®) = 0,i # j, G(t) = (g;;(1)), G = O, f € C[J, R’] and that D; > ©
" arer x r matrices. Let x, y be the solutions of the following systems:

(dx(t)/dt < HO)x@) + GW)x(t — 1)+ f(t), te J\,

x(t) < Dix(t — 0), nel,

x(0) < ¢(9), h—1t<60=<1
and
(dy(t)/dt = H(t)y(t) + G(t)y(t — 1)+ f(t), te€ I\,

y(t) = Dyt — 0), 4 el,

y(6) = ¢ (0), fh—T <0 =<1,

respectively, where ¢,y € PC[[—7,0], R"]. Then $(8) < Y (6) implies x(t) < y(t).

PROOF. We first prove that x(t) < y(t) fort € [tp — 1, 1;).
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Consider the system

dY()/dt = HOY) + GOY(t —1)+ f(t) +€, t€(w,t),
Y(0)=v(@) +e, Ih—1 <6 =<1.

We claim that ¥ (8) > ¢(9) implies that Y (¢) > x(¢) fort € [t — 1, t).
In fact, if this is not true, then there exists a t, < t* < ¢, and some i such that

x(@) <Yit), teln—r11),
xi(t") =Y (t*) and
x; (1) <Y;(0), tely—r1,1"], j#i

Thus Y/(#*) < x;(t*). On the other hand,

Y/t =) k)Y + ) gyt — 1) + fit) + e

j=1 Jj=1
> hy ()X + ) gy )Xt — ) + fit) + e
j=1 j=1

> Y k)% () + ) gy ()X (0 — ) + £i(7) = x[(1).
j=1 j=t
This contradiction indicates that Y(¢) > x(¢) fort, >t > t; — t. Let e — 0, then
y(t) = Y (@) and hence yty=x@) forty >t >t~ 1.

Since D| > 0, x(¢)) = Dyx(t, — 0) < D\y(t, — 0) = y(1)). Let x(¢) < y(¢) for
t € [to — t,1), then x(t;) = Dix(ty —0) < Dyy(ty — 0) = y(t). Similar to the
previous process, we have x(#) < y(t) whent € [ty — 1, t4,). By induction, it follows
that x(t) < y(1),t € [to — 1, 00). The proof is complete. ‘ O

LEMMA 2.3. Let A, B € C[[ty, 00), R"™*"], ®(¢, 1) be the fundamental matrix of
dx/dt = A(t)x and x(t) = x(t, to, ¢) be the solution of the system
dx/dt = A(@t)x(t) + B(t)x(t — 1) @1

x(6) = ¢(0), 6 € [t — 7, %), '

where ¢ € PCi[to — 7,1), R"). Assume that there exist positive numbers y > 0
and M > O such that | (1, to)|| < Me™"""™ and y > M sup,,, | B(t)||. Then there
exists an a > O such that ||x(1)|| < M||x,lle~*¢~".

PROOF. Since y > M sup,,, || B(#)||, there exists an & > O such that

y —a— Msup||B(t)lle"" > 0.

1210
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We claim that, for this o, |x(#){| < M||x,,lle"*“~"). In fact, by the method of variation

of parameters, the solution of (2.1) is given by

x(t) = @, 1p)x(t) +/ ®(t,s)B(s)x(s — 1) ds,

and

fx@I < 1P, 1) llx ()]l +/ (@, NIBESix(s — )l ds
< Me "' x, | +f Me "I B(s)llx(s — T)l ds.
Let (1) = e~ [Me~" = |jx, | + [ M-~ B(s)llx(s — 1)l ds), ¢ > 1o and
Q@) = lix,ll, t € [to — 7, t0]. Then
Q@) > llx(@®)[e** ™, t>p—1 (22)

and
t .
Q'() = ae®t™ [M e x|l + 5 f Me 7 B(s)|lx(s — 1)) dS]
fo

t
+ et [—yMe"‘"“’ Ixoll — ¥ / Me 2| B)llllx(s — o) ds]
t

+ M| B@)||lx(r — T)|
=aQ@) —yQt) + Me* | B@®)||llx(t — 7)||
= (@ — y)Q(t) + M| B@)|llx(r — )|
<(@-y)Q0) +MIBOINQE — )lle™
in view of (2.2).
For any K > 1, we claim that Q(¢t) < K||Q,ll =: L, L > 0,¢ > t; — t. If this

is not true, then there exists t* > fpsuchthat Q) =L, Q) < L, tp—t <t < t*
and Q'(t*) > 0. On the other hand,

Q') < (@ — Y)QE") + MIBEIHIIQ(* — 7)lle™
< (@—y)L + M||B@*)||Le™
< (@—y+ MIB@E)e)L < 0.

This contradiction implies Q(¢t) < L. Let K — 1, then Q(¢) < ||Q, |l and
eIl < Q™" < [|Q,lle™ ™™ = Mix,lle™**"™, t2n-1. (2.3)

The proof is complete. O
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LEMMA 2.4. Let A, B € Cl[[tg, 00), R"*"} and ®(t, 1,) be the fundamental matrix
ofdx/dt = A(t)x(t). Assume that

(1) there exist positive numbers y > 0and M > 0 such that | ® (¢, tp)|| < Me™7¢—"
andy > Msup,,, I|B@)|;
(2) x(t, t, @) is the solution of the IVP

dx(t)/dt = A@)x(@#) + B(t)x(t — 1), t e J\I,
x(t) = Dix(te — 0), L€l 2.4)
x(9)=¢(9)v tO_rSOSIO’

where p € PC[[to — 1, t5), R"l and t;,, — t, > 1.

Then there exists an a > 0 such that

Ix@ < lxoll [T M** max {ID;l, e }e™=", £ <t < 1.
JEA()

PROOF. From Lemma 2.3, it follows that for any k, we have
X < Mlix, le™*™, € &, ).
Since x (1) = Dyx(t; — 0), it follows that

lx i = sup [x(@)

h—TZ8Eh

IA

max [ sup  lIx(@)ll ux(tk)u]

n—t<t<ty

1A

max { sup  |lx(@)Il, I Dl x (e — 0)|I]

-ttt

smaX[ sup Mllx,._.lle_“("""’,MIIDkllllxn_.I|€_°’(""“')]

-ttty

< Mllx,_ lle@"*= max{e™*, || Dell}-

Using a similar argument, we have ||x,_ || < Mlx,_,lle™*“-="*2 max{e®", || D¢-|I}
and so on. Thus we get

x| < Mlx,lle=¢™"
< M*|Ix,,_, lle™ """ max{e®", || DI}

<<l [T M4 max{Dyll, €)™, 4 <t < fipa.
jeaw)

The proof is complete. O
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3. Stability of large-scale impulsive delay systems

Consider the large-scale impulsive delay differential equations

d)th) = LX) + Y A;Ox,0 + Y ByOx;(t — 1), 1€\,
J#i j=1
xi(t) = Z Dijexj(te — 0), nel

j=t

where X; = (x:,...,x,';i)r € R"i, A,‘j,B,’j € C[.’, R"ix"j], D,‘jk € Rnix"j,

l,...,r,k=1,2,...and Y [_ n; =n.

