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ABSTRACT

For a closed d-dimensional subvariety X of an abelian variety A and a canonically
metrized line bundle L on A, Chambert-Loir has introduced measures c;(L|x)"? on
the Berkovich analytic space associated to A with respect to the discrete valuation
of the ground field. In this paper, we give an explicit description of these canonical
measures in terms of convex geometry. We use a generalization of the tropicalization
related to the Raynaud extension of A and Mumford’s construction. The results have
applications to the equidistribution of small points.

1. Introduction

Let K be a field with a discrete valuation v, valuation ring K° and residue field K. We denote
the completion of the algebraic closure of the completion of K by K. This algebraically closed
complete field is used for analytic considerations on algebraic varieties defined over K. For the
analytic facts, we refer the reader to §2.

In non-archimedean analysis, there is no analogue known for the first Chern form of a metrized
line bundle. However, Chambert-Loir [Cha06] has introduced measures ci(L1) A --- A ci(Lg)
on the Berkovich analytic space X?2" associated to a d-dimensional projective variety X. The
analogy to the corresponding forms in differential geometry comes from Arakelov geometry.
These measures are best understood in the case of metrics induced by line bundles %, ..., .%;
on a projective K°-model 2 of X, with generic fibres L1, ..., Lg. In this standard situation
from Arakelov geometry, c1(L1) A« - Aci(Ly) is a discrete measure on X*® with support and
multiplicities determined by the irreducible components of 2 and their degrees with respect
to 4, ...,%;. However, the canonical metric on an ample line bundle of an abelian variety A
over K is given by such models only if A has potential good reduction. In general, a variation
of Tate’s limit argument shows that the canonical metric is a uniform limit of roots of model
metrics and hence the corresponding canonical measure is given as a limit of discrete measures.
We recall the theory of Chambert-Loir’s measures in § 3.

We consider an irreducible d-dimensional closed subvariety X of the abelian variety A. Using
the Raynaud extension of A, there are a complete lattice A in R” and a map val : A" — R"/A,
where n is the torus rank of A. We call val(X®") the tropical variety associated to X. This
analytic analogue of tropical algebraic geometry is described in §4. Let b be the dimension of the
abelian part of good reduction in the Raynaud extension of A and hence dim(A) =b+ n. For a
simplex A in R", we denote by dx the Dirac measure in A, i.e. the push-forward of the Lebesgue
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measure on A to R™/A. The main result of this paper is the following explicit description of
canonical measures in terms of convex geometry.

THEOREM 1.1. There are rational simplices A1, ..., Ay in R"/A with the following properties:

(a) for j=1,..., N, we have dim(A;) e {d—b,...,d};
Tal( Y an N °XN..
(b) val(X®") = Uj:l Aj;

(c) for canonically metrized line bundles Ly, ..., Ly on A, there are r; € R with
N
val.(cr(Li|x) A+ Aer(Lalx)) =D 7y Ak
j=1

(d) if all line bundles in (c) are ample, then r; >0 for j € {1,..., N}.

Erratum. In the preprint version [Gub08b] of this paper, it was claimed that the tropical
variety val(X®") is of pure dimension. However, the referee has found a gap in the argument (see
Remark 4.16) and so this question remains open. As a consequence, in [Gub08a, Theorem 1.2],
one should omit claiming that the tropical variety is of pure dimension. All other claims remain
valid.

Theorem 1.1 was proved in [Gub07a] for abelian varieties which are totally degenerate at the
place v. This special case is equivalent to b = 0, which makes the arguments easier. In particular,
the tropical variety val(X®") is of pure dimension d. In the general case, we can still show in
Theorem 4.15 that the tropical variety val(X?") is a polytopal set with the above properties
(a) and (b). The most serious problem is that the tropical dimension may be strictly smaller
than d. This leads to the unpleasant fact that the canonical measure in Theorem 1.1(c) may have
singular parts in lower dimensions, which is in sharp contrast to the totally degenerate case.

Using a semi-stable alteration, we will give in §6 an explicit description of the canonical
measure c1(L1|x) A---Aci(Lglx) on X* in terms of convex geometry. It relies on our study
of Mumford models of A in §4 and on the properties of the skeleton of the strictly semi-stable
model from the alteration given in §5. A Mumford model is associated to a rational A-periodic
polytopal decomposition of R™ such that the reduction modulo v brings toric varieties and convex
geometry into play. In Theorem 6.12, we show that the support of this canonical measure is a
canonical subset of X*" which does not depend on the choice of the ample line bundles L;
and which has a canonical piecewise linear structure. Finally, the proof of Theorem 1.1 will be
finished in §7 and we will show in two examples what these canonical measures can look like.
In the appendix, we study building blocks of strongly non-degenerate strictly pluristable formal
models. This is the background for the generalization of our results in §5 to such models, which
is required only in the proof of Theorem 6.12.

Theorem 1.1 has the following application to diophantine geometry. Let K be either a number
field or the function field of an irreducible projective variety B of positive dimension over a field k.
In the latter case, we assume that B is regular in codimension one and we count the prime divisors
v of B with multiplicity deg.(v) for a fixed ample class ¢ on B. In any case, K satisfies the
product formula and hence we get absolute heights on projective varieties over K (see [BG06]).
In particular, we have the Néron—Tate height h on the abelian variety A with respect to a fixed
ample symmetric line bundle L. Note that & is a positive semi-definite quadratic form on A(K)
and hence defines a semi-distance. By Arakelov geometry, there is an extension of the Néron—Tate
height to all closed subvarieties of A defined over K (see [Gub03]).
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Let X be an irreducible d-dimensional closed subvariety of the abelian variety A over K. We

choose a small generic net (Pp,)mer in X (K). Here, small means
h(X)
(d+1)degy(X)
and generic means that for every proper closed subset Y of X, there is an mg € I such that

P,, ¢ for all m >mg. The absolute Galois group G := Gal(K/K) acts on X (K) and O(P,,)
denotes the orbit of P,,.

We fix a discrete valuation v on K and we form X" and the tropical variety @(J@‘) with
respect to v. We fix an embedding K — K, to identify A(K) with a subset of A2". On val(X2"),
we consider the discrete probability measures

lim h(Py,) =

1
0@ > Sy
P2 cO(Pp)
TROPICAL EQUIDISTRIBUTION THEOREM. There is a regular probability measure v on R"™ with
support equal to the tropical variety val(X3") such that vy, 2 v as a weak limit of Borel measures.
If we endow L with a canonical metric || |, then we have v = deg; (X))~ val.(c1((L|x, || |I,))"%).

Note that this statement is only useful if we have the positivity of v from the
explicit description in Theorem 1.1. The tropical equidistribution theorem follows from the
equidistribution theorem

1 w 1 Ad

- - . s = (L 1

ot 2 O gyt 1)
on X2". For an archimedean place v of a number field K and for a metrized ample line bundle
with positive curvature on a smooth projective variety, the equidistribution (1) was proved by
Szpiro, Ullmo and Zhang [SUZ97]. This was generalized by Yuan [Yua08, Theorem 5.1] to semi-
positively metrized ample line bundles on projective varieties over a number field and also to
non-archimedean places. In [Gub08a, Theorem 1.1], Yuan’s generalization was proved in the
function field case.

The potential applications of the tropical equidistribution theorem are related to the
Bogomolov conjecture. The latter claims that the Néron—Tate height has a positive lower bound
on X (K) outside an explicit exceptional set. In the number field case, the Bogomolov conjecture
was proved by Ullmo [UlI98] for curves and by Zhang [Zha98] in general. The main tool was
the archimedean version of (1). For function fields, the Bogomolov conjecture is still open.
In [Gub07b], it was proved for abelian varieties which are totally degenerate with respect to a
place v. The proof relied on the tropical equidistribution theorem for totally degenerate abelian
varieties [Gub07b, Theorem 5.5]. For an arbitrary abelian variety, it is clear that the tropical
equidistribution theorem cannot imply the Bogomolov conjecture since the dimension of the
tropical variety may decrease. However, it is plausible that it can be used once the case of
abelian varieties with everywhere good reduction is understood.

1.2 Terminology

In A C B, A may be equal to B. The complement of A in B is denoted by B\ A . The zero is
included in N and in R,.

All occurring rings and algebras are commutative with 1. If A is such a ring, then the group
of multiplicative units is denoted by A*. A variety over a field is a separated reduced scheme of
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finite type over that field. However, a formal analytic variety is not necessarily reduced (see §2).
For the degree of a map f: X — Y of irreducible varieties, we use either deg(f) or [X :Y].

Let Y be a variety over a field. Following [Ber99, §2], we use the following canonical
stratification of Y. We start with Y(© :=Y. For r e N, let YD) c Y be the complement
of the set of normal points in Y("). Since the set of normal points is open and dense, we get a
chain of closed subsets:

Yy=vYOoy@D 5y@ 5. ..5y06) >yt —g

The irreducible components of Y "M\ Y ("*+1) are called the strata of Y. The set of strata is denoted
by str(Y). It is partially ordered by S < T if and only if S CT. A strata subset is a union of
strata. A strata cycle is a cycle whose components are strata subsets.

Form € Z", let x™ := " - - - 2’ and |m| :=m; + - - - + my,. The standard scalar product of
u, u’ € R"is denoted by u - v’ := uju} + - - - + u,ul,. For the notation used from convex geometry,
we refer the reader to 4.4.

2. Analytic and formal geometry

In this section, we recall results from Berkovich analytic spaces and formal geometry. Our base
field K is algebraically closed with a non-trivial, non-archimedean complete absolute value | |,
valuation ring K° and residue field K.

2.1 The Tate algebra K(zxy, . .., x,) is the completion of K[z1, . .., z,] with respect to the Gauss
norm. Its elements are the power series in the variables z1, . . ., z,, with coefficients a,, € K such
that |am| — 0 for my + - - - + my,, — 0o. A K-affinoid algebra <7 is isomorphic to K(x1, ..., zpn)/I
for some ideal I in K(z1, ..., z,). The maximal spectrum Max(.2/) corresponds to the zero set
of I in the closed unit ball ]B” = {x € K" | max; |z;| <1}. The supremum semi-norm of & on
Max (/) is denoted by | [sup. We define

7°={aed ||alap <1}, 7 :={a€ o ||alsup <1}

and the finitely generated reduced K-algebra o7 := o7°/.c7°° (see [BGR84]).

2.2 For an affinoid algebra 7, the Berkovich spectrum X = .#(</) is the set of semi-norms p
on o/ with p(ab) =p(a)p(b), p(1) =1 and p(a) < |alsup for all a,b € o/. We use the coarsest
topology on X such that the maps p+ p(a) are continuous for all a € &/. The affine K-variety
X = Spec(«) is called the reduction of X. The reduction map X — X, p—p:={p < 1}/ o/,
is surjective. If Y is an irreducible component of X, then there is a unique &y € X with £y equal
to the generic point of Y. For details, we refer the reader to Berkovich[Ber90]. Note that our
definition of an affinoid algebra is the same as in [BGR84], but Berkovich calls them strictly
affinoid algebras.

2.3 A rational subdomain of X := .# (<) is defined by

X(Z) = e X @ <lg@li=1,...,r}
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where g, f1, ..., fr € &/ are without common zero. It is the Berkovich spectrum of the affinoid
algebra

%<;> =K& g1,y [ g(X)y; = fild=1,.5m),

where we use the description &/ = K(x)/I from 2.1.

More generally, one defines an affinoid subdomain of X as the Berkovich spectrum of an
affinoid algebra characterized by a certain universal property (see [BGR84, 7.2.2]). By a theorem
of Gerritzen and Grauert, an affinoid subdomain is a finite union of rational domains. For more
details, we refer the reader to [BGR84, ch. 7] and [Ber90, §2.2].

2.4 An analytic space X over K is given by an atlas of affinoid subdomains U = .#(<7). For
the precise definition, we refer the reader to [Ber93, §1] (where they are called strictly analytic
spaces).

2.5 The formal topology on X = .# (/) is given by the preimages of the open subsets of X with
respect to the reduction map. This quasi-compact topology is generated by affinoid subdomains
and hence we get a canonical ringed space called a formal affinoid variety over K, which we
denote by Spf(«7). By definition, a morphism of affinoid varieties over K is induced by a reverse
homomorphism of the corresponding K-affinoid algebras (see [Bos77] for details).

A formal analytic variety over K is a K-ringed space X which has a locally finite open atlas
of formal affinoid varieties Spf(<7) over K called a formal affinoid atlas. The generic fibre X"
(respectively the reduction X) is locally given by .# () (respectively Spec(47)). By 2.2, we
get a surjective reduction map X*" — i, x — . For every irreducible component Y, there is a
unique &y € ¥ such that &y is the generic point of Y.

2.6 An admissible K°-algebra is a K°-algebra A without K°-torsion isomorphic to
K°(x1,...,xy,)/I for an ideal I. An admissible formal scheme 2 over K° is a formal scheme
over K° which has a locally finite atlas of open subsets Spf(A4;) for admissible K°-algebras A;
(see [BL93a, BLI3b] for details).

The special fibre 2 of 2 is a scheme over K locally given by Spec(fll-). It is locally of finite
type over K and not necessarily reduced. The latter is in sharp contrast to the reduction of
formal analytic varieties. These categories are related by the following functors.

The formal analytic variety 27" associated to 2" is locally given by Spf(<%) for the
affinoid algebra 7% := A; ®xo K. The canonical morphism (2 2")"— 2" is finite and surjective
(see [BL86, §1]).

The generic fibre of 21721 is also called the generic fibre of 2 and is denoted by 2 ". Note
that 27172 and 22 are equal as a set but 2" has a finer topology. Using composition of
the reduction map for 27 1=2" (see 2.5) with the canonical morphism above, we get a surjective
reduction map 7: X — X .

If X is a formal analytic variety over K given by the formal affinoid atlas Spf(<7), then the
associated formal scheme XI5 is locally given by Spf(°).

It is often useful to flip between formal analytic varieties over K and admissible formal
schemes over K°. This is possible because the functors 2 — 22" and ¥ — XI5 give an
equivalence between the category of admissible formal schemes over K° with reduced special

fibre and the category of reduced formal analytic varieties over K. Moreover, the canonical map
(Zf=any"— 27 is an isomorphism. For details, see [BL86, § 1] and [Gub97, §1].
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2.7 For a scheme X of finite type over a subfield K of K, there is an analytic space X?"
over K associated to X. The construction is similar to that for complex varieties. Moreover,
most algebraic properties hold also analytically and, conversely, there is a GAGA principle. For
details, we refer the reader to [Ber90, 3.4].

If X is a flat scheme of finite type over the valuation ring K° with generic fibre X, then the
associated formal scheme X over K° is obtained by the m-adic completion of X for any w € K
with |7| < 1. The special fibre of X is the base change of the special fibre of X to K. The generic
fibre X" is an analytic subdomain of X®* such that X*"(K) = X (K°). If X is proper over K°,
then X" = X2 For details, we refer the reader to [Gub07a, 2.7].

For convenience of the reader, we summarize here the notational policy of the paper: X
denotes a flat algebraic scheme over K° 2 is used for an admissible formal scheme over K°
and X denotes a formal analytic variety over K. The generic fibre in any case is usually denoted
by X.

3. Chambert-Loir’s measures

In this section, K denotes an algebraically closed field which is complete with respect to the
non-trivial, non-archimedean absolute value | |. Let K be a subfield of K such that the valuation
v:=—log| | restricts to a discrete valuation on K. We will assume, as in our applications later
on, that varieties are defined over K and we will perform analytic considerations over K using 2.7.

First, we will characterize admissible metrics on a line bundle by their fundamental properties.
As in Arakelov geometry, metrics associated to K°-models are admissible and we want to include
also canonical metrics on an abelian variety. Then we will recall the basic properties of Chambert-
Loir’s measures with respect to line bundles endowed with admissible metrics. These analogues
of top-dimensional wedge products of first Chern forms were introduced in [Cha06] and later
generalized in [Gub07a].

3.1 We recall some facts about metrics on line bundles. Let X be a proper scheme over K and
let L be a line bundle on X. We consider metrics || ||, || ||" on L which are continuous with
respect to the analytic topology on L#". Then we have the distance of uniform convergence

dll I 11 = Sup log([ls ()| /1ls(x)1")]-

The definition is independent of the choice of a non-zero s(z) € L.

3.2 A formal K°-model of X is an admissible formal scheme over K° together with an
isomorphism 22" = X*". A formal K°-model of L on % is a line bundle . on 2 together
with an isomorphism 2" & [,

For notational simplicity, we usually ignore the isomorphism between the generic fibre 22"
and X?". We simply identify 272" with X?".

An algebraic model X of X over the discrete valuation ring K° of K is a scheme X which is
flat and proper over K° and which has generic fibre (isomorphic to) X. We will also use formal
K°-models for analytic spaces and line bundles in the same sense as above.

Example 3.3. If £ is a formal K°-model of L on 27, then the associated formal metric || || o
on L is defined in the following way: if % is a formal trivialization of ¢ and if s € (%, %)
corresponds to v € O (%), then ||s(x)|| = |y(x)| on %*". Obviously, || ||, is continuous and
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independent of the choice of the trivialization. By 2.7, every algebraic model of L over K°
induces a formal K°-model and hence an associated formal metric.

ProPOSITION 3.4. For every line bundle L on a proper scheme X over K, there is a set g}(L)
of continuous metrics on L®*" with the following properties:
(a) if || ||; is a 8% (L;)-metric for i = 1,2, then || ||, ® || |l is a §% (L1 ® La)-metric;
(b) for any n € N\{0}, a metric || || on L is a §% (L)-metric if and only if || |*" is a g% (L)®"-
metric;
(c) if:Y — X is a morphism of proper schemes over K and || || is a §% (L)-metric, then o*| ||
is a gy (¢* L)-metric;
(d) if ¢ is also surjective and || || is any metric on L such that ¢*|| || is a gy-(¢* L)-metric, then
| || is a g% (L)-metric;
(e) the set (L) is closed with respect to uniform convergence;

(f) if & is a formal K°-model of L with numerically effective reduction ., then the associated
formal metric || || o is in g% (L).

