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Abstract

We construct explicit generating series of arithmetic extensions of Kudla’s special divisors on integral models of
unitary Shimura varieties over CM fields with arbitrary split levels and prove that they are modular forms valued in
the arithmetic Chow groups. This provides a partial solution to Kudla’s modularity problem. The main ingredient
in our construction is S. Zhang’s theory of admissible arithmetic divisors. The main ingredient in the proof is an
arithmetic mixed Siegel-Weil formula.
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2 C. Qiu

1. Introduction

Let E be a CM field, V a hermitian space over E of signature (n, 1), (n+ 1,0), ..., (n + 1,0), and X a
Shimura variety for U(V). Let F be the maximal totally real subfield and F- ¢ the set of totally positive
elements of F. For t € F.(, we have a special divisor Z, on X, following Kudla’s work [Kud97a] for
orthogonal Shimura varieties. Let [Z;] be the class of Z; in the Chow group Ch!(X)c of divisors on X
with C-coefficients. By Liu [Liulla], the generating series

constant term + Z VAV (1.1
teF.y

with a suitable constant term, is a Ch! (X)c-valued holomorphic modular form. Here, g = [] 1[51@] 27Tk

with 7 = (1) ,EZ;Q] € HIF:Q where # is the usual upper half plane. This is an analog of the theorem of
Borcherds [Bor99], Yuan, S. Zhang and W. Zhang [ YZZ09] for orthogonal Shimura varieties, which was
originally conjectured by Kudla [Kud97a]. In [Kud02, Kud03, Kud04], Kudla also raised the problem
of finding (canonical) arithmetic extensions of special divisors on integral models of Shimura varieties
to obtain a modular generating series, which is crucial for Kudla’s program on arithmetic theta lifting.
The main result of this paper provides a solution to Kudla’s modularity problem in the case that
X is proper with arbitrary level structures at split places and certain lattice level structures at nonsplit
places. The arithmetic extensions are defined using S. Zhang’s theory of admissible arithmetic divisors.
Slightly more explicitly, we construct a regular integral model X" of X proper flat over Of. An admissible
arithmetic divisor on X is an analog of an admissible Green function (i.e., one with harmonic curvature).

Consider the normalized admissible extension th of Z;, which is the Zariski closure at every finite

place of E where the model is smooth. Let [Z~] be its class in the arithmetic Chow group. Then the

generating series

constant term + Z ([th] +e)q", (1.2)

teF-y

with a suitable constant term, is a holomorphic modular form. Here, e, is formed using coefficients of
an explicit Eisenstein series and its derivative.

Previous to our work, solutions to Kudla’s modularity problem were obtained using different methods
by Kudla, Rapoport and Yang [Kud03] [KRY06] for quaternionic Shimura curves, by Bruinier, Burgos
Gil, and Kiihn [BBGKO07] for Hilbert modular surfaces, over Q with minimal level structures, by Howard
and Madapusi Pera [HMP20] for orthogonal Shimura varieties over Q, and by Bruinier, Howard, Kudla,
Rapoport and Yang [BHK*20a] for unitary Shimura varieties over imaginary quadratic fields, with self-
dual lattice level structures. Compared to these results, we expect that the greater generality of the level
structures in our result could be more useful for some purposes — for example, to approach modularity
in higher codimensions following the inductive process in [YZZ09] for the generic fibers.

In the other direction, S. Zhang [Zha20] introduced the notion of L-liftings of divisor classes
(on general polarized arithmetic varieties), and then deduced a solution to Kudla’s modularity problem
directly from the modularity results for the generic fibers in the first paragraph, regardless of level
structures. The L-lifting of a divisor class is also admissible but ‘normalized’ in the level of arithmetic
divisor classes using the Faltings heights. Our approach is an explicit alternative of S. Zhang’s. In some
applications, an explicit modular generating series as our (1.2) is necessary. For example, W. Zhang’s
proof of the arithmetic fundamental lemma [Zha21a] used the explicit result of [BHK*20a].

The main ingredient in the proof of our main result is an arithmetic mixed Siegel-Weil formula,
which identifies the arithmetic intersection between the generating series (1.2) with a CM 1-cycle on X’
(associated to a 1-dimensional hermitian subspace of V) and an explicit modular form constructed from
theta series and (derivatives of) Eisenstein series.
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Arithmetic mixed Siegel-Weil formulas appeared in the literature in different contexts. The first one
appeared in the work of Gross and Zagier [GZ86, p 233, (9.3)] for generating series of Hecke operators
on the square of a modular curve, and implies their celebrated formula relating heights of heegner points
and derivatives of L-functions. This arithmetic mixed Siegel-Weil formula was partially generalized
to quaternionic Shimura curves over totally real fields in the work of Yuan, S. Zhang and W. Zhang
[YZZ13, 1.5.6] on the general Gross-Zagier formula. For certain orthogonal Shimura varieties over Q,
an arithmetic mixed Siegel-Weil formula was conjectured by Bruinier and Yang [BY 09, Conjecture 1.3].
Its analog for unitary Shimura varieties over imaginary quadratic fields with certain self-dual lattice
level structures was proved by Bruinier, Howard and Yang [BHY 15, Theorem C].

In the rest of this introduction, we first state our main result in more detail. Then we discuss its proof.
Finally, we mention two non-holomorphic modular variants of (1.2).

1.1. Main result

To state our main result, we need some preliminaries.

1.1.1. Admissible divisors

Let E be a number field, A" a regular scheme (or more generally Deligne-Mumford stack) proper flat over
Spec O and £ = (L, || - ||) an ample hermitian line bundle on X'. At each infinite place v of E, equip
the complex manifold X, with the Kéhler form that is the curvature form curv(Lg, ). First, a Green
function is admissible (introduced by Gillet and Soulé [GS90, 5.1] following Arakelov [Ara74]) if its
curvature form « is harmonic; equivalently, on each connected component of X, , curv (ZEV)"‘1 ANa
is proportional to curv(ZEv)”, where n = dim Xg, . It is further normalized if on each connected
component of X, , its pairing with (i.e., integration against) curv(ZEv)” is 0. Second, at each finite
place v, a divisor Y on X@EV is admissible if it has ‘harmonic curvature’ with respect to Zo £y o 10 the
sense that on each connected component of Xo, , the linear form on the space of vertical divisors
defined by intersecting with Y - ¢1 (Lo, )*~! is proportional to the linear form defined by intersecting
with ¢1 (Loy, )". We further call ¥ normalized if its vertical part has intersection pairing O with ¢1(£)".
Finally, an arithmetic divisor on X" is (normalized) admissible if it is (normalized) admissible at every
finite place and its Green function is (normalized) admissible. For a divisor Z on X, we have the unique
normalized admissible extension Z* on X (called the Arakelov lifting of Z in [Zha20]).

—1
Let Chz (&) be the space of admissible arithmetic divisors with C-coefficients, modulo the C-span
of the principal ones. If A" is connected, then the natural map

Ch (X) — Ch! (Xg)e (13)

—1
is surjective and has a 1-dimensional kernel. It is the pullback of Chs(Spec Og) = C, where the

—1
isomorphism is by taking degrees. Then the ¢; € C € Chz (X)) in (1.2) is understood in this way.

1.1.2. Shimura varieties and integral models

Let V(A%) be the space of finite adelic points of V. For an open compact subgroup K C U(V(A%)), we
have a U(V)-Shimura variety Sh(V)x (which could be stacky) of level K defined over E. We assume
that Sh(V)k is proper; equivalently, F # Q or F = Q,n = 1 and V is nonsplit at some finite place.

Let A c V(A%) be a hermitian lattice with stabilizer K c U(V(A})). Let K C K, such that
K, = K, for v nonsplit in E. We construct a regular integral model X of Sh(V)x proper flat over Of
under some conditions on E, F', A (Theorem 4.4.4). Our construction is largely suggested by Liu.

We have two constructions according to different conditions on E, F. First, assume that E/Q is
tamely ramified. We have the normalization in Sh(V)k of the flat model of Sh(V)k, of Kisin [Kis10],
Kisin and Pappas [KP18] over Og (., for every finite place v. We want to show their regularity and
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glue them to obtain a regular integral model Xx over OF. For this purpose, we use a certain regular
PEL moduli space for a group closely related to U (V) over the ring of integers of a reflex field E’/E,
constructed by Rapoport, Smithling and W. Zhang [RSZ20]. Expectably, the moduli space and our
integral models are closely related, as shown by Xu in Appendix B (the proof for the general level at
split places was suggested by Liu). Second, replacing the tameness assumption by the assumption that
E/Q is Galois or E is the composition of F with some imaginary quadratic field, which implies that
E’ = E, we can construct a regular integral model over O (. from the above moduli space, following
[LTX*22]. Moreover, if both the tameness assumption and the replacement hold, the two constructions
give the same model.

We remark that by our choice of A, Xk, is smooth over O so that the finite part of the normalized
admissible extension of a divisor on Sh(V)g, is the Zariski closure on Xk, .

1.1.3. Hodge bundles and CM cycles

Let Lk, be an arbitrarily line bundle on Xk, extending the Hodge (line) bundle on Sh(V)g,. Let Lk,
denoted by L if K is clear from the context, be the pullback of Lk, to Xk. Let L=(L]| 1), where
|| - | is the descent of the natural hermitian metric on the hermitian symmetric domain uniformizing

Sh(V)k. It is compatible under pullbacks as K shrinks. Changing £, ¢;(£) € él\léj()( ) changes by an

element in the pullback of ﬁlé(SpeC Og). (It is a special feature due to the smoothness of Xk, over
OE.) In particular, changing L will not change the generating series (1.2). However, this fact does not
play a role in our proof.

For a 1-dimensional hermitian subspace W C V, we have an associated O-dimensional Shimura
subvariety of Sh(V). On Xk, , let the 1-cycle Pk, be its Zariski closure, divided by the degree of
its genetic fiber (so that deg Pk, g = 1). Then Pk, is independent of the choice of this subspace
(Proposition 5.1.9). We do not need CM cycles at other levels.

1.1.4. Generating series
We start with the non-constant terms of the generating series (1.2).

For x € V* with norm in Fs, the orthogonal complement of A7x in V* defines a (shifted) unitary
Shimura subvariety Z(x)x of Sh(V)k of codimension 1. For t € F- and a Schwartz function ¢ on
V(AY) invariant by K, the weighted special divisor is

Zi=Z= ), $WZ)xk.

xeK\V®, g(x)=t

It is compatible under pullbacks as K shrinks.
Now we define ¢,. Let E(s,7) be the Siegel-Eisenstein series on HF*Q associated to ¢. Its r-th
Whittaker function E, (s, 7) has a decomposition

Ei(5,7) = Woo (s, T)W;7(5)

into the infinite component and the finite component. Here, we choose the s-variable so that E (0, 7) is
holomorphic of weight n + 1, equivalently, the infinite component W, ; (0, 7) is a multiple of ¢*. (Note
that s = 0 is the critical point for the Siegel-Weil formula, but not the center for the functional equation.)
The t-th Fourier coefficient of E(0, T) is %. Define

_ Woo’[ (0, T) d

0,7
» 0,7)
q' ds t

E
W (s) + ———= log Nmg /ot (1.4)
q

Then ¢, is independent of 7.
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We introduce a number that will appear in the constant term of the generating series. Let

L'©,m) +log |Discg| — B[ F : Q] — LF: ,

=ci(Lr.) - 2
a=c1(Lk,) Pk, + Z0.n) "

where Discg € Z is the discriminant of £/Q, and b = —(1 + log4) when n = 1 and more complicated in
general. See (3.30) and the remarking following it. We hope to compute the Faltings height c; (Lx )Pk,
based on [YZ18] in a future work. And we expect cancellation among the terms defining a so that the
definition of a will be elementary and transparent.

Theorem 1.1.1 (Theorem 4.4.21, (4.28)). If ¢, = 15, at ramified places, the generating series (1.2) with
the constant term being ¢(0) (c1 (ZV) + a) is a holomorphic modular form on H'F Q! of parallel weight

n+ 1 valued in (’:B'Z’C(XK). Here, we understand a,¢; € C C (’:B'Z’C(XK) as discussed below (1.3).

Since the formation of normalized admissible extension is compatible under flat pullbacks, the
generating series (1.2) is compatible under pullbacks as K shrinks.

We note that the sum of the normalized admissible Green function for Z, and e, recovers the
Bruinier-Borcherds Green function used by Bruinier, Howard, Kudla, Rapoport and Yang [BHK"20a]
for F = Q, so that Theorem 1.1.1 is an analog of [BHK*20a, Theorem B]. Though the Bruinier-
Borcherds construction can not be directly extended to a general F' (as explained to us by Bruinier), our
construction could be considered as an alternative generalization.

1.2. Sketch of the proof

Now we discuss the proof of Theorem 1.1.1. By the 1-dimensionality of the kernel of (1.3) and the
modularity of the generic fiber of the generating series (1.2) (i.e., the generating series (1.1)), the
modularity of (1.2) is equivalent to the modularity of the generating series of arithmetic intersection
numbers between [ZX] +¢,’s and a 1-cycle on Xx whose generic fiber has nonzero degree. (A similar
strategy was used in [Kud03, KRY06].)

Assume that K = K\ for simplicity and let us take the 1-cycle to be Pk, . Then this generating series

of arithmetic intersection numbers ([ZIZ] + e,) - Pk, is the arithmetic analog of the integration of a

theta series of U(1, 1) x U(V) along U(W)\U(W(AE)), where W C V is the 1-dimensional hermitian
subspace defining Pk, . By the Siegel-Weil formula for U(1, 1) x U(W), this integration is a theta-
Eisenstein series (i.e., a linear combination of products of theta series and Eisenstein series).!

Let OE(s,7) be the theta-Eisenstein series associated to ¢ and let 0E, (s, 7) be its r-th Whittaker
coefficient. We study the holomorphic projections of 6E’(0, 7) in order to match the above generating
series of arithmetic intersection numbers, which is supposed to be holomorphic in view of our goal
(Theorem 1.1.1). A priori, there are two holomorphic projections. One is the projection of 6E’ (0, T) to
the space of holomorphic cusp forms, which we call ‘cuspidal holomorphic projection’ and denote by
0E, ,(0,7). Let OE éhol’ .(0,7) be its 7-th Whittaker coeflicient. The other is for 0E7(0,7) and purely
at infinite places, which we call ‘quasi-holomorphic projection’ following [YZZ13] and denote by
0F ;’qhol(O, 7). However, neither of them could be the desired match, since 0F éhol(O, 7) has no constant
term and 6F ;’qhol(O, 7) is (in general) not the #-th Whittaker coefficient of a modular form. Thus, we
compute their difference and find that 6F ;’qhol(O, T) — GEghOL ,(0,7) is the sum of 2e,4" and the t-th
Whittaker coefficient of a holomorphic Eisenstein series. See (3.31). In the case n = 1, the computations
of holomorphic projections have their roots in [GZ86]. The strategy we follow is outlined in [YZZ13,
6.4.3], and the explicit computation was done by Yuan [Yua22]. We largely follow [ Yua22].

IThe name actually comes from ‘mixed Eisenstein-theta series’ in [YZZ13]. We use a slightly different notation to cope with
the later notation ‘6 E (s, 7)’, which we will take derivative on the Eisenstein series and so that we make the ‘E’ closer to the
s-variable.
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Let f be the sum of —%HE 'no1 (0, 7) and the negative of the holomorphic Eisenstein series in the last

sentence. Then f is a holomorphic modular form on #Q! of parallel weight n + 1. The r-th Whittaker
6E, (0,
coefficient of f is —3 %(T) +e.

In 5.2.1, we define some explicit Schwartz functions ¢/, for every ramified place v, which are ‘error
functions’ due to ramification. Let g be sum of the theta-Eisenstein series associated to ¢ ¢7,’s. The
following is our arithmetic mixed Siegel-Weil formula (Theorem 5.2.5) in the case K = K.

Theorem 1.2.1. Assume that ¢, = 1a, for v nonsplit in E. The arithmetic intersection number
([Zf] + e,) - Pk, is the t-th Fourier coefficient of f — g — %E(O, 7).

In Theorem 5.2.5 for a general K, we use the pullback of Pk, to Xk, instead of natural CM cycles
on Xk, to simplify certain local computations. See Remark 5.2.6.

We remind the reader that in Theorem 5.2.5, we actually use the automorphic Green function for Z;
constructed by Bruinier [Bru02, Brul2] and Oda and Tsuzuki [OTO03] (for n = 1 and F = Q, it was
well known and used by Gross and Zagier [GZ86]). Its difference with the normalized admissible Green
function is %Et(O, 7) by Lemma 4.2.4 and the remark following it.

Let us remark on the innovation in proving the arithmetic mixed Siegel-Weil formula. We consider
the difference of two CM cycles. The generic fiber of the difference has degree 0. Then the generating
series of arithmetic intersection numbers is modular by the admissibility. (A similar observation was
used in [MZ21] to generalize the arithmetic fundamental lemma. See also [Zha21b].) This modularity
enables us to ‘switch CM cycles’ and thus avoid computing improper intersections directly. This idea is
inspired by [YZZ13] and [Zha21a].

1.3. Non-holomorphic variants

We obtain a non-holomorphic modular variant of the generating series (1.2), where the sum of the
normalized admissible Green function for Z; and ¢, is replaced by Kudla’s Green function [Kud97b]. See
Theorem 4.4.24. This is an analog of [KRY 06, Theorem A] [BHK*20a, Theorem 7.4.1]. Theorem 4.4.24
follows from Theorem 1.1.1, and the modularity of the differences between the generating series of two
kinds of Green functions (Theorem 4.2.10). The latter (Theorem 4.2.10) is an analog of the main result
of Ehlen and Sankaran [ES18] for F = Q.

Note that Kudla’s Green function is not admissible. We also obtain a non-holomorphic modular
generating series with admissible Green functions (Theorem 4.4.21, (4.29)). This has not appeared in
the literature yet, as far as we know.

2. Some notations and conventions
2.1.

For a number field F, let A be the ring of adeles of /" and A}, the ring of finite adeles of F. For a finite
place v of a number field F, let @, be a uniformizer of F,. Let gf, be the cardinality of OF, /@F, . The
discrete valuation is v(@r, ) = 1 and the absolute value |- |f, is |@ |, = q;l. For an infinite place, v is
understood as a pair of complex embeddings. If v is real, the absolute value | - |, is the usual one; if v
is complex, the absolute value | - |, is the square of the usual one. Their product is | - |4, . The symbol
| - | without a subscript means the usual real or complex absolute value.

Below in this paper, E/F is always a CM extension. Let co be the set of infinite places of F. Let
F-o C F be the subset of totally positive elements. For a place v of F, E,, is understood as E ®F F,.
The nontrivial Galois action will be denoted by x + X, and the norm map Nmg/r or its local version
is abbreviated as Nm. Let i be the associated quadratic Hecke character of F*\A%. via the class field
theory.

For a set of place S of F and a decomposable adelic object X over Ag, we use Xs (resp. X°) to
denote the S-component (resp. component away from ) of X if the decomposition of X into the product
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of Xg and X¥ is clear from the context. For example, Ay = AF,SA;? and Agp = AE,SALE by regarding
Apg as over Ar. Here is another example which is ubiquitous in the paper: a function ¢ on the space of
Ap-points of an algebraic group over F that can be decomposed as ¢ = ¢s ® ¢5, where ¢g (resp. ¢°)
is a function on the set of Ag g-points (resp. Alsp—points) of the group. Note that such a decomposition
of ¢ is not unique. By using these notations, we understand that we have fixed such a decomposition.
See 2.3 for an example. If § = {v}, we write X,, (resp. X") for Xg (resp. X%).

2.2.

All hermitian spaces are assumed to be nondegenerate. We always use (-, -) to denote a hermitian pairing
and ¢(x) = (x,x) the hermitian norm if the underlying hermitian space (over E, E,, or Ag) is indicated
in the context. For a hermitian space V over E, we use V to denote V(E) to lighten the notation if there
is no confusion. For 7 € F, let V! = {v € V : q(v) = t}. The same notation applies to a local or adelic
hermitian space. We use U (V) for both the algebraic group U(V) and its group of F-points. Define

[UMW)] = UWN\U(V(AE)).

A hermitian space V/Ag is called coherent (resp. incoherent) if its determinant belongs (resp. does
not belong) to F*Nm(A%); equivalently, V =~ V(Ag) for some (resp. no) hermitian space V/E. If V is
incoherent of dimension 1, for a place v of F nonsplit in E, there is a unique hermitian space V/E such
V(AL) = VY. We call V the v-nearby hermitian space of W.

2.3.

Let S(V) be the space of C-valued Schwartz functions. For v € oo such that V(E, ) is positive definite,
the standard Gaussian function on Vo, is e 279 e S(V(E,)). If a hermitian space V/Ag is totally
positive-definite, let

S(V) c S(V)

be the subspace of functions of the form ¢ = ¢, ® ¢>°, where ¢, is the pure tensor of standard Gaussian
functions over all infinite places and ¢* € S(V) taking values in C. For ¢ € S(V*), we always fix
such a decomposition.

24.

Fix the additive character of F\AF to be  := g o Trr g, where y/q is the unique additive character of
Q\Ag such that g, (x) = e?™X The additive character of Ag is Y := ¢ o Trg/p. Fort € Ap (wein
fact only use t € F), let y,(b) = y(tb). For a place v of F and ¢t € F,, Let ¢, ;(b) = ¥, (tb). Then
Yy = ';bv,t‘, fort € Ap.

Fix the self-dual Haar measures for F, and E, . Then

dppx = {p, (DIx|p dr,x, dpgx = Le, (1)|x|5) die,x

are the induced Haar measures on F)* and E3\. The subscripts will be omitted later in the paper. They
induce the quotient measure on E/F} ~ U(1)(F,).
For ¢ € S(V(E,)), the Fourier transform of ¢ (with respect to ¢ and a Haar measure) is

5= [ o (ody.
V(Ey)
We fix the self-dual Haar measure on V(E,).
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2.5.

Let G = U(1, 1) be the unitary group over F of the standard skew-hermitian space over E of dimension 2;
that is, the skew-hermitian form is given by the matrix

o[

Then w € G(F). We use w,, to denote the same matrix in G(F,,)
For b € G, F, let
1b
n(b) = [O 1].

For a € Resg/r Gy E, let

m(a):[a O]

oa’!

Let N = {n(b) : b € Gy r} € G, M = {m(a) : a € Resg/rG,g} C G, and P = MN the subgroup
of upper triangular matrices. Then G is generated P and w. The isomorphism N ~ G, r induces an
additive character and a Haar measure on N (Af) which we fix in this paper.

Let K" be the intersection of G (F, ) with the standard maximal compact subgroup GL,(E, ). Then
K™ is a maximal compact subgroup of G(F,). For v € oo, K" is the group of matrices

._l ki+ky —iky+iky
[kl’kZ] T 5 ikl —ikz k1+k2

where k1, k, € E, are of norm 1. We have the Iwasawa decomposition

G(F,) = N(FV)M(FV)KI;naX-

2.6.

For a place v of F, the local modulus character of G(F,) is given by

6v(8) = lalg,

if g = n(b)m(a)k with k € K™ under the Iwasawa decomposition. The global modulus character
6 of G(Ap) is the product of the local ones. Since we will use results in [YZ18, YZZ13], where
the subgroup SL, C G is used, we remind the reader that our modulus character, when restricted to
SL,(F,) c G(F,), is the square of the one in loc. cit..

2.7.

For w = (w,),ex, Where w, is a pair of integers, let A(G,w) be the space of smooth automor-
phic forms for G of weight w. Let A, (G, w) be the subspace of holomorphic automorphic forms.
A characterization is as follows. For v € o, t € F, >0 and a pair of integers (w, w2), the standard
holomorphic i, ;,-Whittaker function on G (F)) of weight (w1, w,) is

W(WI»WZ)

_ 2mit(b+ila (Wi+w2) /27 w1 wa
N (g)=e (b+i] |Ev)|a|Ev kl k2 ,
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for g = n(b)m(a)[ k1, k2] under the Iwasawa decomposition. For € Ap ., let

w W,
Woo,t - | | Wv,t'

Vv €oo

An automorphic form f on G(Ar) is holomorphic of weight w if for r € F.¢ U {0}, its ,-Whittaker
function is a tensor of the finite and infinite component: f; = £ ® Wg ,, and for other ¢ € F, its
¥,-Whittaker function is 0. In this case, we call the locally constant function £ on G(A}) the t-th
Fourier coefficient of f. (Then f°(1) is the #-th Fourier coefficient in the sense of classical modular
forms.)

For a subfield C c C, let

Aol (G, m)c € Aot (G, w)

be the C-subspace of automorphic forms f whose Fourier coefficients take values in C. (In the sense of
classical modular forms, it means that the coefficients of the g-expansion of f along all cusps are in C.)
Taking Fourier coefficients defines an embedding of C-vector spaces

A(Gwie =[] LC(G(AR),0),
teF-oU{0}

where LC(G(A%), C) means locally constant functions on G (A%) valued in C. For a C-vector space X,
we have the induced embedding

An(Gw)c8c X - [ ]| LC(G(AR), X).
teF-oU{0}
Define the z-th Fourier coefficient of an element in Apo (G, w)c ®c X to be the 7-th component of its

image.

2.8.

