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Abstract  We complete the classification of the pointed Hopf algebras with finite Gelfand-Kirillov dimen-
sion that are liftings of the Jordan plane over a nilpotent-by-finite group, correcting the statement in
[N. Andruskiewitsch, I. Angiono and I. Heckenberger, Liftings of Jordan and super Jordan planes, Proc.
Edinb. Math. Soc., II. Ser. 61(3) (2018), 661-672.].
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1. Introduction

In the paper [1] we stated the classification of the pointed Hopf algebras with finite
Gelfand-Kirillov dimension that are liftings of either the Jordan plane or the super Jor-
dan plane over a nilpotent-by-finite group. But we overlooked one possibility, namely
to deform degree one relations and therefore the classification in loc. cit. of liftings of
Jordan planes is not complete. Here we fill the gap. It turns out that the missed example
is essentially a Hopf algebra introduced by C. Ohn in 1992, see [3].

Throughout k is an algebraically closed field of characteristic 0. Recall that V(1, 2) is
the braided vector space with basis x1, 25 and braiding ¢ given by ¢(z; ® 1) = 21 ® z;,
c(r; ® x9) = (1 + x2) @ 4, @ = 1, 2. Here is the revised version of [1, Proposition 4.2].

Proposition 1. Let G be a nilpotent-by-finite group and let H be a pointed Hopf
algebra with finite GKdim such that

o G(H) ~ G and
o the infinitesimal braiding of H is isomorphic to V(1, 2).
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Then there exists a Jordanian YD-triple D = (g, x, n) for kG such that either
(I) H~ (D, 0) or H ~ ${(D, 1), introduced in [1, §4.1]; or

(II) x = ¢ and there exists & € Der, .(kG, k), £ # 0, such that H ~ (D, 0) or H ~
Ue(D, 1) see Definition 9; or

(IIT) x = & and H ~ $3°793(D), see Definition 11.

Conversely, any of these Hopf algebras is pointed and has finite GKdim, actually
GKdimkG + 2. See Lemmas 10, 12 and [1, Proposition 4.2]. Notice that if x =& and
& =0, then Uy(D, \) =~ U(D, N), introduced in [1, §4.1].

The subspace of (g, 1) skew-primitive elements in a Hopf algebra in case (I) is
decomposable as G-module, while in (II) is decomposable as (g)-module but it is an
indecomposable G-module, and in (III) it is an indecomposable (g)-module. Thus Hopf
algebras from different cases could not be isomorphic. Whether Hopf algebras in the same
case are isomorphic is treated as in [1, §4.1].

This note is organized as follows. In § 1.1 the minimal Hopf algebra missing in [1,
Proposition 4.2] and its relation with [3] are described. In § 1.2 we discuss the gap.
Proposition 1 is proved in § 1.3.

Notation

We keep the notations from [1]. Let G be a group, let kG be its group algebra and let G
be its group of characters. Given y € G, recall that

Dery (kG k) = {n € (kG)" : n(ht) = x(h)n(t) + x()n(h) Vh,t e G}.

A collection D = (g, x, n) € Z(G) x G x Der, ,(kG, k) is a YD-triple for kG if
n(g) = 1. Then the vector space V,(x, n) with a basis (z;);c1, belongs to FGYD, with
the coaction §(xz;) = g ® x;, @ € I, and the action given by

h-xz1=x(h)z1, h-zo=x(h)ze +n(h)x1, hekG.

When x(g) = 1 we say that D = (g, x, 1) is a Jordanian YD-triple.

Let L be a Hopf algebra. The A, ¢ and S denote respectively the comultiplication,
the counit and the antipode. The group of group-like elements is denoted by G(L). Also
the space of (g, h)-primitive elements is Py (L) ={f € L: A({) ={ ® h+ g ® £}, where
g, h € G(L), and P(L) =Py 1(L) is the space of primitive elements. The adjoint action
of G(L) on L is denoted by g - ¢ := glg~', g€ G(L), { € L.