Proof. See [Gub03, Remark 10.3 and Proposition 10.4]. O

3.5 Taking the intersection over all possible Q}(L) in Proposition 3.4, we get a smallest set of
continuous metrics on L*" satisfying the properties of Proposition 3.4. Such a metric is called a
semi-positive admissible metric. A (continuous) metric || || on L?" is called an admissible metric
if and only if there is a surjective morphism ¢ : X’ — X of proper schemes over K, line bundles
M, N on X' with p*(L) = M ® N~! and semi-positive admissible metrics || |1, || |, on M, N
such that ¢*[| [ = I,/] I

ProOPOSITION 3.6. Admissible metrics of line bundles on a proper scheme X over K have the
following properties.

(a) The tensor product of admissible metrics is again admissible.

(b) The dual metric of an admissible metric is admissible.

(¢) The pull-back of an admissible metric with respect to a morphism ¢ :Y — X of proper
schemes over K is an admissible metric.

(d) Every formal metric is admissible.

Proof. The base change of a proper surjective morphism is again proper and surjective, which
proves easily (a) and (c). Property (b) is trivial and (d) follows from [Gub03, Proposition 10.4]. O

Ezample 3.7. Let L be a line bundle on an abelian variety A over K. We will define a canonical
metric on L and then we will show that it is admissible.

We choose a rigidification p of L, i.e. p € Lo(K)\{0}. We assume first that L is even. Then
the theorem of the cube yields a canonical identification [m]*(L) = L™ of rigidified line bundles
for every m € Z. There is a unique bounded metric || ||, on L such that for all m € Z, we have

[m]* || I, =l ||§m2. In fact, a variation of Tate’s limit argument shows that
. * 1/m?
I 1l,= tim ]| o
for every continuous metric || || on L*" (see [BGO6, Theorem 10.5.7]). If L is odd, then the same

applies with m? replaced by m. Since any line bundle on A is the tensor product of an even one
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with an odd one, unique up to 2-torsion, we get a canonical metric || || , on every rigidified line
bundle (L, p) of A.

A metric || || on L is said to be canonical if there is a rigidification p of L such that || || is equal
to || ||,- A canonical metric is unique up to positive rational multiples [BG0O6, Remark 9.5.9] and
we usually denote it by || ||can. We claim that || ||can is admissible.

To see this, we assume first that L is ample and even. By Proposition 3.4(f), there is a semi-
positive admissible metric || || on L. Then Proposition 3.4(b) and (2) yield that || ||can is a
semi-positive admissible metric. If L is just even, then there are ample even line bundles M, N
on A with L= M ® N~! and we deduce that || ||can is admissible from the special case above
and from Proposition 3.6.

If L is odd, then L is algebraically equivalent to 0. By definition, the latter means that we
have K-rational points P and Py on an irreducible smooth projective curve C' over K and a
correspondence E in C' x A such that the line bundle associated to the divisor E([P] — [Py])
is isomorphic to L. Here, we use E([P]— [P]) = (p2)«(E.pi([P] — [P])), where p; are the
projections of C' x A. There are semi-stable K°-models 4 and .o/ of C and A (for curves, this
is well known and, for abelian varieties, see Examples 7.2 and 7.4). They are defined over the
valuation ring F° of a finite extension F' over the completion K,. More precisely, there are semi-
stable algebraic F°-models C and A of Cr and Ar such that the associated formal schemes over
K° are ¥ and o7, respectively (see 2.7).

There is a divisor D on C with horizontal part [P] — [Py] and whose vertical part has rational
coefficients such that the intersection numbers D - Y are 0 for all irreducible components Y of C.
There is an F°-model Z of C' x A with K°-morphisms p; : Z — C and p3 : £ — A (extending the
corresponding projections) such that the correspondence E extends to a correspondence £ of Z.
We define £(D) := (p2)«(E.p7(D)) as a Q-divisor on A. It is well known that £(D) induces the
canonical metric || ||.,, of L. More precisely, if N is a common denominator for the coefficients
of the vertical part of D, then the line bundle associated to the divisor £(D) induces a formal
K°-model of L&V and || ||?f£1[ is the associated formal metric. Moreover, we deduce that || ||,

is a semi-positive admissible metric. For more details about these constructions, we refer the
reader to [Gub03, Theorem 8.9 and Example 10.11].

If L is any line bundle on A, then we deduce that || ||
special cases above.

is admissible by linearity and by the

can

In non-archimedean analysis, no good definition of Chern forms of metrized line bundles
is known. However, Chambert-Loir has introduced a measure which is the analogue of top-
dimensional wedge products of such Chern forms.

PrOPOSITION 3.8. There is a unique way to associate to any d-dimensional geometrically

integral proper variety X over K and to any family of admissibly metrized line bundles L1, . . . , Lq
on X a regular Borel measure c1(L1) A+ -+ Aci(Lqg) on X® such that the following properties
hold.

(a) c1(L1) A -+ Aci(Ly) is multilinear and symmetric in Ly, . . ., Lg.

(b) If ¢: Y — X is a morphism of d-dimensional geometrically integral proper varieties over K,
then

pulcr(@™Ly) A -+ Aer(p™La)) = deg(p)er(Ly) A+ - Aci(La).
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(c) If the metrics of Ly, . . ., Lq are semi-positive and g € C(X®), then

/an gCl(Ll) VANKI /\Cl(fd)

(d) If 2 is a formal K°-model of X with reduced special fibre and if the metric of L; is induced
by a formal K°-model Z; of L on 2 for every j=1,...,d, then

Cl(fl) JANRIERAN Cl(fd) = Z degjl,m,jd(y)afya
Y

< |glsup degy, . 1, (X).

where Y ranges over the irreducible components of 2" and ¢y is the Dirac measure in the
unique point £y of X" which reduces to the generic point of Y.

(e) If Ly, ..., Lq are endowed with semi-positive admissible metrics || |;, then p=c (L) A
-+~ Ae1(Lq) is a positive Borel measure with u(X*) =degy, 1 (X).
(f) If we endow the set of positive regular Borel measures on X*" with the weak topology and

if we fix the line bundles L1, ..., Lg on X, then c1(L1) A --- Aci(Lg) is continuous with
respect to the vector (|| ||y, ..., ||;) of semi-positive admissible metrics on Ly, ..., Lq.

Proof. For existence, we refer the reader to [Gub07a, § 3]. Uniqueness for formal metrics is clear
by (d). The general case will be skipped. It follows from a repeated application of the minimality
of semi-positive admissible metrics in 3.4. O

3.9 We consider a d-dimensional geometrically integral closed subvariety X of the abelian variety
A and canonically metrized line bundles Ly, ..., Ly on A. Then p:=ci(Llx)A---c1(L]x) is
called a canonical measure on X. It does not depend on the choice of the canonical metrics.
Moreover, if one line bundle is odd, then p =0 (see [Gub07a, 3.15]).

Remark 3.10. By finite base change of K and then using linearity in the irreducible components,
we may extend Chambert-Loir’s measures to all proper schemes X over K of pure dimension d.

4. Raynaud extensions and Mumford models

In this section, K denotes an algebraically closed field with a non-trivial, non-archimedean
complete absolute value | |, valuation v := —log | | and value group I'. We fix an abelian variety
A over K.

First, we recall some results of Bosch and Liitkebohmert about the Raynaud extension of A.
To simplify the exposition, we will replace cubical line bundles by the use of metrics. Then we
explain Mumford’s construction, which gives an admissible formal K°-model & associated to
certain polytopal decompositions of R"™. Moreover, we will relate ample line bundles on A and
their models on &7 to affine convex functions. At the end, we will define the tropical variety of
a closed subvariety of A, which is a periodic polytopal set in R™.

4.1 To define the Raynaud extension of A, we will follow the rigid analytic presentation of Bosch
and Liitkebohmert [BLI1, § 1] and adapt it to Berkovich analytic spaces as in [Ber90, § 6.5]. There
is a formal group scheme @7 over K with generic fibre A; and a homomorphism A; — A?" of
analytic groups over K inducing an isomorphism onto an analytic subdomain of A*" such that
<7, has semi-abelian reduction. Moreover, 24 and the homomorphism A; — A*" are unique up
to isomorphism and hence we may identify A; with a compact subgroup of A?".
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It is convenient here to work in the category of formal analytic varieties, as we may identify
the objects with their generic fibres using a coarser topology (see 2.5). Since .2} has semi-stable
reduction, the special fibre is reduced and A; has the structure of a formal analytic group. Let
T} be the maximal formal affinoid subtorus in A;. Then semi-stable reduction means that there
is a unique formal abelian scheme % over K° with generic fibre B such that we have an exact

sequence

1-T1— A4, 5 B0 (3)
of formal analytic groups. Note that we may identify 77 with the compact analytic subgroup
{lz1] ="+ =|zn| =1} of T = (G}})?". The uniformization E of A is given as an analytic group by

E:=(A; xT)/Ty, where T} acts on Ay x T by t1 - (a,t) := (t1 + a, tl_l - t). Using the canonical
maps, we get an exact sequence
1-T—-E%LB—0 (4)

of analytic groups. The closed immersion 17 — A; extends uniquely to a homomorphism 7" —
A" of analytic groups and hence we get a unique extension of A; — A®*" to a homomorphism
p: E— A* of analytic groups. The kernel M of p is a discrete subgroup of E(K) and the
homomorphism E/M — A*" induced by p is an isomorphism. The exact sequences (3) and (4)
are called the Raynaud extensions of A. We will write the group structure on the uniformization £
multiplicatively. We call n the torus rank of A.

By [BGR84, Theorem 6.13], the formal abelian scheme A is algebraizable and the GAGA
principle shows that the same is true for the Raynaud extension (4).

There are two extreme cases of abelian varieties over K. First, we have abelian varieties of
good reduction at v, which means that the torus part T of the Raynaud extension is trivial. On
the other hand, we have the abelian varieties with totally degenerate reduction at v, which means
that the abelian part B of the Raynaud extension is trivial.

4.2 The Raynaud extension (3) is locally trivial, i.e. there is an open atlas T of =" by formal
affinoid varieties V' such that ¢} 1(V) =2V x Ty. This follows easily from the corresponding fact
for semi-abelian varieties applied to the reduction of (3) (see [BLI1, p. 655]). For every V, we fix
such a trivialization given by a section sy : V' — Aj. The transition functions gyw := sy — sy are
maps from VN W to Ti. As usual, we fix coordinates x1, ..., z, on T = (G}})*". The functions
x1,...,T, are defined on the trivialization V' x T of E by pull-back, but they do not extend
to E. However, the functions |z1|, ..., |z,| are well-defined on E independently of the choice of
the formal affinoid atlas ¥. Using p(z;) = |z;|(p), we get a well-defined continuous surjective map

val: E — R",  pr (=logp(z1), ..., —logp(zn)).
We will see at the end of this section that this map has similar properties as in tropical algebraic
geometry, where one considers the special case T'= F and where no abelian variety is behind the
construction. (In tropical algebraic geometry, this map is called the tropicalization map and it is
also denoted by val to emphasize that it is obtained on rational points by applying the valuation

to the coordinates.) Note that val maps the discrete subgroup M of A*" isomorphically onto a
complete lattice A in R [BL91, Theorem 1.2] and hence val induces a continuous surjective map

val: A% — R™/A.

We will construct in Example 7.2 a natural homeomorphism ¢ of R™ /A onto a compact subset
S(A) (called the skeleton) of A*". By [Ber90, §6.5], val o ¢ gives a proper deformation retraction
of A onto S(A).
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If x is an element of the character group T of T, then the units x~'(gyw) are transition
functions of a formal line bundle &) on 2. Obviously, sy induces a trivialization sy p(x) =
sy(x —b) +a of Ay for all a € A1 with ¢i(a) =0 and x € V +b. Hence, O, is a translation-
invariant line bundle proving that O, € Pic°(B) and the same argument shows that the special
fibre ﬁx € Pic°(4). The translation invariance of O, can also be seen from the fact that O, is
given by the formal group scheme extension of & by the formal multiplicative group obtained
from the push-forward of the Raynaud extension by the character y. We have the description

E = Spec (@ 0X>

xeT

of the Raynaud extension, which is easily obtained by using the Laurent series development on
the trivialization V' x T'. Note that ¢*O, is trivial on E with canonical nowhere vanishing section
e, given by the function x on the trivialization V' x T' of E. Additional information for this and
the next paragraph can also be found in the book by Fresnel and van der Put [FvdP04, ch. 6].

4.3 Next, we describe a line bundle L on A using the uniformization E. By A*" = E/M, we see
that p*(L*") is equipped with an M-action a such that L*" may be recovered from p*(L*") by
passing to the quotient with respect to a. There is a formal line bundle 7 on % with generic
fibre denoted by H such that ¢*(H) is isomorphic to p*(L*") (see [BL91, Proposition 4.4]). We
fix such an isomorphism to get the identification ¢*(H) = p*(L*"). Then ¢* () is a formal K°-
model of p*(L*") and, as in Example 3.3, we get a formal metric ¢*|| || ,, on p*(L*"). There is a
cocycle Z of HY(M, (R*)¥) such that

(" oy (W)ll#)ya = Zo (@)™ (g |w] )

for all ye M, z € EF and w € (p*L*"),. By the description of the action « given in [BL9I1,
Proposition 4.9], it is easy to deduce that Z,(x) depends only on val(z). For A € A, we get
a unique function z) : R™ — R with

aA(val(z)) = —log(Z, () (7€ M,z € B, A =val()).
Moreover, the same consideration shows that
za(u) =2)(0) + b(u, A) (ueR", Ae€A)

for a symmetric bilinear form b: A x A — Z. By [BL91, Theorem 6.13], L is ample if and only
if H is ample on B and b is positive definite on A. We note also that the bilinear form b is
trivial if L € Pic®(A) (use [BL91, Corollary 4.11]).

4.4 We now fix the notation used from convex geometry (see [Gub0T7a, §6.1 and Appendix A]
for more details). A polytope A of R" is called I'-rational if it may be given as an intersection of
half-spaces of the form {u € R" |m-u > ¢} for suitable m € Z" and c € I'. If I' = Q, then such
a polytope is called rational. The relative interior of A is denoted by relint(A). A closed face of
A is either the polytope A itself or is equal to H N A, where H is the boundary of a half-space
of R™ containing A. An open face of A is the relative interior of a closed face.

A polytopal decomposition of  C R™ is a locally finite family & of polytopes contained in §2
which includes all faces, which is face to face and which covers Q. A subdivision & of € is a
polytopal decomposition of € such that every A € € has a polytopal decomposition in Z.
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We use the quotient map R™ — R"/A, u+ U to translate the above notions. A polytope A in
R™/A is given by a polytope A in R™ which maps bijectively onto A. A polytopal decomposition €
of R™/A is a finite family of polytopes in R™/A induced by a A-periodic polytopal decomposition
€ of R™.

We define convex functions as in analysis (and not as in the theory of toric varieties). A convex
function f:R"™ — R is called strongly polyhedral with respect to the polytopal decomposition &
of R™ if the n-dimensional polytopes in & are the maximal subsets of R", where f is affine.

4.5 A T-rational polytope A induces a polytopal domain Ua :=val~}(A) of the torus T with
affinoid algebra

K(Up) := { Z amazy"t -

mezmn

lim v(am)—i-m-u—ooVueA}

|m|—o0
(see [Gub0T7a, Proposition 4.1]). We need the following generalization.

LEMMA 4.6. Let V be an affinoid variety with affinoid algebra ¢'(V'). Then every h € O(V x Up)
has a Laurent series development

h= Z amzy™t -z (5)

mezZmn

for uniquely determined ay, € 0(V') and the supremum semi-norm is given by

[hlsup =" sup |am|supe™™™. (6)
uceA,mezn
The supremum in (6) is a maximum achieved in a vertex u of A. If V' is connected, then h is
a unit in O(V x Up) if and only if there is mg € Z" such that |am,(y)x™°| > |am(y)x™| for all
x €Up, y €V and m # my.
Conversely, a Laurent series as in (5) is in O(V x Ua) if and only if —log||am|| + m - u tends
to oo for |m| — oo, where || || is any Banach norm on the affinoid algebra €'(V).

Proof. The description of 0(V x Ua) as the set of Laurent series (5) is a direct generalization
of [Gub0T7a, Proposition 4.1]. The proof follows the same arguments and will be omitted. It
remains to prove the characterization of the units.

If he O(V) has such a dominant term am,(y)x™°, then am, has no zeros on V and hence
Hilbert’s Nullstellensatz for affinoid algebras [BGR84, Proposition 7.1.3/1] shows that am, €
O (V)*. We may assume that mg =0 and ag = 1. Then we have h =1 — hy for hy € O(V x Up)
with |h1]syp < 1 and hence

oo
W'=Y " hl'e O(V x Un).
m=0
If h e O(V x Ua) has no such dominant term, then there are x € Ua, y € V and my # m; € Z"
with

m0|_

|, ()% |am, (Y)x™ [ = [P]sup-

Let u := val(x) and let W be the affinoid subdomain of V' x Ua given by val~!(u). It is isomorphic

to V x T for the affinoid torus T = {|z1| =---=|x,| =1} in T. Since the restriction of h to

W has no dominant term as well, we get h|y ¢ 0(W)* [BGR84, Lemma 9.7.1/1] and hence

hg OV x Ua)*. O
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4.7 Next, we define a formal K°-model & of A associated to a I'-rational polytopal decomposi-
tion € of R™/A. In the algebraic framework, this is a construction of Mumford [Mum?72] which
is useful for compactifying moduli spaces of abelian varieties (see [FC89]). We denote by & the
I'-rational A-periodic polytopal decomposition of R™ which induces €.

We choose a formal affinoid atlas T as in 4.2. For V € ¥ with trivialization ¢; (V) 2V x T}
and A € ¥, we define the affinoid subdomain

Uya:=q (V) Nval ' (A) 2V x Ua (7)

of E, where the term on the right is in the trivialization ¢=*(V) 22V x T. The sets Uy a form a
formal analytic atlas on E inducing a formal analytic variety &f=2" with corresponding formal
K°-model & of E. We note that & has a formal affine open covering by the sets %y, A := Uy, iy SCh.

We may assume that ¥ is closed under translation with elements of ¢(M). We may form the
quotient of &f~2" by M, leading to a formal analytic structure on A®". The associated formal
K°-model &7 of A (see 2.6) is called the Mumford model associated to €. It has a covering by
formal affine open subsets %]y, A obtained by gluing % (y),A4val(y) for all v € M. Obviously,
&/ is independent of the choice of T. Note that we have canonical morphisms ¢: & — % and
p: & — o extending the corresponding maps on generic fibres.

Recall that the strata of a variety were introduced in §1.2. The next result describes the
strata of the special fibre of a Mumford model.