209

3.1

i,j =

In this section and in the following section, we always assume that ¢, — t,_, > 7,

k=1,2,....

Assume that there exist positive numbers o; > 0, ¢; > 0,i = 1, ..., r such that

the fundamental solution matrix R; (¢, t) of the isolated subsystem
dx;(t)/dt = A (t)x;(t)
satisfies || R; (¢, to) || < cie™ ¢~ and

1A;ON < a,() < +00, i j=1,2,....r, i %],
| Bij ()|l < bij(t) < 400, i,j=12,...,r and
"Dijkusdijkv i,j=1,2,...,r, k=1,2,....

Denote by /’{(I) = (1 = §;)ciaij(t))rxr, B(t) = (cib;j(t)),x, and bk = (dijt)rxrs

where

1, i=],
0, i#].

ij =

We are ready to state and prove our first result.

THEOREM 3.1. Assume that —a; + 3., cia;j(t) < =y <0, j=1,...,r,—y +
sup,», 1B(®)|l < 0 and a@ > 0 is the solution of y — sup,,, [B()|e*” —a > O.

Then

(1) limsup,_, o, (TTjean max{[|D; |, e*'})/e**" < oo implies system (3.1) is sta-

ble;

(2) limsup,_, (]_[}.Ew) max{|| l.),-ll, €*'})/e*“~ = 0 implies system (3.1) is as-

ymptotically stable;
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(3) if there exists a positive number B, such that < « and

njEA(I) max{ll Dj "1 ear} < 060

lim sup prTT

=00

then system (3.1) is exponentially stable.
PROOF. From (3.1), we have, for ¢t € Ji,,,

xi(t) = Ri(t, t)xi(t)

+ / |:R,-(t, )Y Ay(s)x;(s) + Ri(t,5) ) Biy(s)x;(s — r)] ds
“ #i j=t
and

N
Ix (Ol < ce™ ™ lx; (1) + f e~ Y a(5)lx;(s)ll ds

e J#i

I3 r
+ / e 3 by()lx;(s — Dl ds =: Pic).
4

j=t

Then ||x;(¢)| < Pi(t),t € Jiyy, and
P/(t) < —aiPi(t) + )_ciay (P () + )by (OP;(t —7), 1€ J\L
J# j=1

Let P =col(P,, ..., P.), P(te) = DyP(ty = 0), 1, € I, then ||x;(t)| < Pi(t),t € J.
Consider the comparison system

P'(t) < diag(—a, ..., ~a, )P(t) + fi(t)P(t) + B(I)P(t - r)A, t e J\I,
P(t) = DyP (1~ 0), el

and

3.2)

£'(1) =diag(—ay, ..., o)) +AMED +BMEC — 1), teJ\],
£(t) =Dik (1 — 0), nel,

where £(t) = col(§,(?), ..., &(1)). Since —a; + z,.# ciaij(t) < —y < 0, we claim
that the solution n(¢) of the system

n'(t) = diag(—ay, ..., —a,)n(t) + A@®)n () (3.3)

satisfies |n(t)] < |In(to)lle”""~" and hence the fundamental matrix ®(z, 1o) of (3.3)
satisfies || P(t, to)]] < e~"“~", where n = col(n,, ..., n,).

https://doi.org/10.1017/51446181100009998 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100009998

9] A comparison principle and stability 211

In fact, let Q(¢) = X7, Ini (DI, t = fo, then Q(5) = Y ., |n:i(t0)| and

D*QN) =) D*ln(® <) I:—a.-ln.-(t)l + Zciai,(t)lnj(t)|]

i=l i=1 JEi

=Y (—ejln N+ ) (Z ciai,(r)) In; @)l
j=1 i=t \i#j

=> (—aj + Zcia,-j(t)) ;)] < —y Y In;(Dl = —y Q).
i=1 i#J j=1

Thus

In@)I = Z Ini(t)| = Q([) < Q(to)e—y(l—lo) = "n(to)"e—y(r—lo)

i=1

and so | D(z, t)]] < e 7 ¢ > 1, since ®(¢, ) is the fundamental matrix.
From Lemma 2.4 and the condition —y + sup,,, || B(#)|| < O, it follows that there
exists an ¢ > O such that the solutions of system (3.2) satisfy

16 10, &)1 < Nyl [ max {1 5,0, e f e~ 34

Jjea)

It follows from Lemma 2.2 that ||x;(¢)|| < Pi(¢) < &(@),i =1,...,r, and from (3.4)
that statements (1)—(3) of Theorem 3.1 are true. The proof is complete. 0

COROLLARY 3.2. Assume that the conditions of Theorem 3.1 hold and there exist

positive numbers n > t and M > 0 such that t, — t,_, = nforallk = 1,2,...
and max{sup{{| D, ||}, e**} < M. Then M < &*" implies system (3.1) is exponentially
stable.

PROOF. In this case

l_I max {" Dj", eat] — ereAu)lnmaxHIDjll»e‘") < eklnM' t €[t tiyr)
jeal(r)
and so

N . at
njEA(l) max [" DJ "' € } < eklnM—a(r—lo) < eklnM—kar]‘
ea(l-ro)

which implies the required result. A O
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COROLLARY 3.3. Assume that the conditions of Theorem 3.1 hold and there exist
positive numbers M > 0 and p > 0 such that max{sup{|| D;||}, e**} < M and
. n@t+T)
lim ——— = p,
T—o00 T
where 1 (ty, t) denotes the number of impulses in the time interval [ty, t).
Then M < e*/?.implies that system (3.1) is exponentially stable.