Let V/Ag be a hermitian space. For a character y,, of EX\A% such that . ,|px = n3™" for every
place v of F, the Weil representation w = w,, on S(V) is the restricted tensor product of local Weil
representations of G(F,) X U(V(E,)) on S(V(E,)). The local Weil representation (which we still
denote by w instead of w, if the meaning is clear from the context) of G (F)) is defined as follows: for
¢ € S(V(Ey)),

w(m(a))p(x) = x, . (@)lalp*¢(xa), a € E;

w(n(b)$(x) = Uy (bq(x)(x). b € Fy:

w(wy)$ = Yv(E,) b
w(h)(x) = p(h™'x), h € U(V(E,)).

Here, yv(g,) is the Weil index associated to ,, and V(E,).

2.9.

For v € oo, define ¥+ to be the unique integer such that
§ %9
Xow(2) =2
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for z € E, of norm 1. Define wy = (mxv,v)veoo’ where

_(dimV + vy dimV = fv-y
m/Y“\\/vV = 2 ’ 2

3. Theta-Eisenstein series

First, we recall basic knowledge about Eisenstein series and theta series. Then we set up basic properties
of theta-Eisenstein series (i.e., linear combinations of products of theta series and Eisenstein series).
Finally, we study two kinds of holomorphic projections of theta-Eisenstein series. The origin of theta-
Eisenstein series is in the work of Gross and Zagier[GZ86]. We largely follow the works of Yuan,
S. Zhang and W. Zhang [Yua22, YZ18, YZZ13].

3.1. Eisenstein series and theta series

Let W be a hermitian space over Ag (with respect to the extension E/F). Let y,, be a character of
E*\A% such that y., | ax =10 We have the Weil representation w,,, which we simply denote by w.
3.1.1. Local Whittaker integrals

Let v be a place of F. Fort € F,,, ¢ € S(W,) and g € G(F, ), define the Whittaker integral

Wes(8.0)= [ 6,00m0)*w0,n0) 6O (n)dr. G.)
N (Fy
We immediately have the following equations:
Wv,t(S,gk, ¢) :WV,I(ssgsw(k)¢)9 k € K{)naxs (32)
Wv,t(sa n(b)g’ ¢) = wv (bt)Wv,t(S9 g’ ¢)’ b € FV' (33)

Since wn(b)m(a) = m(@ “Hwn(bNm(a)™"), m@ Hnb) = n(b’)m(@") for some b’, and
Xw.v(Nm(a)) = 1, a direct computation gives

Wy (s.m(@)g. 8) = lal ™™ 27 x, o (OWy Nim(ae (5.8, 9), a € 3. (3:4)

Lemma 3.1.1 [Ich04, Proposition 6.2][YZZ13, Proposition 2.7 (2)]. Let t # 0.
(1) The set W', is either empty or consists of one orbit of U(W,,).
(2) If W' is empty, then W,, ;(0, g, ¢) = 0. Otherwise, for x € W', we have

Wy (0.8.6) = & /U w(g)¢(h™x)dh,

Wy

for a nonzero constant «.
(3) If dim'W = 1, with the measure fixed in 2.4, k = 1"

L(1,17v)"
Assume dimW = 1.

Lemma 3.1.2. Assume that v is a finite place and ¢(0) = 0. Then for t small enough, W,, ;(s,g,$) =
Wy .0(s, g, ¢) and is a holomorphic function.

Proof. The proof is by the reasoning as the proof of [Qiu21, Lemma 4.2.4 (2)] O
We define the following normalization (following [YZZ13, 6.1.1]):

Wy, =y Wos t 0. (3.5)
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Fort =0, W, ;(s, g, ¢) has a possible pole at s = 0. And we take a different normalization (following
[YZZ13, 6.1.1], and taking care of the difference between the modulus characters mentioned in 2.6),

~12L2s+1,m,)

VVo > 8> = -1 Dﬂ:VD v
vo(5:8:9) 1= ¥y IDiffy Disey |, =7 2

Wy .0(s, 8, ¢). (3.6)
Here, if v is a finite place, Diff, is the different of F, /Q, and Disc,, is the discriminant of E,, /F,,, and
if v € oo, Diff,, = Disc, = 1.
Lemma 3.1.3. (1) There is an analytic continuation of W;(s,g,$) to C such that W;(0,g,¢) =
w(g)¢(0).

(2) If E,/Q, is unramified where W, = E, with ¢ = Nm, and ¢ = lo, , then W;(s,g,¢) =
6y (8) " w(g)¢(0).

(3) If v € oo and ¢ is the standard Gaussian function, then Wi (s, g, ¢) = 6, (g) " w(g)¢(0).
Proof. (1) follows from [ YZZ13, Proposition 6.1]. (2) follows from [Tan99, Proposition 2.1]. (3) follows
from [YZ18, Lemma 7.6 (1)] (or its proof). m]

3.1.2. Siegel-Eisenstein series
Now we come back to a general W. For ¢ € S(W), we have a Siegel-Eisenstein series of G:

E(s,g:0)= Y. 878 w(y2)$(0), (3.7)

YEP(F)\G(F)

which is absolutely convergent if Res > 1 — dim W/2 and has a meromorphic continuation to the entire
complex plane [Tan99]. Moreover, it is holomorphic at s = 0 [Tan99, Proposition 4.1].

Let E; (s, g, ¢) be the ,-Whittaker function of E (s, g, ¢). Let W, (s, g, ¢) be the global counterpart of
the Whittaker integral (3.1) so that if ¢ is a pure tensor, then W, (s, g, ¢) is the product of W,, ; (s, g, ¢y,)
over all places of F. By the non-vanishing of L(1,n) and Lemma 3.1.3, Wy(s, g, ¢) has a meromorphic
continuation to the entire complex plane, which is holomorphic at s = 0. Then we have

E/(5.8.9) = Wi(5.8.9). 1 #0; (3.8)
Eo(s, 8, ¢) =06(g) w(g)¢(0) + Wo(s, 8, 9). (3.9
By Lemma 3.1.1 (2) and (3.8), for h € U(W), we have
E/(0.g.w(h)¢) = E1(0.8.9). (3.10)
For t # 0 and a pure tensor ¢, define
E[(0,8.¢)(v) =W, (0, 8y, 6v) ]:[ Wir,t (0. ur bu)- (3.11)

Extend the definition to all Schwartz functions by linearity. Then

E{(0,8.¢) = ) E[(0.8,4)(v). (3.12)

3.1.3. Coherent case: Siegel-Weil formula
Assume that W = W(Ag) is coherent. For ¢ € S(W(Ag)) and (g, h) € G(Ar) x U(W), we define a
theta series, which is absolutely convergent:

0(g.h,¢) = ) w(g, N$(x).

xeW

Then 6(g, h, ¢) is smooth, slowly increasing and G (F) x U(W)-invariant.
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Assume that W is anisotropic. Then E(s, g, ¢) is holomorphic at s = 0, and the following equation
is a special case of the regularized Siegel-Weil formula [IchO4, Theorem 4.2]:

E(0,g,¢) = 0(g. h, p)dh, (3.13)

Vol([UW)]) Jiww)]

where k =2 ifdimW =1and k = 1ifdimW > 1.

3.1.4. Incoherent case: derivative

Assume that W is incoherent. By Lemma 3.1.1 (1), for # # 0, the summand in (3.12) corresponding to
v is nonzero only if 7 is represented by W". By the incoherence, W,, does not represent ¢. In particular,
we have the following lemma.

Lemma 3.1.4. For v split in E, the summand in (3.12) corresponding v is 0.

Assume that dim'W = 1. Assume that ¢ is a pure tensor.

First, assume that ¢ # 0. By the product formula for Hasse invariant and the Hasse principle, if ¢ is
represented by WY, then v is nonsplit in £ and ¢ is represented by the v-nearby hermitian space W of W.
See 2.2. By Lemma 3.1.1 (2) and Lemma 3.1.4, we have

E[(0,8, w(h)¢) = E[(0,8,¢) (3.14)

for h € U(W,), where v is split in E.

Now we consider the constant term. Let
L'(0,n)
L(0,7)

where Discg, Discr € Z are the discriminants of £ and F over Q. By [YZ18, p 586] (note the difference
by 2 between the s-variables in the L-factors in loc. cit. and (3.6)),

c=4

+ 2log |Discg /Discp|, (3.15)

Wi(s,8,9) = —cw(2)$(0) = > (88" ()W (0, gv, bu). (3.16)

3.2. Theta-Eisenstein series
From now on, always assume dim'W = 1.

3.2.1. Definition
Let V#/E be a hermitian space of dimension n > 0. Let yy be a character of EX\A% such that

Xyl ax = n". Let V.= W @ V#(Ag) be the orthogonal direct sum and yv = XwXvt. We have the
corresponding Weil representations. Below, we shall use w to denote a Weil representation if the
hermitian space is indicated in the context — for example, by the function that it acts on.

For ¢ € S(V), we define a theta-Eisenstein series 6FE (s, g, ¢) on G associated the to the orthogonal
decomposition V=W & V#(Ag):

0E(s.g.0)= > 6(re)* > w(y)$((0,x)). (3.17)

YEP(F)\G(F) xevi

If ¢ = ¢1 ® ¢ with ¢ € S(W) and ¢ € s(vﬁ(AE)), then

QE(S58’¢) =E(S,g,¢1)9(g,¢2). (318)

Fort € F,let OE,(s, g, ) be the y,-Whittaker function of 0E (s, g, ¢).
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3.2.2. Coherent case
Assume that W = W(Ag) is coherent. The regularized Siegel-Weil formula (3.13) immediately implies
the following ‘mixed Siegel-Weil formula’:

2

0E(0,g,¢) = Vol([UW)]) Jiw w)

0(g, h, p)dh. (3.19)
]
(We will prove an arithmetic analog of (3.19) for W being incoherent in 5.2.) Then for z € F,

2 Z w(g)d(h™'x)dh. (3.20)

0E:(0.8.9) = Srrm o
0.8.9) = S o) S

For ¢ invariant by U(W(E,)), v € oo, the integration in (3.20) is a finite sum.

Lemma 3.2.1. Let t € F» and ¢ a pure tensor. Let u be a finite place of F, O C V,, an open compact
neighborhood of 0 and $© = ¢" ® (¢ 1v,-0). Given g € G(A%L)P(Fy,), for O small enough, we have
QEI(O’ 8> ¢) = OEI(O’g’ ¢O)

Proof. Write g, = m(a)n(b), where a € EX. See 2.5. Then {ah}'x : x € V',h € U(V)} C ngt.
The latter is closed in V,, and does not contain 0. Thus, O N {ah,'x : x € V!,h € U(V)} = 0 if O is
small enough. Then the lemma follows from (3.20), the remark below it, and the definition of the Weil
representation in 2.8. [m]

3.2.3. Incoherent case
Assume that W is incoherent.
For a place v of F nonsplit in E, let W be the v-nearby hermitian space of W. For ¢ = ¢; ® ¢, with

#1 € S(W,), 63 € S(vﬂ(Ev)) and x = (x1,x2) € V 1= W(E,) @ VE(E,) with x; # 0, let

L(1,m,)

Wo,.x(5.2:9) = o wiED)

W) e (5:8 91 w(8)$2(x2). (3.21)

This is a local analog of (3.18). Extend this definition to S(W, ) ® S(Vﬂ(Ev)) c S(V(E,)) by linearity.
The inclusion is an equality unless v € co. However, this subspace is enough for our purpose. (Besides,
there is another definition of W6, , for the whole S(V(E,)). We will not need it.) For v nonsplit in £
and ¢ # 0, define
0E;(0,g,¢)(v) = Z We’v,h;lx(O,gv,¢v)w(g”)¢”(h”"1x)dh. (3.22)

W [UW)] xeVi-yt

Note that the analog of (3.12) does not hold.

We study W@;’x (0, g, ¢) following [YZZ13]. Indeed, the computation is only on the Eisenstein (i.e.,
Whittaker) part. We remind the reader of the difference between the modulus characters mentioned
in 2.6. By (3.3), (3.4) and Lemma 3.1.1, we have the following lemma, which says that under the action
of P(F,), W8, (50,8, $) behaves in the same was as the Weil representation.

Lemma 3.2.2 [YZZ13, Lemma 6.6]. The following relations hold:
’ _ d1mV/2 ’ X,
Wo, (0,m(a)g, ¢) = xyv(a)ldetal, = "W, ,,(0,8,¢), a € E;

v,ax

W', (0,n(b)g, ¢) = ¥, (bq(x))WO;, (0,8,4), b € F,.

Corollary 3.2.3. Fora € E*, OE;(0,m(a)g, ¢)(v) = OE, (0,8, ¢)(v).
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3.3. Holomorphic projections

We define quasi-holomorphic projection and cuspidal holomorphic projection, and compare them for
theta-Eisenstein series (Lemma 3.3.3). After imposing Gaussian condition at infinite places in 3.3.4,
we make the comparison more explicit in (3.31). Finally, after imposing the incoherence condition, we
explicitly compute the quasi-holomorphic projection (Proposition 3.3.13).

3.3.1. Definitions
For v € oo, let w,, be a pair of integers whose sum |w, | is > 2. For ¢ € F, -, let Wﬁ; be the standard
holomorphic Whittaker function of weight w, as in 2.7. Then

/ W () Pdh = (4r) ™ T (| - 1).
Z(F,)N (F,)\G(F,)

Fort € F, -0, a ¥, ~Whittaker function W on G(F,), and g € G(F, ), define

(4r) v l=1

w s m
A / S(h)*W(R)W™; (h)dh.
C(lwy | = 1) " Jz2 (5N (NG (F)

W(g) =

If W, has a meromorphic continuation to s = 0, define the quasi-holomorphic projection

Wahol := lim W
s—0

of W of weight w,,. Here, lim denotes the constant term at s = 0.

s—0

Let w = (W, ), cco, Where w,, is a pair of integers. For a continuous function f : N(F)\G(Ap) —» C
with i, -Whittaker function f; forz € Fsq, let f; gnol be the quasi-holomorphic projection of f; of weight
w at all infinite places (if it is well defined).

For an automorphic form f on G(Ap), the cuspidal holomorphic projection fi,o of weight w of f
is the L2-orthogonal projection of f to the subspace Apoi (G, w) of cusp forms — that is, for every cusp
form ¢ € Apo(G, w), the Petersson inner product {f, ¢) equals { fehol, @)-

Lemma 3.3.1 [Liul Ib, Proposition 6.2][ YZZ13, Proposition 6.12]. Assume that there exists € > 0 such
that for v € oo and a € E with |alg, — oo, we have

fm(@)g) = Og(jal<),
where m(a) is as in 2.5. Then for t € Fs, f; qnol is well defined and f; ghol = fehol -

3.3.2. Holomorphic projections of 0E’(0, g, ¢)

Let w = w, be as in 2.9. Then |w,| = n + 1. Holomorphic projections below are of weight w.
Retrieve the notations in 3.2.1. Let 6E 'ho1 (0,8, #) be the cuspidal holomorphic projection of the
derivative 0E’(0, g, ¢). For t € Fs, let GEchol . (0, g, ¢) be its y,-Whittaker function. Let 6E,(s, g, ¢)
be the ¥, -Whittaker function of 0E (s, g, ¢). Let 0E; .qh 01(0, 8, ¢) be the quasi-holomorphic projection of
0E;(0,g, ¢) if it is well defined. The difference between 6E[, (0, g, ¢) and OF] qh01(0 g, $) is given
as follows _ _

For ¢ = ¢ ® ¢pp € S(V) with ¢ € S(W) and ¢, € S(V”(AE)), define

OEo0(s, 8, ¢) = 6(8)°w(8)p(0) + Wo(s, g, d1)w(g)$2(0),

which is the product of Ey(s, g, ¢1) and the constant term of 6(g, ¢»). See (3.9). The definition extends
to general ¢ € S(V) by linearity. By (3.3) and (3.4), we can define an Eisenstein series
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J(s,g.9)= . 0Eq(s,789).
YEP(F)\G(F)

For t € Fso, let J;(s, g, ¢) be its y,-Whittaker function. Let J/ qhol(O, g, ¢) be the quasi-holomorphic
projection of the derivative J/ (0, g, ¢) if it is well defined.

Remark 3.3.2. In the notations of [Tan99], §(g)*w(g)¢(0) is in the degenerate principal series
I(n/2+s, x,), while Wy (s, g, #1)w(g)$2(0) isin I(n/2 — s, x,,) by (3.3) and (3.4).

Lemma 3.3.3. If one of HE;’qhol(O, g,¢) and J;’qhol(O, g, ®) is well defined, then so is the other one.

In this case, GEéholJ(O, g, 0) = GE;’qhol(O, g, 0) - Jt’,qhol(O, g, 0).

Proof. By the same proof of [YZZ13, Lemma 6.13], 6E’(0,m(a)g, ¢) — OE(,(0,m(a)g, ¢) is expo-
nentially decay, and J'(0,m(a)g, ) — OE(,(0,m(a)g, ¢) is exponentially decay up to the derivative

at s = O of the intertwining part of the constant term. The intertwining part of the constant term lies
-n/2+1/2+€
E,

in Lemma 3.3.1). In particular, both differences satisfy the growth condition in Lemma 3.3.1. Thus,
OE’(0,g,¢)—J'(0, g, ¢) satisfies the growth condition in Lemma 3.3.1. Since the cuspidal holomorphic
projection of the Eisenstein series J (s, g, @) is 0, the lemma follows. )

in I(-n/2 + s, ) so that its derivative at s = 0 has growth rate O g(|a ) (in the notations

3.3.3. A new Eisenstein series
We introduce a new Eisenstein series in order to compute J'(0, g, ¢). For ¢, = ¢, 1 ® ¢2, € S(V(E,))

with ¢, | € S(W,,) and ¢, € S(Vﬁ(Ev)), define a function on G (F,) x V#(E,):

c(g:x,¢v) =Wy 4'(0, 8, ¢1,,)w(8)$2,v (x) +1og &, (g)w(g) (). (3.23)

For the moment, we only need

c(g ¢v) :==c(g,0,9,).

Extend this definition to the whole S(V(E,,)) linearly.
By (3.3), (3.4) and Lemma 3.1.3 (1), a direct computation shows the following lemma.

Lemma 3.3.4. The function c(g, ¢,,) on G(F,) is in the same principal series as w(g) ¢, (0); that is,
dimV/2

(1) c(m(a)g, ¢v) = xyv(a)ldetal, ~"“c(g, ¢y) fora € ET;
(2) c(n(b)g. ¢v) = c(g, ¢v) for b € F\.
Thus, we can define the following Eisenstein series in the case that ¢ is a pure tensor:
Cls,ge M= D, cygw.d)w(re")e" (0).
YEP(F)\G(F)

Lemma 3.3.5. For all but finitely many finite places, c¢(g, ¢) = 0 for all g.

Proof. 1f v € co, by Lemma 3.1.3 (3) which says W{(s,g,¢) = 6,(g)*w(g)¢(0), we clearly have
c(g, #v) = 0. The same is true if £, /Q, is unramified and ¢ = 1o, by Lemma 3.1.3 (2). These cases
cover all but finitely many finite places. O

Let

C(5.8,9) = ). Cls,8$)(v),

where the sum is over these finite places of F. Let C; (s, g, ¢) be the ,-Whittaker function of C(0, g, ¢).
The definitions can be obviously extended to the whole S(V) by linearity.
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By (3.16), a direct computation shows that

J,(O»gv ¢) = 2E,(O»g» ¢) - CE(O»g» ¢) - C(O’g’ ¢) (324)

3.3.4. Gaussian functions and holomorphy _
Below in this section, assume that V is totally positive definite and ¢ = ¢oo ® ¢ € S(V). (S0 ¢ is
Gaussian. See 2.3.) Let v € co. Then

o[k, kg, = k)" kS2 6, (3.25)

for [k, k2] € K™ as in 2.5 if w, = (wy, wz). (Indeed, first check (3.26) for g = w, and g € K"
being diagonal, then for g € K" being anti-diagonal, and finally for general g € K}'®*.) Then by the
Iwasawa decomposition, it is easy to check that for g € G(F,),x € V(E,),

w(g)¢y(x) =W (8). (3.26)

By (3.2) combined with (3.25), (3.3) and (3.4), W,, ; (0, -, ¢, ) is a multiple of Wﬁ? . Thenby [YZZ13,
Proposition 2.11 (2) (4)], we have

n+l

b4
Wy (0,8, 6v) = VV(EV)W
Wv,t(o’ ga ¢V) = 05 t S O (328)

"W (g), 1> 0, (3.27)

Lemma 3.3.6. Both E(0, g, ¢) and C(0, g, ¢) are holomorphic of weight w.

Proof. For E(0, g, ¢), use (3.8), (3.9), (3.26), (3.27) and (3.28). For C(0, g, ¢), by Lemma 3.1.3 (3),
c(g,¢y) =0forv € co. Thus, C(s, g, ¢)(v) = 0 for v € co. The rest of the proof is the same as the proof
for E(0, g, ¢). O

Fort € F*,let E/(0, g, #)(v) be as in (3.11) so that we have the decomposition (3.12). Let

E}(0,8,0) = > E[(0,2,4)(v). (3.29)

vgoo

By (3.27) and (3.28), ift € F-o,then E] (0, g, ¢) is amultiple of W3 , (g); otherwise, E; ;(0, g, ¢) = 0.
We call E/ (0, g, ¢) the holomorphic part of the Whittaker function £/(0, g, ¢).

3.3.5. Properties of Eisenstein series
We list some properties of the above Eisenstein series for later use. The reader may skip these properties
for the moment.

By [YZ18, Lemma 7.6 (2)] (or its proof) and taking care of the difference between the modulus
characters mentioned in 2.6, we have the following lemma.

Lemma 3.3.7. Let E,, [ F, be split, W, = E,, and g = Nm. Assume ¢, = ¢, 1 Q¢ 2, where ¢, 1 = log,
and ¢, 2 € S(Vﬁ(Ev)). Then c(1, ¢,) = 2log |Dift, |, ¢, (0), where Diff,, is the different of F, /Q,,.
We omit the routine proof of the following analog of (3.2).

Lemma 3.3.8. For a place v of F and k € K, we have E(s,g,w(k)¢) = E(s, gk, ¢). The same
relation holds for C(s, g, ¢), 0E (s, g, ¢), OE], (0,8, $), and their t-th Whittaker/Fourier coefficients,

and E;(0, g, ¢)(v) (thus, Et”f(O,g, @)) fort € F*.
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Lemma 3.3.9. (1) We have E(0, g, ¢) = w(g)$(0).
(2) If, moreover, V is incoherent, then for a finite place v, Cy(0, g, ¢)(v) = c(gv, ¢v)w(g")¢" (0).
(3) In (2), assume that ¢, is supported outside V¥(E,) for v in a set S of two places of F and
g€ P(AF,S)G(Ai). Then Ey(0, g, ¢) = 0 and Cy(0, g, ¢) = 0.

Proof. (1) If F =Q,n =1 and V* is not split at some finite place, it is proved in [YZZ13, Proposition
2.9 (3)]. If F # Q so that we have at least 2 infinite places, its proof is similar to the one in [YZZ13,
Proposition 2.9 (3)] by using (3.9) and (3.28) (for = 0).

(2) The proof is similar, with the fact that V is not split at (at least) 2 places outside v by the
incoherence. See also [Yua22, p 65-66].

(3) follows from (1)(2) directly. ]

3.3.6. Compute J/ qh01(0, g P)
Lett € Fso. Forv € oo, let E] qhol(0, g, ¢)(v) be the quasi-holomorphic projection of E/(0, g, ¢)(v).
By (3.24), Lemma 3.3.6 and the discussion below it, to compute J/ ghol (0, g, ¢), we only need to compute

t,
E/ (0.2, 6) ().
Consider the quasi-holomorphic projection W/ | qhol(O, g, ¢v) of W ,(0,g, ¢,). By definition, it is

a multiple of W}y (g). Then by (3.27),

W\:,t,qhol(o’ 8> ¢"')

by, :=
v WV,I(O’ g, ¢V)

is a well defined constant b,, ;. We define
b=by,. (3.30)

Remark 3.3.10. The constant b can be explicitly computed using [YZZ13, Proposition 2.11] and
[Yua22, Lemma 3.3] in principle. For example, if n = 1, then b = —(1 +log4). (This is twice of the
corresponding number in [Yua22, Lemma 3.3 (2)] due to the difference between the modulus characters
mentioned in 2.6.) It is more complicated in general. The full computation could be tedious, and the
result in a previous version of our paper actually contains a mistake. (Fortunately, we will not need the
explict number of b.) Ziqi Guo (student of Yuan, author of [Yua22]) pointed this out to us and informed
us that he will give full details on this in his upcoming work.

Lemma 3.3.11. We have b, ; = b, 1 +log|t|, and b, ; is independent of v.

Proof. The lemma follows direct computations with the following ingredients. For the equation, use
(3.4) and (3.27). Note that the dependence on v is on the weight w,. We use (3.2) and (3.26) for
g € K\"™. O

Then Et”qhol(O, g ¢)(v) = (b+log|t],)E; (0, g, ¢). Since both E(0, g, ¢) and C(0, g, ¢) in (3.24) are
holomorphic of weight w, we have

Jt/,qhol(o’ g, ¢) = (2b[F : Q] - C)Et (O’ D) ¢) - Ct (0’ D) ¢) + 2(E;’f(0’ g, ¢) + Et(o’ g, ¢) logNmF/Qt)~

Combined with Lemma 3.3.3, we have

OF, 4 (0.2,8) ~ 2(E[ (0,8, 8) + E,(0, 8, 4) log Nmp 1
= HE(,;hO],t(O’ 8 ¢) + (2b[F : Q] - C)E;(O, 8 ¢) - Ct(O’ 8 ¢)

(3.31)
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3.3.7. Quasi-holomorphic projection of 6E; (0, g, ¢)
Assume that W/E is incoherent. For v € co and W the v-nearby hermitian space of W, letV = W & vH,
For x € V(E,) — V¥(E,), define

I'(s+n)

WOs) = Fony Gy

Py(=q(x1)),

where x is the projection of x to W(E,) (so that x; # 0), and

e 1
P.(t) = —du, t > 0. 3.32
(1) /1 i > (332)

(For s € C with Res > —n, Py(t) converges absolutely.) Define

2WP,(8v)

OEL 08 00) = GGaumD Jiw o)

D ﬁ/‘éx(h;lx)wV(gV)w(hv’-lx)dh. (3.33)
xevi-vi

Lemma 3.3.12. For s € C with Res > 0, (3.33) converges absolutely and 0E] ((0, g, ¢)(v) is holomor-
phic on s. Moreover, 6E; (0, g, $)(v) admits a meromorphic continuation to {s € C,Res > —1} with
at most a simple pole at s = 0.