1.1. The Jordanian enveloping algebra of sf(2)

Let {43°79an he the algebra generated by a1, as, g, g~! with defining relations

99T =1, gai=aig+(9—9°), gas =azg+arg. (1.1)

https://doi.org/10.1017/50013091522000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000207

Corrigendum: Liftings of Jordan and Super Jordan Planes 579

It is easy to see that £3°7%® is a Hopf algebra by imposing g € G(43°7%®) and ay, ay €
Py.1(L13°742)  We introduce

2

1 ~.
Z = ajas — azaq — % + as + §a1 € g|iordan (1.2)

Lemma 2. The element z belongs to Pg271(}.~1j°rdan) and commutes with g.

Proof. We compute

A(Z)=a102®1+a19®a2+ga2®a1+92®a1a2

—a2a1 ®1—asg®a; — gay ® az — g* @ asay

1
S(a1g+9m) ®ar - 5g° @ af

1
——al®l— 5

2

1 1
+a2®1+g®a2+§a1®1+§g®a1
:z®1+g2®z+(a1g—ga1+g—92)®a2

1 11,
+ gaQ—agg—i(a1g+ga1)+§g—§g ® aq

=2014+¢*® z;

1 1 1 1
here gas —as g — §(alg+9a1) + 59~ 592 = 5(1119*9@1 +(g—g%)=0.
1

It remains to prove that y(z) = 0, where v € Endy (ﬁj“da“) is given by v(x) = gxg~ ' —
z, for all x € Y43°7%®  Note that

Yay) = (@) (y(y) +y) + 2y(y) for all z,y € 43w,

From (1.1) we have that
Y(a)=1-g, ~(az)=ai. (1.3)

Therefore,

v(z) = vy(ara2 + (ag + %al)(l — al))
= 7(a1)(y(az) + az) + ary(az)

+ (ag + ;m) (vl =a1)+1—a1)+ <a2 + ;al) (1 —a).
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By using (1.3) we obtain that
¥(2) = (1= g)(az + 1) + o]
(a+30-9)@-a)+ (a+ga) -y
=az+a1 — (a2 +2a19 + g — g%) + ai + (aﬁ;al) (9—1)

+ag—ai+ %(9 —9°)+ %al(g 1)+ %(g — 9%
Now it follows easily that v(z) = 0. O
The Jordanian enveloping algebra of sf(2) is
g(iordan . g(jordan /. (1.4)

By Lemma 2, 43°7%2 is a Hopf algebra quotient of $(3°4» By abuse of notation the
images of g, ai, as in 43°7%® are denoted by the same symbols.

Remark 3. For each )\ € k let
LT = gerden /(2 \(1 - g)). (1.5)

Then $43°7*™ is a Hopf algebra, since z — A(1 — g2) € P2 ; (U3°r9an),
Let us now fix A, u € k. Let U be the algebra

U=k{g,g " a1,a2)/{gg7 " — 1,97 g —1).

Then U has a unique Hopf algebra structure such that g, g=! € G(U) and aj, as €
Pgy.1(U). Moreover, there exists a well-defined Hopf algebra map

P U— U g g, a1 a1, ag — ag + (1 — g).
It is easily checked that
gay —a1g—g+g°, gas — (a2 + a1)g € ker oy ..
Moreover, for z € U defined as in (1.2) we obtain that
pan(z) =2 = ap(l = g) — p(l = glar + p(1 — g) = p(1 - g°).

Since z = A(1 — ¢%) € 7% we conclude that ¢, , induces a surjective Hopf algebra
map
(P)\,;L . uiﬁ:ian N ug\ordan.

It follows that g y : U374 — (Iordan i o Hopf algebra isomorphism.

https://doi.org/10.1017/50013091522000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000207

Corrigendum: Liftings of Jordan and Super Jordan Planes 581

Remark 4. For any h) € k, the Hopf algebra Uh was introduced by Christian Ohn in
[3]; this is the algebra generated over k by K, Y, T*! with relations:

TT'=T"'T=1, [K,T]=T*-1, [V,T]= fg(KTJrTK), (1.6)
[K,Y] = —%(YT +TY +YT +T7Y), (1.7)

with the Hopf algebra structure of Uh determined by 7T € G(Uh> and X,Y €
PT717T(Ub). It is easy to see that the the Hopf algebras Uy with h # 0 are all iso-
morphic so we fix one of them. The appellative Jordanian was introduced by Alev and
Dumas to the best of our knowledge. We claim that $43°*%*" is isomorphic to the Hopf
subalgebra il of Uh generated by

r=KT ', y=YT7' g=T77"% (1.8)
we choose these variables to have x, y € Py 1 (4). Now (1.6) implies
grx=z+21-g), g-y=y-2h+(1-g)). (1.9)
We perform a new change of variables:
1 1 1
ay = 5% az = *Ey - Eﬁ

these new variables satisfy (1.1). Now (1.7) translates succesively into

Ty —yx = —2y—hx2+2(1—92)

and then into
1
z=—=(1-g%.