PROOF. From the condition, it follows that for any € > 0, there exists T > 0 and
M = M(ty) > 0, such that whent >, + T,

-~ ~ (1.1 ~
]—[ max({|| D, |, e°7} = eZicow mmaxiiDjl e o ¢ TIM . b p(pe)In Mt —to)
Jea)
and so
N ar
njeA(l) max{|| D; ", € } < Me[(p-'-é)lnM_u’“_’O) (3 5)
eo(—1o) - ' ’

Since € can be chosen arbitrarily small, (3.5) implies the required results. ad

EXAMPLE 1. Consider the large-scale impulsive delay system

dxi(t)/dt = A;; () x,(t) + Ap(Dx(1)
+B,'|(I)X|(t - T) <+ B,—z(f)Xz(I - I'), [ = 1, 2, t € J\I, (36)
Xi(t) = D (t)x, (4 — 0) + Dia(t)x2(t, — 0), i=12, el

where x,, x; € R?, A;j, Bij, D;; € R¥%,i, j =1,2.
Lett0=0,t = 1,

_4 0 —4+4+3sint 0
Ap(t) = I:l sint _4] and Axn(r) = [ 04 _3} .
2

Choose Ax(t), Az (¢) and B(t) = (Bi;(t)) such that [[Ap@®)] < 1 — (4e®)7!,
A D) < 1 — (de?)~! and ||B@)| < e_“. Theno; = =3, ¢, = 1,i = 1,2.
Choose y > 2, = l andso y —sup,,, [[B(t)]le”® —a > 0. Let

e—3/2 =172 0 1

D, — Dy Din| _ 1 0 o0 0
*T | D D] 0 1 0 -1y’

0 1/2 0 0

then | D¢l = | Dill = e — 1/2 and if
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(1) t —4_, > 1 =1,then (]_[jeA(,) max{llb,-ll, e} /e <1,
) t—ty > 1+ 1/k, then lim,_,oo((]-[j“(,) max({|| D;||, e‘"})/e‘" =0,
(3) tk - tk—l > T + r” 7) > 0’ then (njsA(,) max{"ijj"7 eat})/el/(|+n) S 1'

stable if t, — #,_; > v + 1/k; and exponentially stable if t; — t;_, > 7 +1n,n > 0.

Thus we can conclude that system (3.6) is: stable if t, — #,_, > t = 1; asymptotically

REMARK. This example illustrates that Theorem 3.1 is simple and easily verified. It
is very interesting to notice that, from the example, even if at every impulsive point #,
[l Dill > 1, which implies that the norm of solutions is increased at impulsive points,
that the system may still be stable or exponentially stable.

Consider the nonlinear impulsive delay differential system

[dx/dt =diag(An (), ..., A, @Nx(@) + F(t,x(@), x(t — 1)), te J\I, 3.7

x(tk)=Dkx(tk—O)a tkely
where F € C[I x R* x R", R"], F(¢,0,0) E_O, x=(x,....,x,)T € R, x; € R™,

A;;(2) are n; x n; matrices, Dy, = (D) are n x n matrices, D, are n; x n; matrices,
i,j=12,...,r, Z:‘=1 n; =n,k=1,2,.... Rewriting (3.7) by components,

Idx,-/dt =A;@)x; )+ Fi(t, x(t), x(t — 1)), teJ\l 3.8)

xi(h) = Z;-=|'Dijkxj(tk - 0), el i=1,2,...,r

THEOREM 3.4. If
(1) there exist scalar functions 1;;, k;; € C[J, R], such that

IF 2 )1 < D L@l + Y kOllyll, i=1.2,....r;
j=! j=1

(2) there exist constants c; and scalar functions B; € C[J, R], such that the fun-
damental solution matrix R;(t, ty) of the isolated subsystem dx;/dt = A;;(t)x;(t)
satisfies || Rii(t, 1o)]| < cie PO i =1,. ..,

then the stability, uniform stability, global asymptotic stability, global uniform as-
ymptotic stability, global exponential stability, the Lagrange stability of all solutions,
uniform Lagrange stability of the trivial solution of the lower dimension linear equa-

tions
dn®) _ —ﬂ-(t)n-(t)+i c-l~-(t)n-(t)+z’: cikij(tn;(t — 1), teJ\I
dt i i : itij J : inij J ’ ’
, i=t =l 3.9
i)=Y _ I Dijelin;(te - 0), . nel,

i=l
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where i = 1, ..., r, imply the stability, uniform stability, global asymptotic stability,
global uniform asymptotic stability, global exponential stability, the Lagrange sta-
bility of all solutions, uniform Lagrange stability of the high dimension nonlinear
system (3.7), respectively.

PROOF. Letx(t) = x(¢, 15, ¢) be the solution of (3.7) satisfying the initial condition
x(t) =¢(),to— 1 <t <ty. Then wehave,fori =1,...,randt € Jiy,,

[ /(1) = Ri(e, 100 (1) + [ Ri(t, $)Fi(s, x(s), x(s — 1)) ds,

xi(t) =Y Dijex;(t —0),

j=1

and
~ [ Bi(s)d

lx; @O} < cie™ A% x, @l

+ 32 [ ae RO, ©l + k6l - ol ds,
j=1 7k

Ix: ()l < D I Dijellllx; (2 — O))).

j=1
Letfori=1,...,randt € J;y,,

E(0) = cie FOB e el

+ 32 [ aem RO 6l 60 + kOl s — ] ds,
j=1

I

r

E(t) =Y _ IDyell§;t — 0),

j=1
then lx; ()| < &@),i=1,...,r,and
dg; (1) - . k
o= S —BOE® + )l 08D + ) ciky (08¢ — ),
, Jj=1 j=1
E(6) = ) IDyellg; (6 — 0).
j=1
With the comparison system fori = 1,...,randt € Jiyy,
dn' r r
— = A0 + f‘;,cilij(r)n,-(r) + gc.-kij(r)n,-(z - ),
ni(t) = Y I Dijelin; (e — 0),
j=1
and from Lemma 2.2, we have |[x;(f)|| < &) < (@), t > tp,i = 1,...,r. The
inequality implies the results of the theorem. The proof is complete. g
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EXAMPLE 2. Consider the nonlinear impulsive delay differential system

dx, _ [ -5+ In(l +z2)] Isintl
dr ~ |-+ -4 W2 i)
1 + sin 72) sin?(xT
(1 + sint*) sin“(x, xz)x,(t Y
A 4+/2¢?
1 dx, —6 + sint t V2 (3.10)
—_— = 2 X + X1
dt —t —7 + 2cos?t 310 + In(1 + |1x2012))
V2
+ 15 oz e_,“m,_,)"z)xz(t -1, t#n,
Lx(tk)=Dkx(t,‘—0), k=1,2,...,

where x = (xT,x1)7 € R%, x|, x, € R?, D, = (D;x) € R** and D;j; € R*?,

i,j=1,2.
Using the notation of Theorem 3.4, we have
A= ~S5+e* In(1+1?) A ~ [-6+sint t
7 —In(1 + 1) S —t —7 +2cos’t |’
int 1 4+ sin#?) sin2(xT
Fit, %, x(t — 1)) = —omtl s sntlim) o1y and
2v2(1 + lix2)) 44/2¢?
V2 V2

F2(t9x,x(t_r))= xz(t—l).