PROPOSITION 4.8. Let &/ be the Mumford model of A associated to the I'-rational polytopal
decomposition € of R"/A. Let & be the formal K°-model of E associated to the polytopal de-
composition € of R™ which was used in 4.7 to construct <.

(a) The formal torus T; = Spf(Ko(ac1 L. .., 2fY) acts canonically on & inducing a (GI,)z-
action on the special fibre & .
(b) There is a bijective order reversing correspondence between strata Z of & and open faces
T of €. It is given by
T=val(r '(2)), Z=mn(val"!(7)),
where 7 : E — & is the reduction map. We have dim(Z) + dim(7) = dim(A).
(c) There is a bijective order reversing correspondence between strata W of o/ and open faces
T of €. It is given by
T=val(r (W), W=n(val (7)),
where 7 : A — &/ is the reduction map. We have dim(W) + dim(7) = dim(A).
(d) Every irreducible component Y’ of & is mapped isomorphically onto an irreducible comp-
onent Y of «/. By (c), we get a bijective correspondence between irreducible components

of &/ and vertices of €. Moreover, G:Y' — 2 is a fibre bundle whose fibre is a (G, ) -toric
variety.

Proof. By construction, T{~*" acts on &2 and (a) follows. To prove (b), we note that strata are
compatible with localization and hence we may consider a formal affinoid chart Uy A =V x Ua
as in (7). By [Gub07a, Proposition 4.4], it follows that the strata of U, A are the same as the
(Gyy,)g-orbits and they correspond to the open faces of A. The strata of UV A are the preimages
of the strata of Ua, leading to the desired correspondence. The other claims in (b) follow also
from the corresponding statements for Ua given in [Gub07a, Proposition 4.4].
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By (b) and the construction of <7, p maps a stratum of & isomorphically onto a stratum of
/ and hence (c) follows easily from (b). To prove (d), let u be the vertex of € corresponding
to the irreducible component Y’ by (b). Let A € ¢ with vertex u. In the trivialization (7), Y’
is given by V x YA u, where Ya 4 is the affine toric variety given by the local cone of A in u
(see [Gub0Ta, Proposition 4.4(d)]). If A ranges over ¢, we see that Y’ has over V the form
V' x Yy, where Yy, is the (G}),)z-toric variety given by the fan of local cones of the polytopes
A € € in the vertex u. This can be done for every V € T to cover Y’. We note that Y’ is the
union of the strata corresponding to the open faces 7 of ¢ with vertex u. Since Y is locally
isomorphic to Y and no gluing arises with respect to the M-action, we easily deduce (d). O

Remark 4.9. Let A € ¥ with relative interior 7. We denote by La the linear subspace of
R™ generated by A —u, u€ A. Then Na:=La NZ" is a complete lattice in LA and we
get a subtorus Ha of T = (G with HA(K) = Na ®7 K*. Tt follows from the above proof
and [Gub07a, Remark 4.8] that the stratum of & associated to 7 is a T /Ha-torsor over 2 with
respect to q.

4.10 Next, we describe K°-models of the line bundle L on A. They should be defined on a given
Mumford model o7 of A associated to the I'-rational polytopal decomposition & of R"/A. As
in 4.3, we choose a formal line bundle J# on % with ¢*(H) = p*(L®") on the uniformization E
of A such that L*" =¢*(H)/M on A*" = E/M and which leads to a cocycle z)(u) with respect
to A € A. We fix a formal affine atlas of # which trivializes the line bundle ## and which induces
a formal affinoid trivialization ¥ for ¢; : A1 — B.

PRrOPOSITION 4.11. There is a bijective correspondence between isomorphism classes of formal
K°-models . of L on &/ which are trivial over the formal open subsets %y, ), where A € ¢,V €
T, and continuous real functions f on R" satisfying the following two conditions.

(a) For A € €, there are ma € Z™ and ca € I' with f(u) =ma -u+ca on A.
(b) f(u+A) = f(u)+ zx(u) (A€ A,ueR").

Let || || be the formal metric of L associated to .Z (see Example 3.3). Then the corresponding
fv :R™ — R is uniquely determined by

fz oval=—logo (p*|| [/ |l [le), (8)

where the quotient of the metrics on ¢*(H) = p*(L*") is evaluated at any non-zero local section.

Proof. Let £ be a formal K°-model of L on A which is trivial on every %jy,aj. Using
the identification ¢*(H)=p*(L*"), we may view p*| | »/¢"|| ||, as a metric on Og. The
corresponding real function is obtained by evaluating this metric at the constant section 1.
Since formal metrics are continuous, the right-hand side of (8) is a continuous function on E.

Our first goal is to show that this function descends to R”, i.e. there is f¢ : R” — R with (8).
We choose a connected V € ¥ and A € €. By assumption, the formal affine open subset ¥ with
generic fibre V trivializes the formal line bundle 7, i.e. there is a nowhere-vanishing section
sy € D(¥, ). We may consider sy as a section of H|y with ||sy |l =1 on V. By assumption,
Z is trivial on %y, A] and hence there is a nowhere-vanishing section ¢y, € I'(V, L) with ||ty |2 =1
on Upy,a]- We apply Lemma 4.6 to the unit h:= g*(sy)/p*(ty) on Uy,a 2V x Ua; hence, there
are mpa € Z" and aya € O(V)* with

P L2/ a Il e = [hl = lav,ax™4| (9)
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on Uy,a. A priori, ma depends also on V' but, since the functions |z;| are well defined on E, it
follows easily from (9) that we may select ma independently from V € . We conclude that
lay.al = lawal on VAW for every V,W € Z. If we vary V € T keeping A fixed, we get a
formal K°-model ¢ of Op on %, given by trivializations ay,a € (V)*. Since the special fibre
% is smooth, the formal metric || ||, on Op induces a constant function ||1[lg (see [Gub03,
Proposition 7.6]). This means that |aya| is constant on V' and hence there is ap € K* with
lay.al = |aal| for all V € T. For « € Uy a, we conclude that |h(x)| in (9) depends only on val(x)
and hence there is a unique function f¢ with (8). Moreover, we have proved that (a) holds with
ca :=v(aa). Since € is a polytopal complex, it is clear that continuity of f¢ follows from (a).

Finally, we prove (b) for f. Let € E with val(z) = u and let v € M with val(y) = A. Then
(b) follows from

fz oval(y-x) = —log((P™|| [|£)v2/ (@]l [|¢)r2)

= —log((0*|| Il2)2/ (e[| | 0))
= fz(u) + 2x(u).
Conversely, let f:R™ — R be a continuous function satisfying (a) and (b). We define a metric
Il on p*(L*") = ¢*(H) by
— foval

1 /gl W =e

As a consequence of (b), || ||" descends to a metric || || g on L =p*(L*™)/M. It is uniquely
characterized by the property

foval =—=log(p™|| [ls/a" |l ll¢)- (10)

We choose mpa € Z" and ca €T from (a). There is ap € K* with cao =v(aa). For V €T and
A € ¢, the metric p*|| || is given on Uy a by

Pl /a7 e = laal - [x™2] (11)

as a consequence of (10). Using sy € I'(V, H) from above, we deduce that the nowhere-vanishing
section ty A = (aax™2)71 . ¢*(sy) € T(Uy.a, ¢*(H)) satisfies

pilitvally =1
on Uya. We may view (tya)ves,acy as a family of frames of L*" of constant || || ,-metric 1
and hence || ||, is the metric on L associated to a unique formal K°-model .Z of L [Gub98,
Proposition 7.5], as desired.

It remains to show that f £ is inverse to £+ f¢. Here, the same argument as for
[Gub07a, Proposition 6.6] applies. O

PROPOSITION 4.12. Let € be a I'-rational polytopal decomposition of R"/A with associated
Mumford model of of A over K° obtained from the formal K°-model & of the Raynaud
extension I as in 4.7. We assume that there is a K°-model £ of L on &/ as in Proposition 4.11
corresponding to the affine function fy. Let p:& — o/ be the quotient map. Then (p*.Z)" is
relatively ample with respect to the canonical reduction §: & — 28 if and only if f is a strongly
polyhedral convex function with respect to € (see 4.4).

Proof. Let u be a vertex of €. By Proposition 4.8, we get a corresponding irreducible component
Y/ of &. Moreover, we have seen that Y, is a fibre bundle over Z which is trivial over ¥ =V for
every V € ¥ with associated formal scheme 7" over K°. The fibre Z, of the bundle is the (G}},)gz-

toric variety associated to the local cones of the polytopes A € € with vertex u. We claim that
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the restriction of (p*.2) to the trivialization V x Z, is the pull-back of a line bundle on Z,,.
Indeed, the toric variety Zy, is given by pasting the family

(Ua)":= Spec(K[x52]),
where A is ranging over the polytopes of ¥ with vertex u and
%9 = {x™|meZ", v - m>0vu € A —ul.

For such a A, we use the presentation fg(u') =ma -u’ + ca from Proposition 4.11(a). If we
change the identification p*(L*") = ¢*(H), then || || o is replaced by a positive multiple and hence
we may assume that fe(u)=0. There is an € K* with caA =wv(aa). The functions aax™2 |y,
define a (GJ},)z-equivariant Cartier divisor D on Zy. Since ¢ is trivial over ¥ (see 4.10), we
deduce easily from Proposition 4.11 that 7*.% 7%z, 18 isomorphic to the pull-back of Og, (D)
with respect to the second projection.

The claim follows from the fact that D is ample if and only if f¢ is a strongly polyhedral
convex function in the vertex u [Ful93, §3.4]. O

4.13 Let X be a closed subscheme of A. Then the subset val(X?") of R”/A is called the tropical
variety associated to X.

We note the analogue to tropical algebraic geometry, where one studies the tropical variety
associated to an algebraic subvariety of G”,. However, the lift p~*(X?") of X to the Raynaud
extension F is only an analytic subvariety and hence our tropical varieties are best studied in
the framework of Berkovich analytic spaces (see [Gub07a] for details about tropical analytic
geometry).

PROPOSITION 4.14. The tropical variety val(X®") is a finite union of I'-rational polytopes in
R™/A of dimension at most dim(X). If X is connected, then the tropical variety is also connected.

Proof. Let F be the Raynaud extension of A and let ¥ be an atlas of trivializations of E over B
as in 4.2. We choose any I'-rational polytope A of R™ inducing a polytope A of R"/A and V € ¥.
The trivialization leads to Uy a 2V x Ua. By [Ber04, Corollary 6.2.2], val(Uy.a Np~1 (X)) is
a finite union of I'-rational polytopes in R™ of dimension at most dim(X). Since A*" is covered
by finitely many Upy,a], we conclude easily that val(X®") is a finite union of I'-rational polytopes
in R”/A of dimension at most dim(X). If X is connected, then X?" is also connected [Ber90,
Theorem 3.4.8]. By continuity of val, we see that val(X?") is also connected. O

THEOREM 4.15. Let X be a purely d-dimensional closed subscheme of A and let b be the
dimension of the abelian variety B of good reduction in the Raynaud extension (3) of A. Then
the tropical variety val(X®") is a finite union of I'-rational polytopes in R"/A of dimension at
least d — b and at most d.

Proof. By Proposition 4.14, there are I'-rational polytopes A1, ..., A € R"/A of dimension at
most d with val(X®") = A; U---UAy. We may assume that no polytope A; may be omitted in
this decomposition. We have to prove that dim(A;)>d —b. For u € val(X?"), it is enough to
show that the dimension of the polytopal set val(X?") in a neighborhood of U is at least d — b.

We choose a lift u of @ to R™ and an n-dimensional I'-rational polytope A with u € relint(A).
Using the notation of the proof of Proposition 4.14, we choose V € ¥ such that u € val(Xy )
for Xya:=Upyan p~1(X?). The claim follows now from the following more general result.
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LetY be any closed analytic subvariety of Uy a of pure dimension d such that u € val(Y') and
let N be the dimension of val(Y') in a neighborhood of u. Then we have N >d — b.

The proof is by induction on N and follows as in [Gub07a, Proposition 5.4]. If N =0, then
we may assume that val(Y) ={u} by passing to a smaller A. By our choice of V, we have
the trivialization Uy a =2V x Ua, where Ua is the polytopal domain in (G}, )*" associated to A.
Passing to the associated admissible formal affine K°-schemes, we get %A =7 x %a. By abuse
of notation, we will use the projection py also on %y a. Let % be the closure of Y in %y .
By [Gub07a, Proposition 4.4], the open face 7 := relint(A) induces the stratum Z, := w(val~1(7))
of UA of dimension n — dim(7) =0, where 7 : Up — UA is the reduction map. Now we use that
mopi" =pgomonY and that the reduction 7 on the right-hand side is a surjective map from Y
onto the special fibre % (see 2.6). We conclude from val(Y) = {u} that pis maps & to the closed
point Z,. Since Y is of pure dimension d, the same is true for the special fibre # and hence we
get

d < dim(p, 1(Z,)) < dim(¥) =b.

This proves the claim for N = 0.

Now we prove the case N > 0. By [Ber04, Corollary 6.2.2], val(Y') is a finite union of I'-
rational polytopes. We conclude that u is contained in an N-dimensional I'-rational polytope
o C val(Y). Note that any point u’ € o contained in a sufficiently small neighborhood of u has also
local dimension N. By density of Y (K) € Y*" [Ber90, Proposition 2.1.15], we find such an u’ with
u’ = val(y) for some y € Y (K). Moreover, we may assume that u’ has an n-dimensional T'-rational
polytope A’ as a neighborhood such that A’ Nval(Y) = A’ No. There are @ € K and m € Z" such
that the hyperplane H = {x™ = a} passes through y and such that val(H*") = {w -m=v(a)}
intersects val(Y) N A’ transversally. By Krull’'s Hauptidealsatz, the closed analytic subvariety
Y : =Y N H* NUyar of Uyar has pure dimension d — 1. We deduce from

val(Y') Cval(Y) N{w-m=v(a)} N A/,

that val(Y”) has dimension N’ < N — 1 in a neighborhood of u’. By induction applied to Y, we
get N—1>N'>d—1—b, proving the claim. O

Remark 4.16. We now assume that X is an irreducible d-dimensional closed subvariety of A.
In the preprint [Gub08b] of this paper, it was claimed in Theorem 4.15 that val(X?") is of pure
dimension. As pointed out by the referee, the argument was based on a wrong application of
Chevalley’s theorem, which does not hold in the category of analytic spaces, and so this question
remains open.

However, if A is isogeneous to By X Ba, where By (respectively By) is an abelian variety with
good (respectively totally degenerate) reduction at v, then val(X®®) has indeed pure dimension
d — e for some e € {0, min(b, d)}.

To prove this, let ¢p: A— B; X By be an isogeny. By [BL91, Theorem 1.2], ¢ lifts to an
isogeny ¢ : E — B x (G})*" between the associated uniformizations of the Raynaud extension.
Obviously, (G]},)*" is also the torus part in the Raynaud extension of A and ¢ restricts to an
isogeny (G}1)*" — (GI*,)®". On the other hand, an (analytic) endomorphism of G}, is given by
¢*(x;) =x™ for some m; € Z", j=1,...,n. We conclude that the linear isomorphism ¢@,g,
given by the matrix (my, ..., m,)!, maps val(X?®") onto val(¢(X)*"). Hence, we may assume
that A= B; x Bg. Let pa : A — Bs be the second projection. Then Y = po(X) is an irreducible
closed subvariety of By of dimension d — e for some e € {0, min(b, d)} with b= dim(B;). By
construction, we have val(X®") = val(Y®") and hence the claim follows from the fact that the
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tropical variety of an irreducible d’-dimensional closed subvariety of a totally degenerate abelian
variety has pure dimension d’ (see Theorem 4.15 or [Gub07a, Theorem 6.9]). O

5. Subdivisions of the skeleton

In this section, K denotes an algebraically closed field endowed with a non-trivial, non-
archimedean complete absolute value | |. Let v:= —log| | be the valuation with value group
I :=v(K*), valuation ring K° and residue field K.

A smooth variety X’ over K has not always a smooth formal K°-model and hence we study
a strictly semi-stable K°-model 2. Its special fibre 2"/ may be viewed as a divisor with normal
crossings on 2. The skeleton of 2™ is a metrized polytopal set of (X')** closely related to the
stratification of 2. We will see that the skeleton has similar properties to a tropical variety.

We will study the effect of subdivisions on the models. In particular, this is interesting if X’
maps to an abelian variety. The most important result of this somehow technical section is at
the end, where we will compute the degree of an irreducible component of 2 in this setting
under a certain transversality assumption. In the next section, this result is used to compute
canonical measures on abelian varieties.

5.1 Let 2" be a strictly semi-stable admissible formal scheme over K°, i.e. 2" is covered by
formal open subsets %’ with an étale morphism

U — S =Spt(K°(x(), ..., xh) /{xfy - - @) — 7))

for r <n and 7 € K* with || < 1. The generic fibre U’ of %' is smooth and hence the generic
fibre X’ of 2" is a smooth analytic space. For simplicity, we assume that X’ is connected. Then
X' is d dimensional, but r and 7 may depend on the choice of %’.

Note that . = Spf(K°(x(, . . ., 2,.) /(xq - - - 2. — 7)) x Spf(K°(x]. 1, ..., 2})). Fori=1,2, we
denote the ith factor by .#; and the corresponding projection by p; : ¥/ — .%;. The second factor
% is the affine formal scheme associated to the closed unit ball of dimension d — r. The first
factor .7 is isomorphic to the affine formal scheme over K° associated to the polytopal domain
Ua in G}, where A is the simplex {u}] +- - - 4+ u; <v(m)} in R,

We will use the strata of the special fibre 2", which were introduced in §1.2. We will always
normalize the formal open covering as in the following proposition. The reason will become clear
in the construction of the skeleton.

PROPOSITION 5.2. Any formal open covering of 2" admits a refinement {%'} by formal open
subsets %' as in 5.1 and which has the following properties.

(a) Every %' is a formal affine open subscheme of 2.

(b) There is a distinguished stratum S of 3&2’ associated to %' such that, for any stratum T of
2", we have S C T if and only if ' N'T # .

(¢) »~1({0} x ) is the stratum of %' which is equal to %' N S for the distinguished stratum
S from (b).