Then the constant term lfi‘rr'(l)QE;,s(O,g,qb)(v) of 0E7 (0,g,¢)(v) at s = 0 is well defined (and
R

used in the following proposition). We will prove Lemma 3.3.12 after Lemma 6.1.10, by comparing
0E[ ;(0,g,¢)(v) to a Green function with s-variable, which has a meromorphic continuation.

Proposition 3.3.13. Ler t € Fo and let ¢ € S(V) be a pure tensor.

(1) We have
OF, hor(0.8.0) =~ ) OE[(0.8.9)(v) = ) TmOE] (0.8.4)(v)
vé¢oo, nonsplit Vv Eco
L{(0,n)
Sy s 21log |Discg /Di
( Lo og [Discg/ ISCF|) Z w(g)¢(x)

xe(vihy! (3.34)

_Z Z c(g.x,¢v)w(g")e" (x)

VE® ce(Vhy

+ > (21ogs(g™) +log [N (g)¢(x)

xe(Vir

Here, L¢(s,n) is the finite part of L(s,n).
(2) Assume that ¢, is supported outside VE(E,) for v in a set S of two places of F and g €
P(AF,S)G(A‘;). Then we have

O, a(0.8.0) == 3 OE[(0.8.0)(v) = ) TmOE] (0.8.9)(v). (3.35)

véoo, nonsplit in E V€0

Proof. The proof of (1) is almost identical with [YZ18, Theorem 7.2] and is omitted. (Note that [YZ18,
Assumption 7.1] in [YZ18, Theorem 7.2] is only used to identify the quasi-holomorphic projection
with the cuspidal holomorphic projection and does not play a role in computing the quasi-holomorphic
projection). (2) follows from (1) immediately. |

Lemma 3.3.14. Let t € F- and let ¢ be a pure tensor such that ¢ is Q-valued. Let u be a finite
place of F of residue characteristic p. Let O C V,, be an open compact neighborhood of 0 and
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#° = ¢" ® (¢pulv,-0). Given g € G(A%L)P(F,), for O small enough, we have
OF, i1 (0:8:8)  OE] 1,1(0,8,67)
W2, (8w) W, (g0)

Proof. The proof is similar to the one of Lemma 3.2.1, except that we further need (3.22), (3.26), (3.33)
and (3.34). m]

(mod@logp).

By (3.34), using (3.22) and (3.33), for h € U(W,,) where v is split in E,

O] (0. 8. w()$) = OE] (0.8, ). (3.36)

4. Special divisors

This section is about special divisors on unitary Shimura varieties. It consists of 4.1-4.4. First, we
define their generating series which are modular. Second, we introduce their Green functions and show
the modularity of the differences between the generating series of different kinds of Green functions.
Third, we raise two modularity problems for their admissible extensions on integral models. Finally, we
propose a precise conjecture and state our modularity theorems.

4.1. Generating series

Let V be a totally positive-definite incoherent hermitian space over Ag (with respect to the extension
E/F) of dimension n + 1 where n > 0. Fix an infinite place v € co of F. Let Vy be the unique hermitian
space over E such that Vo(A},) ~ V¥ and Vi (E, ) is of signature (n, 1). For an open compact subgroup
K of U(V®), let Sh(V)k be the n-dimensional smooth unitary Shimura variety associated to U(Vj) of
level K over E (see [LTX*22, 3.2]), which we allow to be a Deligne-Mumford stack. (It is expected that
Sh(V)g does not depend on the choice of vy. See [LL21, Remark 1.2].) See (4.4) for its usual complex
uniformization.

o From now on, we always assume that Sh(V)g is proper.

Equivalently, F # Q, or F = Q,n = 1 and V* is not split at some finite place.

4.1.1. Simple special divisors
Let VI, € V* be the subset of x’s such that q(x) € Fso. For x € VT, let x* be the orthogonal
complement of A% x in V*°. Regard U(x™) as a subgroup of U(V*). Then we have a finite morphism

Sh(xl)U(xL)ﬂK - Sh(V)K’ (41)

explicated in [Kud97a, (2.4)] and [LL21, Definition 4.1]. The proper pushforward defines a divisor
Z(x)k on Sh(V)g that is called a simple special divisor. The following observation is trivial.

Lemma 4.1.1. We have Z(x)x = Z(kxa)k for everya € E*, k € K.

Let Lk be the Hodge line bundle on Sh(V)g. See 4.2.1 for the description in terms of the complex
uniformization of Sh(V)g. Let ¢(Ly) be the first Chern class of the dual of Lk, and [Z(x)x] €

Ch'(Sh(V)k) the class of Z(x)k. For ¢ € S(V)X the subspace of K-invariant functions, define a
formal generating series of divisor classes:

2Pk = ¢O)cr(Li)+ > dlxe0)[Z()k],

xeK\VS,

where xo € Vo such that g(xs) = g(x) € Fsp.
Let w = w, which is defined in 2.9.
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Theorem 4.1.2 [Liul 1a, Theorem 3.5]. For every ¢ € S(V)X, we have
2(w()P) g € Anol(G, ) ® Ch! (Sh(V)k)c.
Note that dim Ch' (Sh(V)g )c < co.

4.1.2. Weighted special divisors
For ¢ € S(V)X and ¢ € F., define the weighted special divisor

Zipk = Y, (e)Zk,

xeK\V®, g(x)=t

which is a finite sum. Lemma 4.1.1 implies the following lemma.
Lemma 4.1.3. For every a € E*, Z;(¢)x = Z2,(w(a)d)k -
Let ¢ = ¢oo ® ¢ be as in 2.3. We define another weighted special divisor

Zik = ). $TWZEk.

xeK\V®, g(x)=t

By (3.20), for g € G(AF), we have

Zi(w(Q) Pk = Zi(w(8) ™)k Wes 1 (80)- 4.2)
Then [Z; (w(-)$*) k] is the -th Fourier coefficient of z(w(-)¢) g . See 2.7.

Lemma 4.1.4. Let ¢ € S(V) be a pure tensor. Let u be a finite place of F, O c V,, an open compact
neighborhood of 0 and $© = ¢" ® (¢, 1v,-0). Given g € G(A%L)P(Fy), for O small enough, if K fixes
¢©. then Z,(w(8)p)k = Zi(w(8)¢ ) -

Proof. The lemma is an analog to Lemma 3.2.1, and the proof is also similar. We record the proof for the
reader’s convenience. Write g, = m(a)n(b), where a € E}. See 2.5. Then {ax : x € V!} C Vﬁz’. The
latter is closed in V,, and does not contain 0. Thus, O N {ax : x € V!} = 0 if O is small enough. Then
the lemma follows from the definition of Z; (w(g)¢)x and the Weil representation formula in 2.8. O

4.1.3. Change level
ForK c K',letm, .,
Lemma 4.1.5 [Kud97a, PROPOSITION 5.10][Liul 1a, Corollary 3.4]. We have JTZ’K,Zt(xﬁ)K/ =Z,(d)k
and . Lk = Lk. In particular, 7y, z2(¢)x’ = 2(P)k -
Remark 4.1.6. We have 7, ., .Z(x)x = d(x)Z(x)g where d(x) is the degree of Z(x)x over Z(x)k-.
It is easy to check that d(x) is not constant near 0. In particular, it does not extend to a smooth function
on V*. Thus, for a general ¢, there seems no ¢’ € S(V)X" such that Ty oo Zt (@)K is of the form
Z:(¢" )k for every t.

Below, let L = Lk, Z(x) = Z(x)k, Z:(¢) = Z;(d)k and z(¢p) = z(p)k for simplicity if K is clear
from the context.

: Sh(V)x — Sh(V)k- be the natural projection.

SK/ 5%

4.2. Green functions

We use complex uniformization to defined automorphic Green functions for special divisors. They are
admissible. We compare them with the normalized admissible Green functions and show the modularity
of the differences between their generating series. Then we recall Kudla’s Green functions and prove the
modularity of the differences between the generating series of normalized admissible Green functions
and Kudla’s Green functions.
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4.2.1. Complex uniformization

For nonnegative integers p, g, let CP-4 be the p + g dimensional hermitian space associated to the
hermitian matrix diag(—1, 1,). Let U(C!") be the unitary group of C"" (so of signature (n, 1) in the
usual convention). Let B,, be the complex open unit ball of dimension n. Embed B,, in P(C!-") as the set
of negative lines as follows: [z, ...,2,] € B,, where Z:’zl |zi|* < 1, is the line containing the vector
(1,z1...,z0). Then U (Cl’”) acts on B,, naturally and transitively. Let Q be the tautological bundle of
negative lines on B,,, and Q the hermitian line bundle with the metric induced from the negative of the

hermitian form. The Chern form of Q is a U (Cl’")—invariant Kaihler form
_ 1 - 1
Q) = —addlog(1 - i?). 43
¢1(Q) = 509 log( ;mn @3)

For an arithmetic subgroup I' ¢ U(C""), on (the orbifold) I"\B,;, we have the descent Qr of Q whose
(orbifold) Chern curvature form is the descent of c; (). Define the degree

deg(Qr) =/F\B c1(Qr)".

If I'\B,, is compact, this degree is the usual degree via intersection theory.
For x € C1*, let B, C B, be the subset of negative lines perpendicular to x. Later, we will use the
following function on B,, measuring ‘the distance to B, ’:

)P
G

Ry (Z) =

where 7 is a nonzero vector contained in the line z. In particular, R, > 0 outside B,. If g(x) < 0, then
x* is of signature (n,0) so that B, = (. Below, until 4.2.3, assume g(x) > 0. Then x* is of signature
(n-1,1). So B, is a complex unit ball of dimension n — 1. Assume that I' N U(x%) is an arithmetic
subgroup of U(x1). Let C(x, ") be the pushforward of the fundamental cycle by

(CNUGEH))\By — I'\B,.

Define

degg, (D) = [ i@,

C(x,T')

Now we can uniformize Shimura varieties and special divisors. Let v be an infinite place of F. Let V
be the unique hermitian space over E such that V(A},) ~ V¥ and V(E,) =~ Clm. By [LL21, Lemma 5.5],
we have the complex uniformization:

Sh(V)k g, = U(V)\(B, x U(V)/K). (4.4)
Then the Hodge bundle Lg, is the descent of QX 17/ (v~)/k . Let ZEV be the descent of QX 1 U vy K - Let

hi, ..., hm be a set of representatives of U(V)\U(V®) /K. Let 'y, = U(V) N thh]‘.l . Then (4.4) decom-
poses as the disjoint union of l"hj \B,,’s. Then for t € Fs(, we have (see [Kud97a, PROPOSITION 5.4])

Zi(¢ e, = Y, Y, (' NC(xTy). .5)

J=1 xeTy \V?
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4.2.2. Admissible Green functions

Admissible Green functions are Green functions with harmonic curvatures. See Appendix A.3.
Admissible Green functions for special divisors are constructed by Bruinier [Bru02, Brul2], Oda and
Tsuzuki [OTO3]. For F = Q and n = 1, it appeared in the work of Gross and Zagier [GZ86] for n = 1.
We learned the following explicit computation from S. Zhang.

First, we start by working on B,,. Let xg = (0,...,0,1) € CL". Then By, C B, consists of points
(z15...,2n-1,0)’s. We want a U(xé)-invariant smooth function G on B, — By, such that G(zy, ..., z,) +
log |z,|* extends smoothly to B,, lim;—; G(z) = 0, and G is a solution of the following Laplacian
equation:

i a n-1 S(S + n) n
— 090G |c1(Q)" = ——=G - ¢1(Q)". 4.6)
2r 2
The quotient of B,, — By, by U (x;) is isomorphic to (1, c0) via
1= 30 |z
2=21. a2l P 1(2) =14 Ry (2) = — ===
1= 20zl

Thus, we look for G = Q(#(z)), where Q is a smooth function on (1, o) such that Q(t) + log(t — 1)
extends to a smooth function on R. By (4.3) and the U (xé)-invariance, (4.6) is reduced to the following
hypergeometric differential equation

2
(t—tz)ii—tg+(n— (n+1)t)%+s(s+n)Q =0, 1€ (1,0).

For Res > —1, there is a unique solution Qg such that Q(#) + log(z — 1) extends to a smooth function
on R and lim; . Q;(t) = 0:

I'(s+n)I'(s+1)

1
F 1,2 I; - 1 4.
T2t n+ e s+n,s+1,2s+n+ o , > 4.7

0s(t) =

where F is the hypergeometric function. (See also [OT03, 2.5.3]. When n = 1, our Qy is the Legendre
function of the second kind in [GZ86, 238] up to shifting s by 1).
For a general x with g(x) > 0, we have the following Green function for B, :

Gx,s(z) = Qs(l + Rx(z))’ z € B, —By.
We will need the following explicit formula later: if x = (x1,x;) € C1"* = C10 @ C%", then

Gx,s([os--wo]) =Qs(1 = q(x1)). (4.8)

Second, we define Green functions for C(x, ") on arithmetic quotient of B,,. Let I" be an arithmetic
subgroup of U(C!"). Let

8s = Z V*Gx,s-

yell

Lemma 4.2.1 [OTO03, Proposition 3.1.1, Remark 3.1.1, Remark 3.2.1]. For s € C with Res > 0, the sum
gs converges absolutely and defines a smooth function on T'\B,, — C(x,T"). Moreover, g is holomorphic
on s.

It is easy to see that g; with Res > 0 is a Green function for C(x,T).
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Theorem 4.2.2 [OT03, Theorem 7.8.1]. (1) There is a meromorphic continuation of g5 to s € C with a
degg (C(x,T))

deg(Qr)
(2) The function lirr(l)gs is an admissible Green function for C(x,T).
S

simple pole at s = 0 and residue —

Recall that Eng denotes taking the constant term at s = 0.
Remark 4.2.3. (1) We read the residue « in [OT03, Theorem 7.8.1 (3)] as follows. Beside the obvious
differences between the choices of Green function here and in [OT03] (more precisely, s-variables and
signs), the Kédhler form and ‘volume form’ here and in [OT03] are different. First, the Kédhler form on the
bottom of [OT03, 514] is mc (ﬁ) in our notation. Second, [OT03, Theorem 7.8.1 (3)] uses volumes to
express the residue, while we use degrees of line bundles to express the residue. The volume form for B,,
on the top of [OTO03, 515] is ’:l—';cl (ﬁ)" in our notation. Third, there is a 7 missing in (the numerator of)
the residue « in [OTO03, Theorem 7.8.1 (3)]. It should be easy to spot from [OTO3, Proposition 3.1.2,
Lemma 7.2.2].

(2) When n = 1 and T = SL(Z) via SU(C!!) = SLy(R), we have deg(Qr) = 7. See [K01, 4.10].
Thus, for T'y(N) a standard congruence subgroup of I, Theorem 4.2.2 (1) coincides with the residue

[FTI(QN)J in [GZ86, p 239, (2.13)]. Theorem 4.2.2 (1) is not used in any other place of the paper.

By [OTO3, Proposition 3.1.2] and taking care of the differences in the remark, we have

., ndegg (C(x,T)
/F\Bngscl(m s

Thus,

degg (C(x,T))
=

/ (limg,)er(Q)" = - (4.9)
I'\B, s—0

Finally, we define Green functions for Z;(¢), t € F-o. Let v € co and V as in 4.2.1. For s € C with
Res > 0, consider the following formal sum for (z, &) € B, X U(V*):

th(¢°°)EV,S(Z’ h) = Z ¢Oo(h_1x)Gx,s(Z)'

xev?

By (4.5) and Lemma 4.2.1, if (z, h) is not over Z;(¢*)g, via (4.4), the formal sum is defined and
absolutely convergent. Thus, Gz, (¢~)., s descends to Sh(V)k g, — Z:(¢*)g, via (4.4), which we still
denote by Gz, (¢, ,s- By (4.5) and Theorem 4.2.2, Gz, (¢=)., s is a Green function for Z,(¢*)g, . For
g€ G(Ap),let

GZ (@ By s = 970 (w(2) %), s Woo,r (8e0),

which is a Green function for Z;(w(g)¢)r, by (4.2). Define the automorphic Green functions for
Z;(¢*)E, and Z, (w(g) @)k, to be

G (60, = IMGZ, ()1, 50 92 (wo(g) @, = MIZ (w(0) 9k, .55 (4.10)

respectively, which are admissible by Theorem 4.2.2.

LEV
Let G (o).

Definition A.3.3. In particular, its integration against c; (ZEV )*is 0.

be the normalized admissible Green function for Z;(¢)r, with respect to ZEV as in
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Lemma 4.2.4. (1) We have

gaut _ ngv _ _l 2 (L)n_l ) Zt (Ll)(g)¢)
Z:(w(8)9)Ey Z(w(@) e, p ci (L))"

Both sides are independent of K.
(2) We have

1 " Ik,
;w(g)¢(0) + Z (g%l:(w(g)¢)Ev - thE(w(g)¢)Ev) € Ahol(G,m).

teFsg

Proof. The equation in (1) follows from (4.9) and the independence of the right-hand side follows from
the projection formula. (2) follows from Theorem 4.1.2. O

Remark 4.2.5. The automorphic form in Lemma 4.2.4 (2) can be made explicit:
cl(D)"™ - 2(w(g)¢) = —c1(L)"E(0. 8. 9). (4.11)

This is a geometric version of the Siegel-Weil formula (3.13). Itis stated in [Kud97a, COROLLARY 10.5]
for the orthogonal case; the proof carries over to the unitary case.

4.2.3. Kudla’s Green function

We recall Kudla’s Green functions for special divisors [Kud97b], following [Liul la, 4C] in the unitary

case. We consider simple special divisors Z(x)’s, instead of weight special divisors Z;(¢)’s. We extend

the definition of special divisors as follows. For x € V* such that g(x) € F* — Fsg, let Z(x) = 0.
First, we work on B,,. For v € co, V as in the end of 4.2.1 with respecttov, g € G(F,) andx € V,

define

GX"(x, g)(z) = —Ei(-276, (g)Rx(2)), z € B, \Bx,

where the exponential integral Ei(7) = f_ too %ds ont € (—o0,0) has a log-singularity at 0. If g(x) # 0
so that B is either empty or a complex unit ball of dimension n — 1, GX"(x, g) is a Green function for
B,. If ¢(x) < 0, equivalently B, is empty, then G¥"¢ is smooth.

Now we work on Sh(V)k. Let x € V® with g(x) € F*. For v € oo, if u(g(x)) > 0 for every
u € o — {v}, by the Hasse-Minkowski theorem and Witt’s theorem, there exists 7 € U(V*) and
x(") € V — {0}, where V is as in the last paragraph, such that x = »~'x(*). Define

m

S MOEDY >, G*(y.g). (4.12)
J=lyeU (V)x"nh;Kh=1x(v)

where h1, ..., h,, is a set of representatives of U(V)\U(V*)/K. By the decomposition analogous to (4.5)
(see the second equation on [Kud97a, p 56]) and [Liul la, Proposition 4.9]), gg;‘i)E) (g) is absolutely
convergent and descends to Sh(V)k g, via (4.4). And it is a Green function for Z (x),‘gv.

Besides Kudla’s Green functions, we will need their projections to the constant function 1 to modify

the normalized Green function. See 4.4.3.
Definition 4.2.6. For x € V* with g(x) € F*, g € G(AF o) and v € oo, let

Kud | (gv)er(Le,)"

f(x, gv) = —_/ g
deg(Lg,) Jsh(V)k &, Z(ey

Note that if u(g(x)) < 0 for some u € co — {v}, then gg‘(‘i)E (g) = 0. Thus, if g(x) is negative at

more than one infinite places, then Qg‘(‘i)E (g) =0and ¥(x, g,,) = 0 for every v € co.
The following can be read from [GS19, (1.12), Theorem 1.2, (1.18), (1.19), Proposition 5.9].

https://doi.org/10.1017/52050509425000003 Published online by Cambridge University Press


https://doi.org/10.1017/S2050509425000003

Forum of Mathematics, Sigma 25

Theorem 4.2.7. Let E;(0, g, ¢)(v) be as in (3.11). Fort € F~g and v € oo, we have
—WR(ge) ), w(@)N Wi g)

xeK\V>, g(x)=t
=E{(0,8,4)(v) — E;(0,8,¢)(logm — (log')"(n + 1) +log v(7)).

For t € F* withv(t) < 0 for exactly one infinite place v, we have

“WE(gw) D, @@ g) = E{(0,8,4)(v).

xeK\V®, g(x)=t

And for t = 0, we have

w(8)#(0)10g 60 (geo) = E((0, 8, ¢).

We remind the reader that o is the set of infinite places of . And our formulas differ from [GS19]
by a factor 1/2 since in loc. cit., the authors use the set of infinite places of E.

4.2.4. Modularity of difference of Green functions
We need a more general notion of modular forms.

Definition 4.2.8. Let V be a topological C-vector space and V* the continuous dual. Let A(G, w, V) be
the space of smooth V-valued function f on G (A) such that for every [ € V*, we have [ o f € A(G, w).

Remark 4.2.9. Note that [ o f is automatically smooth.

Clearly, if V is the topological direct sum of V;, V; and f; € A(G,w,V;), then fi + f> € A(G,w, V).
Now we define the formal generating series of Green functions. Recall that co is the set of infinite
places of F, of cardinality [F : Q]. Let

Ew =E@yR=[|E,

Vv €00

which is the product of [F : Q] many copies of C. Then
Sl’l(V)K’E00 = Sh(V)K ®f Ec = Sh(V)K ®qQ R

is the (disconnected) complex manifold that is the disjoint union of all base changes of Sh(V)k to E,’s
(each base change itself may not be connected either!).
Let

GCgp=> > ggii»(gwm’

teF,yveoo

g = D, wEIEOWE, . (ge) DG5S, (2),

xeV®, g(x)eF* V€0

which are formal generating series of smooth functions on Sh(V)x g, with logarithmic singularities
along the same formal generating series of special divisors. Then G* (g, #) — GX"(g, ¢) is a formal
generating series valued in C*°(Sh(V)k g, ), the space of smooth C-valued functions on Sh(V)x £, .
Let Ey = Osnv), (Sh(V)k ), which is a finite field extension of E (since Sh(V)k is connected).
Then we have a morphism Sh(V)x — Spec E;. By Stein factorization, Sh(V)g, as a variety over E|,
is geometrically connected. So the connected components of Sh(V)x g = Sh(V)x ®g R are exactly
indexed by the underlying set of Spec E1 ®qg R, equivalently, the set of conjugate pairs of infinite places
of E; (which, as a finite field extension of the CM field E, has only complex embeddings but no
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real embeddings). Let LC(Sh(V)k g ) be the space of locally constant functions on Sh(V)k g, . Then
we have the canonical isomorphism from LC(Sh(V)k g,,) to the product copies of C indexed by the
set of conjugate pairs of infinite places of E;. Now we can embed lefl in LC(Sh(V)k g.,) via this
isomorphism and the Dirichlet regulator map, so that the C-span of the image of (’)jél , denoted by COTEl
is of codimension 1 in LC(Sh(V)k g, ) by Dirichlet’s unit theorem. Let (COE] be this span. Let

C=(Sh(V)k k) = C*(Sh(V)k E.)/COF, .
Equip C*(Sh(V)k £, ) with the quotient of the L®-topology. Define an embedding
C =~ LC(Sh(V)k.E,)/CO%, < C*(Sh(V)k E.,) (4.13)

by mapping a € C to the constant function @ on Sh(V)k g, for some v € oo (rather than Sh(V)x g, ,,

for some infinite place w of E;). Below, by a complex number in C*(Sh(V)x £, ), we understand it as
the image by (4.13).

Theorem 4.2.10. Let Et”f(O,g,qﬁ) be as in (3.29). For g € G(A), the generating series of
C_""(Sh(V)K, E.,)-valued functions on G (A)

D)= 3 (E/(0.8.6) + E(0,g.6) logNmpot) + (G5 (g.) - G5, 4)

teF.y

— w(8)$(0)(~10g 6o (go) + [F : Q] (log m — (log ') (n + 1))

pointwise converges to an element in A(G, w, C_“(Sh(V)K,Ew)).

Remark 4.2.11. (1) It might be interesting to study whether Theorem 4.2.10 still holds if we put Fréchet
topology on C*(Sh(V)k £, ), and if we require stronger convergence.

(2) Theorem 4.2.10 is a strengthened analog of the main result of Ehlen and Sankaran [ES 18], which
is for F = Q.

Proof. We follow [KRY06] and [MZ21]. Let C*(Sh(V)k g,)° be the L?*-orthogonal complement
of LC(Sh(V)k g,) in C*(Sh(V)k k), endowed with L*™-topology. Then C_‘X’(Sh(V)K,Ew) is the
topological direct sum of C*(Sh(V)k g.,)° and LC(Sh(V)K,Em)/C(’),X51 .