3A+ (1wl 42@ - e o)

By choosing ¢; = v/2, B = 4, 111 (t) = In(t) = kin(t) = kn(t) =0, L12(1) = +/2/4,
Li(t) = v2/3, kiy = (24/2€2)~" and ky, () = (2+/2€2)", the comparison system is

r d 1 l
dntl —4n, (1) + 'Iz(’)"‘ m(t D,
dm 2
- = —4n,y(t) + 37)1(t) + 3, 2712(1 D, t#Fnk=1..., (3.11)
nl(tk)_Z"D,]k"nl(tk—O) i=1,2, k=1,-...
j=1

For system (3.11), using the notation of Theorem 3.1,

A= Ay Ap| _|-4 1/2 B= By B _ [(2e)™! 0 ]
T lAa An]  [2/3 -4)° " |Ba Bn| 0 2e)H™')’

and
= [0 172 = (2eH)~! 0
A= [2/3 0 ] » B=B= [ 0 (2e2)"] )
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By choosing¢; = 1,0, = 4,i = 1,2, Bl = 2¢)~', y =3, 1Bl = e, t = 1,
a =2, then |R;(t, 1o)|| < cie™®¢ ™ i=1,2,andy — || Blle*" —a > 0. Let

e=3/2 0 1 172

D, — Dy Din _ 1 0 0 172
) Dy Dyn 0 I 172 o}’
0 -1 0 0

then || Dyll = | Dill = e — 1/2 and if

(1) t — ey =2 > 1, then (€7 [ ;.4 max{l|D;l, e*}) < 1,

()t —teoy = 24+ 1/k, then lim, o (€7 [, 5, max{l| D; I, e*7}) = 0,
() & — ey =2+ 0,1 > 0, then (/@] max{|| D], e*}) < I.

Thus we can conclude that system (3.10) is: stable in case (1), asymptotically stable
in case (2), and exponentially stable in case (3).

4. A large-scale impulsive neutral system

In this section, we consider the large-scale impulsive neutral system

dx;(t)
dt

= Au(x:(0) + ) Ay(0)x; (1) + Y By(D)x;(t — 7)

i j=1
+ZC,~,-(t)x;(t—r), teJ\I,i=1,...,r @.1)

j=1

xi(f) = Z Dijpxj(t = 0), tel,

j=1

where A;;, Bij € C[J, R"*"], Dy € R, x] = (x{,...,x}) € R", C;; €
C'[J,R™), i, j=1,...,r,and }_;_ n; =n.

If , = n; = 1and D = (D;) = E in the system (4.1), where E is an identity
matrix, it means that the system does not have an impulse at the point 7,. Then the
system becomes

dx(t)

Tl Ax()+ Byxt - 1)+ C@t)x' (¢t — 7). 4.2)

Denote by R(z, 1) the fundamental matrix of dx/dt = A(¢)x and by x(¢) = x(¢, to, @)
the solution of (4.2) with initial condition x(¢t) = ¢{#),t € [ty — T, to].
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LEMMA 4.1. Assume that

(1) 1C®)\ is a decreasing function;
(2) there exist y € C[R, R*], M > O such that |R(t, to)|| < Me™ Jo?)%,
(3) there exists | > 0 such that eli-:v)ds < |,

Then the solution x(t) = x(t, ty, ¢) of (4.2) satisfies
lx@IF < [MA + 1C@)D + IC — DI

X [lx, || exp (/ [l (%IIC(S)II + ML(S)) - V(S)] dS) . @3
where L(t) = |AOQHCON + 1C' O+ 11 BOI.

PROOF. By the method of variation of parameters, the solution of (4.2) is given by

x(t) = R(t, to)x(20) + /R(t, $)B(s)x(s — 1)ds

o

t
+ /R(t, $)C(s)x'(s — ) ds. (4.4)
fo
Integrating by parts, the third term on the right-hand side is

/ R(@,s)C(s)x'(s —t)ds

= /’ R(t,s)C(s)dx(s — 1)
= Rlo(t DCW)x(t —1)— R, 1) CUx)x(ty — 1)
- /I[R;(t, $)C(s) + R(t, 5)C'($))x(s — T)ds
= C(tl;x(t — 1) — R(t,10)C(to)x(tp — 1)
- /l[—R(t, S)A(S)C(s) + R(t, $)C'(5)]x(s — 1) ds
since R(z,t) = E. So 0

x(t) = R, t5)x(ty) +/ R(t,s)B(s)x(s —t)ds + C(t)x(t — 1)

fo

— R, t5)C(to)x(to — 1) +/ R(@, sAG)C(s) — C'(s)Ix(s — 1) ds.
Thus

lx@I < IR, o) I x (20) I +/ IR, NNBx(s — )i ds
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+HCOIx@ — Ol + IIRE, ) C )l 1x(t0 — T
+ f IR, IAGNICEN + [C()Ix(s — D)l ds

< Me o O% x|l + [ M Yoy B(s)|x(s — o)l ds
+ICOUx( = DI + Me™ "% |1C (1) 1, ]
+ f Mo S i A IICEN + I1CGIxGs — 1)l ds

= Me™fo? |l 1 (1 + IC@ID + ICONIx(t — )]
+ / MeErmn g A IICE + I1C6 + 1BOIIxG — D)l ds

= Me J " x, (1 + 1C@)ID) + ICO X — Dl

+_/ Me=Evman(s)|x(s — t)| ds.
to

t c
Jo visrds , we have

Multiplying both sides by e
o ?O% ()] < Mlx, Il(1 + [CE) + IC @R % |xt — 1)

I3
+ f Mebo "™ L (5)|x(s — T)|| ds.
o

y@) = sup el x(5)|.

Ig—T <8<t

Then y(t) > elorts)ds lx(|, t = to — 1, y(¢) is a nondecreasing function and

elo? % x|

< Mlix,ll(1 + [CU)l) + [1C@)leh-rO% el YO 1t — 1)

+ / Meh-cvman f"ymang (12 (s — 7)|| ds
t
< Mz I (1 + [CEID + ICO Ny — 7) + f MIL(s)y(s — 7)ds
1 I
< Mllx 1+ ICEID + - / ICS)ly(s) ds

+ / MIL(s)y(s — 1)ds,
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in view of the fact that ||C(z)|} is nonincreasing and y(¢) is nondecreasing. Thus
svd o]
el "O% | ()] < Mlix, (1 + IC @)D +[ ;IIC(S)II)'(S)dS
-1

+ /’ol —i—IIC(s)IIy(s) ds + j: MIL(s)y(s)ds
< Mlixo (1 + IC @)D + IHC (o — D)l Ix4 ]
+ f éHC(s)lly(s) ds + f MIL(s)y(s)ds
< X IMA + 1ICE)INDM + 1C (o — 7)1
+ [ [ ficon+ ML) |yoas.
The right-hand side of the last inequality is nondecreasing and it yields that
Y(®) < % I[(A + ICE)IDM + I1C @ — D]
+f ¥ [%ucmu + ML(s)] y(s) ds.
The Gronwall-Bellman inequality implies
Y@) < IxILQA + IC DM + [ C(to — T) [ ]Jela FICO ML
and so (4.3) holds. The proof is complete. g