That is, 4 ~ §I%%*",

32

Remark 5. The algebra Ub can be described as an iterated Ore extension:
Up, = k[T™][z;6][y; 0, D] (1.10)

with § a derivation of k[T*], ¢ an automorphism of k[T*][z ;6] and D a o-derivation of
k[T*][z ;] defined by:

ol =Tx+ (T -T71) (1.11)
—_———
—=5(T)
_ n -1
yI'= T y+(—hTa:—§(T—T ) (1.12)
=o(T)
—D(T)
yr = (x4 2)y + ha? — E(1—T_4). (1.13)
—— 4
=) =D(x)
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Proposition 6. There exist a derivation §; of R :=k[g, g~'], a derivation 63 of S :=
Rlas;id, 61] and an automorphism o of S such that 47°79" js jsomorphic to the Ore
extension Slas; o, da).

Hence 47°792% js a noetherian domain of Gelfand-Kirillov 3, and the monomials g’ a’* a%
form a PBW-basis of $l7°rdan,

Proof. We leave the verification of the first claim to the reader as a long but
straightforward exercise: the derivations 6; : R — R, 05 : S — S satisfy

1
81(9) = ¢* — g, a(g9) = —a19,82(a1) = sl —ai),
and o is given by o(g) = g, o(a1) = a1 + 1. The rest is standard. O

Corollary 7. The Hopf algebra 7°793" s pointed and gr 47°798" s isomorphic to the
bosonization of the Jordan plane by the group algebra of the infinite cyclic group. O

1.2. The gap and how to fix it

We fix a group G. Let H be a pointed Hopf algebra with coradical filtration (H,)nen,
such that G(H)~ G. Then H;/Hy~ V#kG, where V € KSYD is the infinitesimal
braiding of H. For g € G, the space of (g, 1) skew-primitives P, 1(H) satisfies

Py, (H) N Ho = k(1 = g) and Py,1(H)/ (Py,1(H) N Ho) = Vy.

Now assume that V' ~ V,(x, n) for a YD-triple D = (g, x, n) over kG. Thus V =V, and
we have an exact sequence of G-modules

0 — k(1 —g) — Pyi(H) —= Vy(x,n) — 0.

Since g € Z(G), one has k(1 — g) C Py1(H)®. Hence x # ¢ implies that
Py (H) = k(1 —g) © V,(x,n)

and we have a morphism of Hopf algebras = : 7 (Vy(x, n)) — H, where 7 (Vy(x, n)) =
T(Vy(x, n))#kG. In particular the proof of [1, Prop. 4.3] goes over without changes.

We assume for the rest of this Section that the infinitesimal braiding V' of H is isomor-
phic to V,(e, n) for a YD-triple D = (g, ¢, 17) as Yetter-Drinfeld module over kG. Under
this assumption, P, 1 (H) might be indecomposable.

Example 8. The indecomposability of P, 1(H) could happen in other situations. Here
is a simple example. Let A be the algebra generated by a, v*!, where v~ is the inverse
of v and the relation yay~! = a + (1 — «) holds, so that A is not commutative. Then
A is a pointed Hopf algebra by declaring that ~ is a group-like and a a (v, 1) skew-
primitive element. Observe that P, ;(A) is indecomposable. Let I" ~ Z. It can be shown
that gr A ~ T(V) @ kI, where V' has dimension 1 and is the infinitesimal braiding of
A. But P, 1(A) is indecomposable and there is no surjective morphism of Hopf algebras
T(V)ekl — A.
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Back to our situation, let us pick ai, as € Py 1(H) such that w(a;) = x;, j =1, 2 and
set ag = 1 — g. Then there are ¢ € Der, .(kG, k) and a linear map £ : kG — k such that
the action of h € G on P, 1(H) is given in the basis (ag, a1, az) by

L ¢(h) &(n)
[l ={0 1 x| (1.14)
0 0 1

Notice that Der, .(kG, k) = Homgps(G, (k, +)) and that & is a kind of differential
operator of degree 2, meaning that