(d) Every stratum of 2" is the distinguished stratum of a suitable %"

Proof. We start with the formal open covering {%'} from 5.1. We will refine it successively to
get the claim. First, we may assume that the covering is a refinement of the given formal open
covering of 2”. Let P be any point of 2~ and let S be the stratum of 2~ which contains P.
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There is a %' with P € %’'. We remove from %' the closure of all strata T of 2" with S NT = 0.
Note that the closure of a stratum in 2 is a strata subset (see [Ber99, Proposition 2.1]) and
that the closures of two strata are either disjoint or one closure is contained in the other. Hence,
we get from %’ a formal open subset which contains P and which has property (b) for our S.
By passing to a formal affine open subset containing P, we get also (a). If we do this for every
point P, we get a formal open subcovering with properties (a), (b) and (d). So, we may assume
that the covering {%'} satisfies (a), (b) and (d). We will show that this implies (c).

By [Ber99, Lemma 2.2], the restriction of ¢ to a stratum of %’ induces an étale morphism
to a stratum of .% and hence the preimage of a stratum of . is a stratum of %’. We conclude
that ¢~ ({0} x %) is the union of d — r-dimensional strata S; of %’. Let S be the distinguished
stratum of 2" associated to %’. By (b), S is contained in the closure of every ;. Since {0} x %
is a closed stratum of .%, ¢(S N %') is contained in {0} x .%5. This proves S = S; for some i.
By dimensionality reasons, we get S = S; for every i, proving (c). O

5.3 Next, we describe the skeleton of a strictly semi-stable formal scheme 27 over K°. For
details, we refer the reader to [Ber99, §4], [Ber04, §4] and [Gub07a, 9.1].

We start with the model example . from 5.1. Replacing z(, by 7/(z] - - - x}), every analytic
function f on .*" has a unique representation as a convergent Laurent series of the form

f= 2 X am)™ @)

mi,....Mp €L Myp41,...,mgEN

' <wo(m)}, we get an element &, € /2"

For every u in the simplex A:={ueR’ |uj+ - -+u
using the bounded multiplicative semi-norm

6l = g e
m

We define the skeleton of . as {£, |u € A}. It is a closed subset of .*" homeomorphic to A.
To omit the preference of the coordinate z), it is better to identify the skeleton of ./ with the
simplex {uf + - - - + u/. = v(m)} in R}

Next, we consider a formal open subset %’ of 2" as in Proposition 5.2. Then the skeleton
S(%") of 7' is defined as the preimage of the skeleton of . with respect to the morphism 2" It
is a closed subset of the generic fibre U’ of %’. Using Proposition 5.2(b), one can show that ¢*"
induces a homeomorphism of S(%") onto the skeleton of .. Using the above, we may identify
S(%') again with the metrized simplex {uf + - - +u, = v(r)} in R}, This is independent of
1 up to reordering the coordinates uy, . . . , ul..

Finally, the skeleton S(2Z”) of 2" is the union of all skeletons S(%"). Berkovich has shown
that S(Z") is a closed subset of the generic fibre X’ which depends only on the formal model .27,

but neither on the choice of the formal covering {%’} nor on the choice of the étale morphisms ).

The skeleton S(Z”) has a canonical structure as an abstract metrized simplicial set, which
reflects the incidence relations between the strata of 2”: for every stratum S of codimension r,
there is a canonical simplex Ag in S(Z”') defined in the following way. We choose a formal affine
open subset %' as in Proposition 5.2 such that S is the distinguished stratum associated to %’.
Then we define Ag as the skeleton of %’. It is easy to see that Ag does not depend on the
choice of %’ and hence we may identify Ag with the simplex {uf + - - +ul. =v(7)} in R}
The canonical simplices have the properties:
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(a) the canonical simplices (AS)SES&(%,) cover S(27);

(b) for S e s‘m:(ﬁ&; "), the map T — Ar gives a bijective order reversing correspondence between
T € str(2”) with S CT and closed faces of Ag;

(c) for R, S estr(2”), Agr N Ag is the union of all Ap with T € str(2”) and T D> RU S.

There is a continuous map Val: X' — S(2") which restricts to the identity on S(Z”). It is
enough to define it for p € U’, where U’ is the generic fibre of a formal affine open subset %' as
above. Using the identification Ag = {uf, + - - - + u,. = v(m)}, we set

Val(p) := (~log o p(¢"(x()), . . ., —log o p(¥*(2}.))) € As.

By [Ber99, Theorem 5.2], the map Val gives a proper strong deformation retraction of X’ to the
skeleton S(.27).

5.4 It would be tempting to call the family of canonical simplices a polytopal decomposition
of S(Z"). However, we note that the family is not necessarily face to face; only the weaker
property 5.3(c) holds instead.

In the following, we now consider a I'-rational polytopal subdivision 9 of S(Z""). This means
that & is a family of I'-rational polytopes, each contained in a canonical simplex, such that
ZNAs:={Ae€P|ACAg} is a polytopal decomposition of Ag for every S € str(Z”).

PROPOSITION 5.5. There is a coarsest formal analytic structure X” on X' which refines (2')f~a»
in such a way that Val™'(A) is a formal open subset for every A € 9.

Proof. Let S € str(2Z”) and let U’ be the generic fibre of a set %’ as in Proposition 5.2. We note
that such sets U’, for varying S, form a formal affinoid atlas of (2”)f=2". To prove the claim, it
is enough to show that the sets

(U/ ﬂValfl(A))Ae@mAs (12)

define a formal affinoid atlas on U’. The polytope A€ 2N Ag is given by finitely many
inequalities of the form m-u’ +v()\) >0 for some m € Z"™"! and A € KX. In terms of the
semi-stable coordinates x, ..., x. of U’, the subset U’ N Val™}(A) is given by finitely many
inequalities of the form |[A*(x")™|< 1 and hence it is an affinoid subdomain of U’. This
description yields easily that (12) is a formal affinoid atlas of U’, proving the claim. a

Remark 5.6. Let %' be a formal open subset of 2" as in Proposition 5.2 with étale morphism
VU — .. The generic fibre U’ is a formal open subset of the formal analytic variety X” from
Proposition 5.5 and we write suggestively U’ N X” for the formal analytic structure on U’ induced
by X”.

Let S be the distinguished stratum of 2" associated to %'. The first factor .%; from 5.1 is the

formal scheme over K° associated to the polytopal domain val ™' (Ag) in {x' € GIF! |z} - - 2l =

T
v(m)}.

The polytopal decomposition Z N Ag of Ag leads to a formal analytic refinement of ylf_an
inducing an admissible formal scheme .# over K° and a canonical morphism ¢ : . — %
extending the identity from the generic fibre. By base change, we get a morphism ¢:.¥" — .&
with the same property. Note that ./ = . x .# has reduced special fibre (see 2.6).

Since the base change ¢/ : " — .’ of 1 with respect to ¢ is étale, " has also reduced
special fibre (see [GD67, 17.5.7]). By 2.6, %" is an admissible formal scheme over K° associated
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to a formal analytic variety. By the proof of Proposition 5.5, the latter is U’ N X" and hence
%II — (U/ N %/I)f—sch.

In the following, 2" denotes the admissible formal K°-scheme associated to X” and hence
we may identify the special fibre %" with the reduction 2" (see 2.6). Since Z is a polytopal
subdivision of the skeleton, the identity is a formal analytic morphism X” — (.2”)'=®" and hence
we get a unique morphism /' : 27 — 2" extending the identity on the generic fibre.

Recall that the order on the strata is given by inclusion of closures. Similarly, we define an
order on the open faces of .

PROPOSITION 5.7. Let X" be the formal analytic variety associated to 9 as described in

Propo~s/1;t1'on 5.5. Then there is a bijective correspondence between open faces T of & and strata
R of X, given by

R=n(Val™Y(1)), 7= Val(z71(Y)), (13)

where 7 : X' — X" is the reduction map and Y is any non-empty subset of R.

Proof. Let T be an open face of 2. We have to prove that R := 7(Val™1(7)) is a stratum of z.
There is a unique S € str(2”') such that 7 is contained in relint(Ag). We choose a formal affine
open subset %' as in Proposition 5.2 such that S is the distinguished stratum associated to %'.
Note that strata are compatible with localization and hence we may assume that 2”7 = %’. By

Remark 5.6, we have a cartesian diagram of admissible formal schemes over K°:

Y Py
%// S y! > yll

T
7ty P
with ¢ and ¢’ étale. Let ¢ :=p; o ¢ and ¢} :=p| o 9.
The idea of the proof is to use ¥; to reduce the claim to the corresponding statement for
the polytopal domain .#; in G”,. We describe this result here in terms of the torus G’.F! and in
terms of the valuation map

val: (G2 R pis (—log o p(zf), . . ., —log o p(z].))

to omit the preference of the first coordinate. By [Gub07a, Propositions 4.4 and 4.7], there is a
bijective correspondence between open faces o of & (which is a polytopal decomposition of Ag =
{fueR™ | uf + - +u.=v(r)} by the assumption %’ = 2”) and strata T] of .7/, given by

T) = n(val ' (o) N7, o =val(r 1 (T})), (14)

where 7 : 72 = (#])* — .| denotes the reduction map. In fact, one can replace T] in the
second formula of (14) by any non-empty subset of 7]. To see this, note that the formal affinoid
subtorus D = {|xg| =+ - - = |z,| =1, 79 -+ - 2, = 1} of G ! acts on .72 and this extends to an
action of the formal torus on .#]. The strata of ./ are the same as the torus orbits. We conclude
that D acts transitively on the set {w~'(P)| P € T}(K)}. Since the map val is invariant under
the D-action, we conclude that val(z—1(T7)) = val(z—'(P)) for any K-rational point P of T7.
Note that we may use base extension to make any non-closed point rational; therefore, since the
map val is invariant under base extension, we conclude that val(z—'(77)) = val(z—*(P)) holds
for any (i.e. not necessarily closed) point P of T}. This proves the second formula in (14) with
T} replaced by any non-empty subset.
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Now let 7] be the stratum of 5”1 corresponding to the given open face 7. Obviously,
T = (7)1 (T}) =T} x .75 is a stratum of ' =.%] x 4. We would like to prove that the
preimage of T with respect to w’ is equal to R. Using (14), we first note that

(@) HT") = (@) (w(val (1) NF). (15)
Next, we prove the following formula:
(1)~ (w(val = (1) ™)) = m((@") ! (val ! (7)), (16)

The inclusion ‘D’ follows immediately from 7o ¢{" = 1[)1 om. Here, we have used that ¢j" =
(4})*. To prove the reverse inclusion, let us choose a point & € (1))~ (w(val~L(7) N.72m)).
The reduction map is surjective; hence, there is 2’ € X’ with 7(2') = Z’. By assumption, there is
zeval ™ (1) N.7™ with

m(z) = 91(&) =4 (n(2')) = w0 yi" (2').
By (14), we get 7 o ¢% ( "y € T{. An application of (14) shows that val(¢3"(2’)) € 7. We conclude
that &' = m(2') € w((4?) "1 (val~1(7))), proving (16).
Using (15) and (16), we get finally the desired relation between R and T":

()T = m(3) " (val ™! (7)) = w(Val (7)) = R. (17)
By [Ber99, Lemma 2.2], the preimage of the stratum 7" with respect to the étale morphism ¢
is the union of strata of the same dimension. This argument was already used in the proof of

Proposition 5.2. To prove that R is a stratum, it is enough to show that R is irreducible. Note
that 71 (77) = {0} in .1 and hence

@I =T" x5 Z' =T X(5y,.5 0 ({0} x F) =G} x S, (18)
where ¢ := dim(7). Here, we have used that 77 is an (r — t)-dimensional torus orbit and that
S=1v¢1({0} x .#5) (see Proposition 5.2 and [GubO?a, Proposition 4.4]). We conclude that
R = (¢/)"Y(T") is irreducible, proving that R € str(.’% )

Since the open faces of 2 form a covering of the skeleton S(Z2”), we conclude that every
Re str(§€”) has the form R = m(Val~!(r)) for an open face 7 of Z'.

It remains to show that 7 may be reconstructed from R by the second formula in (13). By
the same argument as used in the paragraph after (14), it is enough to prove this for ¥ = {g}
for any K-rational point § of R. Since ¢ is étale, the formal fibre X/, (g) := 7~ !(7) is isomorphic
to the formal fibre over Z :=1/(g) in .’ (see [Gub0T7a, Proposition 2.9]). For z; := p1(2), we get
the following isomorphism of formal fibres:

X4 (5) = (AP () x (#2)7(0). (19)
The (d — r)-dimensional ball ™ does not contribute to Val. Using the analogue of the claim
for the polytopal domain . deduced after (14), we get

Val(X) (7)) = val((#7)3(21)) = val(n = (T7)) = 7.
This proves the second formula in (13). O

Remark 5.8. Let %' be a formal affine open subset of 2" as in Proposition 5.2 and let
VU — S =S xS be the étale morphism from 5.1. Let us consider the composition
1 U — 1 of the first projection with ¢ and let ¢ : " — ./ be the base change of n
induced by the polytopal decomposition 2. We have seen in the above proof that the preimage
of any stratum of .#] with respect to ¢ is a stratum of %"
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Recall that 27" = (X”){=5" and that we have a canonical morphism ¢/ : 27" — 2" extending
the identity on the generic fibre.

COROLLARY 5.9. Let R e str(iﬂ) with corresponding open face T of 9.

(a) dim(7) = codim(R, X").

(b) S:=0(R) €str(2").

(c) R %, S is a fibre bundle with fibre (Gm)gm(R)_dim(S).
)
)

(d) Every stratum of %" is smooth.

(e) The closure R is the union of the strata of x corresponding to the open faces o of 9 with

TCoO.

(f) For open faces 11, T2 of 2 with corresponding strata Ry, Ry of Z%”, we have 71 C Ty if and
only if R1 O Rs.

(g) For an irreducible component Y of %H, let &y be the unique point of X' with reduction equal
to the generic point of Y. Then Y + &y is a bijection between the irreducible components

of %ﬂ and the vertices of 9.

Proof. We use the proof of Proposition 5.7. We have dim(7) = codim(T},.#}) by [Gub07a,
Proposition 4.4]. Using that R is locally equal to (¢})~'(T}) and the smoothness of 1|, we
get (a). Let S € str(2”) with 7 C relint(Ag). By (a) and (18), we deduce (b) and (c). Since S is
smooth by Proposition 5.2(c), we get (d) from (c).

Since strata are compatible with localization, it is enough to prove (e) in case of 27/ =%’
for a formal affine %' as in Proposition 5.2 such that S is the distinguished stratum of 2’
associated to %’. Since 1/, is flat, we get R = (¢})~*(T}). By [Gub07a, Remark 4.8], T} is the
union of all strata of 521’ corresponding to the open faces o of Z with @ D 7. If we take preimages
of this decomposition, we get (e). Note that (f) is a consequence of (e).

By using the unique dense stratum of an irreducible component, it follows from (a) and
Proposition 5.7 that the map Y — Val(¢y) is a bijection between the irreducible components
of " and the vertices of 2. To prove (g), it remains to see that &y € S(Z”). There are
a formal affine open subset %’ of 2" as in Proposition 5.2 with Y N %’ # 0 and an étale
morphism ¢ : %' — . = .9 x %. By Remark 5.8, there is an irreducible component Z of
" such that 9(&y) = £z. Since 1 is étale, it is enough to prove that &7 € S(.) (see [Ber04,
Corollary 4.3.2]). Since Z = Zy X S for the irreducible component Z,, of 52 corresponding to
the vertex u= Val({y) of Z (see [Gub03, Proposition 4.7]), it is easy to see that the point &,
from 5.3 reduces to the generic point of Z and hence we get &, = £z, proving the claim. O

5.10 For the remaining part of this section, we fix the following situation: let A be an abelian
variety over K with uniformization E such that A*" = E/M as in 4.1. We recall that M is a
discrete subgroup of E(K) such that val : E — R™ maps M isomorphically onto a complete lattice
A of R™,

We assume that we have a morphism ¢g: 27 — o, where 2" is still a strictly semi-
stable scheme over K° and .« is the Mumford model of A associated to a ['-rational polytopal
decomposition Gy of R"/A. Let f: X’ — A be the generic fibre of ¢q.

PROPOSITION 5.11. There is a unique map fa : S(27) = R"/A with faro Val=valo f on X'.
The map f g is continuous. For every S € str( 2 Q ; the restriction of f,q to the canonical simplex
Ag is an affine map and there is a unique A € 6y with f,g(relint(Ag)) C relint(A).
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Proof. We recall the construction of o given in 4.7. Let ¥ be a formal affine open subset of
the formal abelian scheme 8 which trivializes the Raynaud extension (3) of A. For the generic
fibre V' of ¥ and A € €y, we get a formal affinoid subdomain Uy a of E with associated affine
formal schemes %y, A. With varying V and A, we get a formal affinoid atlas on E with associated
K°-model &y of E which is covered by the formal open subsets %, . By passing to the quotient
by M, we get o) = &y/M and the quotient morphism maps % A isomorphically onto the formal
open chart %y, ) of .

There is a formal open covering {%'} of 2 as in Proposition 5.2 such that for any %’ of
the covering, there are V, A as above with %’ C ¢, 1(%[‘/, A])- We denote the generic fibre of %’
by U’. By construction, there is a unique lift F': U’ — Uy a of f. Now we use the coordinates
x1,..., &y of the torus T from the Raynaud extension (4) of A. They are defined on Uy, by
using the trivialization Uya =V X Ua from 4.2 for the polytopal domain Ua of T'. Note that
F*(x;) is a unit of U’. By [Gub07a, Proposition 2.11], there are u; € O(%')*, m; € Z'*! and
A € K* with

F*(x;) = Njugp™ (x) )™ (20)
fori=1,...,n,where¢: %' — . = . x % is again the étale morphism and x’ = (zg, . .., z.)
are the semi-stable coordinates from 5.1. Let S e str(2”) be the distinguished stratum of
2 associated to %'. Then the canonical simplex Ag may be identified with the simplex
{up+ - +u.=v(r)} in R and we define fog : Ag — R™ by

faf—f(ug, Ceey 'LL;) = (II'IZ -u' 4 ’U(Ai))izl,...,n- (21)

We note that this definition depends only on |X;|, |z and m;; hence, it is independent of
the trivialization of Uya. If we change V' and A, then the new lift is obtained from F' by an
M -translation. We deduce easily that the locally defined maps f.g induce a well-defined map
Far 1 S(Z7) — R"/A. All the claimed properties follow from the construction and uniqueness is
clear from surjectivity of Val. a

Remark 5.12. More generally, Berkovich [Ber04, Corollary 6.1.2] has shown that a morphism
between strongly non-degenerate pluristable formal schemes over K° induces a piecewise linear
map between the skeletons. Now Proposition 5.11 describes precisely the domain of affineness
and we will see in Remark 5.19 that this holds also if 27 is a strongly non-degenerate strictly
pluristable formal scheme over K°.