Let the generating series D° be the projection of D to C*(Sh(V)k g.)°. By [MZ21, Lemma 3.8]>
and the same argument in the proof [KRY 06, Theorem 4.4.4],3 for every g € G(A), D°(g) converges in
L (Sh(V)k g, ). Particularly, D°(g) converges in L?(Sh(V)k .. since Sh(V)k ., is compact. So we
can consider D° (identified as its limit) as a function on G(A) X Sh(V)k g, . Then by the argument in
the proof of [MZ21, Theorem 3.9], D° € C*(G(A) X Sh(V)k g ). Also note that for every g € G(A),
D°(g) € C*(Sh(V)k £.)°. Thus, D° is a smooth C*(Sh(V)k £.)°-valued function on G(A). See
[Tré67, Theorem 40.1 and Corollary]. Then the argument in the proof of either [KRY (06, Theorem

4.4.4] or [MZ21, Theorem 3.9] shows that D° € A(G, m,C_“(Sh(V)K,Ew)").
Consider the projection from C*(Sh(V)x £.) to LC(Sh(V)K,Em)/CO";l ~ C — that is,

1 / _
g e f . Cl(LEV)n.
;‘o deg(Lg,) Jsh(V)k g,

2]t is a priori only at the level of generating series of functions, but will be at the level of true L>-functions after this paragraph.
3The convergence in loc. cit. was not stated explicitly. It could come from the general property of Laplacian spectral decom-
position of a smooth function on a compact manifold, applied to the product of S! and a compact Shimura curve in loc. cit.
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By Theorem 4.2.7 and that E((0, g, ¢) = w(g)#(0) (see Lemma 3.3.9 (1)), the projection of D (defined
on each of its terms) pointwise converges to an element in A(G, w). Since D is the sum of this projection
and D°, the theorem follows. O

4.3. Modularity problems

We will raise two modularity problems for admissible extensions of special divisors. Before that, we
recall some notions and Kudla’s modularity problem.

4.3.1. Preliminaries

A (regular) integral model of Sh(V)g over an integral domain R with fraction field E is a (regular)
Deligne-Mumford stack proper flat over Spec R with a fixed isomorphism of its generic fiber to Sh(V)g .
An isomorphism between integral models is an isomorphism over Spec R that respects the fixed iso-
morphisms to Sh(V)g.

—1
Let Xk be a regular integral model of Sh(V)g over Spec Of. Let Che(Xk ) be the Chow group of
arithmetic divisors with C-coeflicients. See Definition A.3.4. In particular, we have an isomorphism

—1
deg : Che(Spec Of) =~C
by taking degrees (see Remark A.3.5), and an arithmetic intersection pairing
—1 . -
Che(Xk) X Z1 (Xk)e = C, (2.Y) > 7).

See Appendix A.4. Here, we recall that Z; (Xk) is the group of 1-cycles on Xk . _
Let £ = Lk be an extension of L = Lg to Xk, which we allow to be a line bundle. Let £ be £

— —1
equipped with a hermitian metric. Let ¢ (Ev) € Che(Xk) be the first arithmetic Chern class of the
dual of £. See Example A.3.7.

4.3.2. Kudla’s problem
We consider the following modularity problem of Kudla [Kud02, Kud03, Kud04]: find an arithmetic
divisor Z(x) on X extending Z(x), explicitly and canonically, such that

w01 (L) + Y w(@)d(ren) Z(x),

xXeK\VE,

—1
where xo € Vo such that g(xe) = g(x) € F5q lies in Apo (G, w) ® Che(Xk). The existence of such

=~ —1
Z(x) is obvious, by choosing a section of the natural surjection Ch(Xg) — Ch'(Sh(V)k )c. However,
it is only defined at the level of divisor classes, and not explicit.

4.3.3. Admissible extensions
We consider the above modularity problem for admissible extensions. In particular, we assume
Assumption A.1.1 for Xk . (Also recall that Xk is connected, as Sh(V)g is.) Assume that £ is ample.

—1 —1
Let Chz (Xk) C Che(Xk) be the subgroup of arithmetic divisors that are admissible with respect
to L. See Definition A.3.4. By Lemma A.3.6, the natural map

Chz o (Xx) = Ch! (X p)e (4.14)
is surjective, and the kernel is the image of the pullback
Che(Spec O) = Chi (Spec Oy (Xx)) o <> Chy o(Xic). 4.15)
In particular, 61%,@(2( k) is finite dimensional.
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—1
Definition 4.3.1. Define an embedding C < Chz (Xk) as the composition of the inverse deg™! :
— 1 —1
C =~ Ch(Spec Og) of taking degree and (4.15). Below, by a complex number in Chz ~(Xk), we

understand it as the image by this embedding.

—1 - ——
Remark 4.3.2. The intersection Chz o(Xk) N C®(Sh(V)k k) in Chc(Xk) is C, where C is in
C(Sh(V)k £,) via (4.13).

Let 'Z\% C(X k) the group of admissible arithmetic divisors. See Definition A.3.1. For a divisor Z on
Sh(V)x ~ Xk g, let

L - 71
Z EZZ,C(XK) (4.16)

be the normalized admissible extension of Z with respect to L. See Definition A.3.3. Let [Z (x)z] be
—1 -
its class in Chz (Xk ). Then a preiamge of [Z(x)] via (4.14) is of the form [Z(x)*] + e(x) for some
— —1
e(x) € C. Note that ¢ (,Cv) € Chz (Xk). See Example A.3.7.

Problem 4.3.3. Find ¢ € C and e = {e(x) € C},c K\, explicitly such that for every ¢ € S(WX, the
generating series

2(@BEy = (@8O (c1C) +a)+ Y 0@t (IZWF ] +e®),  @17)

XeK\VE,

where xo € Vo such that g(xe.) = g(x) € Fsq, lies in A (G, w) ® Eﬁlz,c (Xk). Moreover, e(x)
should to be naturally decomposed into a sum of ‘local components’ such that the v-component should
be 0 at all but finitely many places and co-component should be independent of the choice of the regular
integral model.

In other words, we want a modular generating series by modifying each [Z (x)z] by an explicit
constant once for all ¢. A weaker statement is to allow the modification to depend on g, ¢.

Problem 4.3.4. Find a € C and a smooth function ¢, (g, ¢) on G(Ar) for ¢ € S(V)X explicitly such
that the generating series

w(@$0)(c1(C) +a)+ Y (1Zi (@) ] +ei(g.9) (4.18)

teFoy

— 1
lies in Apo(G, w) ® Chg (Xk). Moreover, e;(g, #) should to be naturally decomposed into a sum
of ‘local components’ such that the v-component should be 0 at all but finitely many places and
oo-component should be independent of the choice of the regular integral model.

Remark 4.3.5. In (4.17) and (4.18), one may replace w(g)#(0) (cl(ZV) + a) by w(g)¢(0)cl(zv) by

adding a suitable multiple of the degree of z(w(g)¢), which is modular by Theorem 4.1.2 and can be
made explicit by (4.11). However, we keep the freedom to have ‘a’ to get the decomposition of e;(g, ¢)
as we will see in Section 4.4.

By Theorem 4.1.2 and Lemma A.3.6 (1), we immediately have the following lemma.

Lemma 4.3.6. For P € Z|(Xx )c such that deg Pr, = 0,

2w(2)$)E, - P € A (G, w) (4.19)
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Remark 4.3.7. (1) This lemma is called almost modularity in [MZ21, Theorem 4.3].
(2) In the case that K = K, with a different A, for Kudla-Rapoport arithmetic divisors and
P € Z1(Xk)c with Pg = 0, the analogous statement is proved in [Zha21b, Theorem 14.6].

When deg Pg # 0, the truth of (4.19) is in fact equivalent to the modularity of z(w(g)q&)ez,a by
Lemma 4.3.8 below. We will not use exactly this ‘numerical criterion’, but use Lemma 4.3.8 in a more
sophisticated way to prove our modularity results in 5.2.4.

Lemma 4.3.8. Let X be a C-vector space, x € X nonzero, and 1 a linear form on X such that [(x) = 1.
Let f be a formal generating series of functions on G (A) valued in X and f the corresponding formal
generating series of functions on G(A) valued in X /Cx. Assume that f € A(G,w) ® X/Cx. Then
feAG,w)® X ifand only ifl o f € A(G,w).

Proof. Define a section s of the projection X — X/Cx by s : z = s(z) — [(s(2)) - x, where s is any
section (and s is independent of the choice of s). Then f = s(f) + (/ o f) - x, and the lemma follows. O

4.4. Conjecture and theorems

First, we define specific integral models. Then we define explicit admissible extensions. Then we will
propose a precise conjecture. Finally, we state our modularity theorems.

4.4.1. Integral models

Let us at first set up some notations and assumptions that are needed to construct our integral models.
For a finite place v of F and an Og, -lattice A, of V(E, ), the dual lattice is defined as A} = {x €
V(E,) : (x,Ay) € Og,}. Then A, is called

o self-dual if A, = A};

o wg,-modular if A} = w_i Ay;

o almost wg, -modular if A} C w;ilAV and the inclusion is of colength 1.

Assume the following assumption in the rest of the paper.
Assumption 4.4.1. (1) At least one of the following three conditions hold:

(1.a) every finite place of E is at most tamely ramified over Q;
(1.b) E/Q is Galois;
(1.c) E is the composition of F with some imaginary quadratic field.

(2) Every finite place v of F ramified over Q or of residue characteristic 2 is unramified in E.

(3) At every finite place v of F inert in E, there is a self-dual lattice A, in V(E,,).

(4) At every finite place v of F ramified in E, there is a r,,-modular (resp. almost m,,-modular) lattice
A, in V(E,) if n is odd (resp. n is even).

We will classify V containing such A in Remark 5.1.2 below.
At every place v split in E, let A, be a self-dual lattice in V(E, ). Let

A=1_[AV c Ve,
%

Let Ko € U(V®) be the stabilizer of A.

Definition 4.4.2. Let K, be the directed poset of compact open subgroups K C Ky, under the inclusion
relation, such that for a finite place v of F,

(1) if v is non-splitin E, then K, = K\ ;
(2) if v is splitin E, then K, is a principal congruence subgroup of Ky .
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Under Assumption 4.4.1 (1.a), for K € K and a finite place v of E, we have an integral model &),
of Sh(V)k over Spec O (,), as constructed in (B.2.11), B.2.25 and B.2.28. (Note that we can always
choose a CM type satisfying the matching condition (B.2.20).) We remind the reader of the differences
between the notations on the fields here and in Appendix B.

Lemma 4.4.3. (1) The integral model 8, is regular.
(2) If K = K, there is an ample Q-line bundle &, on 8, extending Lk, .

Proof. (1) We apply B.2.26. We use M to denote the reflex field in B.2.26, which is defined in (B.1.15)
(and denoted by E there), to avoid confusion. We use N to denote the field extension of the reflex field
in B.2.26 (denoted by L there). By the finite étaleness of the moduli space of relative dimenison 0 as in
B.1.23, we may choose N/M to be unramified at v [Stal8, Tag 04GL]. Then by [RSZ20] and B.2.26,
Sv,0p.(, 18 regular for a place v of N over v. By the descent of regularity under faithfully flat morphism
[Stal8, Tag 033D], the lemma follows.

(2) Let N/E be a finite Galois extension such that v is unramified in N and every connected component
of 8\, 0y, is geometrically connected. By its construction (B.2.11), every connected component is a
quotient of a connected component of an integral model of Hodge type over Oy (,) by a finite group
action. The integral model of Hodge type is a closed subscheme of the integral Siegel moduli space
[Xu21, Xu25], on which we have a well-known ample Hodge line bundle. The restriction is an ample line
bundle on each geometrically connected component of the integral model of Hodge type. Taking norm
along the quotient map by the finite group action, we get an an ample line bundle on every component
of 8,0y (- See [BLRY0, Section 6, Theorem 7 and Example B] and [Vis04] for the stack case. Then
taking norm map along the quotient map by the Gal(N/E), we have an ample line bundle &’ on &),.
Dividing &’ by the product of the order of the finite group and [N : E], we get the desired ample line
bundle on §,. O

Under Assumption 4.4.1 (1.b) or (1.c), the reflex field (B.1.15), in our notations, is E. For K € EA
and a finite place v of E, both sides of the morphism (B.1.30) (and the generalizations as in B.2.17 or

B.2.28) are equipped with a natural action of the finite group Z2 (Apr }Um) /ZUZp))K 7, compatible

with the morphism. See [LTX*22, Definition 4.2.2]. Moreover, taking quotients by this finite group, we
get a new morphism whose target is isomorphic to Spec O (). Then the source of the new morphism
is an integral model of Sh(V)x over Spec Of (,), whose regularity is assured by [RSZ20] and faithfully
flat descent of regularity. We also denote this integral model by &),. Moreover, if Assumption 4.4.1 (1.a)
also holds, then the construction here and in Lemma 4.4.3 coincides, by B.2.26.

We want to glue these models to obtain a regular integral model of Sh(V)g over Spec Of.

Theorem 4.4.4. Assume Assumption 4.4.1.

(1) For K € K, there is a regular integral model Xk of Sh(V)x over Spec O such that
Xk, 0p. ) = Sv as integral models. See 4.3.2. Moreover, Assumption A.1.1 holds for Xk .

(2) For K C K’ in Ky, there is a unique finite flat morphism ng g : Xk — Xk extending the
natural morphism Sh(V)g — Sh(V)g-.

(3) Regard Xk as an Xk, -scheme and Sh(V)k as an Sh(V)g, -scheme via nx k. There is a unique
action of Kx /K (note that K is normal in Ky ) on the Xk, -scheme X extending the standard action of
KA/K on the Sh(V)k, -scheme Sh(V)k by ‘right translation’.

Proof. The construction of Xk is as follows. Continue to use the notation M in the proof of Lemma 4.4.3.
First, consider the analog of the morphism (B.1.30) over Oy, [R™'], where R is a finite set of finite
places of Q such that K, = K, , for v not over R (in particular, we do not need the generalizations
as in B.2.17 or B.2.28). See, for example, [RSZ20, 5.1] with extra level structures over R (similar
to (B.1.29)). Denote this morphism by M — M. We use Galois descent to construct a model of
Sh(V)k outside finitely many finite places. Let N/M be a finite extension, Galois over E, such that
the base change of My to Spec Oy [R™'] is a finite disjoint union of Spec On [R™!]. Let S D R be a
finite set of finite places of Q such that Spec On [S™'] — Spec Og[S~'] is unramified. Then the fiber
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of Mo, [s-1] = Mooy [s-1] OVer a chosen Spec Oy [S™'] is a regular Deligne-Mumford stack M
proper over Spec On [S~!] with generic fiber Sh(V)x_n. By Zariski’s main theorem (for stacks which
easily follows from the scheme version), after possibly enlarging S, we may assume that the action of
the finite group Gal(N/E) on Sh(V)g n extends to an action on M. By [BLR90, Section 6, Example]
(and [Vis04] for the stack case), after possibly enlarging S, M5 descends to Spec O [S~']. Let IS be
the resulted Deligne-Mumford stack. By construction and B.2.26, we have ygm) ~ &, forv ¢ S. Now,

let Xk be the glueing of VS and 8, with v € S. Then XK,OE,W) ~ &, for every finite place v.

We check Assumption A.1.1. For K’ ¢ K small enough with K’S = K5, the resulted Deligne-
Mumford stack )5 is representable by [RSZ20, 5.2]. Note that Spec On [S™!] — Spec Op[S7'] is
unramified (so finite étale). Then Assumption A.1.1 (1) holds (with the current S) by construction.
Similarly, Assumption A.1.1 (2) holds.

The uniqueness in (2) and (3) follows from the separatedness of the models. The existence follows from
the construction and corresponding properties of the PEL type integral models in [RSZ20, Theorem 5.4].
We omit the details. ]

Remark 4.4.5. If we drop condition (%) in Definition 4.4.2 on K, Theorem 4.4.4 (1)(2) still holds.
Indeed, to construct Xk, choose K; € K, such that K; c K. Let Xk be the quotient of Xk, by K/K|
where is the action is Theorem 4.4.4 (3).

By [RSZ20, Theorem 5.2] and our construction, we deduce the following lemma.
Lemma 4.4.6. If K, = Kp , then Xk o, (v) is smooth over Spec O ().

Remark 4.4.7. We may relax Assumption 4.4.1 (3) by allowing A, to be almost self-dual. See B.2.28.
Then Lemma 4.4.3 still holds. However, Lemma 4.4.6 does not hold any more.

Corollary 4.4.8. A Q-line bundle (in particular a line bundle) Lk, on Xk, extending Lk, is ample.
Moreover, it is unique as a Q-line bundle.

Proof. By Lemma 4.4.6, the corresponding divisors of two different extensions differ by a Q-linear
combination of special fibers of Xk,, which is 0 in Chl(XKA)Q. The uniqueness follows. Now the
ampleness follows from Lemma 4.4.3 (2). ]

Below, by a line bundle, we mean a Q-line bundle.

4.4.2. Admissible extensions
We want to define admissible extensions that are compatible as the level changes. So we consider a
system of integral models.

Definition 4.4.9. (1) Let X be the system {Xk }p . i, of integral models with transition morphisms
Tk as in Theorem 4.4.4 (1)(2).

(2) For h € K, define the ‘right translation by #’ automorphism on Xk to be the action of £ as in
Theorem 4.4.4 (3).

(3) Fix an arbitrarily (Q-)line bundle Lk, on Xk, extending Lk, . Let Lx =n% = Lk, .

K>KA

We use L to denote the compatible-under-pullback system {Lg } ci, of ample line bundles on

X = {Xk) kei,- The ampleness follows from the ampleness of Lk, and finiteness of . ,,. While
using £ for Xk, we mean Lx so that it has the same meaning as before (we previously used £ as the
abbreviation of Lk ). Let Lk be the corresponding hermitian line bundle with the hermitian metric as
in 4.2.1, and define £ accordingly.

By Proposition A.3.8 — that is, the compatibility of the formation of admissible (Chow) cycles under
flat pullback — we can define the direct limit group of admissible arithmetic divisors along the directed
poset Kx

~1 Yy — 1 ~1
ZL ()= lim ZL _(Xx). (4.20)
KEEA
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—1 ~ —1
Chz (&) = lim Chz o(Xk), 4.21)
KEEA

where the transition maps are 7, ,’s. By the projection formula (which gives that the composition of
pullback by pushforward is the multiplication by the degree of the finite flat morphism), the natural maps

Zy, (Xx) = Z}, (X), ChL (Xx) — ChL (X)

are injective and we understand the formers as subspaces of the latters, respectively. The embeddings
—1
C < Chz (Xk) (Definition 4.3.1) are then the same embedding

C — Chz o (). (4.22)

Remark 4.4.10. If we drop condition (2) in Definition 4.4.2 as in Remark 4.4.10, (4.20)—(4.22) do not
change.

Definition 4.4.11. Let g(V)E’\ c S(V) consist of functions invariant by some K € K.

Forz € Fso, ¢ € g(V)EA and K € K stabilizing ¢, consider the normalized admissible extension
Zt(w(g)¢),§ of Z;(w(g)¢)k (asin (4.16)). By Lemma 4.1.5 and Proposition A.3.8,

Z(w(9)9)" = Zi(w(8)P) € Zy (Xk) € Zp, () (4.23)
is independent of K. And by definition,
=V —V ~
c1(L):=c1(Lg) € Ch]Z’C(XK) c ChIZ’C(X)

is independent of K.
For h € Kj, the ‘right translation by /&’ in Aut(Xx/Xk,) fixes Lx by definition. Thus, it in-

~ ~ —1 ~
duces an automorphism on Z%C(X) and Chz -(&). Since it sends Z;(g,¢) to Z;(g,w(h)¢), by
Proposition A.3.8, we have the féllowing lemma.

Lemma 4.4.12. The ‘right translation by h’ automorphism is the identity map on the image of
—1 —~ _ — _

C = Chz (&), fixes ¢ (,CV), and sends Z; (g, ¢)* to Z; (g, w(h)$)~.

4.4.3. Conjecture

We define generating series of admissible arithmetic divisors in two ways, essentially by choosing

different Green functions. (In fact, there will be a third one in 5.2.2.) The first (resp. second) definition

is made toward Problem 4.3.4 (resp. Problem 4.3.3).

Recall the holomorphic part £/ (0, g, ¢) of the derivative of E, (s, g, ¢) at s = 0. See (3.29).

Definition 4.4.13. For ¢ € S(V)K* 1 € Fogand g € G(Ar), let
_ — , —1 ~
2(8. OE = [Z:(@(Q)9)"] + (E/ (0.8, 8) + £, (0.8, 9) logNmy 1) € Chiz ().
Fora e Cand g € G(Ap), let

28 P = 0O (c1Z) +a)+ Y (g o)

teF>0
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Remark 4.4.14. (1) We rewrite the definition of z,(g, (gﬁ)eZ as follows, which is closer to the notation

‘([th] +et)q” in (1.2). For t € F-(, we have the #-th Fourier coefficient E;;g’ﬁ’l‘f>, g € G(AR), of
0,1
E;:(0,8,9)
wZ, M

E(0,g,¢). See 2.7. We similarly and formally consider
coefficient’ of E7 (0, g, ¢). Let

g € G(AY) as the ‘t-th Fourier

0 E,(07g?¢) Et f(O,g,qﬁ)
e (g, %) = — + == logNmg ot, g € G(AY). (4.24)
’ wE (1) T WE, (1) e F

Then ¢, (1, ¢*) is the constant e, in (1.4). And we can rewrite

20(8. DE = (1Z(@(8™)6™) 7] +,(8%, 6%) )W, (ge0).

(2) We also expect that the (proposed) infinite component of e; (g, ¢) in Problem 4.3.4is E t’ (0,2, 0)+
E; (0, g, ¢) log Nmp gt for any unitary Shimura variety. In particular, in the situation of this section, the
v-component is O for every finite place v. It is related to Lemma 4.4.6. (The smoothness is ‘exotic’ at
places where E/F is ramified.)

By (3.10), (3.14) and Lemma 4.4.12, we have the following lemma.

Lemma 4.4.15. For h € Ky, the “’right translation by h’ automorphism on Xk sends z(g, ¢)§a to
2(g (M),

Now we specify the correct constant a to be used in z(g, ¢)ga. Let

a = log |Discr| — [Fnﬂ - (b[F Q] - %c) - (ZLA) Pk, (4.25)
= cl(EKA) Pk, +2 L((() 77)) +log |Discg| —b[F : Q] — [Fnﬂ

where b is as in (3.30), ¢ is as in (3.15), Discr is the discriminant of F/Q, and Pk, € Z! (Xk,)isaCM
cycle to be precisely defined in Definition 5.1.10.

Remark 4.4.16. (1) The definition of a is rather complicated. The reader may skip it for the moment.
(2) Looking at [YZ18, Theorem 1.7] and [YZ18, p 590], one can deduce cancellation between the
terms in the definition of a if one can, expectably, relate the Shimura varieties here and in loc. cit..

Conjecture 4.4.17. Assume Assumption 4.4.1. Let ¢ € E(V)EA. For g € G(A), we have

2(8, 9)E; € Anol(G, ) ® Chz (). (4.26)

For the second definition, we modify the normalized admissible extensions of special divisors Z(x)’s

instead of weighted special divisors Z; (w(g)qﬁ)z. Unfortunately, the modification does not only depend
on x, and the result generating series is not holomorphic.

Definition 4.4.18. For x € V* with ¢(x) € F*, g € G(Ap,») and K € K, let Z(x)~ be the divisor on
ZE\;

ZOr, the normalized

Xk that is the normalized admissible extension of Z(x) with respect to £, and G

admissible Green function for Z(x)g, with respect to ZEV. Let

2 9f ¢ = (205, (950, +Exgn) )€ ZL () € ZL (R).
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Here, f(x, g,) is defined in Definition 4.2.6. For ¢ € S(V)X,a € Cand g € G(Ar), let

28 Oy = 0(@)$(O)(e1(Z) - logbu(ge) + [F : Ql(logr = (log 1) (1 + 1)) +a)
+ Z w(g¥)¢™ (%) [Z(x, 8oo)K AWe () (8)-

xeV®, g(x)eF*

Though Z(x, g)K ¢ as an element in Zl (X ), depends on K, z(g, ¢)fﬁa does not. Indeed, by
Lemma 3.3.9 (1), Ey(0, g, ¢) = w(g)$(0). Then by Theorem 4.2.7, we have

2(8. DE, — 2(8. H)F, = E'(0,8.6) — E(0,8.4)[F : Q] (log x — (log )/ (n + 1)). (4.27)

Then since z(g, qﬁ)ga does not depend on K, neither does z(g, ¢)fza.
The above reasoning also shows that (4.26) is equivalent to

_ L
2(8.9)f, € A(G,w) ® Chz ¢ (X).

4.4.4. Modularity theorems
We need some notations to state our theorems. Let Ram be the set of finite places of F nonsplit in E,
that are ramified in E or over Q. Let

G = P(AF stam) G(AR™™).
Let
SEs c F(wyRa

be the span of pure tensors ¢ such that for every finite place v of F nonsplit in E, ¢, = w(g)1,, for

some g € G,. In particular, we have no condition for ¢ € E(V)ggm over split places. The following
proposition and remark further show that we have no condition for ¢ outside Ram.

Proposition 4.4.19. For a finite place v of F inert in E (so that A, is self-dual by Assumption 4.4.1)
such that ., ,, is unramified, the span of {w(g)1a,,g € G(F,)} is S(V(E,))Xrv.