€(hk) = €(h) + C(R)n(k) + £(k) for all h,k € G. (1.15)

Thus if ¢ # 0, then the claim [1, Prop. 4.2, page p. 669, line 8] is not true. To correct this
we consider the subalgebra A generated by g and Py 1(H), a Hopf subalgebra of H. The
action of g on Py 1(H) = Py 1(A) in the basis (ag, a1, az) is given by

L C(g) &)
lgl=10 1 1 (1.16)
0 0 1
As g € Z(G), we have that £(gh) = £(hg) for all h € G, so (1.15) says that
C(h) =n(h)¢(g) for all h € G. (1.17)

We consider two cases:
(A) ¢(g9) =0. Then ¢ =0 by (1.17) and & € Der, . (kG, k) by (1.15).

(B) t:=((g) # 0, the Jordanian case. In the basis (ag, t~tay, t"tas —t=2£(g)ay), the
1 1 0
action of ¢ is given by (0 1 1). We still denote the new basis by (ag, a1, az2);
0 0 1
that is, we may assume that ((g) =1, £(g) = 0. By (1.17), ( =7, and by (1.15),
E(hk) = &(h) +n(h)n(k) + &(k) for all b, k € G.

We shall see that the following Hopf algebras exhaust the case (A).

Definition 9. Let D = (g, ¢, 7) be a YD-triple, { € Der. .(kG, k) and A € k. We
define e (D, A) as the algebra generated by h € G, a1, az with defining relations being
those of G and

hai — aq h, h e G, (118)

hag — (az +n(h)ay +&(h)(1 —g))h, h e G; (1.19)
a2

a1as — aoa] — ?1 — A1 —-¢%. (1.20)

As we said already, LUy(D, \) ~ U(D, N), introduced in [1, §4.1].
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Lemma 10. U (D, \) is a Hopf algebra with comultiplication determined by
G(Ue(D,N)) =G and ay, a2 € Py 1 (e (D, N)).

Thus U (D, ) is pointed. The set {ai*ayh|m, n € Ny, h € G} is a basis of (D, \);
grile(D, \) ~ B(V(1, 2))#kG and

GKdim ¢ (D, ) = GKdim kG + 2.
In particular, if G is nilpotent-by-finite, then GKdim ¢ (D, A) < oo.
Proof. Left to the reader. O
We shall see that the following Hopf algebras exhaust the case (B).

Definition 11. Let D = (g, &, n) be a YD-triple and define ¢ € (kG)* by &(h) =

1(n(h)? —n(h)), h € G. We introduce U3°*%2(D) as the algebra generated by h € G,

a1, as with defining relations those of G, (1.19) and

hay — (a1 +n(h)(1 —g))h, heG. (1.21)
2
1
ajas — asaq — C;—l +ag + F0- (1.22)

Observe that &, needed in (1.19), satisfies (1.15) with ¢ = 1. The proof of the following
Lemma is also standard.

Lemma 12. 47°79(D) is a Hopf algebra with structure determined by
G(W°ran (D)) = G and ay, az € Py (WOF(D)).

Thus U47°791(D) is pointed. The set {a*a%h|m, n € No, h € G} is a basis of 47°7%2(D);
gr 49ordan(DY ~ B(V(1, 2))#kG and

GKdim $47°7%"(D) = GKdimkG + 2.

In particular, if G is nilpotent-by-finite, then GKdim 7°7%32(D) < oo.

1.3. Proof of proposition 1

Let G be a nilpotent-by-finite group and let H be a pointed Hopf algebra with finite
GKdim such that G(H) ~ G and the infinitesimal braiding V' of H is isomorphic to
V(1, 2). By [1, Lemma 2.3], there exists a unique YD-triple D = (g, x, 1) such that V ~
V,(x, n) in ¥K5YD. By [1, Lemma 3.7], gr H ~ Z(V(1, 2))#kG, hence H is generated by
Py1(H) and G as algebra.

If x # €, then the proof of [1, Prop. 4.1] implies that H is isomorphic either to (D, 0)
or U(D, 1), the Hopf algebras introduced in [1, §4.1].