By Propositions 4.8 and 5.7, we conclude easily that every stratum of 2" is mapped into a
stratum of <. This will be proved in a more general context in Lemma 5.15. The preserving of
strata is a key fact which will allow us to describe canonical measures on X = f(X’) in terms
of the skeleton of 2.

PROPOSITION 5.13. Let € be a I'-rational polytopal subdivision of €, with associated Mumford
model &/ of A. Then (2 X 4, «/)7®" is the formal analytic variety X" from Proposition 5.5
associated to the I'-rational subdivision 9 of S(Z™') given by

2 :={AsN fog (@) | Sestr(Z"), 7€ E).

Proof. We will use the notation from the proof of Proposition 5.11. Let o0 € ¥ be contained in
A € 6, let V be the generic fibre of a formal affine open subset ¥ of & and let %’ be a formal
affine open subset of 27 as in Proposition 5.2 with (%) C %jv,a)- Then the sets

(%' XUy n) Uv,e)™ = U x 4an Upv.q)
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form a formal affinoid atlas of (27 X, «/)f~*. We have Uy,e] = Uv,aj ﬁ@_l(ﬁ) and hence
Proposition 5.11 yields

U’ X pon Uy = U' 0 fH(val ' (@) = U' N Val = (Foq ().

Let S be the distinguished stratum of 2 associated to %’. Therefore, we have Val(U’) = Ag
and we deduce that

(%' Xy, 5y Uv,0)™™ = U' N Val ™! (o)

for the polytope o’ := faff( )N Ag € 2. These sets form the formal affinoid atlas (12) for X",
proving X" = (3&”’ X,Q/O a7 )fan, O

PROPOSITION 5.14. We keep the above assumptions and notation. Then X" is the coarsest
formal analytic variety on X' such that f:X' — A® induces a formal analytic morphism
¢: X" — @t If R is the stratum of x corresponding to the open face T of 4, then QE(R) is
contained in the stratum of </ corresponding to the unique open face & of € with f.q(1) C 7.

Proof. The first claim is clear by construction. By definition of 2, there is an open face & of €
with f,q(7) C 7. If 7 denotes the reduction map, then we get

O(R) = d(n(Val (7)) = n(f(Val () € (vl (@),
By Proposition 4.8, we deduce that QNS(R) is contained in the stratum of & corresponding to . O
Again, let 2™ be the admissible formal K°-scheme associated to the formal analytic variety
X" from Propositions 5.13 and 5.5. The following commutative diagram gives an overview
of the occurring canonical morphisms of admissible formal schemes, where & (respectively &) is
the K°-model of the uniformization E associated to 6 (respectively ) as in 4.7 and where the
vertical maps extend the identity on the generic fibre.

X o < &

N

$o Po
X —— gy <~— &

LEMMA 5.15. Let R € str(ﬁg”) Then S :=1'(R) is a stratum of 2. The restricted morphism
P S — oy = <§’0/M has a lift ®y: S — (ap(), unique up to the M-action on &. Moreover, there is
a unique lift ®: R— & of $: R — o = é"/MWN;h(IDOOL—Lo(I)onR

Proof. The first claim was proved in Corollary 5.9. The proof of the remaining claims follows
standard arguments from the theory of coverings (applied to the quotient maps py : Eo — Ay =
Eo/M and p: & — of =E/M).

Let Y be an irreducible component of <% with $0(S) C Y. By Proposition 4.8, Y corresponds
to a vertex U of %y and p, 1(Y) is the disjoint union of the irreducible components Yy of
& associated to the vertices u of €, with residue class u € R™/A. Moreover, Yy is mapped
isomorphically onto Y by po. Using composition with the inverse ¥ — Y}, of this isomorphism,
we get the desired lift ®( of the restriction of @g to S. Uniqueness up to the M-action on & is
obvious. Similarly, we get a lift ® of the restriction of ¢ to R by working with & instead of %.
The lift @ is also unique up to the M-action on &.

It remains to prove that ®, determines ® uniquely by the condition Pgoi! =70 ®. Let us
choose 7’ € R and let & :=1'(z'). Note that the lift ® is uniquely determined by choosing an
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element § € py* (Po(F)) if we require that ®o(Z) = §. Similarly, ® is determined by ®(3') =7/
for some ' € p~1(¢(Z)). Since M acts faithfully and transitively on py *(Po(#)) (respectively on
ﬁ_l(cﬁ(N))) there is a unique 3’ with 7(g’ )= y Note that pg and p are local isomorphisms. Since
@0 0 I = io o @, this lifts to the identity ®g o =io® on R for a unique P. O

Remark 5.16. We may use the same techniques to construct a lift of the morphism f: X’ —
A2 = E /M to the uniformization FE of A. In general, such a lift does not exist globally on X’.
By [BLI1, Theorem 1.2], such a lift exists if H'(X’, Z) =0. Let us consider the formal open
subset Ug := Valfl(Ag) of X’ for the canonical simplex Ag associated to a stratum S of 2.
Then Ug is the generic fibre of a formal open subset Zg of 2. Obviously, s is strictly semi-
stable with skeleton Ag. Since the skeleton is a proper deformation retraction of the generic
fibre, we get H'(Us,Z) =0 and hence we may apply the above results to get the desired lift
F:Us— E of flu,.

Note that it is not necessary to appeal to such sophisticated results. We may just use
Proposition 5.11 to conclude that f,4(Ag) is contained in a polytope A € € and hence f(Us)

is contained in the formal open subset @_1(3) of A*". The preimage of @_1(Z) in E is
the disjoint union of the formal open subsets val_l(A), where A ranges over all polytopes of
%o mapping (bijectively) onto A with respect to the residue map R™ — R™/A. Obviously, M
acts faithfully and transitively on the set of all such val™'(A). Since the quotient morphism
p: E— A* = E/M maps val~}(A) isomorphically onto @‘1@), we get a lift F':Ug — E of
the restriction of f to Ug, unique up to the M-action. Note that this construction was partially
used in the proof of Proposition 5.11.

By Proposition 5.11, we get a unique map fag : Ag — R™ such that f,g o Val=valo F on
Us. Moreover, fug is affine on Ag. Conversely, every lift of f,4: Ag— R™"/A to R™ is an affine
map fag: Ag — R™ and there is a unique lift F': Ug — E of the restriction of f to Ug such
that fug o Val =valo F on Usg. This follows from the fact that the lift of f,4 is unique up to
A = val(M)-translation.

Finally, we note that we may use such lifts F' to construct the lifts & : S — &and P:R— &
from Lemma 5.15. We will give the construction for dy, but everything works similarly for ®. The
map f is the generic fibre of the formal morphism ¢q : 2" — @ and %s is a formal open subset
of Z”; hence, the lift F is the generic fibre of a formal lift ®g: %5 — & of ¢g. We conclude
that the reduction ®g agrees with a lift ®, from Lemma 5.15 on the dense stratum S of S.
Similarly, we could argue for every other stratum T C S to describe the restriction of @ to T
as the reduction of a formal lift of ¢y. However, it is not always possible to describe ®¢ by the
reduction of a single formal lift defined on a formal open subset of 2”. The problem arises if
there are two strata 77, Ty in S such that fag(A7 ) U fag(Ar,) does not map bijectively onto
Fat (A7) U fog(Ar,). In this case, the lift F' will be multivalued on Ur, U Up, and the above
covering argument breaks down. This problem can be omitted if we start with a sufficiently fine
polytopal decomposition %y of R"/A and then ®y is indeed the reduction of a single formal lift.

5.17 Our goal is to compute the degree of an irreducible component Y of " with respect to
a line bundle .Z on /. This can be done in terms of convex geometry under the following
hypotheses fulfilled in our applications.

We still have our abelian variety A over K with uniformization F and the morphism
0o : X' — A, where & is the Mumford model of A associated to the I'-rational polytopal
decomposition 6y of R™/A and where 27 is a strictly semi-stable formal scheme over K° with
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connected generic fibre X’. We assume that the generic fibre f: X’ — A®® of ¢ is proper and
hence the special fibre ¢y is also proper (see [Gub98, Remark 3.14]). Let %} be a I'-rational
polytopal decomposition of R™/A with associated Mumford model </ of A. We now choose
C =% N6 :={AcNA|AgEby, AL €61} Let o7 be the Mumford model of A associated to
€. We apply Propositions 5.13 and 5.14 to this setup. By (22), we get the following commutative
diagram of canonical morphisms of admissible formal schemes over K°.

rQ//'// L) of L> val
J{L, \LLO (23)
ﬁ/r/ & %

Recall that all admissible formal schemes in (23) are associated to formal analytic varieties and
that the morphism ¢ is determined by the fact that the rectangle is cartesian on the level of
formal analytic varieties.

By Corollary 5.9, the irreducible component Y of 2™ corresponds to the vertex u’ = &y of
the I'-rational subdivision

P ={AsN g (@) | SEstr(Z), €@}

of S(Z'). There is a unique S € str(2"') such that u’ € relint(Ag). If S’ is the dense stratum
in Y, then Corollary 5.9 yields S =7 (S’ ). We choose a lift fuq : Ag — R" of f,. By Lemma 5.15,
there is a lift ®g : § — &y (respectively ® : Y — &) of @g (respectively @) to the special fibre of the
formal K°-model & (respectively &) of E associated to €, (respectively €) with ®g o’ =i o P.

Let L be a line bundle on A. The role of .2/ now becomes clear as we assume that L has a
formal K°-model .Z of L on @ corresponding to a continuous piecewise affine function f¢ as
in Proposition 4.11 (applied to %;). We assume that g:= fo o fag is convex in a neighborhood
of u’. In the light of Proposition 4.12, this is a natural positivity assumption for .. We have
seen in 5.3 that we may identify Ag with the simplex {w) + - --+w.=v(7)} in R}!. In the
following, it is more convenient to identify Ag with the simplex {w} + --- +w, <wv(m)} in R},
obtained by omitting the coordinate w{. Then we define a polytope {u’}? in R” by

(W'} ={weR"|w eAcstar.(u) = w- (W —u') <g(w) — g(u)},

where star,(u’) is the set of r-dimensional polytopes in Z with vertex u’. The volume of {u’}¢
with respect to the Lebesgue measure on R” will be denoted by vol({u'}?). By 4.3, there is
a line bundle 7 on the formal abelian scheme % from the Raynaud extension (4) such that
p*(L*") = ¢*(H) for the generic fibre H of .7 and the canonical morphisms p: E — A*" = E/M,
¢: E — B = 2. We now have the following commutative diagram of varieties over K.

LT

54>504><%’

For simplicity of notation, we will write deg(Y) for the degree of Y with respect to the line
bundle (7} 0 $)*(¢) and similarly for other degrees. It is always understood that we use the
pull-backs of the line bundles with respect to the canonical morphisms from (23) or (24).

By Proposition 5.11, it is easy to deduce that
P ={AgN fog (@) S estr(Z"), 7@} (25)
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There is a unique A; € 4} with W:= f,g(u’) € relint(A;). Since the vertex u’ of 2 is contained
in relint(Ag), it follows from (25) that

{u} =T (A1) NAs, {0} =581 NTop(As).
The first equality yields that the affine map f,g|a is injective and hence f,(Ag) is a (d — e)-
dimensional simplex in R™ /A, where d := dim(X’) and e := dim(S) = d — dim(Ag). We now make
the transversality assumption

d — e=codim(A, R"). (26)

ProposITION 5.18. Using the assumptions from 5.17, we have

dog o (¥) = & - deg 1 (5) -vol({u'}).

Proof. Let & be the K°-model of E associated to 4. In the following, we will always use the
canonical morphisms p1 : 8 — @, q1: 6 — B, i1 : E — & and <I>1 =410 ® to compute degrees.
Using p*(L*") = ¢*(H), we have the decomposition

Pi(L) = q(H) @ Og(f2) (27)

for a formal K°-model 0y, (f¢) of O on &1. The reason behind the notation is that the formal
metric on the trivial bundle Of associated to the formal model O (f¢) (see Example 3.3)
satisfies

—IOgHSH@gl(fg) :fgoval, (28)

where s is the unique meromorphic section of O, (f«) extending the canonical section 1 of Of.
This follows immediately from the definition of f¢ in (8). In the decomposition (27), ¢i ()
reflects the contribution of the abelian part % to £ and Og (f#) measures the combinatorial
contribution from the polytopal decomposition %] and from the piecewise affine function f¢.
We deduce that

d
deg (1) =3 () dutr), (29)

from (27), where dy(Y) := deg%/p O (), ... ﬁgl(fg)(y)'
Z d—~¢
Our goal is now to prove that dy(Y) =0 for £ # e and to compute d.(Y") using the projection
formula with respect to 7/ : Y — S and

(7" () = () (853 () (30)

obtained from (24).

Step 1. The cycle class ¢1(Og, (f#)) LY in CH(Y) is algebraically equivalent to a strata cycle
of Y.

It is always understood that ¢ (O, (f)) operates by pull-back with respect to ®; on Y.
Again, we denote by s the unique meromorphic section of Og (fy) extending the canonical
section 1 of Op. It is enough to show that div(s).S” is algebraically equivalent to a strata cycle
of Y for every S” estr(2") with S” C Y. We have seen in Proposition 5.14 that ¢ = ¢ maps
strata into strata. By Proposition 4.8, we easily deduce the same property for 71. Passing to the
lift ®;, we see that <I>1(S" ) is contained in a stratum Z of & By Proposition 4.8, Z corresponds
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to relint(o) for a unique o € ;. Using
fz(u)=m, - u+v(ao)

on o with m, € Z" and a, € K*, we deduce from (28) that the Cartier divisor div(s) is
given on val~!(0) by a, - x™. Here, we consider y = x™ as a meromorphic section of ¢} (&)
which restricts to a nowhere-vanishing global section on the generic fibre ¢*(O,) (see 4.2). We
consider the Cartier divisor D :=div(s/(as -xm")) on &. It has a well-defined reduction D on
a neighborhood of Z which is trivial on (val~!(¢))”and hence ®%(D) is a Cartier divisor on Y’
which is trivial on S”. Since S” is a strata subset, ®%(D).S” i is a strata cycle in Y. We have seen
in 4.2 that ﬁx is algebraically equivalent to 0 and hence &(D )| 7 Is algebraically equivalent to
O, (f#) |7 By construction, div(s).S” is algebraically equivalent to ®}(D).S”, proving the first
step.

We need an explicit description of the Cartier divisor iff([?) on Y from Step 1. Let %’ be
a formal affine open subset of 2" as in Proposition 5.2 with étale morphism ¢ : %/ — . =
S X S such that S is the distinguished stratum of 2 associated to %'. Passing to a formal
open refinement, we may assume that ¢o(%’) is contained in a formal trivialization of the
Raynaud extension (3) and hence the torus coordinates z1, . . ., z,, make sense on o (%’).

We denote by ./ the K°-model of the polytopal domain /2" in (G],)*" associated to the
refinement 2 N Ag and let " := (//)~1(%'). We have seen in Remark 5.6 that ' : %" — /' =
| x F is the base change of ¥ to . and hence 1)’ is étale. Let ¢y : %’ — ./ be the composition
of the first projection with ¢ and let ¢} be the base change of ¢1 to <. Then wl is a smooth
morphism such that the preimage of a stratum of S is a stratum of %" (see Remark 5.8).
We conclude that wl(Y nNw" ) is dense in an irreducible component of 5’1, which we denote by
Yy. This notation is justified by the fact that the irreducible components of .7/ are in bijective
correspondence with the vertices of 2 N Ag (see [Gub07a, Proposition 4.7]).

Step 2. There is a Cartier divisor Di on Yy with (¢/)*(D;) = @T(DHY(W;,,.

By Remark 5.16, the lift & : Y N %" — & is equal to the reduction of a suitable lift
F:U — E of f. Moreover, F induces a lift Ag — R" of f,;. We may assume that the lift is
equal to fag from 5.17. Indeed, f.5 is determined up to A-translation and hence the polytope
{u’}9 is also determined up to translation, which does not affect the volume in Proposition 5.18.

We consider the polytopes v of 61 with closed face A1 from 5.17. We have seen in the first step
that the Cartier divisor D is given on val™!(v) by (a,/as) - x™ ™7 Tt follows easily from the
definitions that the polytopes u := (fag) ~'(v) N Ag are just the polytopes of 2 N Ag with vertex
u’. By Proposition 5.7 and Corollary 5.9, the reductions of the formal open subsets V@l_l(u)
cover Y. By construction, F' induces a formal morphism ®; : " — &/ with reduction ®; and
hence ®5(D) = (®7(D)) on Y N%". By [Gub07a, Proposition 2.11], there is an n x r matrix M
with entries in Z, v; € O(%')* and X € (K*)" with

F* (i) = A - - () ()M - () () Mir
on the generic fibre U’ of %' for i =1, ..., n. We have seen in (21) that
fag (W) = MW + X

for w'=(w],...,w.) € Ag. Note that we use here the identification of Ag with the
simplex Xg:={w] +---+w,. <v(m)} in R7, which is different from the one used in (21).
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Let y:= (2, ..., z.). We conclude that ®%(D) is given on Val™*(u) N U’ by

S () = ey () () ) M

Qg ay
for some v € &(%')*. For a Cartier divisor, such a unit 7 can be omitted. Let «, € K*
with v(ay) + ((m, —m,)! - M)-u' =0. Then ®%(D) is given by a,, - (*)*(y)m—mo)"M o
Val™! (1) N U’. These functions are also defined on the formal open subsets val~!(u) of (.#})f~2.
Let %, be the formal affine open subset of .#] associated to val™'(u) and let Dy :={%,, o, -
y(m'/*mf’)t'M} with p ranging over the polytopes of 2 N Ag with vertex u’. It is easy to see
that D; is a Cartier divisor on the open subset [ L U, of | containing Y,y. We conclude that
(4)*(Dy) = éT(D)‘meJZZW proving the second step.

We note that the Cartier divisor D depends on the choice of the stratum S”, but the linear

equivalence class of the Cartier divisor D; is independent of S” and hence the same is true for
the linear equivalence class of Dy on Yy .