Proof. If v has residue characteristic # 2, this is a special case of [How79, Theorem 10.2]. In general, let
K™ ¢ G(F,) be as in (2.5). Embedding S(V(E, ))**»*K™ in an induced representation as [Ral82,
(3.1)]. It is routine to show that S(V(E,))Kav>K™ g generated by 1, as a module over the Hecke
algebra of bi-K}'**-invariant Schwartz functions on G (F, ). Then the proposition follows from Kudla’s
supercuspidal support theorem for big theta lift. See [GI14, Proposition 5.2] O

Remark 4.4.20. We may choose y;, such y, , is unramified if v is inert in E.

Let Apo1 (G, w) and A(G, w) be the restrictions of Ape (G, w) and A(G, w) to G, respectively.

Theorem 4.4.21. Assume Assumption 4.4.1. Let ¢ € E(V)ggm. For g € G, we have

z(g, q))ez’a € Aho1(G,w) ® 61‘112,@(2?), (4.28)
and
2(8, $)E, € A(G, ) ® Chz o( ). (4.29)

In fact, by (4.27), (4.28) and (4.29) are equivalent. Theorem 4.4.21 will be proved in 5.2.4.
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Remark 4.4.22. (1) The restriction of (4.28) to g € G(A) C G gives Theorem 1.1.1, with a less strict
condition on ¢,, v € Ram. Remark 4.4.10 allows K, to be arbitrary for v split in E.
(2) By the density of G ¢ G(F)\G(AF), the restriction gives

Ahol(G’ m) = Ahol(G’ m)’ A(G’ m) = A(G’ m)

_ —1 _
In particular, z(g, ¢)£a with ¢ € G extends uniquely to an element in Apo(G, w) ® Chz o(&X).
Conjecture 4.4.17 predicts that this extension is z(g, ¢)£a with g € G(A). However, it seems not trivial

to check this prediction. The same discussion applies to z(g, ¢)fza.

Definition 4.4.23. For x € V* with g(x) € F* and g € G(AF ), let

20,05 = (20, (051, (@) ) € Che(X).

ve

Here, Kudla’s Green function gg‘(’i)E is defined in (4.12).

For ¢ € S(V)X,a € Cand g € G(Af), let

28 9 = w(@)(0)(1(£") - log 6o (ge) + [F : Ql(logm = (log ) (n + 1)) +a)

D w@)ET W2 g) RWE ) (8)-
xeV®, g(x)eF*

L,Kud
a

It is directly to check that z(g, @) is compatible under pullbacks by & ’s.

K>K’

Define the topology on (/ZB(:—; (Xk) as follows. Let C* (Sh(V)x £, )° be the L?-orthogonal complement

—1
of LC(Sh(V)k g,) in C*(Sh(V)k k), endowed with L*-topology. Then Chs(Xk) is the direct
sum of C*(Sh(V)k g.)° and the finite dimensional subspace of cycles with harmonic curvatures

—1 —1
at co. Endow Ch(Xk) with the direct sum topology. Let A(G, w, ChC(XK)) be the restrictions of
—1
A(G, w, ChC(XK)) to G.
Theorem 4.2.10 and (4.28) of Theorem 4.4.21 imply the following theorem.

_ ~ —1
Theorem 4.4.24. Let ¢ € S(V)gam, where K € Ka. The generating series z(g, ¢)f’KUd of Chg(Xk)-

—1
valued functions on G pointwise converges to an element in A(G, W, ChC(XK)).

5. Arithmetic mixed Siegel-Weil formula

In this section, we prove our modularity theorem (Theorem 4.4.21) above using an arithmetic analog
of the mixed Siegel-Weil formula (3.19). First, we define CM cycles. Then, we state the formula and
use this formula to prove Theorem 4.4.21. We end this section by discussing some possible future
generalizations and applications of our results. We continue to use notations and assumptions in 4.4.

5.1. CM cycles

In this subsection, we define an orthogonal decomposition

V=We ViAg), 5.1
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where W is an incoherent hermitian space over Ag of dimension 1, and V¥ is a hermitian space over E
of dimension n. Then we define a CM cycle

Pw k € Z1(Xk)g

associated to the O-dimensional Shimura variety for W, normalized to be of generic degree 1.

5.1.1. Lattices at unramified places
For a finite place v of F unramified in E, by [Jac62, Section 7], there exists e(o) el ef,") € A, of unit
norms, such that A, is their orthogonal direct sum.

5.1.2. Lattices at ramified places

Let Ramg,r be the set of finite places of F ramified in E. For v € Ramg,r, let M, be the O, -
lattice of rank 2 with an isotropic basis {X,Y} such that (X,Y) = wg,. Then M, is a wg,-modular
lattice in M, ® E,,, and its determinant with respect to this basis is -Nm(w@g, ). The hermitian space

M, ® E, has determinant —1 € F)}/Nm(EY). In the other direction, starting with a 2-dimensional
hermitian space H over E,, of determinant —1 € FX/Nm(EY), let eio), e(vl) € H be orthogonal such that
q(ef,o)), q( (1)) € (’)X Then one can choose M, € Of, e(o) ® Og, e, M (o be the preimage of one of

the two isotropic lines in (O, e, eV o Ok, evl)) /®@E, . In particular, one easily sees that
M, N (OEve(v ® wg, O, e )) e, 0p, e ® wg, OF, eV (5.2)
and
N (OEL 0605 ‘”) c 05 eV e 05 el (5.3)

These two relations will only be used in the proof of Lemma 5.2.3.
Recall that for v € Ramg,r, v { 2 by Assumption 4.4.1 (1), and A, is (almost) wg, -modular as in
Assumption 4.4.1 (4). Recall that the rank of A, is n + 1.

Lemma 5.1.1 [Jac62, Section 8]. (1) If n is odd, then A, =~ M®"*1/2,
(2) If n is even, then A, is the orthogonal direct sum of n/2-copies of M, and a rank-1 hermitian
Ok, -module with determinant in Ojév.

Remark 5.1.2. Using Lemma 5.1.1 and computing discriminants, we can classify incoherent V
containing a lattice A as in Assumption 4.4.1:

(1) If n is odd, then there exist a A as in Assumption 4.4.1 if and only if (n + 1)/2 is odd and [F : Q]
is odd.
(2) If nis even, then there exist a A as in Assumption 4.4.1.

5.1.3. CM cycles
For a finite place v ¢ Ramg/F, let ev) be asin 5.1.1. For v € Ramg/r, let A, C A, be a copy of

M,,. See Lemma 5.1.1. Let eio) € E, A, 1 such that

( (0)) € Or,. 4 (e(vo) ) = det(V(Ey)) € F;/Nm(EY).

Let W be the restricted tensor product of Evego), for every v ¢ oo, and a 1-dimensional subspace of
V(E,), for every v € co. Note that since

det(W,) = det(V(E,)) € FX/Nm(E3),
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W is incoherent. The orthogonal complement of W in V is coherent of dimension n. We denote the
corresponding hermitian space over E by V¥, This gives (5.1).

Let Ky = K N U(W*). The morphism Sh(W)g,, — Sh(V)k, analogous to (4.1), defines a zero
cycle on Sh(V)g . (Indeed, this is a ‘simple special zero cycle’ compared with 4.1.1.)

Definition 5.1.3. Let dy g be the degree of this zero cycle. Let Py x € Z|(Xk)g be 1/dw k times the
Zariski closure of this cycle.

Recall that K is normal in K (Definition 4.4.2), and for & € K, there is the ‘right translation by &’
automorphism on Xx (Definition 4.4.9 (3)).

Lemma 5.1.4. The ‘right translation by h’ automorphism on Xk sends Pw g to Ppw k.

Proof. When restricted to the generic fiber, the proof goes in the same way as [Kud97a, LEMMA 2.2

(iv)]. Taking Zariski closure, we get the lemma. O
In particular, for k € K, dw x = diw k., and Pw g = Prw k- Then by the flatness of 7 ., (and the
commutativity of taking Zariski closure and flat pullback) and [Liul la, Proposition 3.2],
. di-1w k
ﬂ'K,K',PWsK/ = dw](’ Pk’IW,K’ (54)

ke(U (W)NK")\K'/K
where each summand is independent of the choice of the representatives k. We shall later abbreviate

(U(W) N K")\K'/K as U(W)\K'/K.

5.1.4. Another description

We will give another description of Py g that shows the independence of Py g, on W. (It will also be
used in 6.1.2 to compute intersection numbers.) Before that, we introduce new lattices, open compact
subgroups and Shimura varieties.

Forv € Ramg/F, let ef, ) e A, 1 be orthogonal to e( ) such that q( (])) € O% , and let Ajl C A,
be the orthogonal complement of A, ;. Then we have

((’)Ev O O e “)) cAvycOpe®e0p el
where each inclusion is of colength I, and A, = A, | & A
Let Ki ¢ U(V,) be the stabilizer of Og, e ® O, ey) ®A;,and K = K} sy K
Lemma 5.1.5. We have [K) : K} N K,] = 2.
Proof. The index is the cardinality of the isotropic lines in (OEV ® O, e ) /@E,, whichis2. O

Let K&))v c U(W,) be the stabilizer of (’)Eve(vo), that is, Kw\(;;)v = U(W,), and Kg) =

Kég)v 1., Kw,.. Then we have a diagram of morphisms of Shimura varieties
Sh(W)g 0 — Sh(V)gr — Sh(V)ingx — Sh(V)x. (5.5)

Applying pushfoward, pullback and pushfoward along the diagram (5.5) to the fundamental cycle of
Sh(W), o, we obtain a zero cycle on Sh(V)k . Divide it by its degree to obtain a zero cycle of degree 1.
W

Lemma 5.1.6. The Zariski closure of this degree I zero cycle is Py k.

Proof. By Lemma 5.1.5, [KT : KT n K] = 2. Since K(O) ¢ K, K(O) (K" N K) = KT. Then the fiber
product of the first two morphisms in (5.5) is Sh(W)( Km K)NU (W) (an analog of (5.4)). The natural
morphism Sh(W) g+ xynu (we) — Sh(V)k factors through Sh(W)g.,. The lemma follows. O
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Remark 5.1.7. One may define Py x via a diagram of integral models similar to (5.5), as in [RSZ20,
(4.30)].

Lemma 5.18. Let h € U(E,Ay.1) X {1g, a2} € U(V(E,)) such that A, © h(OEvef,O) @ OEveL”)

and is the preimage of one of the two isotropic lines in the reduction modulo wg, . Then h € KJ,

Proof. Let K¢ = K'\K. The two preimages of the two isotropic lines in the reduction of
h((’)EveSO) ® OEveil)) are hA, 1 and hK°A, ;. Then either hA, 1 = A, or hK°A, 1 = A, 1. Each
implies h € er O

Proposition 5.1.9. The CM cycle Py g, does not depend on the choice of W.

Proof. To define Pyw g, , we specify ef,o) € Wasin 5.1.3. For v ¢ Ramg/,F, the choices of ef,o) differ
by K, actions, which do not change Pw g, by Lemma 5.1.4. For v € Ramg,F, the choices of A,
differ by K., actions. See Lemma 5.1.1. By Lemma 5.1.8, we only need to show that Py x, = Prw k,
for h € Ki, where v € Rampg,r. We use Lemma 5.1.6. The pushforward of the fundamental cycle of
Sh(W) KO by the first map in (5.5) is the same as the one obtained by replacing W by #W, by the analog

of Lemma 5.1.4 (on the generic fiber). O
Definition 5.1.10. We denote Py g, by Pk,.

This definition is only used in (4.25). Later, we will still use Py, k, for the uniformity of the notation
as the level changes. (For K # K, Pyw_ g depends on the choice of W.)

5.2. Formula

The arithmetic mixed Siegel-Weil formula compares the generating series of arithmetic intersection
numbers between arithmetic special divisors and CM 1-cycles on the integral models with an explicit
automorphic form. We use this formula to prove our main theorem Theorem 4.4.21.

5.2.1. Error functions
Both sides of the arithmetic mixed Siegel-Weil formula will have decompositions into local components
(we will see in the proof in Section 6). We define some functions measuring the difference between
these local components, and they will appear in the explicit automorphic form.

For a place v of F nonsplit in E, let W be the v-nearby hermitian space of W. See 2.2. Define the
orthogonal direct sum

V=waV
Then we have isomorpisms
V(AR) = V™", U(V(AR)) =U(V"), (5.6)
and similar isomorphisms for W and W. Consider
V(Ey) = VH(E,) = {(x1,x2) € W(E,) @ VF(E,) 1 x1 # 0},

Let A?, C W, be the orthogonal complement of O, ef,o) in A,. Forx = (x1,x2) € V(E,) - VH(E,),
let

¢y (x) =W, (0,1,¢,) = (v(g(x1)) + Dlog, (q(xi))1 x (x2) log g, , (5.7

where the smooth function W@, . (0,1, ¢,) on V(E,) — VE(E,) is asin (3.21).
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Note that A, = O, e(vo) ® Aﬁ. So the computation for ¢, (x) is only on the component O, eio), and

we can apply computations in [YZ18, YZZ13].
Lemma 5.2.1 [YZZ13, Proposition 6.8]. Assume that v ¢ Ram. Then ¢/, = 0.
Let c(g, ¢,) be as below (3.23). Recall that Diff,, is the different of F,, over Q,,.

Lemma 5.2.2 [YZ18, Lemma 9.2]. Assume that v € Ram — Ramg,r. Then ¢;, extends to a Schwartz
function on V(E,) such that c(1, ¢,) — 2¢,,(0) = 2log |Diff, |,.

Forv € Ramg,p, as in 5.1.4, we have
WE, (OEVE‘(,O) @ OEVES)) C Av,l C OE‘,E\(,O) @ OEV 65,1),
and A, = Ay 1 ® Ay . Forx = (x1,x2) € V(E,) - VE(E,), let

¢ (x) = WO, (0, 1,¢0) = (v(g(x1)) + Dlog, (g1 o, 1501 (x2) log g, -
Lemma 5.2.3. Assume that v € Ramg,r. Then ¢!, extends to a Schwartz function on V(E, ) such that
c(1,¢v) —2¢7(0) = 2log Diff, |, .

Proof. The computation for ¢, (x) is indeed only on the component A, ; of A, . For simplicity, we as-
sume that n = 2 so that we do not have the component At T

Consider a larger lattice A = C’)Eveio) ® (’)Eveil). For x = (x1,x2) € V(E,) — Vﬁ(Ev), let
¢(x) =W, (0,1, 14) = (v(g(x1)) + Dloy, (1)1, 0 (x2) log gF, .

By [YZI18, Lemma 9.2], ¢ extends to a Schwartz function on V(E, ) such that ¢(1,14) — 2¢(0) =
2log |Diff, |F, . It is enough to extend ¢(x)1 o (x2) = ¢}, (x) to a Schwartz function on V(E, ),

WE, OE
and show that the twice of its value at 0 is ¢(1, 14) — ¢(1, ¢,,). First,

O o ot (32) = ), (x)
=Wwe, (0,1, lA)levoEve\(/l) (x2) = W8, . (0,1,8,)
= W@;’X(O, 1, lA)lev OEve(v]) (x2) — W@;’X(O, 1,¢,)1

- W@L’X(O, 1, ¢V)1OE e (x2).

o, O, el (12)

By Lemma 3.1.2 and (5.3), W8, (0, 1,$,)1 . ,m (x2) extends to a Schwartz function on V(E, ). Itis
E, "V

supported on {x; € (’)}X;ve(vl)} so that its value at 0 is 0. By (3.5), (3.21) and (5.2),

WO, (O, LI o 0 (02) =W, (0,1, 90)1 o (x2) (5.8)
1
_ -1 ’
=Y oUW (EL) Wy g0 (0,1, logve‘vo))lvwv O, eV (X2)-

Here, we used that L(s,7,) = 1 due to the ramification of v in E. By Lemma 3.1.2, (5.8) extends to a
Schwartz function on V(E,).
Second, by a direct computation using (3.6), Lemma 3.1.2 and (5.2), we have

c(1,14) = (1, ¢y) = ¥3}, IDiff, Disc, | W, ¢(0, 1, Lox J0)-
By [YZZ13, p 23], which says Vol(U(W(E,)) = 2|Diff, Disc, |;/*, the lemma follows. o
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5.2.2. Generating series with automorphic Green functions
For t € Fxg, let Z; ()~ € Z A (X 'k ) be the admissible extension of Z;(¢) that is normalized at all

finite places with respect to £ and equals the automorphic Green function (4.10) at all infinite places.
Comparing with (4.23), by Lemma 4.2.4 (1),

Zi(§)"" € Zy [(Xk) € Zy (X)

only depends on ¢, but not on K. For g € G(Ar) and a € C, define z (g, ) E™ (resp. z(g, ¢)£ Y by

the formula defining z,(g, qﬁ)e (resp. z(g, ¢) ) in Definition 4.4.13, replacing Z,(¢)£ by Z; ()=,
By Lemma 4.2.4 (2), (4.26) is equivalent to

—1 ~
2(8.0) o € Anol(G.w) ® Chz ().

Formally define the ‘¢-th Fourier coefficient’ (and compare with Remark 4.4.14 (1))

2(g, #)E™

L,aut _
Zt(g’¢ ) - w’t(l)

5.2.3. Arithmetic mixed Siegel-Weil formula
Let ¢ € S(V)Xr. See Definition 4.4.11. Assume that ¢ is a pure tensor for simplicity. Define the

automorphic form to appear in the formula as follows. For K € K, stabilizing ¢, and K’ € K containing
K, let

d;
Ke@= > "W’K(—eE;hO,(O,g,w(k)as)—(2b[F:Q]—c)E(o,g,w(k>¢>

keU (W\K'/K dw.x: (59

+C(0,2,0()9) = > OE(0,8 w(k)¢" ®¢})).

veRam

Here, the index set and coefficients are the ones in (5.4). We choose a representative k such that k, =1
if K, = K. In particular, w(k)(¢" ® ¢,) = (w(k)¢") ® ¢, for v nonsplit in E, which is what we
wrote w(k)¢” ® ¢, for. Inside the bracket, we have 4 automorphic forms in Ape (G, w). Here, we use
the orthogonal decomposition V = W & V#(Ag) to define 6E ‘ot +-) and C(...), and for a given

v € Ram, we use the orthogonal decomposition V = W & V# as in (5.6) to define 0E(...). See 3.2.1,
3.3.1 and 3.3.3 for their definitions. In particular, fw K € Anot (G, w). Finally, the constant b is as in
(3.30), cis as in (3.15) and the term 2b[F : Q] — ¢ appears in both (3.31) and (4.25).

Remark 5.2.4. The bracketed automorphic form indexed by k € U(W)\K’/K on the right-hand side
of (5.9) is independent of the choice of k. Indeed, the 4th automorphic form 6E (0, g, w(k)¢” ® ¢,,) is
independent of the choice of k, by the K" -invariance of ¢" and the mixed Siegel-Weil formula (3.19).
By (3.31), for t € F~, the y,-Whittaker function of the rest 3 terms becomes

OF; 4t (0, 8- 0(K)8) = 2(E] (0,2, @(K)9) + E; (0, 8, w(K)$) log N ).

Then the independence of the choice of k follows from (3.10), (3.14) and (3.36). Then the independence
of the choice of k follows from the automorphy.

Theorem 5.2.5. Let ¢ € E(V)i<~A be a pure tensor such that ¢, = 15, for every finite place v of F
nonsplit in E. Let K € K stabilize ¢. Fort € Fsoand g € P(Ap,g;am)G(A?amU“’), we have

22, (8, 6™)™M 7 Py = fiypn (8, (5.10)
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where the arithmetic intersection on the left-hand side is taken on Xk, and fé,{ ,IC;O/\ , is the t-th Fourier
coefficient 0ff§ K, See2.7.

Theorem 5.2.5 will be proved in (the end of) Section 6.

Remark 5.2.6. (1) By the projection formula, given ¢ and K’, the truth of (5.10) does not depend on
the choice of K (stabilizing the given ¢).

(2) We use . i Psw kx» with K’ = K, instead of the more natural CM cycle Pw x (i.e., K’ = K), in
order to apply Corollary A.2.6 to avoid computing normalized admissible extensions. (One may expect
to reduce the whole Theorem 5.2.5 to the level K5 by the projection formula. However, this is not
possible due to Remark 4.1.6.)

(3) We can also consider Theorem 5.2.5 for K’ = K. Taking advantage of Theorem 4.4.21, the only
difficulty in proving Theorem 5.2.5 for K’ = K is computing normalized admissible extensions at split
place. By considering admissible 1-cycles, the difficulty could be solved as in [YZZ13, 8.5.1]. Note that
we do not need Assumption 5.4 in loc. cit. Rather we will get an extra Eisenstein series.

5.2.4. Proof of Theorem 4.4.21
Assuming Theorem 5.2.5, we prove Theorem 4.4.21 as follows. Recall that as we have discussed
immediately after Theorem 4.4.21, that (4.28) and (4.29) of Theorem 4.4.21 are equivalent. We will
prove (4.28), assuming that ¢ is a pure tensor such that ¢, = 1, for every finite place v nonsplit in £
(so that Theorem 5.2.5 applies to ¢). So (4.29) holds. It follows from Definition 4.4.18 that (4.29) holds
for w(g)¢ with g € G*. Thus, Theorem 4.4.21 holds by the definition of E(V)ggm above it.

So now we assume that ¢ is a pure tensor such that ¢, = 1, for every finite place v nonsplit in E
and want to prove (4.28); that is,

(w(g)¢(0)c1(ZV) +w(g)¢(0)a) + 3 28 OF € An(C.w) @ Chiz (D). G.11)

teF>0

Let K € K, such that ¢ is K-invariant. Let £X k.0 be the 0-th Whittaker coefficient of £ . . Let

—1 ~ —1 =
A(-, )k be the C-valued function on G (A), understood as valued Chz (&) via C < Chz (X) as in
(4.22), defined by

—V F:
2{o@o0 (e @)+ D) s a5y P = o)
that is,
— F:
A& 00 = 5 g (78 000 = 20000 (@) + LR o] s
By Lemma 4.3.8 (with G and G (A) replaced by G) and Theorem 5.2.5,

[F:Q]

n

(oo (e1@)+ ) aeon )+ 3 (e 01 € ua(S.w) 0 Ciz oD,

teF>0
Then by Lemma 4.2.4 (2), we have
—v z —1 ~
(0@ Z)+Ag k) + Y 2(2.HE € A(@w) ©Thz o(X).  (5.13)
teF>0
Thus, (5.11) is reduced to the following lemma, whose proof requires some preparations.

Lemma 5.2.7. We have A(g, ¢)x = w(g)¢(0)a.
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To determine A(g, §)k, one a priori needs to compute fw{\? K\ (&), which could be complicated.
Indeed, by (3.20) for t = 0 and Lemma 3.3.9 (1) (2), we have

8 ko o(g) = deg n( ~ (26[F : Q] - )w(g)¢(0)
(5.14)
+ ) elgn ¢)w(")8"(0) =2 > w(g)(¢” ®¢})(0)).

veRam

The terms in the second line cause the complicatedness.

We take a different approach. We study the invariance properties of A(g, ¢)x. We need a notation.
Let Wo(G) be the space of yo-Whittaker functions on G (i.e., smooth C-valued functions f such that
f(ng) = f(g) forn € N(A)). Then

Wo(G) N A(G, w) = {0}. (5.15)

By (5.14) and Lemma 3.3.4 (2), we have f“g Kr0 € Wo(G). Then by (5.12), we have A(g, d)x €

Wo(G). For K’ € K, such that ¢ is K’-invariant, by (5.13), A(g, #)x — A(g, ¢)k’ € Anol(G, w). Thus,
by (5.15), A(g, ¢)x does not depend on K. Let us denote A(g, ¢)x by A(g, ¢).

Lemma 5.2.8. (1) For g’ € G, A(gg’, ¢) = A(g, w(g") ).
(2) For h € Ky, A(g,w(h)¢) = A(g, §).

Proof. (1) Since A(g, ¢), w(g)#(0) € Wy(G),
B(g.¢) = A(g.¢) + w(g)¢(0)( —10g 600 (geo) + [F : Q] (log 7 — (log)’(n + 1))) € Wo(G).
Claim:
Blad)+ Y 0@ @IZ(x g IW, ) (8) € A(G.w) @ Chr (D). (5.16)
xeV®, g(x)eF*

Indeed, by Theorem 4.2.7, the difference between the generating series in (5.13) and (5.16) equals

E'(0,8.¢) - E(0,8,¢)[F : Q](logm — (logT)'(n + 1)).

(This is the analog of (4.27).) Then the claim follows from (5.13).
Now we prove (1). Apply (5.16) in two ways: first, replace ¢ by w(g’)¢ and call the resulted series

—1 ~

S1; second, replace g by gg” and call the resulted series S>. Then Sy, > € A(G, w) ® Chz (&X). So
B(g,w(g")¢) — B(gg'.¢) = S1 - $2 € A(G, w).
Thus, it must be 0 by (5.15). This gives (1).
(2) By Lemma 4.4.12, after the ‘right translation by /4’ (5.13) becomes
—v - —1 —
(0@ Z) + Al 0()$) + Y 28 0(MP)E € A (G, w) @ Ch o(¥).
teF>0

(This is similar to Lemma 4.4.15.) Since (5.13) holds with ¢ replaced by w(%)¢, taking the difference,
we have A(g, w(h)¢) — A(g, ¢) € Anol(G, w). Itis 0 by (5.15). O

To prove Lemma 5.2.7, we need a final ingredient, whose proof is easy and left to the reader.