LEMMA 4.2. Assume that conditions (2)—~(3) of Lemma 4.1 hold and there exists
C > O such that |C(t))} < C < 1/1. Then the solution x(t) of (4.2) satisfies

M1+ IC(t) ) " MIL(s)
—|Ix, — — , 4.5
lx@l < — IIx‘,Ilexp(/’o [I_CI y(s)]ds) (4.5)

where L(t) = |A@OINCOI +1C°OI + 1 BO].
PROOF. From the first part of the proof of Lemma 4.1, it follows that

"% x ()] < Mlx,lI(1 + IC ) )
+ (IC@)lef- 7 sels YO x (1 — 7))

/ Melrmdngly ""M"L(s)llx(s—r)llds

< Mlix, [I(1 + 1C)ID + IC @ Ny — 1)
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t
+ / MIL(s)y(s — 1)ds
‘o

< Mlix (1 + 1IC@)I) + Cly(@) +f MIL(s)y(s) ds,

where y(1) > elo7)ds lx()|l,t > o, — t, is a nondecreasing function. Furthermore,

since the right-hand side of the last inequality is nondecreasing, it follows that

Y(6) < Mlx,|l(1 + [IC o)) + Cly(r) +f MIL(s)y(s) ds,

thus
Milx, 1 (1 + [IC D

1-Cl

y() < + 1—1(:‘1./,; MIL(s)y(s)ds.

The Gronwall-Bellman inequality implies

M1 + [C()l) S ML g
t < ——x e’ 1-Ct
O s =2l
and so (4.5) holds. The proof is complete. O

THEOREM4.3. Assume that the conditions of Lemma4.1 hold and x(t) = x(t, ty, @)
is the solution of the system

dx/dt = AW)x(t)+ B@)x(@t — 1)+ C)x'(t — 1), t #4,
x(t) = Dyx(t, = 0), - (4.6)
x(0) = ¢(0)9 6 e [t() -1, Io].

Thenfort, <t < tiq),

7 d ') )
Xl < lx,IMo [T M;max] sup &% jp|i} efo,

l<j<k tj—t<t<ij

where a(t) = l(-:-IIC(S)II + ML(s)) = y(s), M = M(1 + |C@) D) + IC (6 — D)L,
L) = [AOIICOI + ICOI + I1BE)| andl > eh-r, ¢ > 1,

PROOF. From Lemma 4.1, forany k = 1, ..., we have
X < Millx, lleh “@“, 1 € [, tis).

Since x(t,) = Dix(t, — 0), it follows that

x. Il = sup IIX(I)II=maXI sup IIX(t)Il.IIX(tk)Il]

L=t <1<l n-rt<iI<ty

https://doi.org/10.1017/51446181100009998 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100009998

[19} A comparison principle and stability 221

smax{ sup ||x(t)||,||Dkunx(rk—0)u]
n-t<t<t
t “« . 1k . .
smax{ sup Mk_.ux,k_.||ef'r—l"‘“"~’,Mk_.uDkuux,.-.ne’u-n"""“‘}
—-T<tI<ty
4 . y . ¢
< Mi_y|lx,,_, ma"{ sup ef'*"“"”,IIDklllef"'-'““""".

L-Tt<ly

Using a similar argument, we have that

-t ds Tk~ ds
||x,._,nsMk-znx,k_zumax{ sup el ‘,uDk-lu}ef«-z i

ly—TSI<ty
and so on. Thus we get, forf, <t < 1,44,
Ix @l < Millx, llefs =%

! . . 1 . . 4 . .
< MiMi_illx,_, || max [ sup el | D, "] el WO gf @t ds

h—T<t<ny

! . . d . -
MM;_i |l x,,_, || max { sup el @ ) Dkn] ehiy e

n-t<t<y

4 . . ’ . .
C< Mo [ Mymax ] sup ehi %, D, T efoe

—r<t<t;

IA

bsjzk
The proof is complete. O

THEOREM 4.4. Assume that the conditions of Lemma 4.2 hold and that x(t) is the
solution of (4.6). Then fort, <t < tiy),

" als)ds " a(s)ds
XN < x| Mo 1_[ Mj max sup ef:ju(\)u, "D,” ef"'a(")d“,

. imp <<t
i<j<k -t<i<t;

where a(t) = MIL(s)/(1 ~ Cl) = y(s), My = M(1 + [|[C@)ID/(1 ~ CI), L(t) =
TAOIICON + IC' Ol + I1BO and 1 > [} y(s)ds.

PROOF. The proof is similar to that of Theorem 4.3, and we therefore omitit. O

It is easy to obtain the following result from Theorems 4.3 and 4.4.

COROLLARY 4.5. Assume that the conditions of Theorems 4.3 or 4.4 hold. Then

. " als)ds ' a(s)dx
(1) limsup,_ (ef'o ) [1;cam M, max {1D;1, SUP, <<, P P <o0
implies system (4.6) is stable;
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(2) limsup, , (el "“"“ﬂjem M; max {||D;l],sup,, <, €

system (4.6) is asymptotically stable,

z amd‘}) = 0 implies

where M; and a(t) are as in Theorem 4.3 or Theorem 4.4 respectively according to
which conditions hold.

COROLLARY 4.6. Assume that the conditions of Theorems 4.3 or 4.4 hold and
«a(t) = —a = constant. Furthermore, there exist a constant 1 > t and M > 0 such
that ty — t,_, = n and M; max{e**, || D;||} < M. Then

(1) M < e implies system (4.6) is stable;
(2) M < ¢*" implies system (4.6) is exponentially stable.

Next, we will consider a large-scale impulsive neutral system (4.1). Assume that
R;i(1, s) satisfies R;;(z,¢t) = E and

aRii(t,S)

Y, = A;(O)R;(t,s), teJ\l,i=1...,r

THEOREM 4.7. Assume that

(1) there exist a scalar function @ € C[J, R] and constant M; > 1 such that
R (e, )] < Mie™ Jo@®t,

(2) ICi;(0)|l are nonincreasing functions;

(3) there exist N > 0, | > 0 and a scalar function B € C[I, R] such that
! > sup,,, el~"9% and the fundamental matrix solution Q(t, to) of the ordinary
differential equations

satisfies | Q(t, to)|| < NeloP % \where
l
Vij = a- 5ij)Mi||Aij(5)|| + M;IL(s) + ;”Cij(s)" and
L@) = 1Bi;ON + IC;; N + 1A @ INCis ()]l
If M = max, i<, M;, My, = NIM + (M + D)||IC, |I], then
(1) system (4.1) is stable if
f"/ (B(s)—a(s))yds }

njeA(:) Mj max I" Dj"v Supr,—rs:«,— 4

e Sola ()= Bis)ds

lim sup < 00;

100
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(2) system (4.1) is asymptotically stable if

~ [} (BGs)-a(s))ds
njeA(r) MJ' max {“ Dj “, SUp:;-er:,» e

limsu - = 0;
,_,mp elo@)-BlNds ’

(3) if there exists a positive number w such that

I Be)—at)ds ] )
=0

. njeA(t) M.i max I" D.i "’ Supr,--r_<_r<1j €
lim sup

00 oo @O—BE ) ds

then system (4.1) is exponentially stable.