Step 3. dy(Y) =0 for £ #e.
If £>e, then ¢1(0g (fz))? %Y has dimension ¢ >e =dim(S) and hence the projection
formula with respect to i’ : Y — S and (30) prove that
d(Y) = deg(c1 () .c1(0,(f2)* " .Y)
= deg(e1(A) T (e1(0s (f2))""¥)) = 0.
It remains to consider £ < e. We will use the first step for the dense stratum S’ in Y (instead of
S"). We conclude that ®1(S’) is contained in the stratum Z of & corresponding to relint(Aq).

By Proposition 4.8, we have dim(Z) = dim(A) — dim(A;). By the construction in the first step,
the cycle class

a:= (®1)e(c1(Os (f2)T7Y) = 1(Os, (f2))" " (1))
is algebraically equivalent to a cycle supported in Z; for a strata subset Z; of codimension > d — ¢
in Z. We have

e=d — codim(A;, R") =d + dim(B) — dim(Z)

by our transversality assumption. Using ¢ < e, we get

dim(Z;) <dim(Z) — (d — ¢) =dim(B) + £ — e < dim(B).
By Proposition 4.8, all strata of & have dimension > dim(B) and hence « is algebraically
equivalent to 0. The projection formula now shows that

de(Y) = deg(c1 ()" .(R1)s(c1(Op, (f2))* 1Y) = deg(c1 () .c) = 0.

Step 4. de(Y) = (d — e)! - deg - (S) - vol({u'}9).

Recall that r=d —e. By the first step, we know that c¢1(0g (f¢))".Y is algebraically
equivalent to an e-dimensional strata cycle W of 2. Since W has support in Y, its components
have the form S;, where the S; € str(ﬁg ") correspond to an open face of Zg N Ag with vertex
u’. This follows from Corollary 5.9 as well as the fact that i’ maps S; isomorphically onto S.

Now we will use the formal open subset %" := (//)~Y(%") of 2" from Step 2. Since '(S;) = S,
we have S; N %" # (). The same holds for every stratum relevant in the intersection process for W
described in Step 1. We conclude that we may compute W on %”. We note that ¢, : " — .7/ is
a smooth morphism and that the stratification of %" is obtained by the preimages of the strata
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of 521’ (see Remark 5.8). By the second step and the compatibility of flat pull-back with the
intersection operations (see [Ful84, Proposition 2.3]), the intersection process on Y N %" leading
to W N %" may be first performed on Yy giving a cycle W’ and then W N %" = (4})*(W'). To
obtain W', we have just to replace Y by Y, and the Cartier divisors <i>’{(l~)) by D;. It is clear that
W'=3"n;S;, where the zero-dimensional strata S; of 7| correspond to the same open faces as
the S;. We deduce that W =3" n;S; and >_ n; = degp, (Yuw). Using the projection formula with
respect to I : Y — S and (30), we get

de(Y) = deg(c1 (). W) = deg(c1 ()°.T0L,(W)).
We have noticed that 5; =S and hence we get

de(Y) = deg 1 (S) 3 ni[S7 5] = deg 1 (S) degp, (V). (31)

(2

To compute the degree of Yy, we will use the theory of toric varieties. The projection G7,t — G,
given by (xf,...,a.)— (x),..., L), leads to an isomorphism of .~ with the polytopal
domain val ™! (Xg) for the simplex Xg := {w] + - - - + wl. < v(r)} in R’.. We recall from 5.17 that
we identify ¥g with Ag and hence Y,y is equal to the (G}, )z-toric variety associated to the vertex
u’ of 2 NXg (see [Gub0T7a, Proposition 4.7]). As in the second step, let v € € with closed face
Aj and let p:= fa_ﬁl(y) N Ag. Then the polytopes p are just the polytopes of 2 N X g with vertex
u’. We have seen in the second step that the Cartier divisor D; is given on the formal open subset
val ™! (1) of ()™ by ay, - y(™ )M Ty the theory of toric varieties, the Cartier divisor Dy ly,,
induces a polyhedron P as the set of all w € R" with

vw' € p e star, (W) = w- (W —u') < (m, —m,)" - M- (w —u).

It is easy to see that P is a translate of our polytope {u’}9. By [Ful93, §5.3|, Corollary on p. 111,
we get

degp, (Yu) =7!- vol(P) =r!- vol({u'}9).

Together with (31), this proves the fourth step. Finally, the proposition is a consequence of (29),
Steps 3 and 4. O

Remark 5.19. Berkovich has defined the skeleton S(2Z”) more generally for a non-degenerate
pluristable formal scheme 2" over K° and he has shown that S(Z") has a canonical piecewise
linear structure (see [Ber04]). If 27 is strongly non-degenerate, then there is a well-defined
proper strong deformation retraction from the generic fibre X’ to S(Z2") which generalizes the
map Val.

All the results of §5 can be generalized to a strongly non-degenerate strictly pluristable 2.
This is based on the following facts proved in the appendix: the linear pieces of S(Z") are given
by canonical plurisimplices Ag corresponding to the strata S of 2. Moreover, Ag is a polytope
with associated polytopal domain Uag (see 4.5). In analogy to Proposition 5.2, 2" consists
locally of open building blocks %’ such that S(%’) is a canonical plurisimplex Ag of S(Z”) and
there is an étale morphism 1 : ' — UfA_SSCh.

Similarly as in the strictly semi-stable case, this allows us to prove the results of this section
by using well-known results for polytopal domains. Moreover, we could replace strictly semi-
stable formal schemes in § 6 by strongly non-degenerate strictly pluristable formal schemes. This
is straightforward and we leave the details to the reader.
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6. Canonical measures

In this section, K is a field with a discrete valuation v. We denote by K the completion of the
algebraic closure of K. Note that K is algebraically closed [BGR84, Proposition 3.4.1/3] and
the value group I is equal to Q.

We consider a geometrically integral d-dimensional closed subvariety X of A over K. In §3,
we have defined canonical measures on X. Now we will compute them explicitly in terms of
convex geometry. The main idea is to choose a Mumford model of A and a semi-stable alteration
of X to apply the results from §§4 and 5. Note that the restriction to geometrically integral
varieties is not a serious restriction. In general, we may perform a finite base change and then
we can proceed by linearity in the components.

6.1 For our computations, Proposition 5.18 will be crucial. To fulfill its transversality assumption
(26), we shall choose the polytopal decomposition of the Mumford model ‘completely irrational’.
We choose an infinite-dimensional Q-subspace I of R containing Q. By [Bou64, ch. VI, n°® 10,
Proposition 1], there is an algebraically closed field K/, complete with respect to a valuation v’
extending v, such that the value group v'((K')*) is V.

6.2 We denote the analytic space over K associated to X by X?". Let %, be a rational polytopal
decomposition of R"/A with associated Mumford model o of A*" over K°. We denote the
closure of X*" in % by Z0, which is a formal K°-model of X*" (see [Gub98, Proposition 3.3]).
By de Jong’s alteration theorem [deJ96, Theorem 6.5], applied to a projective K°-model of
X*" dominating 2y (see [Gub03, Proposition 10.5]), there is always a semi-stable alteration
0o : X' — 2y, which means that the generic fibre f: X’ — X2 of ¢ is a proper surjective
morphism and X’ is an irreducible d-dimensional analytic space which is the generic fibre of a
strictly semi-stable admissible formal scheme 27 over K°. It follows from [Gub98, Remark 3.14]
that ¢ is a proper surjective morphism between the special fibres.

6.3 We will use the notation from the previous sections. Let E be the uniformization of A, i.e.
A? = E /M for a discrete subgroup M in E with complete lattice A = val(M) in R™. Let &y be
the K°-model of E associated to the polytopal decomposition % of R™ (see 4.7).

Let S € str(2”) with canonical simplex Ag in the skeleton S(Z”). By Lemma 5.15, there
is a lift ®y: S — 67’0 of po:8 — %, unique up to the M-action on é%. If qo: & — % denotes
the unique morphism extending ¢ : E — B = %*" from the Raynaud extension (4), then gy o o,
is unique up to g(M)-translation on the abelian variety % over K.

A canonical simplex Ag is called non-degenerate with respect to the morphism f if the
conditions dim(f,z(Ag)) = dim(Ag) and dim(gy o ®o(S)) = dim(S) are fulfilled. This definition
does not depend on the choice of the lift ®y. Moreover, it depends only on 2" and f, but not
on the choice of %y. This means that if we have a second rational polytopal decomposition ?6
of R"/A with associated Mumford model 7] and with a semi-stable alteration ¢f,: 2" — <]
such that the generic fibre is again f, then the definitions of non-degenerate canonical simplices
agree. Indeed, the independence of the first condition is obvious and the invariance of the second
condition follows from an easy diagram chase involving Lemma 5.15 by passing to the common
refinement %y N 6.

6.4 Let X be a A-periodic set of polytopes such that 3 := {G C R"/A | 0 € X} is a finite set. If o
is a polytope in X, then we assume that all closed faces of o are also in Y. Let A, be the affine
space in R™ generated by the polytope o.
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The polytopal decomposition € of R"/A is said to be Z-generic if the following conditions
hold for every 0 € 3, A € ¢

(a) dim(Ay, NAA) =D if D :=dim(o) + dim(A) —n > 0;
(b) A, NAA=01if D <0.

By [Gub07a, Proposition 8.2], every Y-generic € is %-transversal, which means that AN o is
either empty or of dimension dim(A) + dim(o) —n for all A€ €, o € 3.

LEMMA 6.5. Let L be an ample line bundle on A. Then there is a I-rational polytopal
decomposition €, of R"/A with the following properties.

(a) (1/m)%; is X-generic and hence S-transversal for all m € N\{0}.

(b) If @4 denotes the formal (K')°-model of A associated to €1, then there are N € N\{0} and
a formal (K')°-model . of L®N on <7, corresponding to a function f¢ as in Proposition 4.11
which is a strongly polyhedral convex function with respect to 6.

Proof. In [Gub07a, Lemma 8.4], this was proved for a totally degenerate abelian variety A. Using
Proposition 4.11, the same proof applies here. O

6.6 We keep the assumptions from 6.2 and we consider an ample line bundle L on A endowed
with a canonical metric.

Let Ag be a canonical simplex of the skeleton S(2”) which is non-degenerate with respect
to f. By 5.3, we may identify Ag with the simplex {uf +---+u. =v(r)} in R} In the
following, it is more convenient to identify Ag with the simplex Xg:={u’ € R |} + - -+ <
v(m)} by omitting the coordinate uf. Let us choose an affine lift fag : Ag — R™ of the map f,q
from Proposition 5.11. Using the identification Ag =Yg, there is a unique injective linear map
Eg)) :R" — R” extending fag — far(0). By (21), Eg]) is defined over Z and hence Ag := (Zg]))_l(A)
is a complete rational lattice in R". The positive definite bilinear form b associated to L (see 4.3)
induces a complete lattice

A= {006 (). N [ A e A)

on (R")* =R". We denote by vol the volume with respect to the Lebesgue measure on R".

There is an ample line bundle .7# on the abelian scheme % from the Raynaud extension (4)
of A with generic fibre H such that p*(L) = ¢"(H) on E (see 4.3). As in 5.17, we define the

degree deg ,(S) of S € str(2”') by using the lift ®g: S — & and §o : & — B.

THEOREM 6.7. Under the hypothesis in 6.6, the support of the positive measure u:=
c1(f*(L))\? is equal to the union of the canonical simplices of S(Z"') which are non-degenerate
with respect to f. For a measurable subset () contained in the relative interior of such a simplex
Ag and r:=dim(Ag), we have

o —. vol(AL)
H(62) = gy e () - LoppSy - vol(@) (32)

Remark 6.8. The theorem generalizes easily to several canonically metrized ample line bundles
Ly,...,Lgon A. Let p:=c1(f*(L1)) A -+ - Aci(f*(La)) and let 7 be an ample line bundle on £
with p*(L;) = ¢*(H;). Then the support of 1 will be again equal to the union of all canonical
simplices Ag which are non-degenerate with respect to f.
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We are going to describe the canonical measure p(€2) for any measurable subset € of a
canonical simplex Ag. For r:=dim(Ag), let VOI(Aél, R Aé’”) be the mixed volume in R" of
the corresponding fundamental lattices. This is a positive number which agrees with vol(A’)
if all lattices Agi are equal to a single lattice A’. Moreover, the mixed volume is symmetric
and multilinear with respect to the Minkowski sum of fundamental lattices. We conclude that
Vol(Agl, cy Agr) is multilinear and symmetric with respect to the line bundles L1, ..., L,. For
more details, we refer the reader to [Gub07a, A6].

The generalization of Theorem 6.7 can now be stated as

o vol(Ag, .. AL
=l . _, . AN .
w(Q) = 7! Z deg s, ...z, (5) vollAs) vol(9), (33)
where i ranges over {1, ...,d}" with i; <iy <--- <1, and where j; < - - - < js is the complement
ofiin {1,...,d}. Both sides of (33) are multilinear and symmetric with respect to Ly, ..., Lq.

Since symmetric real-valued multilinear forms are determined by the restriction to the diagonal,
(33) follows from (32).

COROLLARY 6.9. If Ly, ..., Ly are arbitrary line bundles on A endowed with canonical metrics,
then p:=c1(f*(L1)) A -+ Acr(f*(Lq)) is supported in the union of canonical simplices of S(Z)
which are non-degenerate with respect to f and the restriction of i to such a simplex is a multiple
of the Lebesgue measure.

Proof. This follows from (33) and multilinearity. O

Remark 6.10. Theorem 6.7 is well known in the two extreme cases of abelian varieties. If A is an
abelian variety of potentially good reduction, then (32) shows that u =)y deg (Y )d¢, with Y’
ranging over the irreducible components of Z'. This is a special case of Proposition 3.8(d) and
was first proved by Chambert-Loir [Cha06].

If A is an abelian variety which is totally degenerate at v, then Theorem 6.7 shows that the
support of u is equal to the union of all d-dimensional canonical simplices Ag of S(Z") with
dim(f,g(As)) = d and we have p(Q) = d! - vol(AL) - vol(2) /vol(Ag) for any measurable subset
of Ag. This was proved in [Gub07a, Theorem 9.6].

Proof of Theorem 6.7. By [Gub07a, Remark 3.14], the measure y is independent of the odd part
L_ of L. Moreover, L_ does not influence the bilinear form b of L and hence we may assume
that L is a symmetric ample line bundle. It will be crucial for the proof to choose a Mumford
model &7 of A as ‘generic’ as possible. Let 3 be the set of simplices {f.(Ag) | S €str(27)}
together with all their closed faces. Then we will use the I'-rational polytopal decomposition
%1 of R"/A from Lemma 6.5 with associated Mumford model 7. By multilinearity, we may
assume that the strongly polyhedral convex function f¢ from Lemma 6.5 induces a model .Z of
L on /. For m > 1, let &), be the Mumford model of A associated to the I"'-rational polytopal
decomposition €, := %o N (1/m)%} (see 5.17). Note that <7/, . and .« are only defined over the
valuation ring of the ‘large’ field extension K'. Since p is invariant under base change [Gub07a,
Remark 3.10], we may perform analytic calculations for p over K'.

We fix a rigidification on L such that the given canonical metric || ||can on L is given by (2)
in Example 3.7. Let 2, be the closure of X in 7/ . If we apply Propositions 5.13 and 5.14 to
the polytopal decomposition €, instead of €, then we get a minimal formal analytic structure
X" on X’ which refines (27)=®" such that our given morphism f: X’ — A®" extends to a
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morphism ¢y, : X/, — ()72 Let oy, : 2. — !, be the associated morphism of admissible
formal schemes over K°.

Step 1. p is the weak limit of discrete measures pi,, on X " which are supported in the preimages
of the generic points of the irreducible components of 2" with respect to the reduction map.

This will be a consequence of Tate’s limit argument (see (2) in Example 3.7). We may assume that
the metric || || in (2) is equal to the formal metric || || .. We note that multiplication by m extends
uniquely to a morphism t,, : &, — o/ (see [Gub07a, Proposition 6.4]). Then %, := ¢}, (%) is
a (K')°-model of [m]*(L) on &7, with associated formal metric [m]*|| | and hence we have
7)) 1) = | 1. for the formal (K/)>-model 21 := 1, (L) of f*(Im]* (L)) = f*(L)=™ . By
(2), we get "

. 1/m?
Il lean = T || [

If we use this uniform limit together with Proposition 3.8, then we get

o= lim m_2d Z degrg// (Z) 6527 (34)

m—00
Z

where Z ranges over all irreducible components of %7,4{ .

Step 2. A first determination of supp(u).

By Corollary 5.9(g) and Proposition 5.13, the points £z are the vertices of the subdivision
D, ={As ﬂ?;ﬁ}(ﬁ) | S estr(Z7), 7€} of S(27). As we have seen in 5.17, a vertex may
only occur in the interior of a canonical simplex Ag with dim(f,g(As)) = dim(Ag). By (34), we
conclude that the support of u is contained in the union of such Ag.

Step 3. Transformation of the limit in (34) into a multiple of vol(€2).