Lemma 5.2.9. For v split in E, identify W, = E,, and Kpn, NU(W,) = OEV. Then S(W,,)KavnU (W)
is spanned by f,’s, where fq(x) := lo, (xa),a € E.
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Proof of Lemma 5.2.7. We have some reduction steps about ¢. By Lemma 5.2.8 (2), we may assume
that ¢ is Ka-invariant. In particular, for v split in E, ¢,, is Ka_, N U(W,)-invariant. Identifty W, = E,,
and ¢ = Nm. By Lemma 5.2.8 (1), Lemma 5.2.9 and the first Weil representation formula in 2.8, we may
further assume that ¢, = ¢,,,1 ® ¢, » where ¢, .1 = 1o, and ¢, > € S(Vti (Ev)) (recall that V#(E,) is
the orthogonal complement of W,,).

Now we look at fvlvi,K,\,o(g) given by (5.14). By the definition (3.23) and Lemma 3.1.3 (2) (3),

c(gv,®v) = Ounless v € Ram or v split in E (by the same argument as in Lemma 3.3.4). By Lemma
5.2.8 (1), we may assume g = 1. Then by Lemma 3.3.7, Lemma 5.2.2, Lemma 5.2.3,

fir Ky 0(8) = deg e | = (2B[F : Q] = )w(g)$(0) +2log IDiSCFIw(g)¢(0))-

*

—=V
Since ¢1(Lg) =7y, o,

£¥<A, by the projection formula,

—V " =V
CI(CK) : ”K,KAPW,KA = degﬂK,KAcl(EKA) : PW,KA'

Now by the definition of A(g, ¢)k in (5.12) and the definition of a in the first line of (4.25), the lemma
follows. O

5.3. Generalizations and applications

5.3.1. Higher codimensions
Based on their modularity result for generating series of special divisors, Yuan, S. Zhang and W. Zhang
[YZZ09] proved the modularity for higher-codimensional special cycles inductively, assuming the
convergence. One would like to mimic their proof in the arithmetic situation. Then one needs a modularity
theorem for divisors with general level structures and test functions, even if the given test function is
very good. Thus, the generality of our results is necessary toward modularity in the arithmetic situation
in higher codimensions.

In the codimension n case (i.e., for arithmetic 1-cycles), S. Zhang’s theory of admissible cycles is
unconditional modulo vertical 1-cycles that are numerically trivial [Zha20]. Then the method in the
current paper is still applicable to approach the modularity in the arithmetic situation.

5.3.2. Almost-self dual lattice

There is another lattice level structure at a finite place considered in [RSZ20], defined by an almost-
self dual lattice. The integral model is not smooth, but is explicitly described in [LTX"22]. We hope to
include this level structure in a future work. In fact, if we also use admissible 1-cycles, our approach
combined with a recent result of Z. Zhang [Zha21b, Theorem 14.6] is already applicable to prove the
analog of Theorem 4.4.21, after replacing normalized admissible extensions of special divisors by the
‘admissible projections’ of the Kudla-Rapoport divisors at these new places (provided that they can also
be suitably defined on our models). However, the difference between two extensions is not clear so far.

5.3.3. Faltings heights of Shimura varieties and Arithmetic Siegel-Weil formula
Following Kudla [Kud03, Kud04], we propose the arithmetic analog of the geometric Siegel Weil
formula (4.11).

Problem 5.3.1. Match ¢;(£)" - z(g, ¢)a£’K“d with a linear combination of E(0, g, ¢) and E’(0, g, ¢)
(possibly up to some error terms).

The modularity of z(g, ¢)aﬁ Kud helps to attack this problem as follows. The constant term of ¢; (£)" -
z(g, ¢)f Kudi< indeed the Faltings height of Xk itself, while the non-constant terms are given by Faltings
heights of Shimura subvarieties with the numbers in Definition 4.2.6. (Here, by the Faltings height of
X, we mean deg ¢ (L)1) There is clearly an inductive scheme to compute the Faltings heights/attack
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arithmetic Siegel-Weil formula, by applying the modularity of the generating series. Moreover, we only
need to compute enough terms. This might enable us to avoid dealing with Shimura subvarieties of
general level structures from the inductive steps. We can also use z(g, ¢)£a to attack Problem 5.3.1,
since by a direct computation,

c1(D)" - 2(g. ) = 1 (D) - (8. D, (5.17)

For quaternionic Shimura curves, Faltings heights are computed in [KRY06] [Yua22]. For unitary
Shimura varieties, in the case F' = Q, the Faltings height of Xk, (for a different lattice A) was computed
in [BH21] using Borcherds’ theory. See [BH21] for other related results.

5.3.4. Arithmetic theta lifting and Gross-Zagier type formula

Consider the Petersson inner product between the modular generating series of special divisors on
the generic fiber and a cusp form f of G [Kud03, Kud04]. When n = 1, it is cohomological trivial
and its Beilinson-Bloch height was studied in [Liul la, Liul 1b]. However, when n > 1, the Picard
group of Sh(V)g is CM by [MR92], so that the inner product is O in most cases after cohomological
trivialization. Thus, it is necessary to consider arithmetic intersection pairing on an integral model
(without cohomological trivialization).

The arithmetic intersection pairing with our CM 1-cycle as in Theorem 5.2.5 is simply the Petersson
inner product between (5.9) and f. Such a pairing appeared in the work of Gross and Zagier [GZ86] and
leads to their celebrated formula. We hope to get a Gross-Zagier type formula. In the case F = Q and
¢> = 1, (for adifferent A), a Gross-Zagier type formula was obtained in [BHY 15] and [BHK*20b]. See
also [BY09]. For general F and test functions as in our case, a general theory of Shimura-type integrals
is to be developed.

6. Intersections

In this section, we prove the arithmetic mixed Siegel-Weil formula (Theorem 5.2.5). First, we prove
local analogs of the formula, under some regularity assumption which forces improper intersections
to disappear. Then, to prove Theorem 5.2.5, we use a global argument involving admissibility of our
arithmetic divisors and modularity on the generic fiber (more precisely, Lemma 4.3.6).

6.1. Proper intersections

In order to state the local analogs of the Arithmetic mixed Siegel-Weil formula (Proposition 6.1.4), we
need some preliminaries.

We use the CM cycles in 5.1, as well as the notations there — in particular, the orthogonal decompo-
sition V=W @ V#(Ag).

Definition 6.1.1. For a finite place v of F, a Schwartz function on V(E, ) is W, -regular if it is supported
outside the orthogonal complement Wy, = VH(E,).

Let¢ € S(V) bea pure tensor such that ¢, = 1, for every finite place v nonsplitin E. Let K € Ka
such that ¢ is K-invariant.
We assume the following assumption throughout this subsection.

Assumption 6.1.2. There is a nonempty set R of places of F such that ¢, is W, -regular for v € R.

Since ¢, = 1,5, for every finite place v nonsplit in E, R necessarily contains only places split in E.

As we have seen in the proof of Lemma 4.4.3, for a finite place v of E, there exists a finite unramified
extension N/E, such that Xx o, is (part of) a PEL moduli space, and the supersingular locus is thus
defined and obviously independent of the choice of N. Let t € F~.
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Lemma 6.1.3. For g € P(AF,R)G(Ag), the supports of the Zariski closure of Z;(w(g)$)*™" and Py x
on X only intersect on the supersingular loci at finite places of E nonsplit over F.

Proof. The regularity of ¢ at R is preserved by the action of P(Ap, R) on ¢. By the regularity of w(g)¢,
the lemma follows from the same proof as [KR14, Lemma 2.21]. Or one may reduce the lemma to

(the version over a general CM field of) [KR 14, Lemma 2.21] as follows. Choose n vectors xi, ..., x,
spanning V¥#. Then Pwrk.e CZ(x1)N...NZ(x,). Since Z;(w(g)¢) is a finite sum of Z(x)’s with x
outside V#(Ag), [KR14, Lemma 2.21] applies. O

For k € U(V*YR), that is, k, = 1 for v € R. Then W,, = (kW), and ¢, is (kW),-regular. By
Lemma 6.1.3, the intersection number (Z, (w(g)¢)™ - Pr-1yy, x) e o of the restrictions of the cycles
-OFE,,

to Xk o, is well defined as in (A.1).

Proposition 6.1.4. Recall the set Ram of finite places of F nonsplit in E, and ramified in E or over Q.
Let g € P(Ap,mamuR)G(A?;amUR). Let v be a place of F nonsplit in E and k € U(V°YRVIY) For
v ¢ Ram U oo, resp. v € Ram, resp. v € oo, we respectively have

AZ(@(ON™  Proriik) iy o, 10848, = 0E;(0.8. 0 (K)B)(v). ©.1)

2Zi (&)™ - Pt ) g, 10805, = 0E{(0.8.0(K)#)(v) = 0E(0.8.0(k)¢" @ 9}). (6.2)

2 /(P B o, = TOEL (0,8, 0()) (). (63

k=lw, K )Ev

We will prove Proposition 6.1.4 for k = 1, in Proposition 6.1.6 (v ¢ Ram U oo), Proposition 6.1.7
and Proposition 6.1.9 (v € Ram), Proposition 6.1.11 (v € o). The proof for the general k is the same,
except one needs to keep track of k. For simplicity, let

73 = ,PW,K'

We prepare more notations for later computations. For a finite place v of F nonsplit in E, let E}"
be the complete maximal unramified extension of E,. Let E be the unique formal OF, -module of
relative height 2 and dimension 1 over Spec EY)'/wg, . The endomorphism ring of E is the maximal
order of the unique division quaternion algebra B over F,. Fixing an embedding ¢ : E, < B such
that ¢«(Og, ) is in the maximal order of B. Then E becomes a formal Of, -module of relative height 1
and dimension 1, which we still donote by E. Let t be ¢ precomposed with the nontrivial Gal(E, /F,)-
conjugation. It produces another O, -module E. Fix an OF, -linear principal polarization Ag on E. Let
£ and € be the canonical liftings of E and E respectively, as Og,-modules. They are isomorphic as
formal OF, -modules, and equipped with a unique OF, -linear principal polarization A¢ lifting Ag.

6.1.1. Finite places of F inert in £
For such a v, A, is self-dual.

Before we can compute the intersection number, we need to uniformize the integral model, CM cycle
and special divisors using Rapoport-Zink spaces.

For a nonnegative integer m, let A, be the unramified relative unitary Rapoport-Zink space of
signature (m, 1) [KR11][LZ21,2.1] over Spf Ogu. It is the deformation space of the polarized hermitian
Okg,-module X, := ExE™ with the product polarization A,,. It is formally smooth of relative dimension
m. The space Homp,, (E, X,;,)q carries a natural hermitian pairing

(x,y) - 45" ox" 0 A, 0y € Homp,, (E,E)g ~ E,. (6.4)

For m = n, we let N = N,,. By [LZ21, 2.2], we have Homo,, (E,X,)g = V(E,). And U(V(E,))
is isomorphic to the group of O, -linear self-quasi-isogenies of X,, preserving 4, [RSZ18, (4.3)].
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In particular, U(V(E,)) acts on N. For every x € V(E,) — {0}, we have the Kudla-Rapoport divisor
Z(x) on NTKR11] [LZ21, 2.3] that is the locus where x lifts to a quasi-isogeny. It is a (possibly empty)
relative Cartier divisor. See [KR11, Proposition 3.5], which is only stated for F, = Q, but holds in the
general case.

Let A% Opur be the formal completion of Xk o o along the supersingular locus. Then we have the

following forr;lal uniformization [LZ21, 13.1]:

2?,?'0? =~ U(V)\(N x U(VY)/KY). (6.5)

For x € V(E,) — {0} and h € U(V*"V), we have a relative cartier divisor [ Z(x), h] of X’;;\Obur

The Rapoport-Zink space A is naturally a closed formal subscheme of A by adding canonical
liftings; that is, the morphism Ay — N is given by X +— X x £". The subspace

Homo,, (E,E)g ¢ Homo,, (E,X,)g = V(E,)

becomes the subspace W(E,) of V(E, ), and the subgroup U(W(E,)) stabilizes Ny. We have

1 00,V A%

Pou = d—U(W)\(No XU(W™Y)/Ky), (6.6)
v WK

where dw k is the degree of the fundamental cycle of Sh(W)g,,. See Definition 5.1.3), and the right-

hand side is defined using the formal uniformization (6.5) of A¢’ Opur with NV understood as a 1-cycle

on N.
Recall that V"’ is the subset of V(E) of elements of norm .

Proposition 6.1.5. Under the formal uniformization (6.5) of X’I?_O?m , for g € G(A},), we have

Zt (w(g)¢)zar|xm — Z Z w(g)¢v(h_1x) [Z(X)y h] (67)
OB f U)WV heUy\U@=v)/KY

Proof. This follows from [LL21, (8.3)] and the flatness of Z(x). O

Let (Z(x) - Np) - be the Euler-Poincaré characteristic of the derived tensor product Oz ) ek

Oy, Since h € U(W(E,)) stabilizes Ny, (Z(x) - No)pr = (Z(hx) - Np) pr- By Lemma 6.1.3, (6.6),

. . . R
Proposition 6.1.5 and a direct computation, for g € P(AF,RU{V})G(AFU{V}),

1

(Z’(w(g)¢)zar’7))xk»05v " Vol([U(W)]) he[U(W)]

> (2050 -M) w(@)e” ()
xeVi-vi
(6.8)

Proposition 6.1.6. If v is unramified over Q, for g € P(AF,R)G(AI;) and k =1, (6.1) holds.

Proof. First, we compute (Z(x) - Np) s (i-e., we need to compute the length of the locus on A to
which x lifts). Recall that A‘ﬁ, c V(E,) is the orthogonal complement of (’)Eve(vo) in A,. Under the
isomorphism Home,, (E,X,)q = V(E,), the image of Home,, (E,E") is A‘ﬁ,. Then for x = (x1,x2) €
W(E,) ® VH(E,) with x; # 0, if it lifts, then x, € Aﬁ. Moreover, by Gross’ result on canonical lifting
[Gro86, Proposition3.3], we have

(200 Noly = D16, (g1 () (69
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Second, if g, = 1, express the left-hand side of (6.1) by (6.8) and (6.9). Compare it with the expression
of the right-hand side of (6.1) given by (3.22). By Lemma 5.2.1, (6.1) follows.

Finally, we reduce the general case to the case g, = 1 in two reduction steps. (I) We claim the
following: replacing g, by g,n(b,) for b, € F, or by g, k,, for k, € KJ** (see 2.5), both sides of (6.1)
are multiplied by the same constant. Indeed, for the left-hand side of (6.1), we directly use the definition
of the Weil representation. For the right-hand side, besides the definition, we further need (3.2) and
Lemma 3.2.2. (IT), By Corollary 3.2.3 and Lemma 4.1.3, we can replace g by m(a)g for some a € E*.
By the Iwasawa decomposition, the fact that E}f = E XOEV , and the claim in the first reduction step, we
may assume that g,, = 1. The proposition is proved. O

Proposition 6.1.7. If v is ramified over Q, for g € P(AF,RU{V})G(AIEU{V}), (6.2) holds.
Proof. The proof is the same with the proof of Proposition 6.1.6 with the following exceptions:

o Lemma 5.2.1 should be replaced by Lemma 5.2.2;

o in the claim in the reduction step (I), remove ‘or by g, k, for k, € KJ'**’;

o in the reduction step (II), ‘Corollary 3.2.3° should be replaced by ‘Corollary 3.2.3 and that
0E(0,m(a)g, 9" ® ¢,) = 0E(0,g,¢" ® ¢.,) fora € E*". o

6.1.2. Finite places of F ramified in £
For such a v, A, is a m,,-modular or almost 7, -modular lattice. This case is more complicated.

We still need formal uniformization using Rapoport-Zink spaces. For a nonnegative integer m, let
N be the exotic smooth relative unitary Rapoport-Zink space of signature (m, 1) over Spf Ogu. See
[RSZ18, Section 6,7], [RSZ17, 3.5] and [LL22, 2.1]. It will also be specified below. It is formally
smooth over Spf Ogw of relative dimension m. (Note that the case m = 0 is not covered in either
[RSZ17] or [LL22], but is specifically indicated in [RSZ18, Example 7.2].) Let A" = N,,. We will use
N for the formal uniformization of Xk . The analog of the formal uniformization (6.6) of P using N
is more subtle: we will use A to define morphisms Ny — N; — N, which will lead us to the formal
uniformization (6.11) of P.

Remark 6.1.8. The reason for this subtlety might be explained as follows. Recall that the construction
of P requires an additional rank 2 sub-lattice A, ; as in 5.1.3 at each finite place, which is a direct
summand of A,. And E, A, | contains a distinguished vector eio) of unit norm. One might consider
OEve‘(,O) C E,A,,1 and A, | C A, as being parallel to the morphisms Ny — N; and A} — N Note
that O, e(vo) is not contained in A, ; (or A, ). This makes it nontrivial to define a morphism Ny — A
or Ny — N. See also [RSZ18, Remark 12.3]. The morphism Ay — A/ we use is given by [RSZ18,
Section 12].

We have 6 steps before the main result Proposition 6.1.9 of this 6.1.2.
First, we specify A1, N and N7 — AN. Assume that wév = wp,. The framing object X; for the

deformation space N is the Serre tensor OF, B0, E, which is the conjugate of the framing object
[RSZ17, (3.5)], with the polarization conjugate to the one in [RSZ17, (3.6)]. In the case that n is odd
(the case of Lemma 5.1.1 (1)), the framing object for A is X, := X X (15,2)(”‘1)/2 with the product
polarization A,,, where the polarization on E? is given by

0 e (@E, )
A= _si(wg,) 0 . (6.10)
In the same way, we have a polarization A on &2 using Ag. This gives us a morphism A} — N by
X - X x (E2)("=D/2 with the polarization A on each of £2. In the case that n is even (the case of
Lemma 5.1.1 (2)), the framing object for A" is X,, := X; x (E?)""2/2 x E where the polarization Ag
on the last component is a multiple of Az so that the induced hermitian pairing on Hom(E, E)q (defined
as in (6.4)) has determinant g(e,) as in Lemma 5.1.1 (2). This gives us a morphism A — A by
X > X x (£2)("=D/2 x & with the unique lifting of A} on the last component £.
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Second, the uniformizations of XT?—O; and Z;(¢)™ are as follows. By [RSZ17, (3.10)],
V(E,) = Homoy, (E,X,)gand U(V(E,))is ;somorphic to the group of O, -linear self-quasi-isogenies
of X, preserving 4. In particular, U(V) acts on N. The analog of the formal uniformization (6.5) of
S Opur holds by [LL1.22, (4.9)]. For every x € V(E,) — {0}, we have the Kudla-Rapoport divisor

Z(x) on N , which is a (possibly empty) relative Cartier divisor [LL22, Lemma 2.41]. The analog of
Proposition 6.1.5 holds by [LL22, Proposition 4.29] combined with the argument in the proof of
Proposition 6.1.5. Though [LL22] only uses even dimensional hermitian spaces, the specific results that
we cite hold in the general case by the same proof.

Third, we recall the morphisms Ny — N7 defined in [RSZ18, Section 12]. This is rather complicated
for general N3, — MNamy1. Fortunately, in our case, we have the following convenient description.
By [RSZ18, Example 12.2], A is isomorphic to the disjoint union of two copies of the Lubin-Tate
deformation space for the formal OF, -module E. We write Nj = N [ [ V] Recall that B is the unique
division quaternion algebra over F,, and its maximal order Op is the endomorphism ring of E. For
¢ € B*, we have two closed embeddings (moduli of the canonical lifting) Ny — N}" associated to
cie™! 1 E, <> B. Let Nj** be the union of the images.

Fourth, we need to specify c so that we can use ./\fOC ** to uniformize P. See (6.11) below. Let e(vl) be
as in 5.1.4. Then

B = Homo,, (E,E)g ~ Homo,, (E,X)g=W(E,)® E,el’,

where the middle is the adjunction isomorphism, and the last isomorphism is compatible with
Home,, (E,X,)q = V(E,). And the hermitian form on W(E,) & Eveﬁl) corresponds to —2wr, Nmp
(see the proof of [RSZ17, Lemma 3.5]), where Nmp is the reduced norm on B. Let ¢ correspond to

wEveE,l). Since g ef,l)) € (’)l’év (see 5.1.2), ¢ € OF (note that v { 2 here).

Fifth, we uniformize P. By Lemma 5.1.6, we have another description of P via the diagram (5.5) of

morphisms of Shimura varieties. See also Remark 5.1.7. Comparing it with the moduli interpretation
of Ny — N7 in [RSZ18, Proposition 12.1], we have the following analog of (6.6):

1 . o
PO U(W)\(Nocg X U(W ’V)/ng), ©6.11)
E 2d K © "YEY
W
where d ) is the degree of the fundamental cycle of Sh(W)Km). See (5.5). Here, the extra factor 2

comes fro“% Lemma 5.1.5.
Finally, we compute (Z(x) .,/\[Ocsi)N, Since ¢ € OF, by [RSZ17, Lemma 6.5, Proposition 7.1],

NE* = y(wEve(V”). 6.12)

Here, Y (wEvey)) is the Kudla-Rapoport divisor on N, where wEveil) lifts. Let X+ be the direct

complement of X; in X,,, that is, X+ = (E2)"~D/2 if n is odd, and X+ = (E?)("2/2 x E is n is even.
Let At ; beasin5.1.4. By Lemma 5.1.1 and (6.10),

Homo, (E,X") c Homo,, (E,X,)q = V(E,)

corresponds to Ay . Then (similar to the deduction of (6.9)) by (6.12) and Gross’ result on canonical
lifting [Gro86, Proposition 3.3], we have

(D AL (x2) (6.13)

WE, OEV e,

(200-A5*) | =20(g@) + Doy, (g1
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for x = (x1,x2) € W(E,) ® V#(E,) with x; # 0. Here, the extra factor 2 comes from that ./\/Oc’i has 2
components.

Proposition 6.1.9. Assume that g € P(Ar gu(v1)G(AR'™)) and k = 1. Then (6.2) holds.
Proof. As an analog of (6.8), we have

1

@D P, = TG Jyerwronn

> (205 - Mb) w(g)¢” (" )dh.

xev?

The rest of the proof is the same as the proof of Proposition 6.1.7, after replacing Lemma 5.2.2 by
Lemma 5.2.3. o

6.1.3. Infinite places of F
Let v € co. Under the complex uniformization (4.4) of Sh(V)x g, ,

Pr, = ——UW)\({o} X UCW™)/Ky),
W,K

where o := [0,...,0] € B,, and dw k is the degree of the fundamental cycle of Sh(W)g,,. For
g € P(AF, R)G(Aﬁ), by the definition of Gz, (.., s (above (4.10)), a direct computation gives

W\I;D,t (&v)

w s =S T G 1 ) v v hv,—l dh, 6'14
[DEV GZr( (8)P)E, » VOI([U(W)]) U (W)] Z hy X’A(o)w(g )¢ ( _x) ( )

xevVi-vi

Now we compare the inner sums in (3.33) and (6.14). Recall the involved functions Py and Q5. See
(3.32) and (4.7), respectively. From (3.32), we have

1 -1
Ps(u) = WF(s+n,s+n,s+n+l,7),

where F is the hypergeometric function. In particular,

PS(M) - (S + n)u5+n + O(MS+n+l )’ U= oo, (6.15)
where the constant for O(-) is uniform near s = 0. We also have
n—1 1
Po(u) :10g(l+u)—10gu—;m, u>0. (6.16)
From (4.7), we have
I'(s+nm)'(s+1) 1
Os(1+u) = T2 n+ Do + e | U — oo, (6.17)
where the constant for O(+) is uniform near s = 0. We also have
n-1 1
1 =log(1 -1 - _— 0. 6.18
Qo(1+1) = log(1+u) ~logu = ) w0 > (6.18)

i=1
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Lemma 6.1.10. For sg > —1, on {s € C,Res > s¢}, the sum

[(s+n+D0(s+ 1)) Ts+n) \'— o f v
XEVZ—Vﬂ(( F2s+n+1) ) Gt 0) = (W) Wos(hy X))w(g )¢ (h x)

converges uniformly and absolutely. And its value at s = 0 is 0.

Proof. We compare the sum in the lemma with the sum in (6.14), which is absolutely convergent by
Lemma4.2.1. By (6.15) and (6.17), the sum in the lemma for s is dominated by a multiple of the sum in
(6.14) with s replaced by s + 1. The convergence in the lemma follows. By (6.16) and (6.18), the value
ats =0is 0. O

By Theorem 4.2.2, the integration on the right-hand side of (6. 14) admits a meromorphic continuation
to s around O with a simple pole at s = 0.

Proof of Lemma 3.3.12. For this moment, we consider a general ¢ € S(V) (without any regularity
assumption). The above discussion still holds replacing Z;(¢#) by

Z(¢) - > d(0)Z(x).
xeK\KVH¥, g(x)=t
Then Lemma 3.3.12 follows from (6.14) and the first part of Lemma 6.1.10. O
Recall the definition of g;jt(A)E in (4.10). Then
— (D(s+n+1D(s+1) —1/
2 aut — 21
/pEv Yoo, 135( T(2s+n+1) - ZATIN

—( I'(s+n) - —

=lim| —————| 0E; (0.8, = im0E, (0, g, $)(v),
si%(r(n)(zm)s) r.5(0.8:9)(v) = ImOE; (0,5, 9)(v)

where both multipliers (-)~! go to 1 as s — O (this gives the first and third ‘="), and the second ‘=’
follows from Lemma 6.1.10. Thus, we have proved the following proposition.

Proposition 6.1.11. For g € P(Ap g)G(AR), (6.3) holds for v.