PROOF. Using the method of variation of parameters, the solution of system (4.1)
can be written as

%) = Rt 0 + [ Ralt,5) 3 Ay, (6)ds

o J#i
+ /,R,-i(t, s) Xr: Bij(s)x;(s — 1) ds + /'R,-i(t, 5) iC,-j(s)x}(s -~ T1)ds.
o o1 o j=1
Since
f Ri(t.s) Z Cij($)x)(s — T)ds
P =
= Z’:C;j(t)xj(t —~ 1) — Rii(t, 1) t Cij(to)xj(tg — T)
j=1 j=
—~ /' Ri(t,s) Z C}($)x;(s — T) ds
0 =
+ ‘/’ R;i(t,)A;i(s) iCi,-(s)x,-(s —1)ds,
10 o
then

x;(t) = Rii(t, to)xi (t0) +f Rii(t,s) Z Aij(s)x;(s)ds

fo J#i

+f Rii(t,$) ) By(s)x;(s — 1) ds
fo =1
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+ Z Cij()x;(t — 1) = Ri(t, 10) Z Cij(to)x;(ty — T)

j=t

/R,,(t s)ZCU(s)x,(s t)ds
+ / Rt A4() Y Cy6y(s — 1) ds.
fo =1

Thus we have
- V.
(O] < Mie™Fo ™% | x|

+ X [ A= spMia 6l L% ol ds
j=17f
+3 / MLIBy(s) e 5O% x,(s — o)l ds

+ Z ICH O, = D1+ Mie™ 5% Y 1C, Gl o = D

Jj=1

f M.~ ards Z 1C () llxj(s — )l ds
+/ Me-[a(E)dE"A”(_g)"Z"Cu(s)""xl(s—r)" ds

j=1

and

r t
I (15 * < Millxigll + Y f (1 = 8)Mll Ay ()lleho™® % |1x; ()1l ds
. )
+ Z f M| Bij(s)lefa*® % x;(s — T)l| ds
+ ot }: 1C; @i ¢ = Ol + M, Z NCiiCto) x5
j=1

+ f Miehse Z I}, (s — )l ds

f MO 4,531 3 1C 6 ey (s — D)l ds

j=1
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= M;l|xigll + M: ) 11C; ) 11

j=1

+) f (1 = §)M;]| Ay ()l |1x;(s)]| ds
j=1v0

+y f My "% [ B, ()]l + ICLy(o)]
j=1vm
+ 1A ONC ]Ik — Dl ds

+ "% 3 Cy@lx; ¢ = Dl .7

j=1

E . .
Let y;(t) = max,—r<e< 1% (&)[leo®?% then y;(r) is a nondecreasing function,
i =1,...,r. As y(t) is nondecreasing, ||C;;(¢)ll is nonincreasing, and because

4
[ > sup,., ef--2®)ds we have
>0

Z NCii O lx;(t — T)I]efl:)“(‘)d‘

=1
< 3 IC Oy — Tyel-reerds
j=1 |
r l 1 , l ,
=< Z ;/ HC:i; Oyt —T)ds < Z ;/ ICij()lly;(s) ds
j=1 -1 = .
r I I T N
< Z ;/ I1Cij(H)lly;(s)ds + Z ;/ ICij(s)ly;(s)ds
j=1 ) ‘o ot
r I ' .
=X T ./ 1) 1y;(s)ds + 3 LIC; to — T 1%l
j=1 T Jo pr
Thus

I1x: (£ [ o 22

< Millxigll + M; Y IICy5 o)1

+3

j=t fo

(1 = 8)MIA©Ly ds + 3 [ MILOIy6)ds
j=t "

{1]

r l 1 r ‘
+2 - f IC ) y; () ds + D LICii(to — Dl
j=t " v j=1
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= Millxioll + D [MllCiitto)ll + LICijtt0 — DDl

j=1

r t I
+2 [(1 — 5 )MI AN+ MIL(s) + ;||cij(s)||] 1) ds.
j=1 Y .
The right-hand side of the last inequality is increasing and hence

yi(t) < Millxi |l + Z [MilCij )l + HICijtto — TNl

j=1

r 1 N l
+ f [(1 — 8))Mil| Ay(s)]| + MilL(s) + ;ua,mn] yi(s)ds
j=1v1

< Millxi [l + (M; + 1) 1Ciji 15

j=1

r { l
+) f [(1 — 8)Mi| Ay() ]| + MiIL(s) + ;nc;j(s)n] yi(s)ds
j=1 vt

< Mlixi | + (M 4+ 1) D 1Ci N1

j=1

r 1 l
+ Zf [(1 — 8))Mill Ay(s)ll + MilL(s) + ;ucu<s)||] y;(s)ds
j=1 "1

=i+ Y [ uoyeds
j=1 vt
Let Pi(t) = M; + Y], [, vij(s)y;(s) ds. Then P,(t) > yi(1), Pi(to) = M; and

P/(t) =) v ()y;(0) < ) v () P (o).

j=1 j=1

Consider the system

d§;/dt = Z;=| vij()€;(s), t €[t n), 4.8)
E(to) = M, '

where £(s) = col(&,(s), ..., & (s)) and M = col(M,, ..., M,). It is obvious that

E(0) = Pit) = yi(t) = I()llef"@%, telto—1,n)
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and thus (|§@)] > ||x(t)||ef'; *()4s - Eurthermore, from' condition (3), it follows that
the solution £(¢) of (4.8) satisfies [|E(t)|| < N[I&(to)]le’o?)* on [to, #;) and

)l = 1Ml => M, =) [Mux.».,,u + (M +1)) " [1Cysl nx,-,on]

i=1 i=1 j=1

=Mlx,ll+ M+ [Z ICijg ||] (BN

i=1 ji=1

< Miix, Il + (M + DI C [l 1x4, 1l

Thus

IE@I < N[M + (M +DIC, 1] lIx,lle’s?©*  and
IX@N < 1E@ e 5 0% < N[M + (M + DIIC,oI]l1x, lleeBO M,

Using the same argument, it is easy to get that
x(6) < N[M + M +DIC, ] llx, R PO 1 e [y, ).