Assume that xy =e. Pick a basis (ag =1 — g, a1, az) such that any h € G acts on
Py1(H) by (1.14) where ¢ € Der. . (kG, k) and & € (kG)* satisfies (1.15). Let A be the
subalgebra generated by P, 1(H). As explained above we consider two cases.
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Case (A): ¢(g) =0, thus ¢ = 0. Even if [1, Proposition 4.2] does not apply in general
since we may have & # 0, it does apply to A up to changing the base to (ag, a1, az) where
a2 = as — &(g)ay, see (1.14). Call the new basis again (ao, a1, az) by abuse of notation.
Hence A ~ U(D’, \) where D' = (g, X|(g) N|(g)) i @ YD-triple over the subgroup (g) of
G and A € {0, 1}. In particular the following equality holds in H:

asa] = a1y — %a% +A(1— gz).

We first claim that A is stable under the action of G. Indeed let G act on the free algebra
generated by g*!, aj, az, where G acts trivially on g, and by (1.14) on ay, as. As g is
central, the action of each h € G preserves the defining ideal of A, so G acts on A.

We next claim that H ~ A x kG/I, where I is the ideal that identifies the two copies
of g where x stands for smash product. Indeed, the inclusions A — H, kG — H induce
a Hopf algebra map 9 : A xkG/I — H. As gr H ~ B(V)#kG, H is generated by aq,
as and G, so 9 is surjective. On the other hand, (A xkG/I); is spanned by the set
{1®h, a1 ® h, az ® h|h € G}. The image of this set under ¢ is linearly independent,
which implies that ©axxa/r), is injective. By [2, 5.3.1], ¢ is injective, and the claim
follows. As a consequence, the set {a*abh|m, n € Ng, h € G} is a basis of H.

Finally, we see that there is a Hopf algebra map H(D, A) — H; since this map sends
a basis to a basis, we conclude that H ~ (D, \).

Case (B). ¢(g) # 0. As discussed above, we may assume that ¢ = 7. Recall that we
are assuming that GKdim H < co. We claim that

(i) There exists a Hopf algebra isomorphism A ~ $f3°rda2 cf (1.4).
(if) &(h) = 3(n(h)? —n(h)) for all h € G.

(iii) A is stable under the adjoint action of G and H ~ A x kG/I, where I is the ideal
that identifies the two copies of g.

(iv) The set {aT*ajh|m, n € Nyg, h € G} is a basis of H and H ~ g3°rée (D).

(i): Tt is easy to see that there exists a Hopf algebra surjective map 7 : gljordan _, A,
which applies g, a1, az to the corresponding elements of A. Hence 7(z) € Pg2 1(A), by
Lemma 2. Now, as g # ¢* and gr H ~ B(V)#kG, we have that Py 1(H) = P,z 1(H) N
Ho = k(1 — g?); thus there exists A € k such that 7(z) = A(1 — ¢?), which implies that
7 factors through a map 7 : 7 — A. The set {g*, a1g¥, asg® : k € Z} is linearly
independent in H, so T udoreeny is injective. By [2, 5.3.1], 7 is an isomorphism. Up to
composing with ¢g x, see Remark 3, we may assume that A = 0.

(ii): Given h € G, let v, € Endg H be given by

Yu(x) = hah™ — 2 for all z € H.
Note that vy, (xy) = vn(x) (W (y) + y) + zyn(y) for all z, y € H. From (1.14),

n(ar) =n(h)(1 —g), n(az) =n(h)ar +&(h)(1—g). (1.23)
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Therefore,

Yr(2) = n(h)(1 = g)(n(h)ar + &£(h)(1 — g) + az) + ar(n(h)ar +E(h)(1 - g))

(1 + 6000 = 9) 4 3001 ~)) (a1 =) + 1 )

1 1 1
~ (an g ) o1 = 9) = (k) = G+ €(1) ) (1 52
By (i), 2 = 0, so y,(2) = 0. Thus, £(h) = 3(n(h)* — n(h)).
(iii): Let G act on the free algebra generated by ¢g*!, a1, az, where G acts trivially on
g, and by (1.14) on a1, ap. Each h € G fixes the defining relations gg=! — 1, g7'g — 1,
ga1 —aig—g+g° z and

h-(gaz — az g — a1 g) = gaz — azg — arg +n(h)(gar — a1 g — (1 - g)g),
so the action descends to A. The proof of (iv) is as in Case (A). O
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