6.2. Improper intersections

In this subsection, we prove the arithmetic mixed Siegel-Weil formula (Theorem 5.2.5). The proof starts
in 6.2.1. Before that, let us discuss the strategy.

Lemma 6.2.1. Let Y = X & X' be the orthogonal direct sum of two non-degenerate quadratic spaces
over a non-archimedean local field of characteristic # 2. Let S(Y — X ’)@ be the space of the Fourier

transforms of functions in the space S(Y — X ’)@ of Q-valued Schwartz functions on Y supported on

Y — X’ (the Fourier transforms are clearly also @-valued). Then
SW)g=8¥ - X)g+S¥ - X').

Proof. Since Fourier transform respects orthogonal direct sum, one may assume that X’ = {0}. Then
the lemma is well known and also easy to check directly. O

We will use the following notation. For a finite set S of finite places of F, let

Qlog S := Q{log p : v|p for some v € S} c C. (6.19)
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Table 1.
CM cycle
W W
Regularity W L
W B L
No C

The table displays the mod @ log S-version of Theorem 5.2.5 under
different conditions. The second row indicates that we consider the
CM cycle associated to W or W’. The second column indicates that
we impose the regularity assumption on ¢ associated to W or W’,
or no regularity assumption. Then a cell indexed by them indicates
the mod@log S-version of Theorem 5.2.5 for the corresponding
CM cycle under the corresponding regularity assumption on ¢.

Table 2.
CM cycle
W W Difference
Regularity w L
W L'+P/W = B L’ PIwW’
No C P

_The main difficulty in proving Theorem 5.2.5 is from improper-intersections. However, if we choose
a Q-valued pure tensor ¢ that is W, -regular at some places v in S, we can prove a mod Q log S-version
of Theorem 5.2.5 for ¢, see Lemma 6.2.3. Note that both the CM cycle and the regularity assumption
are associated to W. The same result holds if we replace W by some W’ (and use the corresponding
CM cycle and regularity assumption). Accordingly, we make Table 1.

Lemma 6.2.3 gives the cell L of Table 1. Replacing W by W', we get L".

We want to arrive at the cell C (proved in Corollary 6.2.9), the mod Q log S-version of Theorem 5.2.5
for the general ¢. We use the cell B the bridge from L to C. The relation between this cell B and L’ is
the ‘switch CM cycles’ indicated in the last paragraph above 1.3. The relation between B and L could
be considered as ‘switch regularity assumptions’.

Instead of considering this cell B directly, we consider the generating series of arithmetic intersection
numbers with the difference of the two CM cycles, which is modular by Lemma 4.3.6. Then using
Lemma 6.2.1, we prove the mod Q log S-version of Theorem 5.2.5 for the general ¢, after replacing the
CM cycle by the difference. See Proposition 6.2.5. This gives P of Table 2. Then the combination of L’
and P/W’ proves the cell B. Here, P/W’ is the special case of P under the extra regularity assumption
associated to W’.

We need to remove ‘(mod@log S)’. We will use the following theorem. It is a corollary of Baker’s
celebrated theorem on transcendence of logarithms of algebraic numbers (see [WalO3, Theorem 1.1]),
and the fact that logarithms of prime numbers are Q-linearly independent.

Theorem 6.2.2. Let py,...,pm be distinct prime numbers, then logp1,...,logp,, are @-linearly
independent.

6.2.1. Set-up
We need the following convenient notation. For a set T of finite places of F, let

Gr = P(Ap samur )G (AJT V).

For example, Gy = G (A;{Eamu‘x’)P(AFﬂgam) is the group appearing in Theorem 5.2.5.
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Below, let ¢ € E(V)EA be a pure tensor such that ¢* is Q-valued and ¢, = 14, for every finite place
v of F nonsplit in E. Let K € K, stabilize ¢. Let S be a set of finite places of F, and K’ = KSK[S\. Let

*
Pw = ﬂK»K’PW’K/'

Let fw = f\g - be defined as in (5.9). We remind the reader that we will use other incoherent hermitian
spaces W’ over Ag of dimension 1. These notations apply to W’ in the same way.
Lett € F-¢. Our goal is to prove that for g € Gy and a suitable set S of finite places of F,

22:(8. ™)™ - Pyymod Qlog S = £57,(g) mod Qlog S. (6.20)

We also introduce an equation equivalent to (6.20), and both will play roles in the proof of
Theorem 5.2.5. The ,-Whittaker function of the right-hand side of (5.9) (which is the definition of fy),
coincides with the right-hand side of (3.31) up to the last term. Comparing the definition of z, (g, ¢)e£ at

with the left-hand side of (3.31), (6.20) is equivalent to the following equation:

2[Z; (w(g)$)>™] - Pw

TERD) mod@logS:
! , 21
O] (0.8 0(k)) 5 008008 08)| o 6:21)
w2 (1) we (1) 82

keU(W)\K’/K veRam

6.2.2. Regular test functions
We use Assumption 6.1.2 on regularity here.

Lemma 6.2.3. Assume that S contains a nonempty subset R such that ¢, is W,,-regular for v € R (i.e.,
Assumption 6.1.2 holds). Then for g € Gg, (6.20) holds. Equivalently, (6.21) holds.

Remark 6.2.4. The statement in Lemma 6.2.3 becomes more transparent if S = R. However, we need
the flexibility to vary such R in S later.

Proof. Recall (5.4),

2 P = dy-1w K
Ko PWK =

ke(U(W)NK")\K’/K

Here, we choose k such that k, = 1 for v € S or nonsplit in E. (This is possible since K’ = KSK/‘E
and K,, = K., for v nonsplit in E.) Then Assumption 6.1.2 still holds with W replaced by k~'W. So
by Lemma 6.1.3, Z; (w(g)¢™) and Pj-1y g do not meet on the generic fiber. Then by Lemma 4.4.6,
we can apply Corollary A.2.6 at finite places v ¢ S (nothing happens if K, = K, , ). Then we have

[Z(w(g)$™)“™] - Psymod Qlog S =

Z (Zt (w(g)¢w)2dr ’ PkilW’K)XK,OE log qEV + Z / g%l:t(w(g)(pw)Ev mOd@log S.
vESUco, v v Eco (Pk”W.K)EV
nonsplit in E
Comparing this equation with (3.35), (6.21) is implied by Proposition 6.1.4. O
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6.2.3. CM cycles of degree 0

Let W’ be another incoherent hermitian subspace of W and Py the CM cycle defined accordingly
as in 5.1. Since the automorphic Green function is admissible and Py g — Py g has degree 0, by
Lemma 4.3.6,

2( )EM - (P — Par) € Anol(G, w). (6.22)

Moreover, (6.22) is independent of the choice of a. We abbreviate z(g, ¢)ez’a toz(g, ¢)eZ . The 0-th Fourier

—1 ~ _
coefficient of (6.22) is 0. Indeed, by Lemma 4.4.12, the action of K on Chz (X)) fixes ¢ (ﬁ}/(). The
vanishing of the 0-th Fourier coefficient follows from Lemma 5.1.4.

Proposition 6.2.5. Assume that the cardinality of S is at least 2. Given ¢ as in 6.2.1, if Kg is small
enough (depending on ¢s), then for all g € G(AY),

22, (8. ™)™ - (Pw — Pyr) mod Qlog § = (fx»‘%?,,(g) - fs,%’}’f,,(g)) mod Qlog S. (6.23)

Proof. For G¥" = SU(1,1), G(F,) = Gder(Fv)K“;“a". By Lemma 3.3.8, it is enough to prove (6.23) for
g € GY(Ap).

We need a lemma whose statement requires some more notations. Since G ~ SL, g, by the
g-expansion principle for SL, r [Cha90], we have

Aol (G, 0) = Apot (G, w)7 ®5 C.

Here, Apoi (G, m)@ is as in 2.7 with G replaced by G%", and w is understood as the restriction of w
to G%'(F,) N K™ for v € co. Thus, we have Fourier coefficients as in 2.7. For f € Apo (G, w), let
[ £] be its image in Apo (G, m)@ ®g C/Qlog S. Then the C/Q log S-valued locally constant function
N mod Qlog S on Gder(A;") coincides with the #-th Fourier coefficient of [ f].

Lemma 6.2.6. Assume that ¢ is Wr-regular, where R C S consists of a single element, and ¢g is
W -regular, where R” C S\R consists of a single element. Then we have the following equality in

Anol (G, m)@ ®g C/Qlog S after restriction from G to G*:

220 OE™ - (P = Por) | = Lfw = far- (6.24)
Proof. Consider the difference
f =220, 05" (Py = Pwr) = (fwr = far) € Apot(G, w)

of the two sides of (6.24), before passing to Ape (G, m)@ ®y C/Qlog S. By the cuspidality of (6.22)
and Lemma 3.3.9 (3), the 0-th Fourier coefficient f;°(g) = 0 for g € Gy, ,,}. Write

[Flosam] = ). fi ®a; (6.25)

as a finite sum, where f; € Apo (G, m)@ and a; € C/@logS are @-lineaﬂy independent. Then
for t € F-o U {0}, the r-th Fourier coefficient of (6.25) is }; l.f‘;a,-. For g € Grug N G (AF),
i f7(g)a; = 0 fort € F.o by Lemma 6.2.3 (applied to W, W’ respectively), and also for 7 = 0 by
the above discussion for the constant term. Thus, f;7 (g) = 0 by the Q-linear independence of a;’s.
So fi(g) = 0. By the density of Grur: N G (Ar) in G (F)\GY (Ar), fi(g) = 0 for GY"(Ap).
So (6.24) holds. m]
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Remark 6.2.7. The density argument can not be applied directly to [ f|gaer(a,.)]-

Now we continue the proof of the proposition. Recall that w, € G%'(F,) ¢ G(F,) as in 2.5
acts on S(V,,) by Fourier transform (multiplied by the Weil index) via the Weil representation w.
See 2.8. By Lemma 6.2.1, for a finite place v of F, there exists a W, -regular Schwartz function @,
on V(E,) such that ¢, = @, + w(w,)®,. Choose Kg, Kg: small enough to stabilize ®g, Pg/. By
Lemma 6.2.6, (6.23) with ¢g, ¢’ replaced by ®g, Dg holds for g € Gder(AF), and thus, it holds for
gWR, 8WR, gWRWR € G (AF) replacing g as well. Then by Lemma 3.3.8, (6.23) with one or both of
bR, P replaced by w(wr)Pg, w(wg)Pg respectively holds for g € G (A ). Thus, including (6.23),
we have four equations in total. Taking their sum, we have (6.23) for the original p and g € G¥"(Af). O

6.2.4. Remove regularity and log S

Lemma 6.2.8. Assume that the cardinality of S is at least 2. Assume that R C S consists of a single
element and ¢r is W-regular. If Ks is small enough (depending on ¢s), then for g € Gg, (6.20) holds
(literally, for W rather than W’ ). Equivalently, (6.21) holds.

Proof. By Lemma 6.2.3 (with W replaced by W’), for g € Gg, we have
221(8. ™)™ - Py mod Qlog S = 37, ,(g) mod Qlog . (6.26)

Taking the difference between (6.23) and (6.26), (6.20) follows for g € Gg. |

Corollary 6.2.9. If K is small enough, then for g € Gy, (6.20) holds.

Proof. We prove (6.21), which is equivalent to (6.20). Let R C § consist of a single element. By
Lemma 3.3.8 and the Iwasawa decomposition, it is enough to prove (6.21) for g € Gg. Then by
Lemma 3.2.1, Lemma 3.3.14 and Lemma 4.1.4, we may assume that ¢g(0) = 0. Such a ¢ can be
written as a sum of W, -regular functions for finitely many W"’s (in fact, only depending on W,). Since
(6.21) is linear on ¢g, the corollary follows from Lemma 6.2.8 with W% = WR and W5 varying. O

Proof of Theorem 5.2.5. We may assume that ¢ is Q-valued. It is enough to prove (5.10) modulo
Qlog S. Indeed, choosing another set S” of 4 places split in £ modulo Qlog S” and requiring S and
S’ to have no same residue characteristics, then (5.10) follows from Theorem 6.2.2 (i.e., the @-linear
independence of log p’s). .

Now we prove (5.10) modulo Q log S by decomposing it into equations established in Corollary 6.2.9
for I7'W’s where | € U(W)\K,/K’ (instead of a single W, and the double coset is clarified below
(5.4)). Note that by Remark 5.2.6, we may shrink K freely. For the left-hand side of (5.10), that is,
22, (8, ¢=)E™ - 5 P .k, by (5.4), we have

Ks>KA

* % *
ﬂK,KAPW»KA - ﬂK,K'”KuKAPWaKA
_ divw g, P (6.27)
= 4 T i TIFVW K7 -
1eU (W©Kp /K KA

Now we consider the right-hand side of (5.10); that is, f@ }D<OA .(&). We choose [ such that [, = 1 for

v ¢ S (this is possible since K’ = KgK’ i). In particular, (IW), =W, for v € Ram so that ¢;, defined in
(5.7) in terms of W, is the same as that defined in (5.7) in terms of (I'W),. By the coset decomposition

UW\Ka/K= || l(U(l‘IW)\K’)/K,
leU (W)\Kp /K’
and

dk‘ll‘l‘W,K _ dk‘ll‘IW,K dl‘l‘W,K’

= , ke UIT'"W)\K’,
dW’](A dl_lW,K’ dW’KA ( )\
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we deduce from the definition (5.9) of fg K\ that

di-1w g
Fir i, = — R k- (6.28)
dw K, :
1eU (W)\Kx /K’ SRA
By Corollary 6.2.9, (6.27) and (6.28) imply (5.10) modulo @log S. m]

A. Admissible divisors

We recall S. Zhang’s theory of admissible cycles on a polarized arithmetic variety [Zha20]. They
are cycles with ‘harmonic curvatures’. We only consider admissible divisors [Zha20, 2.5, Admissible
cycles]. In particular, for a divisor on the generic fiber, we have its admissible extensions. With an
extra local condition, we have the normalized admissible extension. The functoriality of (normalized)
admissibile cycles under flat morphisms is important for us.

It is worth mentioning that while the normalized admissible extension is defined purely locally and
at the level of divisors, a global lifting of a divisors class on the generic fiber is defined (and it is
called L-lifting) in [Zha20, Corollary 2.5.7]. It is an admissible extension [Zha20, Corollary 2.5.7 (1)]
with vanishing Faltings height [Zha20, Corollary 2.5.7 (2)]. They will not be further discussed in this
appendix, and are not needed in this paper.

A.l. Deligne-Mumford stacks over a Dedekind domain

Let O be a Dedekind domain. Let M be a connected regular Deligne-Mumford stack proper flat over
Spec O of relative dimension n. Let M be its generic fiber. Definitions of cycles, rational equivalence,
proper pushforward and flat pullback for (Chow) cycles are applicable to Deligne-Mumford stacks over
Spec O. See [Gil09]. Let Z* (M) (resp. Z*(M)) be the graded Q-vector space of cycles on M (resp. M)
with Q-coefficients. Let Ch* (M) and Ch* (M) be the Q-vector spaces of Chow cycles.

We shall only work under the following convenient assumption, which simplifies the local intersection
theory. For every closed point s € Spec O, let O be the completed local ring.

Assumption A.1.1. (1) There is a finite subset S C Spec O, a regular scheme M proper flat over
Spec O — S and a finite étale morphism 7 : M — M|spec 0-s over Spec O — S.

(2) For every s € S, there is a regular scheme M proper flat over Spec O, and a finite étale morphism
7w M — Msgpec o, over Spec Os.

In either case (1) or (2), we call Ma covering of M|spec 0—s 0r Mspec 0, . For another covering M,
the fiber product is regular and proper flat over Spec O — S or Spec O, making a third covering.

A line bundle £ on M is ample if in both cases (1) and (2), its pullback to some covering is ample.
And it is relatively positive if deg L|c > O for every closed curve (1-dimensional closed substack) C
in every special fiber of M. It is routine to check that the definition does not depend on the choice of
covering by making a third covering. The following notions, which are used in the whole paper, are also
defined via coverings: intersection number, Chern class and Zariski closure.

A.2. Local cycles

Assume that O is a completed local ring (so a DVR). Let s be the unique closed point of Spec O. We
will use two intersection pairings. First, for X € Z/(M) and Y € Z"™'=/( M) with disjoint supports
on M, define

XY=

1 (X)) 7" (Y) € Q, (A.1)
degm
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where 7 is a covering morphism and the latter intersection number is a usual one, defined either using
Serre’s Tor-formula (equivalently rephrased as the Euler-Poincaré characteristic of the derived tensor
product O+ (x) ®H" O+ (v) ([GS90, 4.3.8 (iv)]), or as a cohomological pairing.

Second, let M be the special fiber of M and Z! (M) c Z'(M) the subspace of divisors supported
on M. We use the intersection pairing between Z! (M) and an n-tuple of Q-Cartier divisors as in
[Ful84, Example 6.5.1] (defined using a covering as in (A.1)):

ZI M) x Z' (M) = Q.

It only depends on the rational equivalence classes of the Cartier divisors. (In particular, by fixing
n — 1 rational equivalence classes of Cartier divisors, we get a pairing between Z!(M) and Z'(M).
This view point might be helpful.) In this subsection, we will use this second intersection pairing until
Corollary A.2.6.

Let £ be a line bundle on M. Let BL(M) c Z} (M be the kernel of the linear form Z} (M) — Q
defined by intersection with c¢;(£)". Assume that the generic fiber of £ is ample and L is relatively
positive. The local index theorem [Zha20, Lemma 2.5.1] (see also [ YZ17]) implies the following lemma.

Lemma A.2.1. The pairing (X,Y) — X - ¢ (£)"'-Y on Blﬁ (M) is negative definite.
Let ZL(M) be the orthogonal complement of B};(M) under the pairing X - ¢;(£)""! - Y; that is,

Zk(./\/l) ={YeZ'M): X -c;(L)"-Y=0forevery X € B}:(M)}.
Then by definition, we have a decomposition
Z'(M) = ZL(M) & BL(M), (A2)
and an exact sequence
0— QM — ZL(M) — Z' (M) — 0. (A3)

For a prime cycle X on M, let X**' be its Zariski closure on M. Extend the definition by linearity.

Definition A.2.2. (1) We call Z].(M) the space of admissible divisors with respect to L.

(2) For X € Z'(M), an admissible extension with respect to £ is an element in its preimage by
Z} (M) — Z'(M). Define the normalized admissible extension X* of X with respect to £ to be the
projection of X** to Zi (M) in (A.2).

Remark A.2.3. In terms of [Zha20, Corollary 2.5.7 (1)], Z]L (M) c Z'(M) is the subspace of cycles X
with ‘harmonic curvatures’ (compare with Remark A.3.2 (3)); that is, the element in Homg (ZS1 (M), Q)
defined by intersection with X - ¢1(£)""! is a multiple of the one defined by intersection with ¢ (£)".

Then by definition, we have the following lemma.

Lemma A.2.4. Assume that M is smooth over Spec O. Then B}: (M) = 0. In particular, for X € Z'(M),
X is the normalized admissible extension.

By the projection formula (and the commutativity of taking Zariski closure and closed pushfor-
ward/flat pullback), we easily deduce the following lemma.

Lemma A.2.5. Let M’ be a regular Deligne-Mumford stack and f : M’ — M a finite flat morphism.
Let L' be the pullback of L to M'. Consider M’ as a Deligne-Mumford stack over Spec O via f
and M. Then f*(BL(M)) c BL(M"), f.(BL (M) = BL(M), f*(ZL(M)) c ZL (M) and
f*(Zb(M’)) = ZE(M). In particular, the decomposition (A.2) and the formation of normalized
admissible extension are preserved under pullback and pushforward by f.
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Corollary A.2.6. In Lemma A.2.5 with f finite, let M’ be the generic fiber of M’ and assume that
M — Spec O is smooth. Let X € Z'(M’) and Y € Z"(M) such that X and f*(Y) have disjoint
supports. Then we have X* - f*(Y) = X% . f*(Y).

Proof. By Lemma A.2.4 and Lemma A.2.5, we have f,(XX) = (flm+X)* = (flmr o+ X)A = fi(X5),
The corollary follows from the projection formula. m}

A.3. Admissible arithmetic Chow group of divisors

Now let O be the ring of integers of a number field. In particular, M¢c = M ®, C =M ®g Cis a
complex orbifold. Let L= (L,]- ) be a hermitian line bundle on M such that the generic fiber of L is
ample, L is relatively positive, and the hermitian metric || - || is invariant under the involution induced
by complex conjugation. See [GS90, 3.1.2]. In particular, endowing M with the Chern curvature form

curv ZC , it is a smooth Kéhler orbifold.

Definition A.3.1. (1) The group Z% C(M) of admissible (with respect to L) arithmetic divisors on M
with C-coeflicients is the C-vector si)ace of pairs (X, g) where

o X € Z'(M)c such that for every closed point s € Spec O, the restriction of X to M, is contained
in Z}:O (Mos)c,

o gisaGreen function for X¢c on M, admissible with respect to L, and invariant under the involution
induced by complex conjugation. Here, admissibility means that the curvature form 6x + 5-0dg is
harmonic.

(2) For X € Z'(M)c, an admissible extension of X with respect to L is an element in the preimage
of X by the natural surjection le M) > Z Y(M)e.

Remark A.3.2. (1) A Green current on Deligne-Mumford stacks is defined in [Gil09, Section 1]. In our
situation, a Green function is simply an orbifold function whose pullback to the finite étale cover by a
smooth variety is a usual Green function.

(2) Admissible Green functions for X¢ always exists and are the same modulo locally constant
functions, and (A.3) is the non-archimedean analog of this fact.

(3) By [Zha20, 2.2], a closed (1, 1)-form « is harmonic if and and only if on each connected

— \n—1 —\n
component of M¢, a A curv (LC) is a constant multiple of curv (EC) .

Definition A.3.3. (1) An admissible Green function is normalized with respect to Lc if it has vanishing
harmonic projection; that is, on each connected component of Mc, its integration against curv(Lc)"
is 0. .

(2) An element in /Z% C(M) is normalized with respect to L if it is normalized at every place. For

X € Z'(M)c, let Xt e Z% C(/\/l) be its normalized admissible extension with respect to L.

Then the normalized admissible extension of a divisor on M exists and is unique.
For every nonzero rational function f on M, (div(f),—log|f|*) is contained in Z‘Z c(/\/l).

—1
Definition A.3.4. (1) Let Ch (M) be the quotient of the space of arithmetic divisors with C-coefficients
by the C-span of (div(f), —log|f|?)’s for all nonzero rational functions.

—1 —~
(2) Let Chz (M) be the quotient of Z% (M) by the C-span of (div(f), - log If?)’s.

—1
Remark A.3.5. Let Ch (M) be the Chow group of arithmetic divisors with Z-coefficients defined by
—1
Gillet and Soulé [GS90] for schemes, which is extended to the stacky case in [Gil09]. Then Chq (M)
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—1 —1
is the quotient of Ch (M) by the pullback of the kernel of the degree map Ch (Spec O)r — C. In

particular, we have an isomorphism alé;(Spec O) = C by taking degrees.

—1
Lemma A.3.6. (1) The natural map Chz (M) — Ch!(M)c is surjective. Its kernel is generated by
connected components of special fibers of M at all finite places and locally constant functions on Mc.

—1

(2) Assume that M is connected. Then the kernel of Chz (M) — Ch'(M)c is I-dimensional, and
—1

is the pullback of Chx(Spec O).

Proof. By (A.3) and Remark A.3.2 (2), (1) holds. If M is connected, then E| := Oy (M) is a finite

field extension of the fraction field of O. Then M over Spec O, has geometrically connected fibers by

—1
Stein factorization. By (1), the kernel is the pullback of Ch¢(Spec O, ), which is 1-dimensional by the
finiteness of the class number of E; and Dirichlet’s unit theorem. See [GS90, 3.4.3]. And it equals the
—1
pullback of Chq(Spec O). O

Example A.3.7. The arithmetic first Chern class c1(L) of L is the class of (div(s), —log ||s||*) for
a nonzero rational section s. By Remark A.2.3 (or one may follow our definition), one immediately
sees that div(s) has ‘harmonic curvature’ at every finite place. The curvature form of — log ||s||? is by

= =1
definition the Kahler form. So ¢ (£) € Chg z(M).
Now we consider the functoriality. By Lemma A.2.5, we have the following proposition.

Proposition A.3.8. Let M’ be a regular Deligne-Mumford stack and f : M’ — M a finite flat

morphism over Spec O, such that the restriction of f to the generic fibers is finite étale. Let L' be the

pullback of L to M’. Consider M’ as a Deligne-Mumford stack over Spec O via f and M. Then the
—~ —1 _

formation of Z(é Z(M)’ Ch¢ 7z (M) and normalized admissible extension with respect to L is preserved

under pullback and pushforward by f.

A.4. Arithmetic intersection pairing

Let Z;(M)c be the group of 1-cycles on M. We define an arithmetic intersection pairing following
[BGS94,2.3.1]:

Ch' (M)e X Zi(M)e = C, (£Y) %Y.

We reduce the pairing to the arithmetic intersection pairing between all (M)c and Ch' (M), which
is defined in [Gil09] for general Deligne-Mumford stacks (without Assumption A.1.1). Let w(X) be the
curvature form of x, which is a smooth (1, 1) form on the orbifold M independent of the choice of a
representative of X. Choose y = (Y, gy) € El\ng(/\/l). Then X - Y is the arithmetic intersection number
X -y minus fMP w(X)gy.