Furthermore,

(B

sup IIX(t)I|=maX|IIX(tk)II, sup |IX(I)I|]

=TSty H-T<I<ty

IA

-T<t<ty

max [uDkn lx(t —0)ll, sup Mk-lux(t)u]

IA

[ £I2IN

~ 1y _ ~ t _ d
max [Mk—l " Dk " "x"-l "ef,‘_l(ﬂ(-\‘) G(J))dS, Sup Mk_l ||X,‘_, "ef"" (ﬂ(S) a(s))ds ]

IA

! _ ~ 1 _
max [||Dk||, sup el B9 a(s))ds} My_1llx,,., "ef,,_,(ﬂm alshds

—t<t<ty

Thus when t € [t;, ti41),

Ix@)ll < Millx, || efP-2nés

< Mk -1 Max [" Dyll, sup eﬁ,(ﬂ(s)~a(s))ds] "x“_|"ef,,_,(ﬂ(x)-a(s))ds
/

=TSt <l

IA

IA

-~ - d — d ! ‘Y,
Mo l—[ M ; max ["DJII, sup el B s] 1, [l e ds.

jea) —Tsi<i;

The inequality implies all of the results of Theorem 4.7. The proof is complete. O
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THEOREM 4.8. Assume that conditions (1)~(2) of Theorem 4.7 hold. Let

Ct) = UC;®m, A@) = (1 = &)IA,wl),  L@t) = (L),

M=max M, #t, = HAFNCEWN g MAADI+ULOD
== 1—ICI 1 - (IC(t)l

I =supef="®% < too and Liy(t) = 1B + IC,; O + | A OIIC, @I

>ty

Then
(1) system (4.1) is stable if

v J (B)=a(s)ds
n.iEA(t) M max {”Dj”, SUD,, _r<rer; €77

lim sup - < 00;
=00 elot@®)=Bls)ds
(2) system (4.1) is asymptotically stable if
Y J (B(s)—a(s)ds
. njeA(l) Mj max {" Dj Il, suplj—tfl<lj e
lim sup - =0
=00 ef,o(a(:)—ﬂ(s))ds
(3) if there exists a positive number . such that
Y £ (Bs)—als) ds
. njEA(l) Mi max ["Di "’ Supz,——rsr«j e
lim sup - =0
> 00 elo(@)=Bls)+u)ds

then system (4.1) is exponentially stable.

PROOF. By the first part of the proof of Theorem 4.7, we have (4.7). Let

§
yi(t) = max [|x;(£)]lefo* %,
—r<t=t

o

then y;(¢) is a nondecreasing function, i = 1,...,r. As y;(¢) is nondecreasing,
. - . T
ICi; ()|l is nonincreasing, and because ! = sup,, eh-e®ds < 400, we have

ST ICOUlx; e = Dlleho*@® < ST IC; @)y = Tyek-
j=1 j=1

< Y ICOIy; ).

j=1

Thus from (4.7), we can get the following estimate:

il < Millxill + M: Y HCii @)l + D NCOLy; ()

j=1 i=t
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+y / (1 = 8;))M; ]| Ay (5)ly; (s) ds
j=t vk

+3 f MLy (s)y;(s) ds
j=17k

since y(r) is increasing and ||C;; (¢)|| is decreasing. It is easy to see that the right-hand
side of the last inequality is increasing and hence

Yi(®) £ Millxioll + M: ) IC; (o) llxjull + Y NC3 )1y ()

j=1 j=1

+3 / [ = 8,)Mill Ay ()l + Ml Liy()]y; () ds.
j=1vh

Thus

D i) ) Millxil + ) MY IC @ xll + Y > IC ()
i=1 i=1 i=1 j=1

i=1 j=1

+Y. ) / [(1 = )Ml Ay )l + MilLi;(5)]y;(s) ds

i=l j=1 V%

MY lxigll+ MY [}: I1C:5(to) u] 1%
i=1 j=1 Li=1
+y [Z ||C.~,-(r>||] 1y; ()
j=1 Li=1
+ f MY [Z(l — 8N A; I + Zm,-m] yi(s)ds
o j=1 Li=1 i=1

< Miix,ll + MIC o)l 1x, | +/ MA@+ LSyl ds

fo

+HEDMy .

Since ||C ()]l is nondecreasing,

Iyl < Mllx, i1 + 1C @) + f M[IA®I + LGNyl ds

[}

+ICEIly®l
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and thus

MQA + |ICw)) M -
Iy < 1=, ,°||+—.—f Ayl +1IL d
rcaor N TEe L [NAG + LGNy ()l ds

= Mollx,ll + f By (s) I ds.

The Gronwall-Bellman inequality implies [|y(t)|| < Mollx,, "ef«') B&)Yds 1 view of the
relations

iyl = Zsup l1x: (s)[|efo @ Mdn > Z [l () ] e @4

s=t i=1
we obtain
()l < Mollx, lehP@=O1 ¢ ¢ [, 1).
Using the same argument, it is easy to get that
Il < Millx, PO ¢ € [, 11).
Furthermore,

-~ !,
ux.‘usMk_.max{ 1Dl sup e"“"‘”""”"”}ux,.-.uef'f—-“"‘""“”“’.

L—T<t<ty

Thus whent € [, tr41),
Ix (D))} < Myl|x, || estPe-ewnds

5 MkMk—l max [ " Dk”v Sup ej;‘ (ﬁ(s)_a(x))d.s] "xlk-l "ej;k_l(ﬂ(‘f)-a(s»d‘s

—t<t<y

~ 4 — d t _
<M, [| M;max {llD I, sup el ] X | efo PN s

jeam tj-r<t<t;

The inequality implies all of the results of Theorem 4.8. The proof is complete. O

THEOREM 4.9. Assume that
(1) thereexist! > 0, M > 1 and a € C[R, R] such that e5-*®4 < | and, for
i=1,....r |Rit, )| < Melotman,
(2) there exist ¢;; = O such that ||C,,(t)|| <cipi j=1, r;
(3) we denote by C = = (¢ij), AQr) = A @D, L(t) = (L,,(t)) L;(t)
1B (O + IC;ON + 1A OINCij (DI, M =M1+ |ClH/A - |Cl) and B(t)
MULADN +HILOD/A = 1CID.
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Then
(1) system (4.1) is stable if

Y [ (Bls)—als))ds
nJ'EA(I) M* max [” Dj "v Suptj—tft<!/' e’ }

lim sup el @)—Bls)ds

=00

< O0;

(2) system (4.1) is asymptotically stable if

7k f! (B(s)—a(s)) ds
njEA(l) M" max [" Dj "v supti-'tsr(!j e ]

eol@@-B)ds

lim sup =0;

=00

(3) if there exists a positive number u such that

Y ' (BGs)-a(s))ds
njeA(t) M* max ["Dj (B SUP,, _r<rar ef’J l

lim su =0
{00 P oo @B +u)ds ’

then system (4.1) is exponentially stable.
PROOF. The proof is similar to that of Theorem 4.8 and thus we omit it here. O

THEOREM 4.10. Assume that
(S1) there exist scalar functions «; € C{1, R*] and constants c;, M; > 1, such that

IR:a(e, | < Mie™h=®% and 3" |Cy(0)]| < cie™fem®®;

j=1

(S2) a;j(t) = =8;;0;(¢) + (1 — §;) )Mi{|A;; (DI},
bij(t) = Mi|| Bl + Mill A ONIICi; Ol + MIC ()l
then the stability properties of the system

E@) =0 6,080 + X byE¢ —1), 1€\, j=1,....r,
E(t) = ZS-:. 1Dt &t — 0), el

imply the corresponding stability properties of (4.1).