To prove (32), we may assume that €2 is a polytope contained in the interior of a canonical simplex
Ag with dim(f,z(Ag)) = dim(Ag). Using the identification Ag =Yg, the lift fug:Ag— R"
extends to an affine map fy: R” — R"™ which is also one-to-one and the polytopal decomposition
2 = {fy"(A) | A € 6} is periodic with respect to the lattice Ag from 6.6. Similarly as in (25),

we have Z,,, = {Ag N f;f; (@) | S estr(2), @ e (1/m)é}. We conclude that there is a bijective
correspondence between the irreducible components Z of 3&77;{ with &7 € Q and the vertices u’
of (1/m)% contained in Q. We note that our situation matches 5.17. By our above choice of ¥,
the transversality assumption (26) in the vertex fo(u’) follows easily from Y-transversality in
Lemma 6.5. From Proposition 5.18, we get

d! —
deg 7, (Z) = - deg o2 (S) - vol({u'}m),
where e :=dim(S) =d — r and ¢, := f¢, o fo. We deduce that
d! _
deg gy (Z) = — - deg (8) - vol({u'}) - m*. (35)

e!
We define the dual polytope of the vertex u:=mu’ of 2 with respect to the convex function
g:=fzofo:R"—=Rby
{fup) ={weR" |w:-(W—-u)<g(w) —g(u)Vw e U},

where U is a sufficiently small neighborhood of u in R”. Since {u'}9™ = m{u}?, (35) yields

| _
deg 5, (Z) = % - deg ,(S) - vol({u}?) - m2+ (36)
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Let F' be the fundamental domain of the lattice Ag in R". For m > 0, the number of (1/m)Ag-
translates of (1/m)F contained in 2 (respectively intersecting 0€2) is m”vol(2)/vol(F') +
O(m"™1) (respectively O(m"~1)). By (34) and (36), we deduce that

|
) = e (5) - 3 vol(w}) - S0 (37)
where u ranges over all vertices of 2 modulo Ag. The set {{u}? | u vertex of Z} is invariant
under Ag-translation. By [McM94, Theorem 3.1], this set is a AL periodic tiling of R", which
means that R" is covered by these r-dimensional polytopes and they meet face-to-face. Together
with (37), this proves (32). Since # is ample on %, we have deg ,,(S) # 0 if and only if Ag is
non-degenerate with respect to f. By Step 2, we get also the claim about the support. O

Remark 6.11. By the projection formula (b) in Proposition 3.8, Theorem 6.7 gives also an
explicit description for the canonical measure

c1(Llx)M = fuler(FL)N)

on X. We conclude that the support of such a canonical measure is equal to the union of all
f(Ag), where Ag ranges over all canonical simplices of S(2Z”) which are non-degenerate with
respect to f. Note that this set is independent of the choice of L. We call it the canonical subset
of X?".

The referee has suggested that the canonical subset is a piecewise linear space. In the
following, a piecewise linear space means always a piecewise Rz, -linear space for R :=Qn (0, 1]
in the sense of [Ber04, ch. 1]. We will always skip Rz, for brevity.

THEOREM 6.12. The canonical subset of X?" has a unique structure as a piecewise linear space
T such that for any semi-stable alteration oo : 2’ — < as in 6.2 with generic fibre f : X' — A®",
the restriction of f to the union of all canonical simplices which are non-degenerate with respect
to f induces a piecewise linear map to I' with finite fibres.

Proof. Let Zy be the closure of X in a Mumford model o of A over K° associated to the
rational polytopal decomposition %y of R"/A. By a result of de Jong, there is a finite group
G acting on a strongly non-degenerate pluristable formal scheme % over K° with the following
properties (see [Ber99, Lemma 9.2]).

(a) We endow 2y with the trivial G-action. Then there is a dominant G-equivariant morphism
v: Y — 2.
(b) The generic fibre Y of % is the analytic space associated to an irreducible smooth projective
variety over K.
(¢c) The generic fibre g: Y — X" of v is a generically finite proper morphism.
(d) The fixed field K(Y)% is a purely inseparable extension of the field of rational functions
K(X).
Now we choose a semi-stable alteration n: 2”7 — % with generic fibre h: X’ — Y. Then
o :=y on plays the role of the semi-stable alteration in 6.2 and f := g o h is its generic fibre.

_ Let Ag be a canonical simplex of S (Z") which is non-degenerate with respect to f. Since
fag © Val =valo goh, it is clear that h is one-to-one on Ag. We claim that h(Ag) is contained
in the skeleton S(#) of #.
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By continuity, it is enough to prove that h(u’) € S(#') for every u’ € relint(Ag) with rational
coordinates. We choose a rational polytopal decomposition %] of R"/A with associated Mumford
model &7 such that u’ is a vertex of the subdivision 2 :={ArnN ?;é @) | Restr(27), 7€}
satisfying the transversality condition (26) and such that g:= fg o fag strongly polyhedral
convex function in u’ for a symmetric ample line bundle L on A with a formal K°-model &
on @/ associated to a piecewise affine function f¢ as in Proposition 4.10. This is much easier to
construct than the simultaneous transversality conditions in Lemma 6.5 and does not require a
base change.

Let </ be the Mumford model associated to 6y N %;. We get a commutative diagram of
admissible formal schemes over K° with reduced special fibres

Q m % 71 JM{ P1 o
lul ijl l (38)

by assuming that the rectangles are cartesian on the level of formal analytic varieties. The vertical
maps and 1 are the identity on the generic fibre.

By Corollary 5.9, there is a unique irreducible component Z of 2" with u’ = £4. Since the
assumptions of 5.17 are satisfied, Proposition 5.18 yields

dog () = % - dog 0 (8) - vol({u'}).

Since .7 is ample (see 4.3) and Ag is non-degenerate with respect to f, we have deg ,-(5) > 0.
By strict convexity of ¢ in u/, we get also vol({u’}9) >0 and hence degy(Z)>0. By
the projection formula, we have degy(Z)=degy(3.(Z)) for B:=11 0y on. Note that
dim(3(Z)) = dim(Z) = d is necessary for the positivity of the degree. Now (38) yields that 7;(Z)
is also d dimensional. Since Y is d dimensional, we conclude that 7;(Z) is an irreducible
component W of #; and hence h(€z) = &w. By the generalization of Corollary 5.9(g) to %
(see Lemma 6.13 below), we know that &y is a vertex of a subdivision %) of S(%') and hence

h(u') =&y € S(%), proving h(Ag) C S(%).

By Remark 6.11 and the above, h maps the support of y := cl(f*f/\d) into S(#). By [Ber04,
Corollary 6.1.3], h restricts to a piecewise linear map from the piecewise linear subspace supp(u)
to S(#%'). Moreover, the skeleton S(%/) is invariant under G and the G-transformations induce
piecewise linear automorphisms of the skeleton [Ber04, Corollary 6.1.2].

There is a Zariski dense open subset U of X" such that g:V — U is finite for V := g=1(U)
(see (c)). By [Ber99, Corollary 8.6], the quotient V/G exists. By [Ber99, Corollary 8.4], we
have S(#') C V. We note that the compact subset S(%#')/G of V/G has a canonical structure
as a piecewise linear space. Indeed, the skeleton S(%/) is a piecewise linear space because it is
the geometric realization of a polysimplicial set D (see [Ber04, Theorem 5.1.1]). As S(#/)/G is the
geometric realization of the polysimplicial set D/G, we deduce that S(#)/G is also a piecewise
linear space (see [Ber04, Proposition 3.5.3]). We conclude that h(supp(u)) is a piecewise linear
subspace of S(#') which maps onto a piecewise linear subspace of S(#')/G. By shrinking U
and using (d), we may assume that the canonical morphism V/G — U is radicial. In particular,
it is a homeomorphism of the underlying topological spaces (see [Ber07, Remark 2.2.2]). As a
consequence, we get a piecewise linear structure on f(supp(p)) = g(h(supp(u))). By Remark 6.11,
this is the canonical subset T" of X?".
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The domains of linearity for the piecewise linear map f :supp(u) — T are subsets of the
canonical simplices of S(Z”) which are non-degenerate with respect to f. By Proposition 5.5,
they induce a finer formal analytic structure on X’ and we may apply de Jong’s alteration
theorem also to the associated formal scheme over K°. Replacing the alteration n by the
composition of the two alterations, we may assume that the domains of linearity are really
equal to the canonical simplices of S(2”) which are non-degenerate with respect to f. Then a
linear atlas of T is given by the charts f(Ag), where Ag ranges over all such canonical simplices
and f is a linear isomorphism from Ag onto f(Ag).

Let us now consider any semi-stable alteration ¢ : 2’ — /) as in 6.2 with generic fibre
[+ Z" — A*. Then there is a semi-stable alteration which factors through ¢ and ¢{,. Using the
above atlas, it follows easily that f’ induces a piecewise linear map S(Z”’) — T. Uniqueness is
obvious. O

We now sketch how the results of the first part of § 5 generalize to the strongly non-degenerate
pluristable formal scheme % from the above proof. By definition, there are a strongly non-
degenerate strictly pluristable formal scheme %7 and a surjective étale morphism p: %’ — %
By [Ber04, Theorem 5.1.1], the skeleton S(%/) has a piecewise linear structure which is a cokern of
the piecewise linear structure on S(%”) described in Remark 5.19 and in the appendix. Moreover,
there is a ‘polytopal’ subdivision of S(#%') given by canonical ‘plurisimplices’ Ag, which are in
bijective correspondence to the strata S of % . We use quotation marks because Ag is only a
quotient of a canonical plurisimplex Ags of S(#) for any stratum S’ with p(S”) C S. To construct
Ag, we have to identify closed faces Ap and Ag in the boundary of Ag if and only if the strata
P and Q map into the same stratum of #. By [Ber04], there are well-defined proper strong
deformation retractions Val: Y — S(%/) and Val': Y’ — S(#”), where Y and Y’ are the generic
fibres of % and %.

LEMMA 6.13. There is a unique map g,gq : S(%) — R"/A with g,z o Val=valo g on Y. We get
a ‘polytopal’ subdivision 21 :={AgNg.z([@)|S € str(#),7 € €1} of S(%) defining a formal
analytic structure ), on Y as in Proposition 5.5 with ), = %f_an. Moreover, Proposition 5.7
and Corollary 5.9(a), (b), (e), (f) and (g) hold for %), (instead of X").

Proof. By Remark 5.19, the lemma holds for the strictly pluristable #’. The idea is now to use
the étale covering p: %' — % to deduce the claim for % It is necessary to define g,q := val o g.
Using that p®" is surjective [Ber94, Lemma 2.2] and p*" o Val’' = Val o p", it is easy to prove that
G © Val = val o g from the corresponding property for glq : S(#"') — R"/A.

In Appendix A, we have studied building blocks for strongly non-degenerate strictly
pluristable formal schemes over K°. We define a building block for % as a formal affine open
subscheme % of % such that a building block %’ of #' exists with p(%') =% . Since an
étale map is open, the building blocks cover %'. By definition, %' has a smallest stratum
S” and hence % has the smallest stratum S := 5(S"). We set U := % If % varies over all
building blocks and A over Z;, then U NVal™!(A) is a formal affinoid atlas for Y. Here, we
use that the ‘polytopal subdivision’” 2, is induced by the valuation of units, i.e. A is given by
inequalities v(bm) + m - u > 0 induced by the units g* (byx™) on U coming from the inequalities
of a corresponding polytope of €. It now follows analogously to the proofs of Propositions 5.5

and 5.13 that the formal affinoid atlas induces a formal analytic variety ); isomorphic
to glf—an'
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A similar construction applies to %, leading to an admissible formal scheme % over K°
with reduced special fibre. Since p is étale and surjective, the natural base change p; of p to
is étale and surjective. We deduce from 2.6 that p; is the canonical map % — #.

Let R’ be a stratum of %/. By [Ber99, Lemma 2.2], 51(R’) is an open dense set of a stratum
of #;. Using the claim for ', we know that R’ = ((Val')~'(7’)) for a unique open face 7/ of
9}. Note that p* maps 7’ isomorphically onto an open face 7 of 2; and p1(R') C w(Val™(7)).

If 7 varies over all open faces of 2, then the definition of 2); = ;=" yields that m(Val~'(7))
is a partition of 231 = %,. The surjectivity of p; and a partition argument show that R:=
7(Val™(7)) is a strata subset equal to |J gy (7((Val')=1(7"))), where 7/ ranges over all open
faces of 21 with p**(7/) =T.

We claim that R is a stratum of %4. By localizing, we may assume that 2" and %" are building
blocks and that 7 C relint(Ag) for the canonical ‘plurisimplex’ Ag = S(#"). Since p*"* maps the
interior of the plurisimplex Ag = S(#) isomorphically onto relint(Ag), there is a unique open
face 7/ of 2} with p*(7') = 7. We conclude that R = (7 ((Val')~1(7"))) € str(#).

The remaining claims are easily deduced from the corresponding claims for 2" using that p;
is étale and surjective. O

7. Proof of the main theorem and examples

First, we will give the proof of Theorem 1.1. Then we will describe the canonical measure in two
relevant examples.

Proof of Theorem 1.1. By a finite base change and using linearity in the components, we
may assume that X is a d-dimensional geometrically integral closed subvariety of the abelian
variety A. The argument will be based on the description of canonical measures in the previous
section; hence, we will use the notation from there. By multilinearity, it is enough to consider
ample line bundles in Theorem 1.1(c). We choose a semi-stable alteration ¢g: 2" — 2y as
in 6.2 with generic fibre f: X’ — X2 Then we have the explicit description (33) of u:=
c1(f*(Ly)) A+~ Aer(f*(Lg)). Since p is supported in S(27), we get

vali(c1 (L] xan) A+ Acr(Lalxan)) = deg(f) - (Fam) (1) (39)

by Propositions 3.8 and 5.11. More precisely, Remark 6.8 shows that u is supported in the union
of the canonical simplices Ag which are non-degenerate with respect to f. Since

d — dim(Ag) = dim(S) = dim(go o ®o(S)) < dim(H) = b,

we get dim(f,5(As)=dim(Ag) >d —b. By Theorem 4.15, the tropical variety val(X®") is a
finite union of rational polytopes of dimension at most d and at least d — min{b, d}}. Hence, we
may list the simplices f,;(Ag) as in (a), where Ag ranges over the canonical simplices which
are non-degenerate with respect to f. Then (c) and (d) follow from (33) and (39). Finally, (b)
follows from the next lemma. O

LEMMA 7.1. In the above notation, let us consider u € val(X®) and let d — e be the dimension
of the tropical variety val(X™") in a neighborhood of u. Then there is a (d — e)-dimensional
canonical simplex Ag of S(Z"") which is non-degenerate with respect to f such thatu € f,g(Ag).

Proof. By Proposition 5.11 and the surjectivity of f and val, it is clear that the simplices f,5 (A7),
T € str(Z”), cover val(X?"). Since f,g is locally an affine map defined over Q, we may assume
that @ is an element of val(X?") with coordinates in Q. Moreover, by density of the Q-rational
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points in val(X®®), we may assume that U is not contained in any f,4(A7r) of dimension < d — e.
We have to prove that there is a (d — e)-dimensional canonical simplex Ag with u € f,4(Ag) and

dim(do © ®o(5)) = e, (40)

which yields that Ag is non-degenerate with respect to f. We choose a rational simplex A in

R™/A of codimension d — e such that @ € relint(A) and
ANval(X*™) = {u}. (41)

We extend A to a rational polytopal subdivision %1 of R”/A (which is not assumed to have the
properties of Lemma 6.5). We denote the associated Mumford model of A by 7.

Let € := %5 N %1 be the minimal polytopal decomposition of R" /A containing % and %7. Let
4/ be the Mumford model of A associated to @ and let ¢ : ¥ — &/'~2" be the morphism obtained
from g by base change as in Propositions 5.13 and 5.14. Since € is a polytopal subdivision of
%1, we get a canonical formal analytic morphism ¢ : X" — ,Qflf_an. Passing to the associated
admissible formal schemes over K°, this induces a morphism ¢ : 2" — 4 (see 2.6).

Note that U := @_1(Z) is a formal open subset of @7/ ~*". By (41), we get X N U # . Let
27 be the closure of X" in &7 . Then the special fibre 27 has an irreducible component Y with
Y NU # 0. We use here that the reduction of %f—an is equal to the special fibre of @7 (see 2.6).
Since @1 maps 2" onto 5&71, there is an irreducible component Y, of 2" mapping onto Y.
As the notation already indicates, Yy is the irreducible component associated to a vertex u’ of
the rational subdivision Z = {Ag N f;ffl @) | S estr(Z7), €€} of S(Z”) (see Corollary 5.9).
More precisely, u’ = Val(§) for the unique point & of X', which reduces to the generic point
of this irreducible component Y. From ¢1(Yy) =Y, we deduce that the reduction of f(§) to
the special fibre & is equal to the generic point of Y. We conclude that f (&) € U and hence
Fag(0) =val(f(€)) € A by Proposition 5.11 and by the definition of U. Since f(£) € X1, we get
fag(W) =1 from (41).

Let S be the unique stratum of the chosen strictly semi-stable K°-model 2~ of X’ with
u’ € relint(Ag). We note first that U= f,g(u’) € foz(Ag). As we have remarked at the end
of 5.17, the fact that relint(Ag) contains a vertex of Z implies that dim(f,z(Ag)) = dim(Ag).
From the non-degeneracy assumption on u, we deduce that dim(Ag) =d — e and hence S is an
e-dimensional stratum.

It remains to prove (40). By Corollary 5.9, the canonical morphism X" — X maps Y, onto
S. By Lemma 5.15, we have lifts dy: S — & and & : Yy — & of po and @, where &y and & are
the K°-models of the uniformization E of A associated to the polytopal decompositions % and
%. Using that € is a polytopal subdivision of %}, the map ® induces a canonical morphism
Py : Yy — 501, which is a lift of the restriction of ¢; to Y. This lift may be also constructed by
the fact that & and @ = & /M are locally isomorphic. Since ¢1(Yy ) =Y, Proposition 4.8(d)
yields that Y := & (Yy) is isomorphic to Y. Lemma 5.15 and an easy diagram chase involving
the canonical morphisms ¢; : &; — % to the formal abelian scheme % of the Raynaud extension
show that

do © <i>0(§) =go i)(Yu/) =q 0 Ci)l(Yu/).
We conclude that the dimension of
Go o Po(S) = G (Y") (42)
is at most e. To show equality, we consider a basic formal affinoid subdomain Uy a =V x Ua
from the construction of &~ (see 4.7). Here, V is the generic fibre of a formal affine open
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subset of Z which trivializes the Raynaud extension (3) of A and A is a simplex in R" lifting the
simplex A considered at the beginning of the proof. We may choose V such that Uv, ANY £
Recall that U is the polytopal subdomain val™*(A) of (G7,)*". By the choice of V, we have
f]‘/; A V X U A-

We claim that the second projection ps maps the generic point of Y/ into the torus orbit Z
of Ua corresponding to relint(A). Recall from [Gub07a, Proposition 4.4] that Z = 7(val~}(A)),
where 7 is the reduction map. We have seen above that f(£) reduces to the generic point of YV
and that val(f(£)) =u. Let & be the unique lift of f(£) to E whose reduction 7(¢’) is the generic
point of Y. We conclude that val(pa(&)) = val(¢’) is the unique point u € relint(A) which lifts
u. Therefore, we have 7(p2(§’)) € Z. Since w(p2(&')) = p2(n(£’)), we get the above claim. Since

Z is the closed orbit of Ua, we conclude that pa(Y”') C Z.