Now assume Assumption A.1.1 and that (X, gx) is a representative of X such that X NY is empty on
the generic fiber of M. Then X - Y is the sum of the intersection numbers of the restrictions of X and Y
to M, over all closed points s € Spec O defined in (A.1), and /Yc 8x.

—1 —1

The pullback of the kernel of the degree map Ch (Spec O)r — C to Ch (M) is annihilated by
the arithmetic intersection pairing with Z; (M)c. By Remark A.3.5, the above arithmetic intersection
pairing factors through an arithmetic intersection pairing

Chia(M) X Zi (M)e — C, (B¥) >3- Y.

Similar to Corollary A.2.6, Proposition A.3.8 implies the following result.
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Corollary A.4.1. In Proposition A.3.8, let M’ be the generic fiber of M’ and assume that M — Spec Og
is smooth. Then for X € Z'(M")c and Y € ZE(M), we have

[XZ] - £5(Y) = [(X™, ¢5)] - £(Y),

where g{; is the normalized admissible Green function for X.

B. A comparison of the ‘closure’ model with Rapoport—Smithling—Zhang model (appendix by
Yujie Xu)

B.1. Preliminaries

B.1.1.

Let F be a CM field and Fj its maximal totally real subfield of index 2. Let a — a be the nontrivial
automorphism of F/Fy. We fix a presentation F = Fo(VA) for some totally negative element A € Fy.
Let ® denote the CM type for F determined by VA; that is,

®:={p: F > Clp(VA) € Rog - V=1}. (B.1.2)
Let W be a non-degenerate F'/Fy-hermitian space of dimension n > 2. Let
G = Resg,U(W). (B.1.3)

Asin [RSZ20, §2.1], we use the symbol ¢ to denote the similitude factor of a point on a unitary similitude
group. We consider the following algebraic groups over Q:

79 := {z € Resp/gGm| Nmp /£, (2) € Gy} (B.1.4)
G := {g € Resg, o GU(W)|c(g) € G} (B.1.5)
G = 2% xg,, G%={(z,8) € Z¥x GY Nmg/r,(2) = c(g)}. (B.1.6)

Note that Z¥ is naturally a central subgroup of G2, and we have the following product decompositions

G — ~Z9%G, (z,8) — (2,2 'g). (B.1.7)

B.1.8.

From now on, we assume, moreover, that the hermitian space W has the following signatures at the
archimedean places of Fy: for a distinguished element ¢ € @, the signature of W, is (1, n—1); and for
all other ¢ € @, the signature of W, is (0, n). In order to define a Shimura datum (G, {hga}), by the
canonical inclusions G% c [1 GU(W,), it suffices to define the components Ago, ¢ Of hgo. Consider

ped
the matrices

(B.1.9)

. Jdiag(L(=D"), g =g,
7 \diag(-1,-1,---,-1), @€ ®\{eo}.

We also choose bases W, =~ C" such that the hermitian form on W, is given by J,. Consider the
R-algebra homomorphisms

C — End(W,,), V-1 +— V-1J,, (B.1.10)
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which induce our desired component maps hgo , : C* — GU(W,)(R). This gives us our desired
Shimura datum (G2, {hga}).

B.1.11.
For the group Z2 defined in B.1.4, the CM type @ induces an identification

Z9R) ~ {(zg,) € (@)% 12| = 2| forall g, ¢’ € <1>}, (B.1.12)

which allows us to define /1,0 : C* — Z2(R) as the diagonal embedding (via the identification B.1.12)
precomposed with complex conjugation. This gives us a Shimura datum (Z<, {hq}) with reflex field

E(Z% {hye}) = Eo, (B.1.13)
which is the reflex field for the CM type ®. Recall that this can be computed as the fixed field in C of
the group {0~ € Aut(C) = |0 o ® = D}

For the group G defined in B.1.6, we consider the map

« (hza:hga)

hg : C —"5 G(R), (B.1.14)
which gives us a Shimura datum ((~}, {hg}). Let
E = E(G,{hg}) (B.1.15)
be the reflex field for (6 ,{h&}), by definition it is computed via
Aut(C/E) = {0 € Aut(C)|o o ® = ®, 5 0 ¢y = o} (B.1.16)

Note that E is the compositum of Eg (as in B.1.13) and F. By [Del71], we have canonical models
ShK~(G {hg}) over E, for compact open subgroups Kz C G(Af) By [Kis10] (resp. [KP18] depending

on the level structure), we have integral models cS’Ka(G, {hg}) over Og (v).

B.1.17.
We introduce a Shimura datum (G, {hg}). Let hg be the map

he 0 25 Gr) 2L, G(r) (B.1.18)

defined by composing hg (from B.1.14) with the projection onto the second factor in the map B.1.7.
The reflex field for (G, {hg}) is F, embedded into C via ¢q.
Moreover, the decomposition in B.1.7 induces a decomposition of Shimura data

(G.{hg}) = (29 {hze}) x (G. {hc}). (B.1.19)
Let Kz be decomposed via B.1.7 into
K& =Kz X Kg. (B.1.20)
The natural projections in B.1.19 then induce morphisms of Shimura varieties

Shi5 (G, {hg}) — Shk, (Z% {hze ), (B.121)
Shk(G.{hg}) — Shk(G.{hG})E. (B.1.22)
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Note that the Shimura variety Shg,, (G, {h¢}), which originally appeared in [GGP12], is not of PEL
type. However, it is of abelian type, and we have an integral model Sk, (G, {hg}) defined over OF (4,
by [Kis10] (resp. [KP18] depending on the level structure?).

B.1.23.
Let v|p be a place of E. Let M be the moduli functor which associates to each locally Noetherian
Ok v-scheme S the groupoid of tuples Mg (S) := (Ao, Ao, to) where

(i) Ag is an abelian scheme over S;
(ii) ¢ : O — Endg(Ag) is an Op-endomorphism structure on Ag satisfying the Kottwitz condition
of signature ((0, 1),co); that is,

Char(o(a)|LieAq) = ]_[ (T -%(a)) foralla € Of;
ped

(iii) Ao is a principal polarization of A such that the associated Rosati involution induces the nontrivial
Galois automorphism of F/Fy on OF via .

Then M, is representable by a Deligne-Mumford stack M finite étale over Spec Of ,. Moreover,
we assume K7 is small enough, so that My is nonempty. We shall assume throughout the rest of this
appendix that M is nonempty.

Lemma B.1.24 [RSZ20, Lemma 3.4]. The stack M admits the following decompositon into open and
closed substacks?:

Mo= || M; (B.1.25)
felo/~

such that the generic fiber of ./\/l(‘;’f is canonically isomorphic to Shk_, (29, {h o E.

B.1.26.

Let Fp,, be the v-adic completion of Fy, and we set F,, := F ®f, Fp,,. Suppose for now that the place
vo of Fy is unramified over p, and that v either splits in F or is inert in F. Suppose, moreover, that the
hermitian space W, is split. If there exists a prime v of Fy above p that is non-split in F, we assume
additionally that p # 2. We choose a vertex lattice A, in the F), /Fy , -hermitian space W, . For now, we
assume that A, is self-dual. We recall that an O , -lattice A in an F,, / Fy,, -hermitian space is called a
vertex lattice of type r it A C” A* C 71“,1A.6 An Op ,-lattice A in an F,, / Fy ,,-hermitian space is called
a vertex lattice if it is a vertex lattice of type r for some r. Here, x,, is a uniformizer in F, := F ®f Fy,,,
where Fp , is the v-adic completion of Fy for a place v of Fy. In particular, a self-dual lattice is simply
a vertex lattice of type 0. Assume that K, = Stab(A,) € G(Fp,v).

B.1.27.
Let M Ka.(é) be the moduli functor which associates to each locally Noetherian O (,)-scheme S the

groupoid of triples MKE(G)(S) := (Ao, to, A0, A, 1, 4,777), where

o (Ao, 19, Ag) € ./\/lg (S) as is defined in B.1.25;
o (A, ) is an abelian scheme over S, equipped with an Of ® Z,)-endomorphism structure ¢ satisfying

“Note that the construction of [KP18] assumes that p > 2, and that G splits over a tamely ramified extension of Q,, and that p

does not divide the order |7r; (G9) | of the algebraic fundamental group of the derived group G over Q p- We expect that the
condition ‘G splits over a tamely ramified extension of Qp,” can certainly be relaxed using [KZ21].

SHere the index set Lg /~ need not be specified for our purposes, for more details see [RSZ20]

SHere, the notation A Cc” A* means that A is an R-submodule of A* of finite colength r
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the Kottwitz condition of signature ((1,7 — 1)y, (0, 7)pea\ {¢,}); that s,

Char(c(a)|LieA) = (T — ¢o(a))(T — ¢o(@))™*™! 1_[ (T —¢(a))" foralla € F;
pe@\{po}

o A is a polarization of A such that the associated Rosati involution induces the nontrivial Galois
automorphism of F/Fy on Of ® Z,) via ¢, and such that the following additional assumption in
[RSZ20, (4.2)] is also satisfied: the action of Of, ® Z, =~ [] OF,,, on the p-divisible group A[p]

vip
induces a decomposition A[p®] = [] A[v*™°], where v ranges over the places of Fy above p; the
vip
polarization A then induces a polarization
Ay, AV = AV = ADVY]Y (B.1.28)

for each v; we require ker A,, to be contained in A[¢(7r,,)] of rank #(A} /A,) for each place v of Fy
above p;
o 77” is a K{-orbit of the AL, ;~linear isometry

Hompg (VP (Ag), VP (A)) =~ -W ®F A (B.1.29)

p

F.f’
where the hermitian form on the left-hand side is (x,y) — 4 ToyYoron.

o For each v # v over p, we impose the sign condition and Eisenstein condition at v [RSZ20, (4.4),
(4.10)].

By [RSZ20, Theorem 4.1], the forgetful map (Ag, to, Ao, A, t, 1, 77) + (Ao, 1o, Ag) is representable
and induces a morphism of O (,)-schemes

M (G, {hg}h) = M§ = Mk, (2%) = Sk, (2%, {h0}). (B.1.30)

On the level of generic fibres, (B.1.30) recovers the map (B.1.21).

B.2. Comparison of integral models

B.2.1.
Let &Ka(é, {hg}) be the integral model defined over O (,) for ShKE(E, {hg}) as constructed in

[KP18, §4.6]. Recall that the abelian type integral model sKa(F;, {hg}) is built out of the integral
model §(G2, {hgq}) for a corresponding Hodge type Shimura variety associated to the abelian type
ShKa(é, {hg}), which, as in [KP18, 4.6.21] (see also [Kis10, 3.4.13] and [Del79] for more details),
is Shi_, (G2, {hgo}). Recall that § (G, {hgo}) is the OF (,)-scheme constructed by taking the flat
closure (G, {hga}) of the generic fibre Sh(G?, {hga}) inside some suitable Siegel integral model
Sk’ (GSp, $¥)oy. ,, for some prime v of F above a fixed prime p. For convenience of expositions, we
shall fix a symplectic embedding i : (G, {hga}) < (GSp(V,¢),S*).” By [Xu2l, Xu25],® this flat
closure $7(G9, {hga}) = (G {hga}) is the desired integral model.” We shall use the model for
Sh(G?, {hga}) as building blocks for integral models for ShKE(a, {hg}) and Shg (G, {hG}).

7Note that the independence on symplectic embeddings of Hodge type integral models was first proven in [Kis10, Theorem
2.3.8]. For the parahoric integral models constructed in [KP18], it was later proven in [Pap21, Theorem 8.1.6] that the Kisin-
Pappas models (constructed under the assumption that the group G in (G, X) splits over a tamely ramified extension of Q,,) are
independent of the choice of a symplectic embedding. In our case, we use the same symplectic space (V, ¢) to construct the
right-hand side of Lemmas B.2.5 and B.2.12 as the one used on the left-hand side compatible with W from (B.1.3).

8which reference to use depends on the specific level structure at p

%and it is moreover normal when in the setting of [Xu21].
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Fix a connected component {/go}* C {hga}, and let Sh(G2, {hse})* € Sh(GY, {hse}) be the
geometrically connected component which is the image of {hgo}* x 1. Let F? C F be the maximal
extension of F that is unramified at primes dividing p. By [Del79, Theorem 2.6.3], the action of
Gal(F/F) on Sh Kgo,, (G, {hga})* factors through Gal(fp /F). We abuse the notation and still denote

Shg c0p (G, {hga})* as the FP-scheme obtained via descent. Let Sk, o (GQ)+ be the closure of
Sh o, (GY {hga})" in Sy (GQ {hge}) ®o,.,, OFr.(v). Here, the notation OF»r,(v) denotes the

ring of integers of F” locahzed at (p).©°
Let d(GZ(m) (resp. ﬂ(G% )) ) be the group defined in [KP18, 4.6.8] for G (resp. G2), which was
P
originally defined in [Del79]. We recall that

=~ — - do
eSZf(GZ(p)) = G(A?)/Zé(Z(F)) *5D<Z(p))+/26(z(m) (GQ)a (Z(p))+, (B.2.2)

and o (G z,,) = (GO (Z(p)7 1Z(Z(p)) ™ #6202/ Z(Z i) (G (Z(p))*, where (GR)°(Z )5
is the closure of (G9)°(Z(p))+ in (GQ)(A? ). By [KP18, Lemma 4.6.10], we have an inclusion

A(G3. )\ (Gz,,,) = d(G)°\d(G)/Kg . (B.2.3)

Here, szf((?) = G(Af)/Z(Q)’ *
5(Af),and

G(Q./Z(Q) Gad(Q)Jf, where Z(Q)’ denotes the closure of Zz(Q) in

A(GY)° = GHQ;/Z(Q7 #4524 (g) (CHUQ",

where G2(Q); denotes the closure of G2(Q); in G2(A 7). Let JcG (Qp) denote a set which maps

bijectively to a set of coset representatives for the image of &/ (Gz(m) in o (GY)°\o (G)/K G.p under
(B.2.3). Recall from [KP18, 4.6.15], we have

.
Skg, (Glhg)) = [1(Ga,) x Sk e, (61 /(GE, y] (B.2.4)

Note that by analogous arguments as loc.cit., the right-hand side of (B.2.4) has a natural structure of a
Ok, (v) = O ®0, OF (v)-scheme with G(Ap) action and is a model for ShK~ (G {h&}). Moreover,

for sufficiently small Kg,ihe quotient QS’Ka‘p(G, {hG})/Kg = oS’KE(G, {hg}) is a finite type OF (y)-
scheme extending ShK(.;,(G, {hg}).

Lemma B.2.5. MKE(C?, {hg}) = SKG(G, {hg}) as Spec O (y)-schemes.

Proof. The moduli description for M Ka(é’ {hg}) in B.1.26 induces a natural map
Mk, (G, {hg}) = Sk o (GO (B.2.6)
(Ao, 10, 0, A, 1, 4,7P) > (A, 1, A) B.2.7)

by simply forgetting the component (Ao, ¢y, Ao, 7”) in the tuple. Note that the map (B.2.6) is proper, and
in particular closed. We fix an arbitrary (A*,*,1*) € oS’KGQ , (GQ)+, and suppose

(A* LO’AS’A* * *’n*) — (A*,L*,/l*)

10Here, we are abusing the notation v to always denote the prime above p in the relevant fields.
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under the map (B.2.6). Take any (h,y~!) € &Y(Gz(p)). As in [KP18, 4.5.3], let 73y c G be the torsor
given by the fibre over y € Gad(Z( p))- First we check that

(hy ™) - (AL, 8, 0*) = (AP, ()P, ()P, (7))

gives another point in the fibre over (A*, t*, 4*) under the map (B.2.6). This is clear as we only need to
check that (n*)7r are Af_¢-linear isometries

()7 V((Ag)PY,A*) =~ -W®F Ar ¢, (B.2.8)

but this is simply given by the composite Y~ o n* o L;l, where (5 is as defined in [KP18, 4.5.3].
It then remains to check that ker(sf (G% ))° — d(Ggz,,)) acts freely on SK o p(GQ)+, and
P s
this follows from [KP18, 4.6.17] and the fact that ker(d(G% ))" — 9 (Gz,,)) is a subgroup of
P
A(G2, (GY") = ker(e/ (G5, ) — o(GZ™)). Thus,
P

Mag, @G (hgh) = [1e(Ga,) x Sk, (G Nt (G2, ] = ks, (Golhgh.  (B29)

In particular, M_ (G, {hg}) = Sk (G.{hg}). =
B.2.10.
For an arbitrary extension L/E, taking the fibre in (B.1.30) over a fixed O (,)-point (A7, ], A7)

of /\/l(()g roé gives a flat integral model M;{G (G,{hg}) over Or. Here, we use the upper script x to
emphasize that the model M;‘(G (G, {hg}) thus obtained a priori depends on the choice of a base point
(A(’)*, Lg,/lg). However, recall from B.1.17 that the reflex field for (G, {hg}) is F, by [KP18] we also
have a normal integral model Sk, (G, {hg}) over Spec OF (y, which is given by

Sk (G hGY) = |Gz, X Sk (GO, 1/ (GE. ))] (B2.11)

Here, o/(Gz, ) is the analogous group for G as defined in (B.2.2), and J ¢ G(Q)) denotes the set
analogous to J defined above (B.2.4), using the analogous map for G as in (B.2.3).

Lemma B.2.12. Mk (G,{hG}) = Sk;(G,{hG})o, ,, as Spec O (y)-schemes.

Proof. Consider the map
M, (G AhGY) = Sk o (GYoy,, (B.2.13)
(A7, 1), A0, A, A,1P) - (A, 1, A) (B.2.14)

given by forgetting the component (AJ, ¢, A7) in the tuple. Let S§ . (G0, ., denote the image
GY¥,p ’
of the map (B.2.13). We take an arbitrary (A,,1) € S§ (GQ)(;L( g and thus by construction of
GQp v
M;;G (G, {hg}), we clearly have

(AL & A5 A LA TP) € MKEYP(‘GV). (B.2.15)

Take any (h,y™') € #(Gz,,). In particular, y € G* =~ (G9)™. Again as in [KP18, 4.5.3], let
P, < GY be the torsor given by the fibre over y € (GQ)ad(Z(p)). By the same reasoning as in the
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proof of Lemma B.2.5, we also have
-y ooAx 2o x =P\ _ (A% ok 1k APy 3Py, Py P =~
(h,y™") - (AL 5, A5, A, AP ) = (A1, AG, A7, A7 077 ) EMKE,,;(G)

gives another point in the fibre over (A, ¢}, A5) under the map (B.1.30). The rest of the argument

proceeds similarly as in the proof of Lemma B.2.5 — that is, the kernel ker(</ (G%p))O - d(Gz,,))

acts freely on Sk _, , (GY)*. In particular, we have

o1
Ko, (G) = [d(GZw)XS*GQV,,(GQ)BL,W)]/‘%(GS@)) : (B.2.16)

and thus, M}G (G) = Sk (G)o, - (Since the choice of base point * does not affect the proof, we
may drop the upper script x from our notations.) O

B.2.17.
We consider the Drinfeld level structure integral models analogous to those in [RSZ20, § 4.3]. Consider
the embedding v : Q — Q,,, which identifies

Homg(F,Q) =~ Homg(F,Q,). (B.2.18)
The above identification (B.2.18) then gives an identification
{¢ € Homg(F,Q)|w, = w} = Homg, (Fy,Q,), (B.2.19)

where w, denotes the p-adic place in F induced by v o ¢.

We fix a place vy of F over p that is split in F' (and possibly ramified over p) into wg and another
place wy in F. We require, moreover, that the CM type @ considered in (B.1.2) and the chosen place v
of E above p satisfy the following matching condition:

{¢ € Hom(F,Q)|w, = wo} C ®. (B.2.20)

This condition (B.2.20) only depends on the place v of E induced by v.

Now we introduce a Drinfeld level structure at vo. Recall the level structure subgroup Kg from
(B.1.20). We define a variant compact open subgroup K% C G(Ap, ) in exactly the same way as
K¢, except that, in the vo-factor, we require K an w © G (Fy,y,) to be the principal congruence subgroup
modulo py inside K¢, y,. Clearly, K = Kg’:o. As in (B.1.20), we define Kg =Kzo X KG.

Let Ay, = Ay, ® As;, denote the natural decomposition of the lattice A, attached to the split place

vg. For a point (Ao, 1o, A9, A, 1,4, 77) € an(g) (S), we have a decomposition of p-divisible groups

A[p™] =] [ Alw™1, (B2.21)
Ip

where w ranges over the places of F lying over p. Moreover, we further decompose the vy-term in
(B.2.21) and consider

https://doi.org/10.1017/52050509425000003 Published online by Cambridge University Press


https://doi.org/10.1017/S2050509425000003

66 C. Qiu

APT] = AlwS] x AW, (B.2.22)

(e8]

where, when p is locally nilpotent on S, the p-divisible group A[w’] satisfies the Kottwitz condition of
type 7|y, for the action of OF ,, on its Lie algebra, in the sense of [RZ17, §8]. Here, r|,,, denotes the

restriction of the function » on Homg (F, Q) to Homg, (Fy, @p) under (B.2.19).
Likewise, we have the same decomposition as (B.2.22) for Ag; that is, we have

Ao[ve] = Ag[wd] X Ag[We]. (B.2.23)

Let m,, be a uniformizer of Fy,,y,. In addition to the moduli functor M Kg (5) which classifies tuples
(Ao, 0, Ao, A, 1, 4,777), we impose the following additional Drinfeld level structure as in [HTO1, § T1.2];
that is,

o an O, -linear homomorphism of finite flat group schemes

oo Ay [ Ay — HomOF’W0 (Ao[wg'l, Alwg'D. (B.2.24)

We denote the resulting moduli problem by M Kérz(é), which is relatively representable by a finite

flat morphism to M Ka(é)' In fact, M Kz (G) is regular and flat over Spec O (,) by [HTO1, Lemma
1.4.1].

B.2.25.
Recall the integral model SKE(G, {hg}) (resp. Sk;(G,{hG})) defined in (B.2.4) (resp. (B.2.11)).

We define &K%n(é, {hg}) (resp. Sk (G, {hG}o, ) as the normalization of &Ka(é, {hg}) (resp.
Sk (G.{hG Yoy ) inside Shgn (G, {hg}) = Mg (G) (resp. Shiy (G, {ha D)L > Mk (G)L).

orollary B.2.26. Sk G, {h=}) ~ Km G) as pec Ok (,)-schemes, an
Corollary B.2.26 oS’G(G{hG}) MG(G) Spec Ok, (y)-sch d

Mgm(G,{hG}) = Skm(G,{hc}o, (B.2.27)
as Spec O _(y)-schemes.

Proof. By Lemma B.2.5 (resp. B.2.12), oS’Kén (G, {hg}) (resp. é’Kg(G, {hG})o,) is the nor-
malization of Sk_(G,{hg}) ~ Mk (G,{hg}) (resp. Sk;(G,{hG})o, = Mk;(G,{hg})) inside
ShKén (G, {hg}) = MK(Z;(G) (resp. Shgm (G)L = Mg (G)L). Since MKg (G) is regular and flat, in
particular it is normal. Thus, by [Gro67, IV-2, 6.14.1], M K (G) is normal (even though it may not
necessarily be regular). By [Stal8, 035I] applied to the scheme M Kz (G) (resp. Mg (G)), there ex-
ists a unique morphism oS’Kén(G, {hg}) — MKén(G) (resp. Skm (G, {hg}) — Mgm(G)), which is
the normalization of MK(%I(G) (resp. Mgm (G)) in Sth(G, {hg}) (resp. ShK(»;(G, {hg})). Since
MKé;_n(G) (resp. ./\/lKg(G)) is already normal, we have an isomorphism &Kg(G, {hgh) = MKg(G)
(resp. Mgm (G, {hg}) = Skm(G,{hG}o, ) 0

B.2.28.
In this last section, we recall the construction of semi-global integral models with AT parahoric level
as in [RSZ20, § 4.4]. Recall the notion of vertex lattice from §B.1.26. We say that a vertex lattice A is
almost self-dual if it is a vertex lattice of type 1. We say that a vertex lattice A is m,-modular (resp.
almost ., -modular) if A* = ﬂ;'/\ (resp. A C A* c! n;]A).

Suppose p # 2 and v is unramified over p. As in §B.1.26, we take a vertex lattice A, c W, for each
prime v of Fyy above p. Unlike in §B.1.26, let (vo, A,,) be of one of the following types:
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vo is inert in F and A, is almost self-dual as an OF ,,-lattice;
n is even, vo ramifies in F and A, is m,,-modular;

n is odd, vo ramifies in F and A, is almost 7,,-modular;

. n =2, vg ramifies in F and A, is self-dual.

Eal

To the moduli functor M K(_;((?) which classifies tuples (Ao, 19, Ao, A, 1, 4,77) as in §B.1.26 (except
that the condition on (vo, A,,) is different), we impose the following additional condition:

o When the pair (vo, A,,) is of AT type (2), (3) or (4), we impose the Eisenstein condition on the
summand Lie, A [vg"] [RSZ20, 4.10];

o When the pair (vg, A,,) is of AT type (2), we impose additionally the wedge condition [RSZ20, 4.27]
and the spin condition [RSZ20, 4.28]

o When the pair (vg, A,,) is of AT type (3), we impose additionally the refined spin condition [RSZ18,
(7.9)] on Liey,A[v].

By [RSZ20, Theorem 4.7], the moduli functor above is representable by a Deligne-Mumford stack flat
over Spec Ok (,) and relatively representable over M (()9 F.é ,i.e.(B.1.30) still holds in this case. To see that

MKE(G, {hg}) = 09K5(C~;, {h&}) as Spec Ok (y)-schemes, one simply proceeds as in Lemma B.2.5.
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