PROOF. Using the same argument of Theorem 4.7, for ¢z € J;4;, we have

Il < Mie™ 5@ e, ) + 3 f (1= 8 Mie™ k=% A ) 11x; €)1 dE
j=toh
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r I
+y f Mie™ k=% | B, ()l l|x; (& — ©) d&
j=t vk
+ M,-e_f’l m(s)d:ci ”ka ” + C,'e_";‘ a;(s)ds ”x“ ”

+3 f Mie™ k@9 Ay ENNCENIx; & — )l dE
j=1 o

+> f Mie kD4 Cl@)llix; 6 — o)1l dg
j=1vh

=: P;(¢).

Then [lx; ()l < Pi(t), ¢ € Jppr- Let Pi(t) = 377, 1Dy ()| Pj(ty — 0), #; € 1, then
Hxi ()|l < P(t),t > t,. Furthermore,

P/(t) < —a;()Pi(t) + Z(l — S )Mill Ai; (D lix; (O

j=

+ 3" MAIB;Olllx; = DI+ Y Ml A OIIC,Ollx, ¢ = )|

j=1 j=1

+ 3 MIC; 0Ny = D)l

j=1

< -0, (OFP(t) + Z(l = 8)M A (DN Pi(2) + ZM,-HB,-,(I)”P,-(I - 1)

j=1 j=1

+ 3 MIAOIIC,OIPE ~ ) + Y MIC,OIP ¢ —)
Jj=1

j=1
=D @ OP O+ ) bt —1), 1€ i
j=1 =1
Let P(1) = col(P\(1), ..., Po(0)), Pi(t) = X, 1Dy (1)1 P; (1 ~ 0), then [lx;(0)]] <

P;(z),t € J. Consider the comparison system

[P,-'(z) < Y TOP ) + X byPie — 1), ne I\,

Pi(t) = Z;=| I} Dij (8 Pi(te — 0, nel;

E(0) =3 a0 () + o () — ), 1€\,

&) = Z;=l I Dije & (1 = 0), el
Lemma 2.2 and ||x(t)|| < || P(t)|| imply that {|x(¢)|| < |E(2)]l, which implies that the
conclusions of the theorem are true. The proof is complete. O
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EXAMPLE 3. Consider the neutral impulsive system

dx,(t)
dt

= An)x, (t) + Ap()x () + Bu@)x ¢ — 1)

+ Cu(x;(t = 1),

d
Jzt(t) = Ay ()x, (1) + An(t)x:(t) + Bu(t)xa(t — 1) 4.9)

+ CZI(t)x;(t - l)v t # tka
| x(0) =Dux(t, —0), k=12,...,

where t, > 0, x = (X|,X2)T € R4, X, X2 € Rz, D, = (D,'jk) € R4X4, D,'jk € szz,

i,j=1,2and
[ -4 A +)! _ [(cos?t)/2 1/6
An() = —a + 1) -4 ]’ An() = _(Sinzt)/2 (cos?t)/4]’
[1/4 0 [—4 —cos’t sin’
Anl) = 1//14 —1/3]’ An() = —sirclgj t ST4I]’
[(de)! [4e(1 + 1?)] [ 4e’)™!
By (1) = ( ‘i)) Le —gt )l ] Bu(t) = (4(?)“ ( eo) ]
[ ,—4(r+1) 2 0 [ 4ett+y-1 0
Cn() = Le 0 / e-4(:+l)/2:| ’ Ca(r) = Egii(wl);-l O] ’
, '_4 —4(+1) 0 , B _( 4(t+l))-l 0
ChL@) = i eo —2e“‘“+”:| ) Cu() = L_(;e3(1+l))—l 0] .

Then the fundamental matrix solutions R;;(¢, %)) and Rx(t, to) of systems x|(¢) =
A ()x(2) and x5 (¢) = Ax(2)xa(t) satisfy

IR )]l < V26770, [|Ry(t, 10) ] < V267207
and
NALON <5, IAz®OI <5, NA®l=1/2, [Ax®O| <1/3,
IBu)ll < @e)™", (1Bl < (4e)~", [C@)l < e™*+V)2,
ICaOl < e~ *“*Y and ||Biall = | Byl = ICull = l|C2ll = 0.

Using the notation of Theorem 4.10 and a simple argument, we have
=k t=1 a=4 a=3 M =M=2,
an(t) = —ay = -4, an(t) = MillAp@)l < v2/2,
an(t) = Myl AnOll < V2/3,  an(t) = —a, = =3,
biu(t) < 2e)™', bin(t) < l/e, byu(t) < (2e)™' and by(r) < 1/e.
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Let the comparison system be

o _ [ =4 V272 1/2¢ 1/2e
E(')'[ﬁ/s -3 ]§(1)+|:1/2e 1/2

E(t) = (I Dijell) 2526 (8 — 0).

-1, ,
]ﬁ(f )y t#EL 4.10)

From (4.10), using the notation of Theorem 3.1, wehave oy = 4,0, = 3,¢; =¢; = 1,
y=21|Bl=e',tr=1anda = 1. Let

e=3/2 0 0 0
D, = Dy D _ 172 0 0 O
*T|Dwe D]~ 0 1 1/2 0’
0 0 0 1

then | Dyl| = |Dill =e — 1 and .
(1) ifty —fy 27 =1, thene™[];4 max{|| D; |, e} < 1,

(2) ifte —te_y = T4 1/k, then lim, o (€7 ;ca¢) max(]| D;l, e*'}) = 0, .

(3) ifte =iy = T +n,n >0, thene”/+P[T. ) max{llb,- I, e} < e.

By Theorem 4.4, system (4.9) is stable in case (1); asymptotically stable in case (2);
and exponentially stable in case (3).

5. Conclusion

In this paper, we have studied the stability issue for both linear and nonlinear
impulsive functional systems with delay. Our approach has utilised the comparison
principle and an inequality for the establishment of stability criteria. Although only a
single delay has been considered in this paper, the study can be extended to the case
with multiple delays.
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