By [Gub0T7a, Proposition 4.4], the dimension of the torus orbit Z is codim(A)=d —e.
The above claim shows that Y’ N Uy is contained in the closed subset (§1(Y')NV) x Z of
l}V’A >~V x Up. Since Y’ is d dimensional and the product is at most d dimensional, we get
Y2 (§,(Y')NV) x Z. Moreover, we deduce that dim(g;(Y”)) = e. By (42), we get (40) and the
lemma. O

Remark to the proof of Lemma 7.1. The argument shows that the irreducible component Y’ of
& is a fibre bundle over ¢1(Y") with fibre isomorphic to the toric variety Ya associated to
star(A) ={o € €1 | A C o} (see [Gub07a, Remark 4.8]). Indeed, the choice of V" as a trivialization
yields that ¢;'(V) =V x &, where Z is the formal K°-model of (G,)* associated to the
polytopal decomposition %7. Now the proof of the lemma shows that Y’ N cjfl(f/) >~ ((Y')Nn
f/) X YA, proving the claim.

Ezample 7.2. Let us consider the special case X = A in Theorem 6.7. For every u e R"/A,
there is a canonical point &g € A?" which we describe as follows: let V' be the generic fibre of
a non-empty formal affine open subset of the abelian scheme % which trivializes the Raynaud
extension (3) of A. Then Uy ) =val Y(u)Ng 1 (V)=V x Ufuy is an affinoid subdomain of
the uniformization E. Using A* = E/M, it is obvious that Uy, is isomorphic to an affinoid
subdomain Upy,y) of A*". By Lemma 4.6, we may write every analytic function h on Uy, as a
strictly convergent Laurent series

— mi m
h = g AmT] Ty
mezZn

in the torus coordinates zi,...,, on the polytopal domain U,y in (G1)?", where the

am € O(V) are uniquely determined by h. Then we define &g € Uy by

|h(&a)| = sup |am’sup e
mezZn

It is easy to see that &g does not depend on the choice of V' and the representative u. The subset
S(A):={& |ueR"/A} of A*" is called the skeleton of A (see [Ber90, §6.5]).

By a combinatorial result of Knudsen and Mumford [KKMS73, ch. III], there is a rational
triangulation € of R"/A (even refining any given rational polytopal decomposition) and
me € N\{0} such that for every maximal A € €, the simplex mg¢A is GL(n, Z)-isomorphic to a
Z"-translate of the standard simplex {u € R" |u; + - - -+ u, < 1}. Then the Mumford model
o/ of A associated to & is strictly semi-stable. Kiinnemann used this to construct projective

strictly semi-stable K°-models for abelian varieties (see [Kiin98] and also the erratum in [Kiin01,
5.8]).
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Let A € € with u € A. A similar application of Lemma 4.6 as above shows that &g is contained
in the affinoid chart Upy,a) &V x Ua of A*" and that |h(&g)| > |h(x)| for all h € O(Ujy,a)) and all
x € Upy,a) with val(z) = U. By [Ber99, Theorem 5.2], this maximality implies that &g is contained
in the skeleton S(<) of o/. We conclude that S(A) = S(</) and val = Val maps the skeleton
homeomorphically onto R™/A.

We apply Theorem 6.7 with X’ = X = A and 2" = &/. The canonical simplices of S(/) are
just the elements of @. By Proposition 4.8 and its proof, a stratum S of </ has locally the
form SN ﬁ[v, Ag] = V x Z, for V as above and the open face 7 = relint(Ag) with corresponding
stratum Z, := m(val"!(7)) in Ua. Hence, Ag is a non-degenerate simplex of S(7) (with respect
to f=id) if and only if dim(Z;) = 0. We conclude that the non-degenerate canonical simplices
of S(/) are just the n-dimensional simplices of %. The lattice A% in 6.6 does not depend on
the choice of such a simplex A = Ag. By Proposition 3.8 and Theorem 6.7, we conclude that
c1(L)" is supported in S(A) and corresponds to the unique Haar measure v on R"/A with
v(A) =deg (A). Using multilinearity for non-ample line bundles and Remark 6.8, we deduce
easily the following corollary.

COROLLARY 7.3. Let L1,...,Lg beianonically mitrized line bundles on the abelian variety
A over K of dimension d. Then ¢1(L1) A--- Aci(Lg) is supported in the skeleton S(A) and
corresponds to the Haar measure on R" /A with total measure deg,, 1 (A).

Ezample 7.4. We will show that the whole spectrum of values {d — b, ..., d — e} in Theorem 1.1
may occur for a single canonical measure, where d — e denotes the dimension of the tropical
variety. We assume that K is the function field £(C) for an irreducible regular projective curve
C over an algebraically closed field k& of characteristic 0. Let v be the discrete valuation on K
defined by the order in a given closed point P € C. It is easy to use the construction below to
give similar examples for other fields.

We consider a product A = By x Bs of abelian varieties over K, where B; has good reduction
at v and where Bs is totally degenerate at v. As usual, let K be a minimal algebraically closed
field containing K which is complete with respect to a valuation extending v. The analytic
considerations will be performed over K. ‘Totally degenerate at v’ means that the Raynaud
extension of Bj is an analytic torus and hence B3" = (G]},)*" /M for a discrete subgroup M with
A =val(M) a complete lattice in R"™. Then E = B x (G}')*" is the Raynaud extension of A
and we have A** = E /M.

By assumption, Bj is the generic fibre of an abelian scheme By over the discrete valuation
ring K°. The associated admissible formal scheme % := B; over K° (see 2.7) is just the formal
abelian scheme % over K° in the Raynaud extension (3) for A. To get a Mumford model %,
for B3, we will use a similar polytopal decomposition € of R"/A as in Example 7.2. There is
a rational triangulation € of R™/A such that the strictly semi-stable K°-model % is projective
[Kiin98, §§ 3 and 4]. Kiinnemann’s proofs show that % can be chosen as a refinement of any given
rational polytopal decomposition of R™/A (see also [Kiin01, 5.5]). We get a strictly semi-stable
formal K°-model &7 := %, x $Bo of A*".

By Kiinnemann’s construction, %, is defined algebraically over the valuation ring F° of a
finite extension F' of the completion K, i.e. we have a strictly semi-stable algebraic F°-model
By of By with associated admissible formal scheme %y = [;’2. We choose ample line bundles £;
on By and L9 on By. Then L£:=pj(L1) ® p5(L2) is an ample line bundle on A := B X ko Bs.
By passing to a suitable tensor power of £, we may assume that £ is very ample and that
HO(A, £) — H(A, L) is surjective for the reduction £ of £ to the special fibre A.
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Let b:=dim(B;) and let us fix m € {0, ..., min(b, n)}. Let us choose generic global sections
51,...,5, € H(A, £). By assumption, they are the reductions of global sections si, . .., s, of
L. The generic choice of the sections leads to a closed subscheme

X =div(sy) N---Ndiv(sm)

of codimension m in A which is flat over F°. By Bertini’s theorem, the generic fibre X of X" is an
irreducible smooth variety over F' of dimension d := b+ n — m. The same argument shows that
the irreducible components Y; of the special fibre A’ are Cartier divisors and (1, Y; is a smooth

variety over F of pure dimension dim(X) — |I| + 1 for any non-empty subset I. By a criterion
of Hartl and Liitkebohmert [HLOO, Proposition 1.3], X" is strictly semi-stable. Since m < b, the
fibre of X over any point of By is non-empty and hence

val(X?") =R"/A.
We conclude that the excess e of the tropical variety val(X?") is given by
e :=dim(X) — dim(val(X?*")) = b — m.

Now we switch from the algebraic point of view to the analytic and formal category. Then X has
an associated admissible formal scheme 2 := X over K° which is a strictly semi-stable formal
K°-model of X?" and a closed formal subscheme of the Mumford model &/ = %; x Ay of A>".
Let £, 21, £ be the formal line bundles on &, &/, @% induced by L, L1, L.

If S € str(/), then S = %, x Sy for Sy € str(%s) corresponding to an open face 7 := relint(A)
for a unique A € € (see Proposition 4.8). We note that

dim(S) = codim(A, R") +b>b>m.
We consider first the case dim(S) > m. Using the generic choice of s1, ..., s, again, Bertini’s
theorem yields that
S :i=div(sy) N -+ -Ndiv(sy,) NS (43)
is a stratum of 2 with dim(S’) = dim(S) — m. If dim(S) =m = b, then S’ is a strata subset of
2" consisting of deg ; (%1) = degy, (B1) points. Therefore, the skeleton S(2") may be identified
with the triangulation € by using the map Val except in the case m =b, where we have to
count the n-dimensional simplices of 4 with multiplicity degy, (B1). By construction, S’ is non-
degenerate (with respect to f =id in the sense of 6.3) if and only if dim(S3) < m. If we endow
the generic fibre L of £ with a canonical metric, then Theorem 6.7 shows that
vi=val(c1(T]x)") = Az - 07, (44)

A

where A ranges over all simplices of ¢ with dim(A) >n — m = d — b and where Ax > 0. Similarly
as in Example 7.2, we deduce that the contribution of the n-dimensional simplices of € to v is
equal to a strictly positive Haar measure v, on R"/A. Note however that for m > 0, we have

vn(R"/A) <v(R"/A) = degp,(X).

Finally, we show that the multiplicities A5 are given completely in terms of convex geometry.
The simplex A € € of dimension r > n — m corresponds to a stratum S’ of 2 as above. Let
mp € Z" and ca € Q such that fe(u) =ma - u+ ca for all u € A. Then the dual polytope AY
of A with respect to g := f is given by the face

A :={u}? N (ma + A1)
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of the dual polytope {u}9 of the vertex u of A (see 5.17), where At is the orthogonal
complement of A in R" (see [Gub07a, Appendix A]). Let La be the linear space such that
u+ LA is the affine space spanned by A and let Ax := ANLa be the complete lattice in LLa
induced by A.

Recall that meg is the natural number such that a suitable translate of myo is GL(n, Z)-
isomorphic to the standard simplex {u € R"} |u; + - - - + u, < 1} for every o € €. Let vola be the
Haar measure on La such that vola (A —u) =1/(rlmg). On L7, we will use the dual measure
also denoted by vola. These are the volumes from Theorem 6.7. On the other hand, we have the
relative Lebesgue measure on Lo C R™ which is used for the Dirac measure 65 and which we
now denote by volgr. Formula (32) in Theorem 6.7 yields

d! 5 vola ((Aa)F)

_ . 7
Az (d—r)! deg ,(5) volgn (Ap)

Here, we have used the complete lattice (Aa)” :={b(-, A\) | A € Aa} in (La)* defined by the
bilinear form b associated to L (see 4.3). By using (43), we get

n—r

dim($") == . ey ()= (") o (1) - de (5.

By the theory of toric varieties, the degree of the toric variety So with respect to S is given in
terms of vol(AY). As in the formula in [Gub07a, Equation (36)], we get

deg g, (S2) = (n — r)! - volgn (AY) - volgn (Z™ N A+)~1
and hence deggl(,%;’l) =degy, (B1) yields

d!-m! - volgn (AY) - VOIA((AA)L) : deng(Bl)
(d—=7r)-(m+7r—n)!volgn(Z" N AL) - volgn (Ap)

Ax =
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Appendix A. Building blocks

Let K be an algebraically closed field with a non-trivial, non-archimedean complete absolute
value | | and valuation v := —log | |. In the appendix, we will study building blocks of strongly
non-degenerate strictly pluristable formal schemes of length | € N over the valuation ring K°.

A.1 Such a building block % is recursively defined by % := Spf(K®) and the following conditions:

(a) % is an affine formal scheme over K°® with generic fibre Uj;

(b) there is an étale morphism 1 : % — %—1(n®,al)) over K° for a building block %;_; of
length [ — 1 and n® e (N\{0})?, a®¥) € O(%_)?;

(¢) the entries of alt) = (agl), ce agl)) are units in O'(U;_1);

(d) % has a smallest stratum which maps into the smallest stratum of %_;(n®), a®).
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Let 2 = Spf(K°(z)) be the formal unit disk. For k=1, ..., [, we recall that %;_1(n®), a(¥))
is the closed formal subscheme of

Y1 % gL L g+
given by the following equations:

2 $(k%k)_a(k) (i=1,...,pp). (45)

Recursively, we know that %j_; has a smallest stratum. It follows from [Ber99, Lemma 2.3] that
Z_1(n®, a®) has a smallest stratum and hence (d) makes sense. By [Ber99, Lemma 2.2], the
smallest stratum of %4 maps onto an open dense subset of the smallest stratum of %_ 1(n O] a(l)).
By [Ber99, Lemma 2.10], we have an isomorphism from str(%_;(n®, a®)) onto str(%;) given by
taking preimages with respect to zpl. It is easy to see that every strongly non-degenerate strictly
pluristable formal scheme is covered by open building blocks.

Fori=1,...,pyand j=0,..., ngl), let zl-(]l.) = zbl*(xg)) and let z() be the resulting vector.
Recursively, we define z = (z(l), ce z(l)), where we use the natural pull-backs of the coordinates

x=(xM, ... x) from the definition of the building blocks %4, ..., % to %. It will be
convenient to skip all entries with index j =0, i.e. let

o . (k)
X = (23 )kzl,...,l;i 1,prij=1,...n8%
Similarly, we define n = (n", ... n®) and A= AW, ... a®). We set

Val: U, — RI® pis —log o p(x)

and A;:=Val(U;). By [Ber04, §§4 and 5|, the map Val restricts to a homeomorphism from
the skeleton S(%) onto A;. It gives S(%4) a canonical piecewise linear structure and induces a
canonical proper strong deformation retraction U; — S(%).

These constructions can be globalized for any strongly non-degenerate strictly pluristable
formal scheme 2~ over K°. We will show in the next proposition that the building blocks induce
the linear pieces of the skeleton S(Z").

PROPOSITION A.2. Let % be a strongly non-degenerate strictly pluristable building block of
length | with generic fibre U; and let A; := Val(U;) C R® as above. Then the following properties
hold.

(a) A; is a polytope in RMI defining a polytopal domain Up, :=val™*(4;) in (G',,I;ll)an and
Un, = UZSCh (see 4.5).
(b) The pull-backs z of the coordinates x define an étale morphism % A Un, -
(c) There is a bijective order reversing correspondence between strata S of % and open faces
T of A;. It is given by
r=Val(z~}T)), S=n(Val™l(7)),
where T : U — % is the reduction map and T is any non-empty subset of S. We have
dim(7) = codim(S, %).
d) LetY be an irreducible component of?fl. Then there is a unique &y € U; with n(£y) dense
(d) p q

in Y. Moreover, we have £y € S(%) and Val(&y) is the vertex of A; corresponding to the
dense open stratum of Y by (c).

(e) If f € O(U;))*, then there are A € KX, p € 0(%)* and m € ZI® with f = \uz™. There is a
unique affine function F' on A; with vo f = F o Val.
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Proof. The proof is by induction on [. Let u= (u®, ... u®) be the coordinates on R =

R . x RIBYT By the induction hypothesis, agk) induces an affine function Agk) =
(k) (.(1) (k—1) . a]| [n(k=1)|

A7 (W ) on the polytope Ap_; =Val(Up—1) in R ' x - - xR} for k=

2,...,1. Since agk) € O(%;—1), the values of Agk) are in R;. It follows from (45) that A; is
: o a ||
given as a subset of R}, by

ul?) 4. +u(’“2k) <AW  (k=1,... Li=1,...,pp), (46)
proving (a). By induction again, we have a(l) i y™i, where \; € K*, p; € O(%—1)* and y is
the pull-back of the coordinates (x @ k0 1)) to %_1. For bz(. ) .= Aiy™i and CE ) .= Nix™i | we

get %_1(nY aW) =25 1 (n® b)) and %a, = Xa, (0, cD). For the latter, we use [Ber99,
Proposition 1.4]. Therefore, the canonical diagram

%71<n(l), a(l)) R — %Al

| |

%—1 %A171

is cartesian. The bottom line is given by ¥ and the induction hypothesis yields that this map is
étale. We conclude that the upper line is étale, proving (b).

Note that (c) holds for any polytopal domain (see [Gub0T7a, Proposition 4.4]). It follows
from [Ber99, §2] that

str(%l_l(n(l), a(l))) — str(?/}% S - 7/3171(5/)

is a bijective order preserving map. This proves easily (c).

By [Ber99, Proposition 1.4], we have €(U;)° = 0(%;) and hence we may apply the theory of
formal affinoid varieties to deduce the existence and uniqueness of &y (see §2). Since Val maps
S(%4) bijectively onto Ay, there is £ € S(%) with Val(£) equal to the vertex Val(¢y) of A; given
by the correspondence in (c). By the first paragraph of [Ber04, p. 332], 7(§) is dense in Y and
hence £ = &y, proving (d).

Let P be a K-rational point in the smallest stratum of . By [Gub07a, Proposition 2.9],
¢ induces an isomorphism 7~ (P) — 7~ 1()(P)) between formal fibres. This allows us to apply
results for polytopal domains to the formal fibre m 1(P). By Lemma 4.6, we have a convergent
Laurent expansion

S o

mez/lal
on 7~ !(P) and there is a dominant term ¢ := a, 2" in the expansion, i.e.
[t(2)] > |amz™ (z)]

for all z € 7~ 1(P) and m € ZI®\ {v'}. Let Y be an irreducible component of %;. Applying (c) with
T = {P}, we deduce that there is a sequence x,, € 7~ (P) with Val(z,) € relint(A;) converging
to the vertex Val(&y) of A;. By compactness of U;, we may assume that x, converges to some
x € U;. By continuity, we have Val(z) = Val(§y) and hence (c) again shows that w(x) is not
contained in any other irreducible component than Y. It is a basic fact for units in an affinoid
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algebra that this implies that |f(z)| =|f(&y)] (see [Gub03, Proposition 7.6]). We conclude that
@) = @) = lim_|f(a)] = lim [tw,)] = |#(z)] = [t(ev)]

If Y ranges over all irreducible components of %, then the points &y form the Shilov boundary
of Uj (see [Ber90, Proposition 2.4.4]). We conclude that p:= ft=! is a unit in 0(U;)° = 0(%),
proving (e). O

Remark A.3. By (46), the coordinate uz(f) is identically zero on A if and only if a,gk) € O(U—1)".
(k)

The corresponding z; ; isa formal unit on %4. We deduce easily from Proposition A.2(e) that

k
o) = o) = [[3)7
k,i,j

where the indices of the basis range over 1 < k <[, 1 <i < pg with agk) & O(U—1)* and 1 <j <
(k)

nZ
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